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Introduction

Descent theory has a somewhat formidable reputation among algebraic ge-
ometers. In fact, it simply says that under certain conditions homomorphisms be-
tween quasi-coherent sheaves can be constructed locally and then glued together
if they satisfy a compatibility condition, while quasi-coherent sheaves themselves
can be constructed locally and then glued together via isomorphisms that satisfy
a cocycle condition.

Of course, if “locally” were to mean “locally in the Zariski topology” this
would be a formal statement, certainly useful, but hardly deserving the name of
a theory. The point is that “locally” here means locally in the flat topology; and
the flat topology is something that is not a topology, but what is called a Grothen-
dieck topology. Here the coverings are, essentially, flat surjective maps satisfying a
finiteness condition. So there are many more coverings in this topology than in
the Zariski topology, and the proof becomes highly nontrivial.

Still, the statement is very simple and natural, provided that one resorts to the
usual abuse of identifying the pullback (gf)*F of a sheaf F along the composite
of two maps f and g with f*¢*F. If one wants to be fully rigorous, then one has
to take into account the fact that (¢f)*F and f*¢*F are not identical, but there is
a canonical isomorphism between them, satisfying some compatibility conditions,
and has to develop a theory of such compatibilities. The resulting complications
are, in my opinion, the origin of the distaste with which many algebraic geometers
look at descent theory (when they look at all).

There is also an abstract notion of “category in which descent theory works”;
the category of pairs consisting of a scheme and a quasi-coherent sheaf on it is an
example. These categories are known as stacks. The general formalism is quite
useful, even outside of moduli theory, where the theory of algebraic stacks has
become absolutely central (see for example [DM69], [Art74] and [LMBO00]).

These notes were born to accompany my ten lectures on Grothendieck topologies
and descent theory in the Advanced School in Basic Algebraic Geometry that took place
at LC.T.P, 7-18 July 2003. They form the first part of the book Fundamental Alge-
braic Geometry: Grothendieck’s FGA Explained, by Barbara Fantechi (SISSA), Lothar
Gottsche (ICTP), Luc Hlusie (Université Paris-Sud), Steven L. Kleiman (MIT), Nitin
Nitsure (Tata Institute of Fundamental Research), and Angelo Vistoli (Universita
di Bologna), published by A.M.S..!

IThe online version, posted at the address http://homepage.sns.it/vistoli/descent.pdf,
will continue to evolve; at the very least, I will correct the errors that are pointed out to me. I hope
that it will also grow with the addition of new material.
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6 INTRODUCTION

Their purpose is to provide an exposition of descent theory, more complete
than the original (still very readable, and highly recommended) article of Groth-
endieck ([Gro95]), or than [SGA1]. I also use the language of Grothendieck topolo-
gies, which is the natural one in this context, but had not been introduced at the
time when the two standard sources were written.

The treatment here is slanted toward the general theory of fibered categories
and stacks: so the algebraic geometer searching for immediate gratification will
probably be frustrated. On the other hand, I find the general theory both interest-
ing and applicable, and hope that at at least some of my readers will agree.

Also, in the discussion of descent theory for quasi-coherent sheaves and for
schemes, which forms the real reason of being of these notes, I never use the
convention of identifying objects when there is a canonical isomorphism between
them, but I always specify the isomorphism, and write down explicitly the neces-
sary compatibility conditions. This makes the treatment rigorous, but also rather
heavy (for a particularly unpleasant example, see §4.3.3). One may question the
wisdom of this choice; but I wanted to convince myself that a fully rigorous treat-
ment was indeed possible. And the unhappy reader may be assured that this has
cost more suffering to me than to her.

All of the ideas and the results contained in these notes are due to Grothen-
dieck. There is nothing in here that is not, in some form, either in [SGA1] or in
[SGA4], so I do not claim any originality at all.

There are modern developments of descent theory, particularly in category
theory (see for example [JT84]) and in non-commutative algebra and non-com-
mutative geometry ([KR04a] and [KR04b]). One of the most exciting ones, for
topologists as well as algebraic geometers, is the idea of “higher descent”, strictly
linked with the important topic of higher category theory (see for example [HS]
and [Str]). We will not discuss any of these very interesting subjects.

Contents. In Chapter 1 I recall some basic notions in algebraic geometry and
category theory.

The real action starts in Chapter 2. Here first I discuss Grothendieck’s phi-
losophy of representable functors, and give one of the main illustrative examples,
by showing how this makes the notion of group scheme, and action of a group
scheme on a scheme, very natural and easy. All of algebraic geometry can be sys-
tematically developed from this point of view, making it very clean and beautiful,
and incomprehensible for the beginner (see [DG70]).

In Section 2.3 I define and discuss Grothendieck topologies and sheaves on
them. I use the naive point of view of pretopologies, which I find much more intu-
itive. However, the more sophisticated point of view using sieves has advantages,
so I try to have my cake and eat it too (the Italian expression, more vivid, is “have
my barrel full and my wife drunk”) by defining sieves and characterizing sheaves
in terms of them, thus showing, implicitly, that the sheaves only depend on the
topology and not on the pretopology. In this section I also introduce the four main
topologies on the category of schemes, Zariski, étale, fppf and fpqc, and prove
Grothendieck’s theorem that a representable functor is a sheaf in all of them.

There are two possible formal setups for descent theory, fibered categories and
pseudo-functors. The first one seems less cumbersome, so Chapter 3 is dedicated
to the theory of fibered categories. However, here I also define pseudo-functors,



INTRODUCTION 7

and relate the two points of view, because several examples, for example quasi-
coherent sheaves, are more naturally expressed in this language. I prove some im-
portant results (foremost is Yoneda’s lemma for fibered categories), and conclude
with a discussion of equivariant objects in a fibered category (I hope that some
of the readers will find that this throws light on the rather complicated notion of
equivariant sheaf).

The heart of these notes is Chapter 4. After a thorough discussion of descent
data (I give several definitions of them, and prove their equivalence) I define the
central concept, that of stack: a stack is a fibered category over a category with a
Grothendieck topology, in which descent theory works (thus we see all the three
notions appearing in the title in action). Then I proceed to proving the main the-
orem, stating that the fibered category of quasi-coherent sheaves is a stack in the
fpqc topology. This is then applied to two of the main examples where descent the-
ory for schemes works, that of affine morphisms, and morphisms endowed with a
canonical ample line bundle. I also discuss a particularly interesting example, that
of descent along principal bundles (torsors, in Grothendieck’s terminology).

In the last section I give an example to show that étale descent does not always
work for schemes, and end by mentioning that there is an extension of the concept
of scheme, that of algebraic space, due to Michael Artin. Its usefulness is that on one
hand algebraic spaces are, in a sense, very close to schemes, and one can define for
them most of the concepts of scheme theory, and on the other hand fppf descent
always works for them. It would have been a natural topic to include in the notes,
but this would have further delayed their completion.

Prerequisites. I assume that the reader is acquainted with the language of
schemes, at least at the level of Hartshorne’s book ([Har77]). I use some concepts
that are not contained in [Har77], such as that of a morphism locally of finite pre-
sentation; but I recall their main properties, with references to the appropriate
parts of Eléments de géométrie algébrique, in Chapter 1.

I make heavy use of the categorical language: I assume that the reader is ac-
quainted with the notions of category, functor and natural transformation, equiv-
alence of categories. On the other hand, I do not use any advanced concepts, nor
do I use any real results in category theory, with one exception: the reader should
know that a fully faithful essentially surjective functor is an equivalence.

Acknowledgments. Teaching my course at the Advanced School in Basic Alge-
braic Geometry has been a very pleasant experience, thanks to the camaraderie of
my fellow lecturers (Lothar Gottsche, Luc Illusie, Steve Kleiman and Nitin Nit-
sure) and the positive and enthusiastic attitude of the participants. I am also in
debt with Lothar, Luc, Steve and Nitin because they never once complained about
the delay with which these notes were being produced.

I'am grateful to Steve Kleiman for useful discussions and suggestions, particu-
larly involving the fpqc topology, and to Pino Rosolini, who, during several hikes
on the Alps, tried to enlighten me on some categorical constructions.

I'have had some interesting conversations with Behrang Noohi concerning the
definition of a stack: I thank him warmly.

I'learned about the counterexample in [Ray70, XII 3.2] from Andrew Kresch.

I also thank the many participants to the school who showed interest in my
lecture series, and particularly those who pointed out mistakes in the first version
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of the notes. I am especially in debt with Zoran Skoda, who sent me several helpful
comments, and also for his help with the bibliography.

Joachim Kock read carefully most of this, and sent me a long list of comments
and corrections, which were very useful. More corrections where provided by the
referees, by Ms. Elaine Becker, from the A.M.S., by Luigi Previdi and by Henning
Ulfarsson, who also found mistakes in the wording of Definition 2.52 and in the
statement of Proposition 3.40. Alon Shapira found a serious error in the proof of
Lemma 2.60. I am grateful to them.

Finally, I would like to dedicate these notes to the memory of my father-in-law,
Amleto Rosolini, who passed away at the age of 86 as they were being completed.
He would not have been interested in learning descent theory, but he was a kind
and remarkable man, and his enthusiasm about mathematics, which lasted until
his very last day, will always be an inspiration to me.



CHAPTER 1

Preliminary notions

1.1. Algebraic geometry

In this chapter we recall, without proof, some basic notions of scheme theory
that are used in the notes. All rings and algebras will be commutative.

We will follow the terminology of Eléments de géométrie algébrique, with the
customary exception of calling a “scheme” what is called there a “prescheme” (in
Eléments de géométrie algébrique, a scheme is assumed to be separated).

We start with some finiteness conditions. Recall if B is an algebra over the
ring A, we say that B is finitely presented if it is the quotient of a polynomial ring
Alxq,...,x,] over A by a finitely generated ideal. If A is noetherian, every finitely
generated algebra is finitely presented.

If B is finitely presented over A, whenever we write B = A[xy,...,x,|/I, I is
always finitely generated in A[xy, ..., x,] ((EGAIV-1, Proposition 1.4.4]).

DEFINITION 1.1 (See [EGAIV-1, 1.4.2]). A morphism of schemes f: X — Y'is
locally of finite presentation if for any x € X there are affine neighborhoods U of x
in X and V of f(x) in Y such that f(U) C V and O(U) is finitely presented over
o).

Clearly, if Y is locally noetherian, then f is locally of finite presentation if and
only if it is locally of finite type.

PROPOSITION 1.2 ([EGAIV-1, 1.4]).

@) If f: X — Y is locally of finite presentation, U and V are open affine subsets of X
and Y respectively, and f(U) C V, then O(U) is finitely presented over O (V).
(ii) The composite of morphisms locally of finite presentation is locally of finite presenta-
tion.
(iii) Given a cartesian diagram

X —X

||

Y —Y
if X — Y is locally of finite presentation, so is X' — Y'.

DEFINITION 1.3 (See [EGAI 6.6.1]). A morphism of schemes X — Y is quasi-
compact if the inverse image in X of a quasi-compact open subset of Y is quasi-
compact.

An affine scheme is quasi-compact, hence a scheme is quasi-compact if and
only if it is the finite union of open affine subschemes; using this, it is easy to
prove the following.
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PROPOSITION 1.4 ([EGAI Proposition 6.6.4]).
Let f: X — Y be a morphism of schemes. The following are equivalent.
(i) f is quasi-compact.
(ii) The inverse image of an open affine subscheme of Y is quasi-compact.
(iii) There exists a covering Y = U;V; by open affine subschemes, such that the inverse
image in X of each V; is quasi-compact.
In particular, a morphism from a quasi-compact scheme to an affine scheme is quasi-
compact.

REMARK 1.5. Itis not enough to suppose that there is a covering of Y by open
quasi-compact subschemes V;, such that the inverse image of each V; is quasi-
compact in X, without additional hypotheses. For example, consider a ring A that
does not satisfy the ascending chain condition on radical ideals (for example, a
polynomial ring in infinitely many variables), and set X = Spec A. In X there will
be an open subset U that is not quasi-compact; denote by Y the scheme obtained
by gluing two copies of X together along U, and by f: X — Y the inclusion of one
of the copies. Then Y and X are both quasi-compact; on the other hand there is an
affine open subset of Y (the other copy of X) whose inverse image in X is U, so f
is not quasi-compact.

PROPOSITION 1.6 ([EGAL 6.6]).

(i) The composite of quasi-compact morphisms is quasi-compact.
(ii) Given a cartesian diagram
X —X

| ]

Y —Y
if X — Y is quasi-compact, sois X' — Y.
Let us turn to flat morphisms.

DEFINITION 1.7. A morphism of schemes f: X — Y is flat if for any x € X,
the local ring Ox » is flat as a module over Oy f(y).

PROPOSITION 1.8 ([EGAIV-2, Proposition 2.1.2]). Let f: X — Y be a morphism
of schemes. Then the following are equivalent.
(i) f is flat.
(ii) Forany x € X, there are affine neighborhoods U of x in X and V of f(x) in Y such
that f(U) C V,and O(U) is flat over O(V).
(iii) For any open affine subsets U in X and V in Y such that f(U) C V, O(U) is flat
over O(V).

PROPOSITION 1.9 ([EGAIV-2, 2.1]).

(i) The composite of flat morphisms is flat.
(ii) Given a cartesian diagram

X —X

||

Y —Y
if X — Yisflat,sois X' — Y.
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DEFINITION 1.10. A morphism of schemes f: X — Y is faithfully flat if it is flat
and surjective.

Let B be an algebra over A. We say that B is faithfully flat if the associated
morphism of schemes Spec B — Spec A is faithfully flat.

PROPOSITION 1.11 ([Mat89, Theorems 7.2 and 7.3]). Let B be an algebra over A.
The following are equivalent.
(i) B is faithfully flat over A.
(ii) A sequence of A-modules M' — M — M" is exact if and only if the induced
sequence of B-modules M' @ 4 B— M ®4 B — M" ®4 B is exact.
(iii) A homomorphism of A-modules M' — M is injective if and only if the associated
homomorphism of B-modules M' ® 4 B— M ® 4 B is injective.
(iv) Bis flat over A, and if M is a module over A with M ® 4 B = 0, we have M = Q.
(v) Bis flat over A, and mB # B for all maximal ideals m of A.

The following fact is very important.

PROPOSITION 1.12 ([EGAIV-2, Proposition 2.4.6]). A flat morphism that is lo-
cally of finite presentation is open.

This is not true in general for flat morphisms that are not locally of finite pre-
sentation; however, a weaker version of this fact holds.

PROPOSITION 1.13 ([EGAIV-2, Corollaire 2.3.12]). If f: X — Y is a faithfully
flat quasi-compact morphism, a subset of Y is open if and only if its inverse image in X is
open in X.

In other words, Y has the topology induced by that of X.

REMARK 1.14. For this we need to assume that f is quasi-compact, it is not
enough to assume that it is faithfully flat. For example, let Y be an integral smooth
curve over an algebraically closed field, X the disjoint union of the Spec Oy, over
all closed points y € Y. The natural projection f: X — Y is clearly flat. However,
if S is a subset of Y containing the generic point, then f~1S is always open in X,
while S is open in Y if and only if its complement is finite.

PROPOSITION 1.15 ([EGAIV-2, Proposition 2.7.1]). Let

X —X

||

Y —Y

be a cartesian diagram of schemes in which Y' — Y is faithfully flat and either quasi-
compact or locally of finite presentation. Suppose that X' — Y’ has one of the following
properties:
(i) is separated,
(ii) is quasi-compact,
(iii) is locally of finite presentation,
(iv) is proper,
(v) is affine,
(vi) is finite,
(vii) is flat,
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(viii) is smooth,
(ix) is unramified,
(x) is étale,
(xi) is an embedding,
(xii) is a closed embedding.

Then X — Y has the same property.

In [EGAIV-2] all these statements are proved when Y’ — Y is quasi-compact.
Using Proposition 1.12, and the fact that all those properties are local in the Zariski
topology of Y, it is not hard to prove the statement also when Y’ — Y is locally of
finite presentation.

1.2. Category theory

We will assume that the reader is familiar with the concepts of category, func-
tor and natural transformation. The standard reference in category theory, con-
taining a lot more than what we need, is [ML98]; also very useful are [Bor94a],
[Bor94b] and [Bor94c].

We will not distinguish between small and large categories. More generally,
we will ignore any set-theoretic difficulties. These can be overcome with standard
arguments using universes.

If F: A — Bis a functor, recall that F is called fully faithful when for any two
objects A and A’ of A, the function

Hom 4(A, A") — Hompg(FA, FA")

defined by F is a bijection. F is called essentially surjective if every object of B is
isomorphic to the image of an object of A.

Recall also that F is called an equivalence when there exists a functor G: B — A,
such that the composite GF: A — A is isomorphic to id4, and FG: B — B is
isomorphic to idg.

The composite of two equivalences is again an equivalence. In particular, “be-
ing equivalent” is an equivalence relation among categories.

The following well-known fact will be used very frequently.

PROPOSITION 1.16. A functor is an equivalence if and only if it is both fully faithful
and essentially surjective.

If A and B are categories, there is a category Hom(.A, B), whose objects are
functors ®: A — B, and whose arrows a: ® — ¥ are natural transformations. If
F: A" — Ais a functor, there is an induced functor

F*: Hom(A, B) — Hom(A’, B)
defined at the level of objects by the obvious rule
FOEQoF: A — B
for any functor ®: A — B. At the level of arrows F* is defined by the formula
(F*a) g & appr: ®FA' — YFA'

for any natural transformation «: & — Y.
Also for any functor F: B — B’ we get an induced functor

F.: Hom(A, B) — Hom(A, B)
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obtained by the obvious variants of the definitions above.

The reader should also recall that a groupoid is a category in which every arrow
is invertible.

We will also make considerable use of the notions of fibered product and carte-
sian diagram in an arbitrary category. We will manipulate some cartesian dia-
grams. In particular the reader will encounter diagrams of the type

A/ N B/ 5 C/

RN

A——B——C;

we will say that this is cartesian when both squares are cartesian. This is equivalent
to saying that the right hand square and the square

A/ 5 C/

|

A——C,

obtained by composing the rows, are cartesian. There will be other statements of
the type “there is a cartesian diagram ...”. These should all be straightforward to
check.

For any category C and any object X of C we denote by (C/X) the comma cat-
egory, whose objects are arrows U — X in C, and whose arrows are commutative
diagrams

u—vVv

N
X

We also denote by C°P the opposite category of C, in which the objects are the
same, and the arrows are also the same, but sources and targets are switched. A
contravariant functor from C to another category D is a functor C°P — D.

Whenever we have a fibered product X; xy X, in a category, we denote by
pri: X1 Xy Xo — Xj and pr,: X1 Xy X, — X5 the two projections. We will also
use a similar notation for the product of three or more objects: for example, we
will denote by

pr;: X1 Xy Xp Xy X3 — Xi
the i projection, and by
prij: X1 Xy Xp Xy X3 — X; Xy X]

the projection into the product of the it" and j*" factor.

Recall that a category has finite products if and only if it has a terminal object
(the product of 0 objects) and products of two objects.

Suppose that C and D are categories with finite products; denote their terminal
objects by pt, and pty. A functor F: C — D is said to preserve finite products if the
following holds. Suppose that we have objects Uy, ..., U, of C: the projections Uj X
.-+ X Uy — U; induce arrows F(Uj x --- x Uy) — FU;. Then the corresponding
arrow

F(Uy x ---xUy) — FUy X --- x FU,
is an isomorphism in C.
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Iffi: Uy — Wy, ..., fr: Uy — V, are arrows in C, the diagram
F(U1><~~~><Ur)*>FU1 x --- x FU,

lF(flx”'Xfr) JFflxu-fo,
F(Vi x - xV,) ——=FVy x--- X FV,

in which the horizontal arrows are the isomorphism defined above, obviously
commutes.

By a simple induction argument, F preserves finite products if and only if
Fpt, is a terminal object of D, and for any two objects U and V of C the arrow
F(U x V) — FU x FV is an isomorphism (in other words, for F to preserve finite
products it is enough that it preserves products of 0 and 2 objects).

Finally, we denote by (Set) the category of sets, by (Top) the category of
topological spaces, (Grp) the category of groups, and by (Sch/S) the category
of schemes over a fixed base scheme S.



CHAPTER 2

Contravariant functors

2.1. Representable functors and the Yoneda Lemma

2.1.1. Representable functors. Let us start by recalling a few basic notions of
category theory.

Let C be a category. Consider functors from C°P to (Set). These are the objects
of a category, denoted by

Hom (C°P, (Set)),

in which the arrows are the natural transformations. From now on we will refer to
natural transformations of contravariant functors on C as morphisms.

Let X be an object of C. There is a functor

hy: C°%P — (Set)
to the category of sets, which sends an object U of C to the set
hxu = Homc (U, X)

If a: U — U is an arrow in C, then hya: hxU — hxU’ is defined to be compo-
sition with a. (When C is the category of schemes over a fixed base scheme, hy is
often called the functor of points of X)

Now, an arrow f: X — Y yields a function hfU: hxU — hyU for each object
U of C, obtained by composition with f. This defines a morphism hx — hy, that
is, for all arrows a: U’ — U the diagram

helU
hxU —— hyU

lhxlx lhylx
heU’

hxu/ f4> hyu/

commutes.
Sending each object X of C to hx, and each arrow f: X — Y of C tohs: hx —

hy defines a functor C — Hom (C°P, (Set)).
YONEDA LEMMA (WEAK VERSION). Let X and Y be objects of C. The function
Hom¢(X,Y) — Hom(hx, hy)
that sends f: X — Y tohs: hx — hy is bijective.

In other words, the functor C — Hom (CP, (Set)) is fully faithful. It fails to
be an equivalence of categories, because in general it will not be essentially sur-
jective. This means that not every functor C°P — (Set) is isomorphic to a functor
of the form hx. However, if we restrict to the full subcategory of Hom (C °pP, (Set))

15
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consisting of functors C°P — (Set) which are isomorphic to a functor of the form
hx, we do get a category which is equivalent to C.

DEFINITION 2.1. A representable functor on the category C is a functor
F: C% — (Set)

which is isomorphic to a functor of the form hx for some object X of C.
If this happens, we say that F is represented by X.

Given two isomorphisms F ~ hx and F ~ hy, we have that the resulting
isomorphism hx ~ hy comes from a unique isomorphism X ~ Y in C, because of
the weak form of Yoneda’s lemma. Hence two objects representing the same functor
are canonically isomorphic.

2.1.2. Yoneda’s lemma. The condition that a functor be representable can be
given a new expression with the more general version of Yoneda’s lemma. Let X
be an object of C and F: C°? — (Set) a functor. Given a natural transformation
T: hx — F, one gets an element ¢ € FX, defined as the image of the identity map
idx € hxX via the function tx: hxX — FX. This construction defines a function
Hom(hy, F) — FX.

Conversely, given an element ¢ € FX, one can define a morphism 7: hx — F
as follows. Given an object U of C, an element of hxU is an arrow f: U — X; this
arrow induces a function Ff: FX — FU. We define a function 1;: hxyU — FU by
sending f € hxU to Ff({) € FU. It is straightforward to check that the T that we
have defined is in fact a morphism. In this way we have defined functions

Hom(hy, F) — FX

and
FX — Hom(hy, F).

YONEDA LEMMA. These two functions are inverse to each other, and therefore es-
tablish a bijective correspondence

Hom(hy, F) ~ FX.

The proof is easy and left to the reader. Yoneda’s lemma is not a deep fact, but
its importance cannot be overestimated.

Let us see how this form of Yoneda’s lemma implies the weak form above.
Suppose that F = hy: the function Hom(X,Y) = hyX — Hom(hyx, hy) con-
structed here sends each arrow f: X — Y to

hyf(ldy) = ldy Of: X — Y,

so it is exactly the function Hom(X,Y) — Hom(hy, hy) appearing in the weak
form of the result.

One way to think about Yoneda’s lemma is as follows. The weak form says
that the category C is embedded in the category Hom (CP, (Set)). The strong ver-
sion says that, given a functor F: C°? — (Set), this can be extended to the rep-
resentable functor hr: Hom (CP, (Set))*® — (Set): thus, every functor becomes
representable, when extended appropriately. (In practice, the functor category
Hom (C°P, (Set)) is usually much too big, and one has to restrict it appropriately.)

We can use Yoneda’s lemma to give a very important characterization of rep-
resentable functors.
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DEFINITION 2.2. Let F: C°P — (Set) be a functor. A universal object for F is a
pair (X, ¢) consisting of an object X of C, and an element ¢ € FX, with the property
that for each object U of C and each o € FU, there is a unique arrow f: U — X
such that Ff(§) = o € FU.

In other words: the pair (X, ¢) is a universal object if the morphism hxy — F
defined by ¢ is an isomorphism. Since every natural transformation hy — F is
defined by some object § € FX, we get the following.

PROPOSITION 2.3. A functor F: C°P — (Set) is representable if and only if it has a
universal object.

Also, if F has a universal object (X, &), then F is represented by X.

Yoneda’s lemma ensures that the natural functor C — Hom (C®P, (Set)) which
sends an object X to the functor hy is an equivalence of C with the category of
representable functors. From now on we will not distinguish between an object
X and the functor hy it represents. So, if X and U are objects of C, we will write
X(U) for the set hxyU = Hom¢ (U, X) of arrows U — X. Furthermore, if X is an
object and F: C°P — (Set) is a functor, we will also identify the set Hom(X, F) =
Hom(hy, F) of morphisms from hy to F with FX.

2.1.3. Examples. Here are some examples of representable and non-represent-
able functors.

(i) Consider the functor P: (Set)°P — (Set) that sends each set S to the set P(S)
of subsets of S. If f: S — T is a function, then P(f): P(T) — P(S) is defined
by P(f)t = f !t forallTt C T.

Given a subset o C S, there is a unique function x,: S — {0, 1} such that
X' ({1}) = o, namely the characteristic function, defined by

(s)— 1 ifseo
XS =0 ifs o

Hence the pair ({0,1},{1}) is a universal object, and the functor P is repre-
sented by {0,1}.

(i) This example is similar to the previous one. Consider the category (Top) of
all topological spaces, with the arrows being given by continuous functions.
Define a functor F: (Top)°? — (Set) sending each topological space S to
the collection F(S) of all its open subspaces. Endow {0,1} with the coarsest
topology in which the subset {1} C {0,1} is open; the open subsets in this
topology are @, {1} and {0,1}. A function S — {0,1} is continuous if and
only if f~1({1}) is open in S, and so one sees that the pair ({0,1},{1}) is a
universal object for this functor.

The space {0, 1} is called the Sierpinski space.

(iii) The next example may look similar, but the conclusion is very different. Let
(HausTop) be the category of all Hausdorff topological spaces, and consider
the restriction F: (HausTop)°P — (Set) of the functor above. I claim that this
functor is not representable.

In fact, assume that (X, ) is a universal object. Let S be any set, con-
sidered with the discrete topology; by definition, there is a unique function
f: S — X with f71¢& = S, that is, a unique function S — ¢. This means
that ¢ can only have one element. Analogously, there is a unique function
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S — X\ ¢, so X\ ¢ also has a unique element. But this means that X is a
Hausdorff space with two elements, so it must have the discrete topology;
hence ¢ is also closed in X. Hence, if S is any topological space with a closed
subset ¢ that is not open, there is no continuous function f: S — X with
fle=o.

(iv) Take (Grp) to be the category of groups, and consider the functor
Sgr: (Grp)°P — (Set)

that associates with each group G the set of all its subgroups. If f: G — H
is a group homomorphism, we take Sgr f: Sgr H — Sgr G to be the function
associating with each subgroup of H its inverse image in G.

This is not representable: there does not exist a group I', together with a
subgroup I'1 C T, with the property that for all groups G with a subgroup
Gi C G, there is a unique homomorphism f: G — T such that f 1T = G;.
This can be checked in several ways; for example, if we take the subgroup
{0} C Z, there should be a unique homomorphism f: Z — T such that
1Ty = {0}. But given one such f, then the homomorphism Z — T defined
by n +— f(2n) also has this property, and is different, so this contradicts
uniqueness.

(v) Here is a much more sophisticated example. Let (Hot) be the category of CW
complexes, with the arrows being given by homotopy classes of continuous
functions. If # is a fixed natural number, there is a functor H": (Hot)°P —
(Set) that sends a CW complex S to its n cohomology group H"(S, Z). Then
it is a highly nontrivial fact that this functor is represented by a CW complex,
known as a Eilenberg-Mac Lane space, usually denoted by K(Z, n).

But we are really interested in algebraic geometry, so let’s give some examples

in this context. Let S = SpecR (this is only for simplicity of notation, if S is not
affine, nothing substantial changes).

EXAMPLE 2.4. Consider the affine line A} = Spec R[x]. We have a functor
O: (Sch/S)°P — (Set)
that sends each S-scheme U to the ring of global sections O(U). If f: U — Visa
morphism of schemes, the corresponding function O(V) — O(U) is that induced
by fi: Oy — f.Oy.
Then x € O(A}), and given a scheme U over S, and an element f € O(U),

there is a unique morphism U — A such that the pullback of x to U is precisely

f. This means that the functor O is represented by Al, and the pair (Ag, x) is a
universal object.

More generally, the affine space A{ represents the functor O" that sends each
scheme S to the ring O(S)".

EXAMPLE 2.5. Now we look at Gy, s = AL\ 0g = SpecR[x, x1]. Here by 0g
we mean the image of the zero-section S — A}. Now, a morphism of S-schemes
U — Gp ¢ is determined by the image of x € O(Gpg) in O(S); therefore G, s
represents the functor O*: (Sch/S)° — (Set) that sends each scheme U to the
group O*(U) of invertible sections of the structure sheaf.

A much more subtle example is given by projective spaces.
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EXAMPLE 2.6. On the projective space P% = ProjR|xy, ..., x;] there is a line
bundle O(1), with n + 1 sections X, ..., x5, which generate it.
Suppose that U is a scheme, and consider the set of sequences

(E,S(),. . .,Sn),

where L is an invertible sheaf on U, sy, ..., s, sections of L that generate it. We say
that (£, so,...,su) is equivalent to (£, s, ...,s;) if there exists an isomorphism
of invertible sheaves ¢: £ ~ L' carrying each s; into s;. Notice that, since the s;
generate L, if ¢ exists then it is unique.

One can consider a function Q,: (Sch/S) — (Set) that associates with each
scheme U the set of sequences (L, sy, ...,s,) as above, modulo equivalence. If
f: U — V is a morphism of S-schemes, and (L, sy, ...,sn) € Qn(V), then there
are sections f*sg, ..., f*s, of f*L that generate it; this makes Q, into a functor
(Sch/S)°P — (Set).

Another description of the functor Q is as follows. Given a scheme U and a
sequence (L, s, ...,sn) as above, the s; define a homomorphism C’)’&H — L, and
the fact that the s; generate is equivalent to the fact that this homomorphism is
surjective. Then two sequences are equivalent if and only if the represent the same
quotient of Og.

It is a very well-known fact, and, indeed, one of the cornerstones of alge-
braic geometry, that for any sequence (L,sy,...,s,) over an S-scheme U, there
it exists a unique morphism f: U — IP% such that (£, sy, ...,s,) is equivalent to
(f*O(1), f*xo,...,f*xy). This means precisely that IPg represents the functor Q.

EXAMPLE 2.7. This example is an important generalization of the previous
one.

Here we will let S be an arbitrary scheme, not necessarily affine, M a quasi-
coherent sheaf on S. In Grothendieck’s notation, 77: P(M) — S is the relative
homogeneous spectrum Projs Sym,, M of the symmetric sheaf of algebras of M
over Og. Then on P(M) there is an invertible sheaf, denoted by Op( (1), which
is a quotient of 77" M. This is a universal object, in the sense that, given any S-
scheme ¢: U — S, with an invertible sheaf £ and a surjection a: ¢*M — L,
there is unique morphism of S-schemes f: U — IP(M), and an isomorphism of
Ou-modules a: £ =~ f*Op(ry)(1), such that the composite

M= g* M — L5 f*Op (1)

is the pullback of the projection 77*M — Op () (1) ([EGAL, Proposition 4.2.3]).

This means the following. Consider the functor Q : (Sch/S)°P — (Set) that
sends each scheme ¢: U — S over S to the set of all invertible quotients of the
pullback ¢* M. If f: V — U is a morphism of S-schemes from ¢: U — S to
P: V — S,and a: ¢* M — L is an object of Q r((U), then

frfa: ¢ €~ f*o*"M —» f°L
is an object of Q4(V): this defines the pullback Q¢(U) — Qaq(V). Then this

functor is represented by P(M).
When M = (’)g’“, we recover the functor Q, of the previous example.

EXAMPLE 2.8. With the same setup as in the previous example, fix a positive
integer r. We consider the functor (Sch/S)°P — (Set) that sends each ¢: U — S to
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the set of quotients of ¢* M that are locally free of rank r. This is also representable
by a scheme G(r, M) — S.

Finally, let us a give an example of a functor that is not representable.

EXAMPLE 2.9. This is very similar to Example (iii) of §2.1.3. Let « be a field,
(Sch/x) the category of schemes over x. Consider the functor F: (Sch/x)°P —
(Set) that associates with each scheme U over « the set of all of its open subsets;
the action of F on arrows is obtained by taking inverse images.

I claim that this functor is not representable. In fact, suppose that it is repre-
sented by a pair (X, ¢), where X is a scheme over « and ¢ is an open subset. We can
consider ¢ as an open subscheme of X. If U is any scheme over x, a morphism of
x-schemes U — ¢ is a morphism of x-schemes U — X whose image is contained
in ¢; by definition of X there is a unique such morphism, the one corresponding to
the open subset U, considered as an element of FU. Hence the functor represented
by the x-scheme ¢ is the one point functor, sending any x-scheme U to a set with
one element, and this is represented by Spec¢. Hence ¢ is isomorphic to Spec as
a x-scheme; this means that ¢, viewed as an open subscheme of X, consists of a
unique x-rational point of X. But a x-rational point of a x-scheme is necessarily a
closed point (this is immediate for affine schemes, and follows in the general case,
because being a closed subset of a topological space is a local property). So ¢ is also
closed; but this would imply that every open subset of a x-scheme is also closed,
and this fails, for example, for AL\ {0} C AL

REMARK 2.10. There is a dual version of Yoneda’s lemma, which will be used
in §3.2.1. Each object X of C defines a functor

Hom¢ (X, —): C — (Set).

This can be viewed as the functor hy: (C°P)°P — (Set); hence, from the usual
form of Yoneda’s lemma applied to C°P for any two objects X and Y we get a
canonical bijective correspondence between Hom¢(X,Y) and the set of natural
transformations Hom¢ (Y, —) — Home (X, —).

2.2. Group objects

In this section the category C will have finite products; we will denote a termi-
nal object by pt.

DEFINITION 2.11. A group object of C is an object G of C, together with a functor
C°? — (Grp) into the category of groups, whose composite with the forgetful
functor (Grp) — (Set) equals hg.

A group object in the category of topological spaces is called a topological group.
A group object in the category of schemes over a scheme S is called a group scheme
over S.

Equivalently: a group object is an object G, together with a group structure
on G(U) for each object U of C, so that the function f*: G(V) — G(U) associated
with an arrow f: U — V in C is always a homomorphism of groups.

This can be restated using Yoneda’s lemma.

PROPOSITION 2.12. To give a group object structure on an object G of C is equiv-
alent to assigning three arrows mg: G X G — G (the multiplication), ig: G — G (the
inverse), and eg: pt — G (the identity), such that the following diagrams commute.
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(i) The identity is a left and right identity:

ptx G2 oG and  Gxpt—2XY% 5 G
\ng \Jmc
G G

(if) Multiplication is associative:

mG><idG
GXGXG—GXxG

lidc Xmg J{mG

GxG——"—G
(iii) The inverse is a left and right inverse:

<iGridG> (idGliG>

GxG and G—>GxG

N S A

el €G
pt————G pt———G
PROOF. It is immediate to check that, if C is the category of sets, the commu-
tativity of the diagrams above gives the usual group axioms. Hence the result
follows by evaluating the diagrams above (considered as diagrams of functors) at
any object U of C. [ )

Thus, for example, a topological group is simply a group, that has a structure
of a topological space, such that the multiplication map and the inverse map are
continuous (of course the map from a point giving the identity is automatically
continuous).

Let us give examples of group schemes.

The first examples are the schemes AY — S; these represent the functor O"
sending a scheme U — S to the set O(U)", which has an evident additive group
structure.

The group scheme A} is often denote by G, s.

Also, Gpps = AL\ 05 represents the functor O*: (Sch/S)°P — (Set), that
sends each scheme U — S to the group O*(U); this gives Gy, s an obvious struc-
ture of group scheme.

Now consider the functor (Sch/S)°P — (Set) that sends each scheme U — S

to the set M, (O(U)) of n x n matrices with coefficients in the ring O(U). This

is obviously represented by the scheme M,, s o

mapping as morphism of schemes det: M,, s — A}; denote by GL,, 5 the inverse
image of the open subscheme Gy, s C Al. Then GL, s is an open subscheme of
M,, s; the functor it represents is the functor sending each scheme U — S to the set
of matrices in M, (O(U)) with invertible determinants. But these are the invertible
matrices, and they form a group. This gives GL,, s the structure of a group scheme
onS.

There are various subschemes of GL,, s that are group schemes. For example,
SL, s, the inverse image of the identity section 1g: S — Gy, s via the morphism

Agz. Consider the determinant
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det: GL, s — G s represents the functor sending each scheme U — S to the
group SL(O(U)) of n x n matrices with determinant 1.

We leave it to the reader to define the orthogonal group scheme O, s and the
symplectic group scheme Sp,, 5.

DEFINITION 2.13. If G and H are group objects, we define a homomorphism of
group objects as an arrow G — H in C, such that for each object U of C the induced
function G(U) — H(U) is a group homomorphism.

Equivalently, a homomorphism is an arrow f: G — H such that the diagram

mg
GxG——G

foJ Jf

mpy
HxH—H

commutes.

The identity is obviously a homomorphism from a group object to itself. Fur-
thermore, the composite of homomorphisms of group objects is still a homomor-
phism; thus, group objects in a fixed category form a category, which we denote

by Grp(C).

REMARK 2.14. Suppose that C and D are categories with products and ter-
minal objects pt, and pty. Suppose that F: C — D is a functor that preserves
finite products, and G is a group object in C. The arrow eg: pt, — G yields an
arrow Feg: Fpt, — FG; this can be composed with the inverse of the unique
arrow Fpt, — ptp, which is an isomorphism, because Fpt, is a terminal object,
to get an arrow epg: ptp, — FG. Analogously one uses Fmg: F(G x G) — FG
and the inverse of the isomorphism F(G x G) ~ FG x FG to define an arrow

mpg: FG x FG — FG. Finally we set ipg & Fig: FG — FG.

We leave it to the reader to check that this gives FG the structure of a group
object, and this induces a functor from the category of group objects on C to the
category of group objects on D.

2.2.1. Actions of group objects. There is an obvious notion of left action of a
functor into groups on a functor into sets.

DEFINITION 2.15. A left action « of a functor G: C°? — (Grp) on a functor
F: C°P — (Set) is a natural transformation G x F — F, such that for any object U
of C, the induced function G(U) x F(U) — F(U) is an action of the group G(U)
on the set F(U).

In the definition above, we denote by G x F the functor that sends an object
U of C to the product of the set underlying the group GU with the set FU. In
other words, G x F is the product G x F, where G is the composite of G with the
forgetful functor (Grp) — (Set).

Equivalently, a left action of G on F consists of an action of G(U) on F(U) for
all objects U of C, such that for any arrow f: U — VinC, any g € G(V) and any
x € F(V) we have

frg-frx=f(g-x) € F(U).
Right actions are defined analogously.
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We define an action of a group object G on an object X as an action of the
functor hg: C°P — (Grp) onhy: C°P — (Set).
Again, we can reformulate this definition in terms of diagrams.

PROPOSITION 2.16. Giving a left action of a group object G on an object X is equiv-
alent to assigning an arrow a: G X X — X, such that the following two diagrams com-
mute.

(i) The identity of G acts like the identity on X:

id
ptx X X, 5y X

X
(if) The action is associative with respect to the multiplication on G:

mg Xidx

GXGxX—GxX

J{idc X J{a

GxX—% %

PROOF. It is immediate to check that, if C is the category of sets, the commu-
tativity of the diagram above gives the usual axioms for a left action. Hence the
result follows from Yoneda’s lemma by evaluating the diagrams above (consid-
ered as diagrams of functors) on any object U of C. [ )

DEFINITION 2.17. Let X and Y be objects of C with an action of G, an arrow
f: X — Y is called G-equivariant if for all objects U of C the induced function
X(U) — Y(U) is G(U)-equivariant.

Equivalently, f is G-equivariant if the diagram

GxX——X

lidc xf lf

GXY—Y

where the rows are given by the actions, commutes (the equivalence of these two
definitions follows from Yoneda’s lemma).

There is yet another way to define the action of a functor G: C°? — (Grp)
on an object X of C. Given an object U of C, we denote by Endy;(U x X) the set
of arrows U x X — U x X that commute with the projection pr;: U x X — U;
this set has the structure of a monoid, the operation being the composition. In
other words, Endy; (U x X) is the monoid of endomorphisms of pr;: U x X — U
considered as an object of the comma category (C/U). We denote the group of
automorphisms in Endy; (U x X) by Auty (U x X).

Let us define a functor

Aute(X): € — (Grp)

sending each object U of C to the group Autc(X)(U) £ Auty (U x X). The group
Aut (X)(pt) is canonically isomorphic to Aute (X).
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Consider an arrow f: U — V in C; with this we need to associate a group
homomorphism f*: Auty(V x X) — Auty (U x X). The diagram

indX
UxX—V xX

7 [
u—-=_—v

is cartesian; hence, given an arrow B: V x X — V x X over V, there is a unique
arrow a: U x X — U x X making the diagram

id
Ux X fidx V x X

\\ \(X\ J{ﬂ
> fxidyx
\ UxX—V xX
PT1
\ lprl Jprl
f

Uu——Vv

commute. This gives a function from the set Endy (V x X) to Endy; (U x X), which
is easily checked to be a homomorphism of monoids (that is, it sends the identity
to the identity, and it preserves composition). It follows that it restricts to a homo-
morphism of groups f*: Auty(V x X) — Auty (U x X). This gives Aut;(X) the
structure of a functor.

This construction is a very particular case of that of Section 3.7.

PROPOSITION 2.18. Let G: C°? — (Grp) a functor, X an object of C. To give
an action of G on X is equivalent to giving a natural transformation G — Autq(X) of
functors C°P — (Grp).

PROOF. Suppose that we are given a natural transformation G — Aut.(X).
Then for each object U of C we have a group homomorphism G(U) — Auty (U x
X). The set X(U) is in bijective correspondence with the set of sections U — U x X
to the projection pry: U x X — U, andifs: U — U x Xisasection, « € Auty (U x
X),thenaos: U — U x X is still a section. This induces an action of Auty (U x X)
on X(U), and, via the given homomorphism G(U) — Auty (U x X), also an action
of G(U) on X(U). It is easy to check that this defines an action of G on X.

Conversely, suppose that G acts on X, let U be an object of C, and g € G(U).
We need to associate with g an object of

Aute(X) (1) = Auty(U x X).

We will use Yoneda’s lemma once again, and consider U x X as a functor U X
X: (C/U)°P — (Set). For each arrow V — U in C there is a bijective correspon-
dence between the set X(V) and the set of arrows V. — U x X in C/U, obtained
by composing an arrow V — U x X with the projection pr,: U x X — X. Now
we are given an action of G(V) on X(V), and this induces an action of G(V) on
Hom ¢, ;) (V, U x X) = (U x X)(V). The arrow V — U induces a group homo-
morphism G(U) — G(V), so the element ¢ € G(U) induces a permutation of
(U x X)(V). There are several things to check: all of them are straightforward and
left to the reader as an exercise.
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(i) This construction associates with each g an automorphism of the functor U x
X, hence an automorphism of U x X in (C/U).
(ii) The resulting function G(U) — Aut(X)(U) is a group homomorphism.
(ili) This defines a natural transformation G — Aute(X).
(iv) The resulting functions from the set of actions of G on X and the set of natural
transformations G — Aut,(X) are inverse to each other. o

2.2.2. Discrete groups. There is a standard notion of action of a group on an
object of a category: a group I acts on an object X of C when there is given a group
homomorphism I' — Aut¢(X). With appropriate hypotheseas, this action can be
interpreted as the action of a discrete group object on X.

In many concrete cases, a category of geometric objects has objects that can be
called discrete. For example in the category of topological spaces we have discrete
spaces: these are spaces with the discrete topology, or, in other words, disjoint
unions of points. In the category (Sch/S) of schemes over S an object should be
called discrete when it is the disjoint union of copies of S. In categorical terms, a
disjoint union is a coproduct; thus a discrete object of (Sch/S) is a scheme U over
S, with the property that the functor Homg (U, —): (Sch/S) — (Set) is the product
of copies of Homg(S, —).

DEFINITION 2.19. Let C be a category. We say that C has discrete objects if it has
a terminal object pt, and for any set I the coproduct | [;<; pt exists.

An object of C that is isomorphic to one of the form ] [;c; pt for some set I is
called a discrete object.

Suppose that C has discrete objects. If I and | are two sets and ¢: I — ] is
a function, we get a collection of arrows pt — ]];c; pt parametrized by I: with
each i € I we associate the tautological arrow pt — [[c; pt corresponding to the
element ¢(i) € J. In this way we have defined an arrow

Px: Upt — Hpt.
icl i€l
It is immediate to check thatif ¢: I — J and ¢: ] — K are functions, we have
(Pod)s =0 [ [pt — [ pt
i€l keK

In this way we have defined a functor A: (Set) — C that sends a set I to [ [;c; pt.
This is called the discrete object functor. By construction, it is a left adjoint to the
functor Homg (pt, —). Recall that this means that for every set I and every object
U of C one has a bijective correspondence between Hom¢(AI, U) and the set of
functions I — Homyg (pt, U); furthermore this bijective correspondence is functo-
rial in [ and U.

Conversely, if we assume that C has a terminal object pt, and that A: (Set) — C
is a left adjoint to the functor Hom¢ (pt, —), then it is easy to see for each set I the
object Al is a coproduct [ ;< pt.

We are interested in constructing discrete group objects in a category C; for
this, we need to have discrete objects, and, according to Remark 2.14, we need to
have that the discrete object functor (Set) — C preserves finite products. Here is a
condition to ensure that this happens.

Suppose that C is a category with finite products. Assume furthermore that
for any object U in C and any set I the coproduct | [;c; U exists in C; in particular, C
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has discrete objects. If U is an object of C and I is a set, we will set I x U E e U
By definition, an arrow I x U — V is defined by a collection of arrows f;: U — V
parametrized by I. In particular, @ x U is an initial object of C.

Notice the following fact. Let I be a set, U an object of C. If i € I then A{i}
is a terminal object of C, hence there is a canonical isomorphism U ~ A{i} x U
(the inverse of the projection A{i} x U — U). On the other hand the embedding
1 {i} — Iinduces an arrow Ay; x idy;: A{i} x U — Al x U. By composing these
At; with the isomorphisms U ~ A{i} x U we obtain a set of arrows U — AI x U
parametrized by I, hence an arrow [ x U — Al x U.

DEFINITION 2.20. A category C has discrete group objects when the following
conditions are satisfied.
(i) C has finite products.
(if) For any object U in C and any set I the coproduct I x U o ILic; U exists;
(iii) For any object U in C and any set I, the canonical arrow I x U — Al x U is
an isomorphism.

For example, in the category (Top) a terminal object is a point (in other words,
a topological space with one element), while the coproducts are disjoint unions.
The conditions of the definition are easily checked. This also applies to the cate-
gory (Sch/S) of schemes over a fixed base scheme S; in this case a terminal object
is S itself.

PROPOSITION 2.21. If C has discrete group objects, then the discrete object functor
A: (Set) — C preserves finite products.

So, by Remark 2.14, when the category C has discrete group object the functor
A: (Set) — C gives a functor, also denoted by A: (Grp) — Grp(C), from the
category of groups to the category of group objects in C. A group object in C is
called discrete when it isomorphic to one of the form AI', where I' is a group.

PROOF. Let C be a category with discrete group objects. To prove that A pre-
serves finite products, it is enough to check that A sends a terminal object to a
terminal object, and that it preserves products of two objects. The first fact follows
immediately from the definition of A.

Let us show that, given two sets I and J, the natural arrow A(I x J) — AI X A]
is an isomorphism. By definition, A(I x J) = (I X J) x pt. On the other hand there
is a canonical well-known isomorphism of

(IxJ)xpt= J] pt
(ij)elx]
with
H(Hpt) =1Ix(]xpt)=1xAJ.
iel \jeJ
If we compose this isomorphism A(I x J) o~ I x AJ with the isomorphism [ x A] ~~
AI x A] discussed above we obtain an isomorphism A(I x J) ~ AI x A]. Itis easy

to check that the projections A(I x J) — Al and A(I x J) — A] are induced by the
projections I X | — [ and I x | — J; this finishes the proof. [ )

An action of a group is the same as an action of the associated discrete group
object.
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PROPOSITION 2.22. Suppose that C has finite group objects. Let X be an object of C,
I' a group, AT the associated discrete group object of C. Then giving an action of T on X,
that is, giving a group homomorphism T — Aute (X)), is equivalent to giving an action of
the group object AT on X.

PROOF. A function from T to the set Hom¢ (X, X) of arrows from X to it-
self corresponds, by definition, to an arrow I' x X — X; the isomorphism I' x
X ~ AT x X above gives a bijective correspondence between functions I' —
Hom¢ (X, X) and arrows AT x X — X. We have to check that a function T —
Hom¢ (X, X) gives an action of ' on X if and only if the corresponding arrow
AT’ x X — X gives an action of AT on X. This is straightforward and left to the
reader. [ )

REMARK 2.23. The terminology “C has discrete group objects” is perhaps mis-
leading; for C to have discrete group objects would be sufficient to have discrete
objects, and that the functor A preserves finite products.

However, for discrete group objects to be well behaved we need more than
their existence, we want Proposition 2.22 to hold: and for this purpose the con-
ditions of Definition 2.20 seem to be optimal (except that one does not need to
assume that C has all products; but this hypothesis is satisfied in all the examples
I have in mind).

2.3. Sheaves in Grothendieck topologies

2.3.1. Grothendieck topologies. The reader is familiar with the notion of sheaf
on a topological space. A presheaf on a topological space X can be considered as a
functor. Denote by X, the category in which the objects are the open subsets of X,
and the arrows are given by inclusions. Then a presheaf of sets on X is a functor
X°P — (Set); and this is a sheaf when it satisfies appropriate gluing conditions.

There are more general circumstances under which we can ask whether a func-
tor is a sheaf. For example, consider a functor F: (Top)°P — (Set); for each topo-
logical space X we can consider the restriction Fx to the subcategory X, of (Top).
We say that F is a sheaf on (Top) if Fx is a sheaf on X for all X.

There is a very general notion of sheaf in a Grothendieck topology; in this
Section we review this theory.

In a Grothendieck topology the “open sets” of a space are maps into this space;
instead of intersections we have to look at fibered products, while unions play no
role. The axioms do not describe the “open sets”, but the coverings of a space.

DEFINITION 2.24. Let C be a category. A Grothendieck topology on C is the as-
signment to each object U of C of a collection of sets of arrows {U; — U}, called
coverings of U, so that the following conditions are satisfied.

(i) If V. — U is an isomorphism, then the set {V — U} is a covering.

(i) If {U; — U} is a covering and V — U is any arrow, then the fibered prod-
ucts {U; xy; V} exist, and the collection of projections {U; Xy V — V}isa
covering.

(iii) If {U; — U} is a covering, and for each index i we have a covering {Vij —
U;} (here j varies on a set depending on i), the collection of composites { V;; —
U; — U} is a covering of U.

A category with a Grothendieck topology is called a site.
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Notice that from (ii) and (iii) it follows that if {U; — U} and {V; — U} are
two coverings of the same object, then {U; xy; V; — U} is also a covering.

REMARK 2.25. In fact what we have defined here is what is called a pretopology
in [SGA4]; a pretopology defines a topology, and very different pretopologies can
define the same topology. The point is that the sheaf theory only depends on
the topology, and not on the pretopology. Two pretopologies induce the same
topology if and only if they are equivalent, in the sense of Definition 2.47.

Despite its unquestionable technical advantages, I do not find the notion of
topology, as defined in [SGA4], very intuitive, so I prefer to avoid its use (just a
question of habit, undoubtedly).

However, sieves, the objects that intervene in the definition of a topology, are
quite useful, and will be used extensively.

Here are some examples of Grothendieck topologies. In what follows, a set
{U; — U} of functions, or morphisms of schemes, is called jointly surjective when
the set-theoretic union of their images equals U.

EXAMPLE 2.26 (The site of a topological space). Let X be a topological space;
denote by X the category in which the objects are the open subsets of X, and the
arrows are given by inclusions. Then we get a Grothendieck topology on X by
associating with each open subset U C X the set of open coverings of U.

In this case, if Uy — U and Uy — U are arrows, the fibered product U; <y Uy
is the intersection Uy N Us.

EXAMPLE 2.27 (The global classical topology). Here C is the category (Top) of
topological spaces. If U is a topological space, then a covering of U will be a jointly
surjective collection of open embeddings U; — U.

Notice here we must interpret “open embedding” as meaning an open contin-
uous injective map V — U; if by an open embedding we mean the inclusion of an
open subspace, then condition (i) of Definition 2.24 is not satisfied.

EXAMPLE 2.28 (The global étale topology for topological spaces). Here C is the
category (Top) of topological spaces. If U is a topological space, then a covering
of U will be a jointly surjective collection of local homeomorphisms U; — U.

Here is an extremely important example from algebraic geometry.

EXAMPLE 2.29 (The small étale site of a scheme). Let X be a scheme. Consider
the full subcategory Xet of (Sch/X), consisting of morphisms U — X locally of
finite presentation, that are étale. If I — X and V — X are objects of Xy, then an
arrow U — V over X is necessarily étale.

A covering of U — X in the small étale topology is a jointly surjective collec-
tion of morphisms U; — U.

Here are topologies that one can put on the category (Sch/S) of schemes over
a fixed scheme S. Several more have been used in different contexts.

EXAMPLE 2.30 (The global Zariski topology). Here a covering {U; — U} is
a collection of open embeddings covering U. As in the example of the global
classical topology, an open embedding must be defined as a morphism V — U
that gives an isomorphism of V with an open subscheme of U, and not simply as
the embedding of an open subscheme.
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ExAMPLE 2.31 (The global étale topology). A covering {U; — U} is a jointly
surjective collection of étale maps locally of finite presentation.

EXAMPLE 2.32 (The fppf topology). A covering {U; — U} is a jointly surjec-
tive collection of flat maps locally of finite presentation.
The abbreviation fppf stands for “fidelement plat et de présentation finie”.

2.3.2. The fpqc topology. It is sometimes useful to consider coverings that
are not locally finitely presented. One can define a topology on (Sch/S) simply by
taking all collections of morphisms {U; — U} such that the resulting morphism
1L; U; — U is faithfully flat. Unfortunately, this topology is not well behaved (see
Remarks 1.14 and 2.56). One needs some finiteness condition in order to get a
reasonable topology.

For example, one could define a covering as a collection of morphisms {U; —
U} such that the resulting morphism {[]; U; — U} is faithfully flat and quasi-
compact, as I did in the first version of these notes; but then Zariski covers would
not be included, and the resulting topology would not be comparable with the
Zariski topology. The definition of the fpqc topology that follows, suggested by
Steve Kleiman, gives the correct sheaf theory.

PROPOSITION 2.33. Let f: X — Y be a surjective morphism of schemes. Then the
following properties are equivalent.

(i) Every quasi-compact open subset of Y is the image of a quasi-compact open subset of

X.

(ii) There exists a covering {V;} of Y by open affine subschemes, such that each V; is the
image of a quasi-compact open subset of X.

(i) Given a point x € X, there exists an open neighborhood U of x in X, such that the
image fU is open in Y, and the restriction U — fU of f is quasi-compact.

(iv) Given a point x € X, there exists a quasi-compact open neighborhood U of x in X,
such that the image fU is open and affine in Y.

PROOF. It is obvious that (i) implies (ii). The fact that (iv) implies (iii) follows
from the fact that a morphism from a quasi-compact scheme to an affine scheme is
quasi-compact.

It is also easy to show that (iii) implies (iv): if U’ is an open subset of X con-
taining x, whose image f U'inYis open, take an affine neighborhood V of f (x) in
fU',and setU = f~1V.

Since f is surjective, we see that (iv) implies (ii).

Conversely, assuming (ii), take a point x € X. Then f(x) will be contained in
some V;. Let U’ be a quasi-compact open subset of X with image V;, and U” an
open neighborhood of x in f~1V;. Then U = U’ U U" is quasi-compact, contains x
and has image V;.

We only have left to prove that (ii) implies (i). Let V be a quasi-compact open
subset of Y. The open affine subsets of Y that are contained in some V N V; form
a covering of V, so we can choose finitely many of them, call them Wy, ..., W,.
Given one of the W, choose an index i such that W; C V; and a quasi-compact
open subset U; of X with image V;; the restriction U; — V; is quasi-compact, so
the inverse image W]( of W; in U; is quasi-compact. Then U]r-:1 W]( is an open quasi-
compact subscheme of X with image U]r-:1 W;=V. [
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DEFINITION 2.34. An fpqc morphism of schemes is a faithfully flat morphism that
satisfies the equivalent conditions of Proposition 2.33.

The abbreviation fpqc stands for “fidelement plat et quasi-compact”.
Here are some properties of fpqc morphisms.

PROPOSITION 2.35.
(i) The composite of fpgc morphisms is fpqc.
(i) If f: X — Y is a morphism of schemes, and there is an open covering V; of Y, such
that the restriction f~1V; — Vi is fpqc, then f is fpqc.
(iii) An open faithfully flat morphism is fpqc.
(iv) A faithfully flat morphism that is locally of finite presentation is fpqc.
(v) A morphism obtained by base change from an fpqc morphism is fpqc.
(vi) If f+ X — Y is an fpqc morphism, a subset of Y is open in Y if and only if its inverse
image is open in X.

PROOF. (i) follows from the definition, using the characterization (i) in Propo-
sition 2.33. Also (ii) follows easily, using the characterization (ii), and (iii) follows
from condition (iii). (iv) follows from (iii) and the fact that a faithfully flat mor-
phism that is locally of finite presentation is open (Proposition 1.12).

For (iii), suppose that we are given a cartesian diagram of schemes

X —X

| |

Y —Y

such that X — Y is fpqc. Take a covering V; of Y by open affine subschemes, and
for each of them choose an open quasi-compact open subset U; of X mapping onto
V;. If we denote by V/ its inverse image of V; in Y’ and U/ the inverse image of U;
in X, it is easy to check that U/ = V/ xy, U;. Since the morphism U; — V; is quasi-
compact, it follows that U} — V; is also quasi-compact. Now take a covering {V/"}

by open affine subschemes, such that each Vj’ " is contained in some Vi/ ; then each

Vj’ " is the image of a quasi-compact open subset of X', its inverse image in some
u;.

Let us prove (vi). Let A be a subset of Y whose inverse image in X is open.
Pick a covering {V;} of Y by open affine subsets, each of which is the image of a
quasi-compact open subset U; of X. Then the inverse image of A in each U; will
be open, and according to Proposition 1.13 this implies that each A N V; is open in
Vi, so AisopeninY. [ )

The fpgc topology on the category (Sch/S) is the topology in which the cov-
erings {U; — U} are collections of morphisms, such that the induced morphism
1TU; — Uis fpqc.

Let us verify that this is indeed a topology, by checking the three conditions of
Definition 2.24. Condition (i) is obvious, because an isomorphism is fpqc.

Condition (ii) follows from Proposition 2.35 (v).

Condition (iii) is easy to prove, from parts (i) and (ii) of Proposition 2.35.

The fpqc topology is finer than the fppf topology, which is finer than the étale
topology, which is in turn finer than the Zariski topology.

Many properties of morphisms are local on the codomain in the fpqc topology.
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PROPOSITION 2.36. Let X — Y be a morphism of schemes, {Y; — Y} an fpqc
covering. Suppose that for each i the projection Y; Xy X — Y; has one of the following
properties:

(i) is separated,
(ii) is quasi-compact,
(iii) is locally of finite presentation,
(iv) is proper,
(v) is affine,
(vi) is finite,
(vii) is flat,
(viii) is smooth,
(ix) is unramified,
(x) is étale,
(xi) is an embedding,
(xii) is a closed embedding.

Then X — Y has the same property.

PROOF. This follows easily from the fact that each of the properties above
is local in the Zariski topology in the codomain, from the characterization (ii) in
Proposition 2.33, and from Proposition 1.15. [ )

2.3.3. Sheaves. If X is a topological space, a presheaf of sets on X is a functor
Xq°P — (Set), where X is the category of open subsets of X, as in Example 2.26.
The condition that F be a sheaf can easily be generalized to any site, provided that
we substitute intersections, which do not make sense, with fibered products. (Of
course, fibered products in X are just intersections.)

DEFINITION 2.37. Let C be a site, F: C°P — (Set) a functor.

(i) F is separated if, given a covering {U; — U} and two sections a and b in FU
whose pullbacks to each FU; coincide, it follows that a = b.

(ii) F is a sheaf if the following condition is satisfied. Suppose that we are given
a covering {U; — U} in C, and a set of elements a; € FU;. Denote by
pri: U; xy U; — U; and pry: U; Xy U; — Uj the first and second projec-
tion respectively, and assume that prj a; = pry a; € F(U; xy U;) for all i and
j- Then there is a unique section a € FU whose pullback to FU; is a; for all i.

If F and G are sheaves on a site C, a morphism of sheaves F — G is simply
a natural transformation of functors.

A sheaf on a site is clearly separated.

Of course one can also define sheaves of groups, rings, and so on, as usual: a
functor from CP to the category of groups, or rings, is a sheaf if its composite with
the forgetful functor to the category of sets is a sheaf.

The reader might find our definition of sheaf pedantic, and wonder why we
did not simply say “assume that the pullbacks of a; and a; to F(U; xy; U;) coin-
cide”. The reason is the following: when i = j, in the classical case of a topological
space we have U; xy U; = U;NU; = Uj;, so the two possible pullbacks from
U; xy U; — U; coincide; but if the map U; — U is not injective, then the two
projections U; x; U; — U; will be different. So, for example, in the classical case
coverings with one subset are not interesting, and the sheaf condition is automat-
ically verified for them, while in the general case this is very far from being true.
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An alternative way to state the condition that F is a sheaf is the following.
Let A, B and C be sets, and suppose that we are given a diagram

8
AL>B*>*>C.
h

(that is, we are given a function f: A — B and two functions g, h: B — C). We say
that the diagram is an equalizer if f is injective, and maps A surjectively onto the
subset {b € B | g(b) = h(b)} C B.

Equivalently, the diagram is an equalizer if go f = h o f, and every function
p: D — Bsuch that g o p = h o p factors uniquely through A.

Now, take a functor F: C°P — (Set) and a covering {U; — U} in C. There is a
diagram

1
(2.3.1) FU— [[FU; —= []F(Ui xuly)
i pPr; iy

where the function FU — []; FU; is induced by the restrictions FU — FU;, while

pri: [ [FU; — [ [F(U; xy Uj)
i ij
sends an element (a;) € []; FU; to the element prj(a;) € [1;; F(U; Xy U;) whose
component in F(U; xy U;) is the pullback prj a; of a; along the first projection
U; Xy U; — U;. The function

pry: [ [FU; — [ [F(U;i xu U;)
i ij
is defined similarly.
One immediately sees that F is a sheaf if and only if the diagram (2.3.1) is an
equalizer for all coverings {U; — U} in C.

2.3.4. Sieves. Given an object U in a category C and a set of arrows U =
{U; — U} in C, we define a subfunctor hy; C hy, by taking hy(T) to be the
set of arrows T — U with the property that for some i there is a factorization
T — U; — U. In technical terms, hy, is the sieve associated with the covering .
The term is suggestive: think of the U; as holes on U. Then an arrow T — U is in
h;;T when it goes through one of the holes. So a sieve is determined by what goes
through it.

DEFINITION 2.38. Let U be an object of a category C. A sieve on U is a sub-
functor of hy;: C°P — (Set).

Given a subfunctor S C hy;, we get a collection S of arrows T — U (consisting
of union of the ST with T running through all objects of C), with the property
that every time an arrow T — U is in S, every composite T" — T — U isin S.
Conversely, from such a collection we get a subfunctor S C hy, in which ST is the
set of all arrows T — U thatarein S.

Now, let Y = {U; — U} be a set of arrows, F: C°P — (Set) a functor. We
define FU to be the set of elements of [ ]; FU; whose images in IL;;F (U; xy Uj) are
equal. Then the restrictions FU — FU; induce a function FU — FU; by definition,
a sheaf is a functor F such that FU — FU is a bijection for all coverings i = {U; —
ut.
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The set FUf can be defined in terms of sieves.
PROPOSITION 2.39. There is a canonical bijection
R: Hom(hy, F) ~ FU
such that the diagram
Hom(hy, F) —— FU

L]

Hom (hy, F) R ru

in which the top row is the Yoneda isomorphism, the left hand column is the restriction
function induced by the embedding of hy, in hyy and the right hand column is induced by
the restriction functions FU — FU;, commutes.

PROOF. Take a natural transformation ¢: hyy — F. For each i, the arrow
U; — U is an object of hy,U;; from this we get an element R¢p = (p(U; — U)) €
[1; FU;. The pullbacks pri ¢(U; — U) and pr; ¢(U; — U) to FU;; both coin-
cide with ¢(U;; — U), hence R¢ is an element of FI{. This defines a function
R: Hom(hy, F) — FU; the commutativity of the diagram is immediately checked.

We need to show that R is a bijection. For this purpose take two natural trans-
formations ¢, ¢: hyy — F such that R¢ = Ryp. Consider an element T — U of

some hy,T; by definition, this factors as T L U; — U for some arrow f: T — U;.
Then by definition of a natural transformation we have

(T —U) = fro(U; — U) = frp(U; — U) = (T — U),

hence ¢ = 1p. This proves the injectivity of R.
For surjectivity, take an element (;) € FU; we need to define a natural trans-
formation hyy — F. If T — U is an element of hy/T, choose a factorization

T L U; — U; this defines an element f*¢; of FU. This element is independent of

the factorization: two factorizations T 2> U — Uand T % U; — U give an arrow
T — U;j, whose composites with pr;: U;; — U; and pr,: U;; — Uj are equal to f
and g. Since prj §; = pr; ¢;, we see that f*¢; = ¢*¢;.

This defines a function hyyT — FT for each T. We leave it to the reader to show
that this defines a natural transformation ¢: h;; — F, and that Rp = ({;). [ )

As an immediate corollary, we get the following characterization of sheaves.

COROLLARY 2.40. A functor F: C°P — (Set) is a sheaf if and only if for any cover-
ingU = {U; — U} in C, the induced function

FU ~ Hom(hy, F) — Hom(hy, F)
is bijective. Furthermore, F is separated if and only if this function is always injective.
This characterization can be sharpened.

DEFINITION 2.41. Let 7 be a Grothendieck topology on a category C. A sieve
S C hyy on an object U of C is said to belong to T if there exists a covering U of U
such thath;; C S.
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If C is a site, we will talk about the sieves of C to mean the sieves belonging to
the topology of C.

The importance of the following characterization will be apparent after the
proof of Proposition 2.49.

PROPOSITION 2.42. A functor F: C°P — (Set) is a sheaf in a topology T if and
only if for any sieve S belonging to T the induced function

FU ~ Hom(hy, F) — Hom(S, F)
is bijective. Furthermore, F is separated if and only if this function is always injective.

PROOF. The fact that this condition implies that F is a sheaf is an immediate
consequence of Corollary 2.40.

To show the converse, let F be a sheaf, take a sieve S C hy; belonging to C, and
choose a covering U/ of U with hy; C S. The composite

Hom(hy, F) — Hom(S, F) — Hom(hy, F)

is a bijection, again because of Corollary 2.40, so the thesis follows from the next
Lemma.

LEMMA 2.43. If F is separated, the restriction function
Hom(S, F) — Hom(hy, F)
is injective.
PROOF. Let us take two natural transformations ¢, : S — F with the same
image in Hom(hy,, F), an element T — U of ST, and let us show that ¢(T — U) =
P(T — U) € FT.

Set Y = {U; — U}, and consider the fibered products T x; U; with their
projections p;: T Xy U; — T. Since T xy U; — U is in hy (T xyy U;) we have

pi¢(T — U) = ¢(T xu U;) = (T xu U;) = p; (T — U).
Since {p;: T xyy U; — T} is a covering and F is a separated presheaf, we conclude
that (T — U) = ¢(T — U) € FT, as desired. A
This concludes the proof of Proposition 2.42. [ )

We conclude with a remark. Suppose that /f = {U; — U} and V = {V; — U}

are coverings. Then U x; V & {U; xy V; — U} is a covering. An arrow T — U

factors through U; x; V; if and only if it factors through U; and through V;. This
simple observation is easily seen to imply the following fact.

PROPOSITION 2.44.
(D) IfU = {U; — U} and V = {V; — U} are coverings, then

hyx,v =hy Nhy Chy.

(2) If S1 and Sy are sieves on U belonging to T, the intersection S1 N Sy C hyy also
belongs to T .
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2.3.5. Equivalence of Grothendieck topologies. Sometimes two different to-
pologies on the same category define the same sheaves.

DEFINITION 2.45. Let C be a category, {U; — U} a set of arrows. A refine-
ment {V, — U},c4 is a set of arrows such that for each index a € A there is some
index i € I such that V, — U factors through U; — U.

Notice that the choice of factorizations V, — U; — U is not part of the data,
we simply require their existence.

This relation between sets of arrows is most easily expressed in terms of sieves.
The following fact is immediate.

PROPOSITION 2.46. Let there be given two sets of arrows U = {U; — U} and
V = {V, — U}. Then V is a refinement of U if and only if hy, C hy,.

A refinement of a refinement is obviously a refinement. Also, any covering is
a refinement of itself: thus, the relation of being a refinement is a pre-order on the
set of coverings of an object U.

DEFINITION 2.47. Let C be a category, 7 and 7' two topologies on C. We
say that 7 is subordinate to 7', and write 7 < 7', if every covering in 7 has a
refinement that is a covering in 7.

If7T <7'and 7’ < T,wesay that 7 and 7' are equivalent, and write T = 7.

Being a refinement is a relation between sets of arrows into U that is transitive
and reflexive. Therefore being subordinate is a transitive and reflexive relation
between topologies on C, and being equivalent is an equivalence relation.

This relation between topologies is naturally expressed in terms of sieves.

PROPOSITION 2.48. Let T and T’ be topologies on a category C. Then T < T' if
and only if every sieve belonging to T also belongs to T".
In particular, two topologies are equivalent if and only if they have the same sieves.

This is clear from Proposition 2.46.

PROPOSITION 2.49. Let T and T’ be two Grothendieck topologies on the same cate-
gory C. If T is subordinate to T', then every sheaf in T' is also a sheaf in T .
In particular, two equivalent topologies have the same sheaves.

The proof is immediate from Propositions 2.42 and 2.48.
In Grothendieck’s language what we have defined would be called a pretopol-
ogy, and two equivalent pretopologies define the same topology.

EXAMPLE 2.50. The global classical topology on (Top) (Example 2.27), and the
global étale topology of Example 2.28, are equivalent.

EXAMPLE 2.51. If S is a base scheme, there is another topology that we can
define over the category (Sch/S), the smooth topology, in which a covering {U; —
U} is a jointly surjective set of smooth morphisms locally of finite presentation.

By [EGAIV-4, Corollaire 17.16.3], given a smooth covering {U; — U} we can
find an étale surjective morphism V' — U that factors through the disjoint union
11; U; — U; given such a factorization, if V; is the inverse image of U; in V, we have
that {V; — U} is an étale covering that is a refinement of {U; — U}. This means
that the smooth topology is subordinate to the étale topology. Since obviously
every étale covering is a smooth cover, the two topologies are equivalent.
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DEFINITION 2.52. A topology 7 on a category C is called saturated if a set of
arrows {U; — U} which has a refinement thatis in 7 is alsoin 7.

If 7 is a topology of C, the saturation T of 7T is the set of sets of arrows which
have a refinement in 7.

PROPOSITION 2.53. Let T be a topology on a category C.

(i) The saturation T of T is a saturated topology.

(i) T C 7.
(iii) 7 is equivalent to T .
(iv) The topology T is saturated if and only if T = T.

(v) A topology T' on C is subordinate to T if and only if T' C 7.
(vi) A topology T' on C is equivalent to T if and only if T' =T
(vii) A topology on C is equivalent to a unique saturated topology.

We leave the easy proofs to the reader.
2.3.6. Sheaf conditions on representable functors.

PROPOSITION 2.54. A representable functor (Top)°P — (Set) is a sheaf in the
global classical topology.

This amounts to saying that, given two topological spaces U and X, an open
covering {U; C U}, and continuous functions f;: U; — X, with the property
that the restriction of f; and f; to U; N U; coincide for all i and j, there exists a
unique continuous function U — X whose restriction U; — X is f;. This is essen-
tially obvious (it boils down to the fact that, for a function, the property of being
continuous is local on the domain). For similar reasons, it is easy to show that a
representable functor on the category (Sch/S) over a base scheme S is a sheaf in
the Zariski topology.

On the other hand the following is not easy at all: a scheme is a topological
space, together with a sheaf of rings in the Zariski topology. A priori, there does
not seem to be a reason why we should be able to glue morphisms of schemes in
a finer topology than the Zariski topology.

THEOREM 2.55 (Grothendieck). A representable functor on (Sch/S) is a sheaf in
the fpqc topology.

So, in particular, it is also a sheaf in the étale and in the fppf topologies.

Here is another way of expressing this result. Recall that in a category C an
arrow f: V — U is called an epimorphism if, whenever we have two arrows U = X
with the property that the two composites V' — U =2 X coincide, then the two
arrows are equal. In other words, we require that the function Hom¢ (U, X) —
Hom¢ (V, X) be injective for any object X of C.

On the other hand, V — U is called an effective epimorphism if for any object X
of C, any arrow V — X with the property that the two composites

PTy
VxyV — V—X
pT2
coincide, factors uniquely through U. In other words, we require that the diagram
Hom¢ (U, X) — Hom¢(V,X) ——2 Home(V xy V, X)

be an equalizer.



2.3. SHEAVES IN GROTHENDIECK TOPOLOGIES 37

Then Theorem 2.55 says that every fpqc morphism of schemes is an effective
epimorphism in (Sch/S).

REMARK 2.56. As we have already observed at the beginning of §2.3.2, there is
a “wild” flat topology in which the coverings are jointly surjective sets {U; — U}
of flat morphisms. However, this topology is very badly behaved; in particular,
not all representable functors are sheaves.

Take an integral smooth curve U over an algebraically closed field, with quo-
tient field K and let V, = Spec Oy, for all closed points p € U(k), as in Re-
mark 1.14. Then {V}, — U} is a covering in this wild flat topology.

Each V), contains the closed point p, and V}, \ {p} = Spec K is the generic point
of Vy; furthermore V), x; V; = V, if p = g, otherwise V), x; V; = SpecK.

We can form a (very non-separated) scheme X by gluing together all the V),
along Spec K; then the embeddings V), — X and V; — X agree when restricted to
Vy xu Vg, so the give an element of I, hx V), whose two images in I, hx (Vy xu
V) agree. However, there is no morphism U — X whose restriction to each V), is
the natural morphism V), — U. In fact, such a morphism would have to send each
closed point p € U into p € V;, C X, and the generic point to the generic point;
but the resulting set-theoretic function U — X is not continuous, since all subsets
of X formed by closed points are closed, while only the finite sets are closed in U.

DEFINITION 2.57. A topology 7 on a category C is called subcanonical if every
representable functor on C is a sheaf with respect to 7.
A subcanonical site is a category endowed with a subcanonical topology.

There are examples of sites that are not subcanonical (we have just seen one in
Remark 2.56), but I have never had dealings with any of them.

The name “subcanonical” comes from the fact that on a category C there is a
topology, known as the canonical topology, which is the finest topology in which
every representable functor is a sheaf. We will not need this fact.

DEFINITION 2.58. Let C be a site, S an object of C. We define the comma topology
on the comma category (C/S) as the topology in which a covering of an object
U — S of (C/S) is a collection of arrows

U; 4>fi u

N
S

such that the collection {f;: U; — U} is a covering in C. In other words, the
coverings of U — S are simply the coverings of U.

It is very easy to check that the comma topology is in fact a topology.

For example, if C is the category of all schemes (or, equivalently, the category
of schemes over Z), then (C/S) is the category of schemes over S, and the comma
topology induced by the fpqc topology on (C/S) is the fpqc topology. Analogous
statements hold for the Zariski, étale and fppf topology.

PROPOSITION 2.59. If C is a subcanonical site and S is an object of C, then (C/S) is
also subcanonical.
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PROOF. We need to show that for any covering {U; — U} in (C/S) the se-
quence

Homg (U, X) — [ [Homg(U;, X) ——= [ [Homs(U; xy U}, X)
i if
is an equalizer. The injectivity of the function

Homs (U, X) — | [Homs(U;, X)
i

is clear, since Homg (U, X) injects into Hom(U, X), [T; Homg(U;, X) injects into
[T; Hom(U;, X), and Hom (U, X) injects into [ ]; Hom(U;, X), because hy is a sheaf.
On the other hand, let us suppose that we are given an element (a;) of the product
[T; Homg(U;, X), with the property that for all pairs i, j of indices the equality
pria; = prya; holds in Homg(U; xy; Uj, X). Then there exists a morphism a €
Hom (U, X) such that the composite U; — U % X coincides with g; for all, and we
only have to check that a is a morphism of S-objects. But the composite U; — U
X — S coincides with the structure morphism U; — S for all i; since Hom(—, S)
is a sheaf on the category C, so that Hom(U, S) injects into []; Hom(U;, S), this
implies that the composite U %+ X — S is the structure morphism of U, and this
completes the proof. [

PROOF OF THEOREM 2.55. We will use the following useful criterion.

LEMMA 2.60. Let S be a scheme, F: (Sch/S)°P — (Set) a functor. Suppose that F
satisfies the following two conditions.

(i) F is a sheaf in the global Zariski topology.
(il) Whenever V. — U is a faithfully flat morphism of affine S-schemes, the diagram

pri
FU — FV = F(V xyV)
pr3

is an equalizer.

Then F is a sheaf in the fpqc topology.

PROOF. The proof will be divided into several steps.

Step 1: reduction to the case of a single morphism. Take a covering {U; — U} of
schemes over S in the fpqc topology, and set V = []; U;. The induced morphism
V — U is fpqc. Since F is a Zariski sheaf, the function FV — [T; FU; induced by
restrictions is an isomorphism. We have a commutative diagram of sets

pri
FU——FV_—_——3F(VxyV)
pr3 J
J pry
FU — [1; FU; —= IT;, F(Ui xu Uj)
P

where the columns are bijections; hence to show that the bottom row is an equal-
izer it is enough to show that the top row is an equalizer. In other words, we
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have shown that it is enough to consider coverings {V — U} consisting of a sin-
gle morphism. Similarly, to check that F is separated we may limit ourselves to
considering coverings consisting of a single morphism.

This argument also shows that if {U; — U} is a finite covering, such that U
and the U; are affine, then the diagram

pry
FU — [TFU; — [TF(Us xu Uj)
i Py i

is an equalizer. In fact, in this case the finite disjoint union [ [; U; is also affine.

Step 2: proof that F is separated. Now we are given an fpqc morphism f: V —
U; take an open covering {V;} of V by open quasi-compact subsets, whose image
U; = fV; is open and affine. Write each V; as a union of finitely many affine open
subschemes V;,. Consider the commutative diagram of restriction functions

FU——FV

L

[ FU; — T 11, FVia.

Its columns are injective, because F is a sheaf in the Zariski topology. On
the other hand, the second row is also injective, because each of the restriction
morphisms FU; — [1,, F (Via Xu Vi) is injective. Hence the restriction function
FU — FV is injective, so F is separated.

Step 3: the case of a morphism from a quasi-compact scheme onto an affine scheme.
Let f: V — U a faithfully flat morphism, with V quasi-compact and U affine. Let
b € FV be an element such that

prib=pr;b e F(V xy V).

We need to show that there exists an element a € FU such that f*a =b € FV.
Let V; be a finite covering of V by open affine subschemes; then {V; — U} isa
finite fpqc covering of U by affine subschemes, hence the sequence

pry
FU— [TV —= TIE(Vixu V)
i pra ij
is an equalizer.

For each i denote by b; the restriction of b to FV;; then prib; € F(V; xy Vj)
is the restriction of pri b € FV to F(V; xy V;), while pr3b; € F(V; xy V}) is the
restriction of pr; b € FV to F(V; x V;). Hence prib; = pr; b for all i and j, so
there exists some a € FU whose pullback to FV; is b; for all i. Then the restrictions
of f*a and b to FV; coincide for all 7, so f*a = b, because F is a sheaf in the Zariski
topology.

Step 4: the case of a morphism to an affine scheme. Let V — U be an fpqc scheme,
where U is affine. Let f: V — U a faithfully flat morphism, with V quasi-compact
and U affine. Let b € FV be an element such that

prib=pr;be F(V xy V).
We need to show that there exists an element a € FU such that f*a =b € FV.
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Let {V;} be an open covering of V by quasi-compact open subschemes, such
that the projection V; — U is surjective for all i. For each i, denote by b; the
restriction of b to FV;. The restriction morphism f |y,: V; — V is fpqc, hence by
the previous step there exists a; € FU such that (f |y )*a; = b;. However, I claim
that a; = a; for all 7 and j. In fact, the morphism V; UV; — U is also fqpc, and
V; UV} is quasi-compact: hence there exists a;; in FU whose pullback to F(V; U V})
is the restriction of b. Since the pullbacks of 4;; to FV; and FV; coincide with b; and
b; respectively, we have that a; = a;; = a;.

Hence the pullback of a o a; to FV; is b; for all i; it follows f*a is b, as desired.

Step 5: the general case. Now f: V — U is an arbitrary fpqc morphism. Let
{U;} be an covering of U by open affine subschemes, and denote by V; the inverse
image of U; in V. We have a diagram of restriction functions

FU———— FV I F(VxyV)

J J |

I, FUy —— T, FV, ——3 TLE(V; %, Vi)

I |

[T F(U;nU;) — TT;; F(VinV)).

The columns are equalizers, because F is a sheaf in the Zariski topology; further-
more the second row is also an equalizers, because each of the diagrams

FU; — FV; =1 F(V; xy, V;)

is an equalizer, by the previous step, and the product of equalizers is an equalizer.
Finally, the bottom row is injective, because F is separated, and the result follows
from a simple diagram chasing. [ )

To prove Theorem 2.55 we need to check that if F = hy, where X is an S-
scheme, then the second condition of Lemma 2.60 is satisfied. First of all, by
Proposition 2.59 it is enough to prove the result in case S = Spec Z, that is, when
(Sch/S) is simply the category of all schemes. So for the rest of the proof we only
need to work with morphism of schemes, without worrying about base schemes.

We will assume at first that X is affine. Set U = Spec A, V = SpecB, X =
SpecR. In this case the result is an easy consequence of the following lemma.
Consider the ring homomorphism f: A — B corresponding to the morphism V —
U, and the two homomorphisms of A-algebras ej,e2: B — B ®4 B defined by
e1(b) =b®1andey(b) = 1®b; these correspond to the two projections V xy V —
V.

LEMMA 2.61. The sequence

0— AL B2 Bs, B

is exact.

PROOF. The injectivity of f is clear, because B is faithfully flat over A. Also, it
is clear that the image of f is contained in the kernel of e; — e5, so we have only to
show that the kernel of e; — ¢ is contained in the image of f.
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Assume that there exists a homomorphism of A-algebras g: B — A (in other
words, assume that the morphism V' — U has a section). Then the composite
gof: A — Ais the identity. Take an element b € ker(e; — ¢;); by definition,
this means that b ® 1 = 1® b in B ®4 B. By applying the homomorphism g ®
idp: B®4 B — A®4 B = B to both members of the equality we obtain that
f(gb) =b,hence b € im f.

In general, there will be no section U — V; however, suppose that there exists
a faithfully flat A algebra A — A’, such that the homomorphism f ® id: A’ —
B ® A’ obtained by base change has a section B® A’ — A’ as before. Set B’ =
B ® A’. Then there is a natural isomorphism of A’-algebras B’ ® 4» B’ ~ (B®4
B) ® 4 A’, making the diagram

®id 4/ e —el
0 A,flA B 17 B @y B
®id — ®id J
0 A, foi Al B/ (e1—e2) ®i Al (B ®A B) ®A A/

commutative. The top row is exact, because of the existence of a section, and so
the bottom row is exact. The thesis follows, because A’ is faithfully flat over A.
But to find such homomorphism A — A’ it is enough to set A’ = B; the
product B@4 A’ — A’ defined by b ® b’ +— bb' gives the desired section. In
geometric terms, the diagonal V. — V x; V gives a section of the first projection
VxyV—V. »

To finish the proof of Theorem 2.55 in the case that X is affine, recall that mor-
phisms of schemes U — X, V — X and V x; V — X correspond to ring homo-
morphisms R — A, R — B and R — B ®4 B; then the result is immediate from
the lemma above. This proves that hy is a sheaf when X is affine.

If X is not necessarily affine, write X = U;X; as a union of affine open sub-
schemes.

Let us show that hy is separated. Given a covering V — U, take two mor-
phisms f,g: U — X such that the two composites V. — U — X are equal. Since
V — U is surjective, f and g coincide set-theoretically, so we can set U; = f~1X; =
¢~ 1X;, and call V; the inverse images of U; in V. The two composites

flu;
Vi — U *ﬁ X;
8lu;

coincide, and X; is affine; hence f [;;,= ¢ |y, for all i, so f = g, as desired.
To complete the proof, suppose that g: V — X is a morphism with the prop-
erty that the two composites

Py
VxyV — v X
pT2
are equal; we need to show that g factors through U. The morphism V — U is
surjective, so, from Lemma 2.62 below, g factors through U set-theoretically. Since
U has the quotient topology induced by the morphism V' — U (Proposition 1.13),
we get that the resulting function f: U — X is continuous.
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SetU; = f’lXi and V; = g’lvl- for all i. The composites

Pry glv:
VixuVi —3 Vi—V,—X;
P2
coincide, and X; is affine, so g |y,: V; — X factors uniquely through a morphism
fit Ui — X;. We have

fi |U,ﬂuj:fj |Uimuj: ulﬂu] - X’

because hyx is separated; hence the f; glue together to give the desired factorization
V-U-—X. 'y

LEMMA 2.62. Let f1: X1 — Yand fp: Xo — Y be morphisms of schemes. If x1 and
Xy are points of X1 and X; respectively, and f1(x1) = fo(x2), then there exists a point z
in the fibered product Xy xy Xp such that pry(z) = x1 and pr,(z) = xo.

PROOF. Sety = f(x1) = fa(x2) € Y. Consider the extensions k(y) C k(xp)
and k(y) C k(x); the tensor product k(x1) ®(,) k(x2) is not 0, because the ten-
sor product of two vector spaces over a field is never 0, unless one of the vec-
tor spaces is 0. Hence k(x1) ®j(,) k(x2) has a maximal ideal; the quotient field
K is an extension of k(y) containing both k(x1) and k(x3). The two composites

SpecK — Speck(x1) — X3 S, U and SpecK — Speck(xy) — Xp 24 coincide,
so we get a morphism Spec K — Xj Xy X». We take z to be the image of Spec K in
X1 Xy Xo.

The proof of Theorem 2.55 is now complete.

2.3.7. The sheafification of a functor. The usual construction of the sheafifi-
cation of a presheaf of sets on a topological space carries over to this more general
context.

DEFINITION 2.63. Let C be a site, F: C°P — (Set) a functor. A shedfification of
F is a sheaf F?: C°P — (Set), together with a natural transformation F — F?, such
that:
(i) given an object U of C and two elements ¢ and # of FU whose images ¢?
and #? in F2U are the same, there exists a covering {¢;: U; — U} such that
0 ¢ =071, and
(ii) for each object U of C and each & € F2(U), there exists a covering {c;: U; —
U} and elements &; € F(U;) such that 2 = 0}'C.

THEOREM 2.64. Let C be a site, F: C°P — (Set) a functor.
(i) If F*: C°P — (Set) is a sheafification of F, any morphism from F to a sheaf factors
uniquely through F?.
(if) There exists a sheafification F — F?, which is unique up to a canonical isomorphism.
(iii) The natural transformation F — F? is injective (that is, each function FU — F*U
is injective) if and only if F is separated.

SKETCH OF PROOF. For part (i), we leave to the reader to check uniqueness of
the factorization.

For existence, let ¢: F — G be a natural transformation from F to a sheaf
G: C°P — (Set). Given an element ¢ of FAU, we want to define the image of ¢ in
GU. There exists a covering {0;: U; — U} and elements §; € FUj, such that the
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image of ¢; in F2Uj is al.*E. Set 17; = ¢&; € GU;. The pullbacks prj #; and pr; 7 in
GU;j both have as their image in F*U;; the pullback of ¢; hence there is a covering
{Uija — Ui]'} such that the pullbacks of prj ¢; and pr; ¢; in FUjj, coincide for each
«. By applying ¢, and keeping in mind that it is a natural transformation, and that
G is a sheaf, we see that the pullbacks of 7; and 7; to GU;; are the same, for any
pair of indices i and j. Hence there an element # of GU whose pullback to each
Glli is ;.

We leave to the reader to verify that this 7 € GU only depends on ¢, and
that by sending each ¢ to the corresponding 1 we define a natural transformation
F? — G, whose composition with the given morphism F — F? is ¢.

Let us prove part (ii). For each object U of C, we define an equivalence relation
~ on FU as follows. Given two elements a and b of FU, we write a ~ b if there
is a covering U; — U such that the pullbacks of a and b to each U; coincide. We
check easily that this is an equivalence relation, and we define F°U = FU/ ~. We
also verify that if V. — U is an arrow in C, the pullback FU — FV is compatible
with the equivalence relations, yielding a pullback F°U — F°V. This defines the
functor F* with the surjective morphism F — F®. It is straightforward to verify
that F® is separated, and that every natural transformation from F to a separated
functor factors uniquely through F°.

To construct F?, we take for each object U of C the set of pairs ({U; — U}, {a;}),
where {U; — U} is a covering, and {a;} is a set of elements with a; € FU; such
that the pullback of 4; and a; to F S(U; xyu LI]-), along the first and second projection
respectively, coincide. On this set we impose an equivalence relation, by declaring
({U; — U}, {a;}) to be equivalent to ({V; — U}, {b;}) when the restrictions of a;
and b; to F*(U; x 1 V}), along the first and second projection respectively, coincide.
To verify the transitivity of this relation we need to use the fact that the functor F*
is separated.

For each U, we denote by F?U the set of equivalence classes. If V — U is an
arrow, we define a function F?U — F?V by associating with the class of a pair
({U; — U}, {a;}) in F2U the class of the pair ({U; xy V}, pfa;), where p;: U; Xy
V — U, is the projection. Once we have checked that this is well defined, we
obtain a functor F?: C°P — (Set). There is also a natural transformation F° — F?,
obtained by sending an element a € F5U into ({U = U}, a). Then one verifies that
F? is a sheaf, and that the composite of the natural transformations F — F* and
F* — F? has the desired universal property.

The uniqueness up to a canonical isomorphism follows immediately from
part (i). Part (iii) follows easily from the definition. ®

A slicker, but equivalent, definition is as follows. Consider the set {S;} of
sieves belonging to 7 on an object U of C. These form a ordered set: we seti < j
if S i C S;. According to Proposition 2.44, this is a direct system, that is, given two
indices i and j there is some k such that k > i and k > j. Then F?U is in a canonical
bijective correspondence with the direct limit lim. Home(S;, F*).



CHAPTER 3

Fibered categories

3.1. Fibered categories

3.1.1. Definition and first properties. In this Section we will fix a category C;
the topology will play no role. We will study categories over C, that is, categories
F equipped with a functor pr: F — C.

We will draw several commutative diagrams involving objects of C and F; an
arrow going from an object ¢ of F to an object U of C will be of type “¢ — U”, and
will mean that pr¢ = U. Furthermore the commutativity of the diagram

¢
—_—

f
—

]

will mean that pr¢ = f.

DEFINITION 3.1. Let F be a category over C. An arrow ¢: { — 1 of F is
cartesian if for any arrow ¢: { — # in F and any arrow h: pr{ — px¢ in C with
pr¢oh = pryp, there exists a unique arrow 0: { — ¢ withpr0 =hand ¢po8 =,
as in the commutative diagram

PfCﬂ\\I\ l

" e — S pFN

If { — 7 is a cartesian arrow of F mapping to an arrow U — V of C, we also
say that ¢ is a pullback of  to U.

REMARK 3.2. The definition that we give of cartesian arrow is more restrictive
than the definition in [SGA1]; our cartesian arrows are called strongly cartesian in
[Gra66]. However, the resulting notions of fibered category coincide.

44
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REMARK 3.3. Given two pullbacks ¢: & — 7 and ¢: & — nof 5 to U, the
unique arrow 0: { — ¢ that fits into the diagram

~N

/

¢
Oy Ty,
SN

u—>:

—
¢

T——1m

/

is an isomorphism; the inverse is the arrow & — & obtained by exchanging & and

& in the diagram above.
In other words, a pullback is unique, up to a unique isomorphism.

The following facts are easy to prove, and are left to the reader.

PROPOSITION 3.4.

() If F is a category over C, the composite of cartesian arrows in F is cartesian.

() Ifd — yandy — C are arrows in F and § — ( is cartesian, then { — 5 is
cartesian if and only if the composite { — ( is cartesian.

(iii) An arrow in F whose image in C is an isomorphism is cartesian if and only if it is
an isomorphism.

(iv) Let pg: G — Cand F: F — G be functors, ¢: ¢ — n an arrow in F. If ¢ is
cartesian over its image F¢: FG — Fn in G and F¢ is cartesian over its image
pgF¢: pgFC — pgFn in C, then ¢ is cartesian over its image pgF¢ in C.

DEFINITION 3.5. A fibered category over C is a category F over C, such that
given an arrow f: U — V in C and an object # of F mapping to V, there is a
cartesian arrow ¢: ¢ — 1 withpr¢ = f.

In other words, in a fibered category 7 — C we can pull back objects of F
along any arrow of C.

DEFINITION 3.6. If F and G are fibered categories over C, then a morphism of
fibered categories F: F — G is a functor such that:
(i) Fis base-preserving, thatis, pgo F = pr;
(ii) F sends cartesian arrows to cartesian arrows.

Notice that in the definition above the equality pg ©c F = ps must be inter-
preted as an actual equality. In other words, the existence of an isomorphism of
functors between pg o F and p is not enough.

PROPOSITION 3.7. Let there be given two functors F — Gand G — C. If F is
fibered over G and G is fibered over C, then F is fibered over C.

PROOF. This follows from Proposition 3.4 (iv). a

3.1.2. Fibered categories as pseudo-functors.

DEFINITION 3.8. Let F be a fibered category over C. Given an object U of C,
the fiber F(U) of F over U is the subcategory of F whose objects are the objects ¢
of F with pr¢ = U, and whose arrows are arrows ¢ in F with pr¢ = idy;.
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By definition, if F: 7 — G is a morphism of fibered categories over C and U is
an object of C, the functor F sends F(U) to G(U), so we have a restriction functor
Fu: ]—'(U) — g(U)

Notice that formally we could give the same definition of a fiber for any func-
tor pr: F — C, without assuming that F is fibered over C. However, we would
end up with a useless notion. For example, it may very well happen that we have
two objects U and V of C which are isomorphic, but such that F(U) is empty while
F (V) is not. This kind of pathology does not arise for fibered categories, and here
is why.

Let F be a category fibered over C, and f: U — V an arrow in C. For each
object 17 over V, we choose a pullback ¢,,: f*17 — 1 of 57 to U. We define a functor
f*r F(V) — F(U) by sending each object 7 of F(V) to f*y, and each arrow
B:n — n' of F(V) to the unique arrow f*B: f*n — f*y' in F(U) making the
diagram

frp——=1

\
| f*B Jﬁ
4
fo——1
commute.
DEFINITION 3.9. A cleavage of a fibered category ' — C consists of a class K

of cartesian arrows in F such that for each arrow f: U — V in C and each object y
in F (V) there exists a unique arrow in K with target # mapping to f in C.

By the axiom of choice, every fibered category has a cleavage. Given a fibered
category F — C with a cleavage, we associate with each object U of C a category
F(U), and to each arrow f: U — V a functor f*: F(V) — F(U), constructed as
above. It is very tempting to believe that in this way we have defined a functor
from C to the category of categories; however, this is not quite correct. First of all,
pullbacks idj;: F(U) — F(U) are not necessarily identities. Of course we could
just choose all pullbacks along identities to be identities on the fiber categories:
this would certainly work, but it is not very natural, as there are often natural de-
fined pullbacks where this does not happen (in Example 3.15 and many others).
What happens in general is that, when U is an object of C and ¢ an object of F(U),
we have the pullback e;(&): id{;¢ — ¢ is an isomorphism, because of Proposi-
tion 3.4 (iii), and this defines an isomorphism of functors ey : idj; ~ id z ().

A more serious problem is the following. Suppose that we have two arrows
f:U— Vand g: V — WinC, and an object { of 7 over W. Then f*g*C is a
pullback of ¢ to U; however, pullbacks are not unique, so there is no reason why
f*¢*C should coincide with (g¢f)*C. However, there is a canonical isomorphism
ape(C): f78*C ~ (gf)*C in F(U), because both are pullbacks, and this gives an
isomorphism af: f*g* ~ (gf)* of functors F(W) — F(U).

So, after choosing a cleavage a fibered category almost gives a functor from
C to the category of categories, but not quite. The point is that the category of
categories is not just a category, but what is known as a 2-category; that is, its
arrows are functors, but two functors between the same two categories in turn
form a category, the arrows being natural transformations of functors. Thus there
are l-arrows (functors) between objects (categories), but there are also 2-arrows
(natural transformations) between 1-arrows.
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What we get instead of a functor is what is called a pseudo-functor, or, in a more
modern terminology, a lax 2-functor.

DEFINITION 3.10. A pseudo-functor @ on C consists of the following data.

(i) For each object U of C a category ®U.
(ii) For each arrow f: U — V a functor f*: ®V — dU.
(iii) For each object U of C an isomorphism ¢;: idj; =~ idey of functors ®U —
) p u
oU.

(iv) For each pair of arrows U 1, V& Wan isomorphism
ape fr8" = (gf)": W — QU
of functors ®W — oU.
These data are required to satisfy the following conditions.
(@) If f: U — Visan arrow in C and y is an object of ®V, we have
iy, f (1) = eu(f n):idyfn — fn
and
agia, (1) = frev(n): fridyn — f7.
(b) Whenever we have arrows U LyvEwh randan object 6 of ®(T), the

diagram
* kK af'g(h*e) * 7%
fr&h 0 ————— (gf)"h"0
lf*”‘g,h (0) l“gf,h (6)
£ (g —"" s, (ngfyo
commutes.

In this definition we only consider (contravariant) pseudo-functors into the
category of categories. Of course, there is a much more general notion of pseudo-
functor with values in a 2-category, which we will not use at all.

A functor @ from S into the category of categories can be considered as a
pseudo-functor, in which every ey is the identity on ®U, and every ay, is the
identity on f*¢g* = (gf)*.

We have seen how to associate with a fibered category over C, equipped with
a cleavage, the data for a pseudo-functor; we still have to check that the two con-
ditions of the definition are satisfied.

PROPOSITION 3.11. A fibered category over C with a cleavage defines a pseudo-
functor on C.

PROOF. We have to check that the two conditions are satisfied. Let us do this
for condition (b) (the argument for condition (a) is very similar). The point is that
f*¢*h*C and (hgf)*{ are both pullbacks of {, and so, by the definition of cartesian
arrow, there is a unique arrow f*¢*h*¢ — (hgf)*C lying over the identity on U,
and making the diagram

\/
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commutative. But one sees immediately thatboth ag s ({) oaf o (h*() and af e (7) ©
frag,(Q) satisfy this condition.

It is easy to see when a cleavage defines a functor from C into the category of
categories.

DEFINITION 3.12. A cleavage on a fibered category is a splitting if it contains
all the identities, and it is closed under composition.
A fibered category endowed with a splitting is called split.

PROPOSITION 3.13. The pseudo-functor associated with a cleavage is a functor if
and only if the cleavage is a splitting.

The proof is immediate.
In general a fibered category does not admit a splitting.

EXAMPLE 3.14. Every group G can be considered as a category with one ob-
ject, where the set of arrows is exactly G, and the composition is given by the
operation in G. A group homomorphism G — H can be considered as a functor.
An arrow in G (that is, an element of G) is always cartesian; hence G is fibered
over H if and only if G — H is surjective.

Given a surjective homomorphism G — H, a cleavage K is a subset of G that
maps bijectively onto H; and a cleavage is a splitting if and only if K is a subgroup
of G. So, a splitting is a splitting H — G of the homomorphism G — H, in the
usual sense of a group homomorphism such that the composite H — G — H is
the identity on H. But of course such a splitting does not always exist.

Despite this, every fibered category is equivalent to a split fibered category
(Theorem 3.45).

3.1.3. The fibered category associated with a pseudo-functor. So a fibered
category with a cleavage defines a pseudo-functor. Conversely, from a pseudo-
functor on C one gets a fibered category over C with a cleavage. First of all, let
us analyze the case that the pseudo-functor is simply a functor ®: C°? — (Cat)
into the category of categories, considered as a 1-category. This means that with
each object U of C we associate a category ®U, and with each arrow f: U — V a
functor ®f: ®V — PU, in such a way that Pidy: PU — DU is the identity, and
P(go f) = Pf o Pgevery time we have two composable arrows f and g in C.

With this @, we can associate a fibered category 7 — C, such that for any
object U in C the fiber F(U) is canonically equivalent to the category ®U. An
object of F is a pair (¢, U) where U is an object of C and ¢ is an object of ®U. An
arrow (a, f): (¢, U) — (,V) in F consists of an arrow f: U — V in C, together
with an arrow a: § — ®f (1) in ®U.

The composition is defined as follows: if

(a,f): (&, U) — (1,V) and (bg): (1,V) — (W)

are two arrows, then

(b,8) o (a,f) = (®f(b)oa,gof): (& U) — (§,W).
There is an obvious functor F — C that sends an object (&, U) into U and
an arrow (a, f) into f; I claim that this functor makes F into a fibered category
over C. In fact, given an arrow f: U — V in C and an object (1, V) in F(V), then
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(®f(n),U) is an object of F(U), and it is easy to check that the pair (idq>f(,7),f)

gives a cartesian arrow (®f (1), U) — (1, V).

The fiber of F is canonically isomorphic to the category ®U: the isomorphism
F(U) — U is obtained at the level of objects by sending (&, U) to ¢, and at the
level of arrows by sending (a,idy;) to a. The collection of all the arrows of type
(idef(y), f) gives a splitting.

The general case is similar, only much more confusing. Consider a pseudo-
functor ® on C. As before, we define the objects of F to be pairs (&, U) where U is
an object of C and ¢ is an object of F(U). Again, an arrow (a, f): (&, U) — (1,V)
in F consists of an arrow f: U — V in C, together with an arrow a: { — f*(y) in
ol

Given two arrows (a,f): (,U) — (n,V) and (b,9): (1, V) — (L, W), we
define the composite (b,g) o (a, f) as the pair (b-a,gf), where b-a = af () o
f*boais the composite

e g I8 %ﬁéfk ()¢

in ®U.
Let us check that composition is associative. Given three arrows
(a.f) (b, 8 ( h)
& U) —= (1, V) —= (&, W) —=(0,T)

we have to show that

(c;h) o ((b,g) o (a,£)) & (c- (b-a), hgf)
equals
((c;h) o (8,8)) o (a, f) < ((c-b) - a,hgf).
By the definition of the composition, we have
c-(b-a)=agrn(0)o(gf)co(b-a)
= agrp(0) o (gf) conpe(f)ofboa

while

(c-b)-a=uwapp,(0)of(c-b)oa
= D‘f,hg(g) Of*“g,h(g) of*g*COf*b oa;

hence it is enough to show that the diagram

o £ s @
Fr8—— frg 0 —— s f*(hg) 0

J{’Xf,g(g) Jle,g(h*@) l“f,hg(e)
(8 . g5 () .
(8/)* 0 — s (g ) 10— (hgf)6

commutes. But the commutativity of the first square follows from the fact that af,
is a natural transformation of functors, while that of the second is condition (b) in
Definition 3.10.

Given an object (¢, U) of F, we have the isomorphism e(;(&): id;¢ — &; we
define the identity id( yy: (&, U) — (& U) asid(zy) = (eu(§) ', idy). To check
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that this is neutral with respect to composition, take an arrow (a, f): (¢, U) —
(n,V); we have

(a,f) o (eu(&) " idy) = (a-eu(@) % f)

and
1

a-ey(@) ™" = aiay,r(n) oidfjacey(d) .
But condition (a) of Definition 3.10 says that aiq,, (1) equals ey (f*7), while the
diagram

idi e eu(¢)

Jid{,a Ja
(f )

€
idif e ————f"n
commutes, because €7 is a natural transformation. This implies that a - €;(&) 1=
a, and therefore (a, f) o (ey(&)~1,idy) = (a, f).

A similar argument shows that (ey;(€) 7!, idy) is also a left identity.

Hence F is a category. There is an obvious functor pr: F — C sending an
object (¢, U) to U and an arrow (4, f) to f. I claim that this makes F into a category
fibered over C.

Take an arrow f: U — V of C, and an object (7, V) of F over V. I claim that
the arrow

(idgey, f): (fp, U) — (1, V)

is cartesian. To prove this, suppose that we are given a diagram

(g,W)\ (b,g)
(T U v
(fn, )W(’?r )
W\N\g\\
xuﬁv
f

(without the dotted arrow); we need to show that there is a unique arrow (c, 1)
that can be inserted in the diagram. But it is easy to show that

(idfey, f) o (e, h) = (anf (1) o ¢, fh),

and this tells us that the one and only arrow that fits into the diagram is (&, ¢ (17) ~
b, h).

This shows that F is fibered over C, and also gives us a cleavage.

Finally, let us notice that for all objects U of C there is functor 7 (U) — U,
sending an object (¢, U) to ¢ and an arrow (4, f) into a. This is an isomorphism of
categories.

The cleavage constructed above gives, for each arrow f: U — V, functors
ffr F(V) — F(U). If we identify each F(U) with ®U via the isomorphism
above, then these functors correspond to the f*: ®V — ®OU. Hence if we start

Lo
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with a pseudo-functor, we construct the associated fibered category with a cleav-
age, and then we take the associated pseudo-functor, this is isomorphic to the
original pseudo-functor (in the obvious sense).

Conversely, it is easy to see that if we start from a fibered category with a
cleavage, construct the associated pseudo-functor, and then take the associated
fibered category with a cleavage, we get something isomorphic to the original
fibered category with a cleavage (again in the obvious sense). So really giving
a pseudo-functor is the same as giving a fibered category with a cleavage.

On the other hand, since cartesian pullbacks are unique up to a unique iso-
morphism (Remark 3.2), also cleavages are unique up to a unique isomorphism.
This means that, in a sense that one could make precise, the theory of fibered cat-
egories is equivalent to the theory of pseudo-functors. On the other hand, as was
already remarked in [SGA1, Remarque, pp. 193-194], often the choice of a cleav-
age hinders more than it helps.

3.2. Examples of fibered categories

EXAMPLE 3.15. Assume that C has fibered products. Let Arr C be the category
of arrows in C; its objects are the arrows in C, while an arrow from f: X — U to
g: Y — Visacommutative diagram

X—Y

-

The functor parr¢: ArrC — C sends each arrow S — U to its codomain U, and
each commutative diagram to its bottom row.

I claim that ArrC is a fibered category over C. In fact, it easy to check that the
cartesian diagrams are precisely the cartesian squares, so the statement follows
from the fact that C has fibered products.

DEFINITION 3.16. A class P of arrows in a category C is stable if the following
two conditions hold.
(@ If f: X — Uisin P, and ¢: X' ~ X, : U ~ U’ are isomorphisms, the
composite
pofop: X — U
isin P.
(b) Given an arrow Y — V in P and any other arrow U — V, then a fibered
product U xy Y exists, and the projection U Xy Y — U isin P.

EXAMPLE 3.17. As a variant of the example above, let P be a stable class of
arrows. The arrows in P are the objects in a category, again denoted by P, in
which an arrow from X — U to Y — V is a commutative diagram

X—Y

||

Uu——-v

It is easy to see that this is a fibered category over C; the cartesian arrows are
precisely the cartesian diagrams.
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EXAMPLE 3.18. Let G a topological group. The classifying stack of G is the
fibered category BG — (Top) over the category of topological spaces, whose ob-
jects are principal G bundles P — U, and whose arrows (¢, f) from P — U to
Q — V are commutative diagrams

4
—

p Q
u—tsv
where the function ¢ is G-equivariant. The functor BG — (Top) sends a principal
bundle P — U into the topological space U, and an arrow (¢, f) into f.

This fibered category BG — (Top) has the property that each of its arrows is
cartesian.

EXAMPLE 3.19. Here is an interesting example, suggested by one of the par-
ticipants in the school. Consider the forgetful functor F: (Top) — (Set) that asso-
ciates with each topological space X its underlying set FX, and to each continuous
function the function itself.

I claim that this makes (Top) fibered over (Set). Suppose that you have a
topological space Y, a set U and a function f: U — FY. Denote by X the set
U with the initial topology, in which the open sets are the inverse images of the
open subsets of Y; this is the coarsest topology that makes f continuous. If T is
a topological space, a function T — X is continuous if and only if the composite
T — X — Y is continuous; this means that f: X — Y is a cartesian arrow over the
given arrow f: U — FY.

The fiber of (Top) over a set U is the partially ordered set of topologies on U,
made into a category in the usual way.

Notice that in this example the category (Top) has a canonical splitting over
(Set).

We are interested in categories of sheaves. The simplest example is the fibered
category of sheaves on objects of a site, defined as follows.

EXAMPLE 3.20. Let C be a site, 7 its topology. We will refer to a sheaf in the
category (C/X), endowed with the comma topology (Definition 2.58) as a sheaf on
X, and denote the category of sheaves on X by Sh X.

If f: X — Y is an arrow in C, there is a corresponding restriction functor
f*: ShY — Sh X, defined as follows.

If F is a sheaf on Y and U — X is an object of (C/X), we define f*F(U —

def

X)=F(U — Y), where U — Y is the composite of U — X with f.

If U - Xand V — X are objects of (C/X) and ¢: U — V is an arrow in
(C/X), then ¢ is also an arrow from U — Y to V — Y, hence it induces a function
¢*: f*F(U — X) = F(U = Y) — F(V — Y) = f*F(V — X). This gives f*F the
structure of a functor (C/X)° — (Set). One sees easily that f*F is a sheaf on X.

If ¢: F — G is a natural transformation of sheaves on (C/Y), there is an in-
duced natural transformation f*¢: f*F — f*G of sheaves on (C/X), defined in
the obvious way. This defines a functor f*: ShY — Sh X.

It is immediate to check that, if f: X — Y and g: Y — Z are arrows in C,
we have an equality of functors (¢f)* = f*¢*: (C/Z) — (C/X). Furthermore
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id¥: Sh X — Sh X is the identity. This means that we have defined a functor from
C to the category of categories, sending an object X into the category of sheaves
on (C/X). According to the result of §3.1.3, this yields a category (Sh/C) — C,
whose fiber over X is Sh X.

There are many variants on this example, by considering sheaves in abelian
groups, rings, and so on.

This example is particularly simple, because it is defined by a functor. In most
of the cases that we are interested in, the sheaves on a given object will be defined
in a site that is not the one inherited from the base category C; this creates some
difficulties, and forces one to use the unpleasant machinery of pseudo-functors.
On the other hand, this discrepancy between the topology on the base and the
topology in which the sheaves are defined is what makes descent theory for quasi-
coherent sheaves so much more than an exercise in formalism.

Let us consider directly the example we are interested in, that is, fibered cate-
gories of quasi-coherent sheaves.

3.2.1. The fibered category of quasi-coherent sheaves. Here C will be the cat-
egory (Sch/S) of schemes over a fixed base scheme S. For each scheme U we
define QCoh(U) to be the category of quasi-coherent sheaves on U. Given a mor-
phism f: U — V, we have a functor f*: QCoh(V) — QCoh(U). Unfortunately,

given two morphisms U Lyvs, W, the pullback (g¢f)*: QCoh(W) — QCoh(U)
does not coincide with the composite f*¢*: QCoh(W) — QCoh(U), but it is only
canonically isomorphic to it. This may induce one to suspect that we are in the
presence of a pseudo-functor; and this is indeed the case.

The neatest way to prove this is probably by exploiting the fact that the push-
forward f.: QCoh(U) — QCoh(V) is functorial, that is, (gf)« equals g« f, on the
nose, and f* is a left adjoint to f.. This means that, given quasi-coherent sheaves
M on U and NV on V, there is a canonical isomorphism of groups

O¢(N, M): Homp, (N, f M) =~ Homp,, (f*N, M)
that is natural in M and N. More explicitly, there are two functors
QCoh(U)° x QCoh(V) — (Grp)
defined by
(M, N) — Homp,, (N, fuM)
and
(M, N) — Homp,, (f*N, M);

then O defines a natural isomorphism from the first to the second.
Equivalently, if x: M — M’ and f: N' — N’ are homomorphisms of quasi-
coherent sheaves on U and V respectively, the diagrams

(N M)
Hom@v (N, f*./\/l) —_—> Homou (f*./\/, M)

lf*ao llxo
, Of (N, M) ,
Homo, (N, fuM') ———" Homo, (f*N, M')



54 3. FIBERED CATEGORIES

and
Homgp, (N, fi M) M Homg,, (f*N', M)
|- [-ors
Homg, (N, fxM) OV Homg,, (f*N, M)
commute.

If U is a scheme over S and AV a quasi-coherent sheaf on U, then the pushfor-
ward functor (idy;)«: QCoh(U) — QCoh(U) is the identity (this has to be inter-
preted literally, I am not simply asserting the existence of a canonical isomorphism
between (idi;)« and the identity on QCoh(U)). Now, if M is a quasi-coherent
sheaf on U, there is a canonical adjunction isomorphism

Big, (M, =): Homp, (M, (idy)«—) = Homgp,, (M, —) ~ Homgp,, (id{;M, —)
of functors from QCoh(U) to (Set). By the dual version of Yoneda’s lemma (Re-
mark 2.10) this corresponds to an isomorphism e;;(M): idjjM ~ M. This is
easily seen to be functorial, and therefore defines an isomorphism

€y ldz} ~ idQCOh(U)
of functors from QCoh(U) to itself. This isomorphism is the usual one: a section
s € M(A), for some open subset A C U, yields a section id;s € M(id;;'A) =
M(A), and ey (M) sends idj;s to s. This is the first piece of data that we need.

For the second, consider two morphisms U Lyviw and a quasi-coherent
sheaf P on W. We have the chain of isomorphisms of functors QCoh(U) — (Grp)

Homp, ((§f)*P,—) ~ Homp,, (P, (gf)«—) (thisis Oy (P, —)71)

= Homop,, (P, g+f+—)

~ Homp, (§*P, f+—)  (thisis Og(P, fi—))

~ Homp, (¢"f*P,—) (thisis Of(g*P, —));
the composite

Of (8P, =) 0 Og(P, fu) 0 Ogs(P, =) 1
Homo, ((8f)"P,—) ~ Homo, (3" f*P, -)

corresponds, again because of the covariant Yoneda lemma, to an isomorphism
wre(P): ffg*P =~ (gf)*P. These give an isomorphism af.: f*g* =~ (gf)* of
functors QCoh(W) — QCoh(U). Once again, this is the usual isomorphism: given
a section s € P(A) for some open subset A C W, there are two sections

(8f)7s € (8f)"P((8f)1A) = (8f) P(f 17" A)
and
frg's € frgP(fg7 A);

the isomorphism a s, (P) sends f*g*s into (gf)*s. Since the sections of type (gf)*s
generate (gf)*P as a sheaf of Oy-modules, this characterizes a s o (P) uniquely.

We have to check that the ey and ay ¢ satisfy the conditions of Definition 3.10.
This can be done directly at the level of sections, or using the definition of the two
isomorphisms via the covariant Yoneda lemma; we will follow the second route.
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Take a morphism of schemes f: U — V. We need to prove that for any quasi-
coherent sheaf N on V we have the equality

tig, f(N) = eu(f'N):idyf'N — f'N.

This is straightforward: by the covariant Yoneda lemma, it is enough to show that
wig,,f(N) and ey (f*N) induce the same natural transformation

Homp,, (f*N, =) — Homg,, (id{; f*N, —).
But by definition the natural transformation induced by € (f*N) is
®idu (f*N’ _)’
while that induced by ajq, () is
Oiay (f* N, =) 0 O (N, (idu)«—) 0 Of(N, =) ! = Bjq,, (F*N, ).

Similar arguments works for the second part of the first condition and for the
second condition.

The fibered category on (Sch/S) associated with this pseudo-functor is the
fibered category of quasi-coherent sheaves, and will be denoted by (QCoh/S) —
(Sch/S).

There are many variants on this example. For example, one can define the
fibered category of sheaves of O-modules over the category of ringed topological
spaces in exactly the same way:.

3.3. Categories fibered in groupoids

DEFINITION 3.21. A category fibered in groupoids over C is a category F fibered
over C, such that the category F (U) is a groupoid for any object U of C.

In the literature one often finds a different definition of a category fibered in
groupoids.

PROPOSITION 3.22. Let F be a category over C. Then F is fibered in groupoids over
C if and only if the following two conditions hold.

(i) Every arrow in JF is cartesian.
(ii) Given an object y of F and an arrow f: U — pry of C, there exists an arrow

9: ¢ — 1 of Fwith pro = f.

PROOF. Suppose that these two conditions hold: then clearly F is fibered over
C. Also, if ¢: ¢ — 5 is an arrow of F(U) for some object U of C, then we see
from condition 3.22 (i) that there exists an arrow : 7 — ¢ with pr¢ = idy and
¢ = idy; that is, every arrow in F (U) has a right inverse. But this right inverse ¢
also must also have a right inverse, and then the right inverse of i must be ¢. This
proves that every arrow in F(U) is invertible.

Conversely, assume that F is fibered over C, and each F(U) is a groupoid.
Condition (ii) is trivially verified. To check condition (i), let ¢: ¢ — # be an arrow
in C mapping to f: U — V in C. Choose a pullback ¢': ¢’ — 5 of 5 to U; by
definition there will be an arrow a: ¢ — ¢’ in F(U) such that ¢’a = ¢. Since F(U)
is a a groupoid, a will be an isomorphism, and this implies that ¢ is cartesian. &

COROLLARY 3.23. Any base-preserving functor from a fibered category to a category
fibered in groupoids is a morphism.
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PROOF. This is clear, since every arrow in a category fibered in groupoids is
cartesian.

Of the examples of Section 3.2, 3.15 and 3.17 are not in general fibered in
groupoids, while the classifying stack of a topological group introduced in 3.18
is always fibered in groupoids.

3.4. Functors and categories fibered in sets

The notion of category generalizes the notion of set: a set can be thought of as
a category in which every arrow is an identity. Furthermore functors between sets
are simply functions.

Similarly, fibered categories are generalizations of functors.

DEFINITION 3.24. A category fibered in sets over C is a category F fibered over
C, such that for any object U of C the category F(U) is a set.

Here is a useful characterization of categories fibered in sets.

PROPOSITION 3.25. Let F be a category over C. Then F is fibered in sets if and
only if for any object ny of F and any arrow f: U — pry of C, there is a unique arrow

9: ¢~ 1 of Fwith pro = f.

PROOF. Suppose that F is fibered in sets. Given 77 and f: U — px7 as above,
pick a cartesian arrow ¢ — 5 over f. If ' — 7 is any other arrow over f, by
definition there exists an arrow ¢’ — ¢ in F(U) making the diagram

& - 2
N
Ul

commutative. Since F(U) is a set, it follows that this arrow ¢’ — ¢ is the identity,
so the two arrows ¢ — 7 and ¢’ — 7 coincide.
Conversely, assume that the condition holds. Given a diagram

7 = 12
]hn

¢
prC H\I l
I
pr{ —— PFI
the condition implies that the only arrow 6: { — ¢ over h makes the diagram

commutative; so the category F is fibered.
It is obvious that the condition implies that F(U) is a set for all U. [

So, for categories fibered in sets the pullback of an object of F along an arrow
of C is strictly unique. It follows from this that when F is fibered in sets over C
and f: U — V is an arrow in C, the pullback map f*: F(V) — F(U) is uniquely
defined, and the composition rule f*¢* = (gf)* holds. Also for any object U of C
we have thatid};: F(U) — F(U) is the identity. This means that we have defined
a functor @ r: C°P — (Set) by sending each object U of C to F(U), and each arrow
f: U — Vof C to the function f*: F(V) — F(U).
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Furthermore, if F: 7 — G is a morphism of categories fibered in sets, because
of the condition that pg o F = p, then every arrow in F(U), for some object U of
C, will be sent to G(U). So we get a function F;: F(U) — G(U). It is immediate
to check that this gives a natural transformation ¢r: ®r — dg.

There is a category of categories fibered in sets over C, where the arrows are
morphisms of fibered categories; the construction above gives a functor from this
category to the category of functors C°P — (Set).

PROPOSITION 3.26. This is an equivalence of the category of categories fibered in
sets over C and the category of functors C°P — (Set).

PROOF. An inverse functor is obtained by the construction of §3.1.3. Consider
a functor ®: C°P? — (Set): we construct a category fibered in sets Fg as follows.
The objects of Fg will be pairs (U, §), where U is an object of C, and ¢ € ®U. An
arrow from (U, ¢) to (V, ) is an an arrow f: U — V of C with the property that
@ fy = ¢. It follows from Proposition 3.25 that Fg is fibered in sets over C.

With each natural transformation of functors ¢: & — @’ we associate a mor-
phism Fy: Fo — Fgr. An object (U, ) of Fo will be sent to (U, ¢;&). An arrow
f: (U, &) — (V,n) in Fp is is simply an arrow f: U — V in C, with the property
that ®f(17) = ¢. This implies that ®'(f)¢v (1) = puP(f)(n) = ¢v ¢, so the same f
will yield an arrow f: (U, ¢y¢) — (V,pvn).

We leave it the reader to check that this defines a functor from the category of
functors to the category of categories fibered in sets. [ )

So, any functor C°P — (Set) will give an example of a fibered category over C.

REMARK 3.27. It is interesting to notice that if F: C°P — (Set) is a functor
and F — C the associated category fibered in sets, then an object (X, ) of F is
universal pair for the functor F if and only if it is a terminal object for F. Hence F
is representable if and only if F has a terminal object.

In particular, given an object X of C, we have the representable functor
hyx: CP? — (Set),

defined on objects by the rule hxU = Hom¢ (U, X). The category fibered in sets
over C associated with this functor is the comma category (C/X), and the functor
(C/X) — C is the functor that forgets the arrow into X.

So the situation is the following. From Yoneda’s lemma we see that the cate-
gory C is embedded into the category of functors C°P — (Set), while the category
of functors is embedded into the category of fibered categories.

From now we will identify a functor F: C°P — (Set) with the corresponding
category fibered in sets over C, and will (inconsistently) call a category fibered in
sets simply “a functor”.

3.4.1. Categories fibered over an object.

PROPOSITION 3.28. Let G be a category fibered in sets over C, F another category,
F: F — G a functor. Then F is fibered over G if and only if it is fibered over C via the
composite pg o F: F — C.

Furthermore, F is fibered in groupoids over G if and only if it fibered in groupoids
over C, and is fibered in sets over G if and only if it fibered in sets over C.
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PROOF. One sees immediately that an arrow of F is cartesian over its image
in G if and only if it is cartesian over its image in C, and the first statement follows
from this.

Furthermore, one sees that the fiber of 7 over an object U of C is the disjoint
union, as a category, of the fibers of F over all the objects of G over U; these fiber
are groupoids, or sets, if and only if their disjoint union is. ®

This can be used as follows. Suppose that S is an object of C, and consider the
category fibered in sets (C/S) — C, corresponding to the representable functor
hg: C°P — (Set). By Proposition 3.28, a fibered category F — (C/S) is the same
as a fibered category F — C, together with a morphism F — (C/S) of categories
fibered over C.

In particular, categories fibered in sets correspond to functors; hence we get
that giving a functor (C/S)°P — (Set) is equivalent to assigning a functor C°P —
(Set) together with a natural transformation F — hg. Describing this process for
functors seems less natural than for fibered categories in general.

Given a functor F: (C/S)°P — (Set), this corresponds to a category fibered in
sets F — (C/S), which can be composed with the forgetful functor (C/S) — C
to get a category fibered in sets F — C, which in turn corresponds to a functor
F': C°P — (Set). What is this functor? One minute’s thought will convince you
that it can be described as follows: F/(U) is the disjoint union of the F(U — S) for
all the arrows U — S in C. The action of F’ on arrows is the obvious one.

3.4.2. Fibered subcategories.

DEFINITION 3.29. Let 7 — C be a fibered category. A fibered subcategory G of
F is a subcategory of F, such that the composite G — F — C makes G into a
fibered category over C, and such that any cartesian arrow in G is also cartesian in

F.

The last condition is equivalent to requiring that the inclusion G — F is a
morphism of fibered categories.

EXAMPLE 3.30. Let ¥ — C be a fibered category, G a full subcategory of F,
with the property that if # is an object of G and { — # is a cartesian arrow in F,
then ¢ is also is G. Then G is a fibered subcategory of F; the cartesian arrows in G
are the cartesian arrows in F whose target is in G.

So, for example, the category of locally free sheaves is a fibered subcategory of
the fibered category (QCoh/S) over (Sch/S).

Here is an interesting example.

DEFINITION 3.31. Let 7 — C be a fibered category. The category fibered in
groupoids associated with F is the subcategory Feart of F, whose objects are all the
objects of F, and whose arrows are the cartesian arrows of F.

PROPOSITION 3.32. If ' — C is a fibered category, then Feare — C is fibered in
groupoids.

Furthermore, if F: G — F is a morphism of fibered categories and G is fibered in
groupoids, then the image of F is in Feart.

The proof is immediate from Proposition 3.22 and from Proposition 3.4 (ii).
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3.5. Equivalences of fibered categories

3.5.1. Natural transformations of functors. The fact that fibered categories
are categories, and not functors, has strong implications, and does cause difficul-
ties. As usual, the main problem is that functors between categories can be isomor-
phic without being equal; in other words, functors between two fixed categories
form a category, the arrows being given by natural transformations.

DEFINITION 3.33. Let F and G be two categories fibered over C, F, G: F — G
two morphisms. A base-preserving natural transformation «: F — G is a natural
transformation such that for any object ¢ of F, the arrow az: F§ — Gl isin G (u,

where U £ p¢ = pg (F¢) = pg(GE).
An isomorphism of F with G is a base-preserving natural transformation F — G
which is an isomorphism of functors.

It is immediate to check that the inverse of a base-preserving isomorphism is
also base-preserving.

There is a category whose objects are the morphism from F to G, and the
arrows are base-preserving natural transformations; we denote it by Home (F, G).

3.5.2. Equivalences.

DEFINITION 3.34. Let F and G be two fibered categories over C. An equiva-
lence, of F with G is a morphism F: F — G, such that there exists another mor-
phism G: G — F, together with isomorphisms of G o F with idz and of F o G with
idg.

We call G simply an inverse to F.

PROPOSITION 3.35. Suppose that F, F', G and G' are categories fibered over C.
Suppose that F: F' — F and G: G — G’ are equivalences. Then there an equivalence of
categories

Hom¢ (F,G) — Home(F',G")
that sends each ®: F — G into the composite
GodoF: Fl — G

The proof is left as an exercise to the reader.
The following is the basic criterion for checking whether a morphism of fibered
categories is an equivalence.

PROPOSITION 3.36. Let F: F — G be a morphism of fibered categories. Then F
is an equivalence if and only if the restriction Fy: F(U) — G(U) is an equivalence of
categories for any object U of C.

PROOF. Suppose that G: G — F is an inverse to F; the two isomorphisms
FoG =~ idg and G o F =~ idy restrict to isomorphisms Fy o Gy =~ idg() and
GuyoFy ~ idf(u), so Gy is an inverse to F.

Conversely, we assume that F;: F(U) — G(U) is an equivalence of categories
for any object U of C, and construct an inverse G: G — F. Here is the main fact
that we are going to need.

LEMMA 3.37. Let F: F — G be a morphism of fibered categories such that every
restriction Fip: F(U) — G(U) is fully faithful. Then the functor F is fully faithful.
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PROOF. We need to show that, given two objects ¢’ and 1’ of F and an arrow
¢: FE' — Fy' in G, there is a unique arrow ¢': ¢’ — 5" in F with F¢' = ¢. Set
¢ = F¢' and 5 = Fy'. Let y; — 1’ be a pullback of 1’ to U, 7 = Frj. Then
the image 71 — 1 of nj — 1’ is cartesian, so every morphism ¢ — # factors
uniquely as { — 77 — 1, where the arrow § — 77 is in G(U). Analogously all
arrows ¢’ — ' factor uniquely through #}; since every arrow & — #; in G(U) lifts
uniquely to an arrow ¢’ — #1 in F(U), we have proved the Lemma.

For any object ¢ of G pick an object G¢ of F(U), where U = pg(, together
with an isomorphism az: § ~ F(G¢) in G(U); these GG and a; exist because
Fy: F(U) — G(U) is an equivalence of categories.

Now, if ¢: { — 7 is an arrow in G, by the Lemma there is a unique arrow
G¢: G — G such that F(G¢) = ay oo zxgl, that is, such that the diagram

64>¢ 1

o
F(Gg)

F(GE) —— F(Gy)

commutes.

These operations define a functor G: § — F. It is immediate to check that
by sending each object & to the isomorphism a;z: ¢ ~ F(G¢) we define an isomor-
phism of functorsidr ~ Fo G: G — G.

We only have left to check that Go F: 7 — F is isomorphic to the identity
idg.

Fix an object ¢’ of F over an object U of C; we have a canonical isomorphism
wpe: FE' =~ F(G(FZ')) in G(U). Since Fy is fully faithful there is a unique isomor-
phism Bz : &' ~ G(F¢') in F(U) such that FBz = apg; one checks easily that this
defines an isomorphism of functors f: G o F ~ idg. [ )

3.5.3. Categories fibered in equivalence relations. As we remarked in §3.4,
the notion of category generalizes the notion of set.

It is also possible to characterize the categories that are equivalent to a set:
these are the equivalence relations.

Suppose that R C X x X is an equivalence relation on a set X. We can produce
a category (X, R) in which X is the set of objects, R is the set of arrows, and the
source and target maps R — X are given by the first and second projection. Then
given x and y in X, there is precisely one arrow (x,y) if x and y are in the same
equivalence class, while there is none if they are not. Then transitivity assures us
that we can compose arrows, while reflexivity tell us that over each object x € X
there is a unique arrow (x, x), which is the identity. Finally symmetry tells us that
any arrow (x, y) has an inverse (y, x). So, (X, R) is groupoid such that from a given
object to another there is at most one arrow.

Conversely, given a groupoid such that from a given object to another there
is at most one arrow, if denote by X the set of objects and by R the set of arrows,
the source and target maps induce an injective map R — X x X, which gives an
equivalence relation on X.



3.5. EQUIVALENCES OF FIBERED CATEGORIES 61

So an equivalence relation can be thought of as a groupoid such that from
a given object to another there is at most one arrow. Equivalently, an equivalence
relation is a groupoid in which the only arrow from an object to itself is the identity.

PROPOSITION 3.38. A category is equivalent to a set if and only if it is an equivalence
relation.

PROOF. If a category is equivalent to a set, it is immediate to see that it is an
equivalence relation. If (X, R) is an equivalence relation and X /R is the set of
isomorphism classes of objects, that is, the set of equivalence classes, one checks
easily that the function X — X/R gives a functor that is fully faithful and essen-
tially surjective, so it is an equivalence. [ )

There is an analogous result for fibered categories.

DEFINITION 3.39. A category JF over C is a quasi-functor, or is fibered in equiva-
lence relations, if it is fibered, and each fiber F(U) is an equivalence relation.

We have the following characterization of quasi-functors.

PROPOSITION 3.40. A category F over C is a quasi-functor if and only if the follow-
ing two conditions hold.

(i) Given an object n of F and an arrow f: U — pzny of C, there exists an arrow
¢: & — nof F with pr¢ = f. Furthermore, given any other arrow ¢': &' — 7
with pr¢’ = f, there exists a: ¢ — &' in F(U) such that ¢'a = ¢.

(if) Given two objects ¢ and 1 of F and an arrow f: pr¢ — pxt of C, there exists at
most one arrow § — 1 over f.

The easy proof is left to the reader.

PROPOSITION 3.41. A fibered category over C is a quasi-functor if and only if it is
equivalent to a functor.

PROOF. This is an application of Proposition 3.36.

Suppose that a fibered category F is equivalent to a functor ®; then every
category F(U) is equivalent to the set ®U, so F is fibered in equivalence relations
over C by Proposition 3.38.

Conversely, assume that F is fibered in equivalence relations. In particular
it is fibered in groupoids, so every arrow in F is cartesian, by Proposition 3.22.
For each object U of C, denote by ®U the set of isomorphism classes of elements
in F(U). Given an arrow f: U — V in C, two isomorphic objects 7 and 7’ of
F(V), and two pullbacks ¢ and &’ of 7 and %' to F(U), we have that ¢ and ¢’
are isomorphic in F(U); this gives a well defined function f*: ®V — OU that
sends an isomorphism class [y] in F (V) into the isomorphism class of pullbacks
of 77. It is easy to see that this gives @ the structure of a functor C°P — (Set). If
we think of ® as a category fibered in sets, we get by construction a morphism
F — . Its restriction F(U) — PU is an equivalence for each object U of C, so by
Proposition 3.36 the morphism F — @ is an equivalence. [ )

Here are a few useful facts.

PROPOSITION 3.42.
() If G is fibered in groupoids, then Home (F,G) is a groupoid.
(i) If G is a quasi-functor, then Hom¢ (F, G) is an equivalence relation.
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(iii) If G is a functor, then Home (F, G) is a set.

We leave the easy proofs to the reader.

In 2-categorical terms, part (iii) says that the 2-category of categories fibered
in sets is in fact just a 1-category, while part (ii) says that the 2-category of quasi-
functors is equivalent to a 1-category.

3.6. Objects as fibered categories and the 2-Yoneda Lemma

3.6.1. Representable fibered categories. In §2.1 we have seen how we can
embed a category C into the functor category Hom (C°P, (Set)), while in §3.4 we
have seen how to embed the category Hom (C°P, (Set)) into the 2-category of fibered
categories over C. By composing these embeddings we have embedded C into the
2-category of fibered categories: an object X of C is sent to the fibered category
(C/X) — C. Furthermore, an arrow f: X — Y goes to the morphism of fibered
categories (C/f): (C/X) — (C/Y) that sends an object U — X of (C/X) to the

composite U — X L. Y. The functor (C/f) sends an arrow

Uu—mV

N
X

of (C/X) to the commutative diagram obtained by composing both sides with
f: X-=Y.
This is the 2-categorical version of the weak Yoneda lemma.

THE WEAK 2-YONEDA LEMMA. The function that sends each arrow f: X — Y to
the morphism (C/f): (C/X) — (C/Y) is a bijection.

DEFINITION 3.43. A fibered category over C is representable if it is equivalent
to a category of the form (C/X).

So a representable category is necessarily a quasi-functor, by Proposition 3.41.
However, we should be careful: if 7 and G are fibered categories, equivalent to
(C/X) and (C/Y) for two objects X and Y of C, then

Hom(X,Y) = Hom((C/X),(C/Y)),
and according to Proposition 3.35 we have an equivalence of categories
Hom((C/X),(C/Y)) ~ Hom¢(F,G);

but Hom¢ (F, G) need not be a set, it could very well be an equivalence relation.

3.6.2. The 2-categorical Yoneda lemma. As in the case of functors, we have
a stronger version of the 2-categorical Yoneda lemma. Suppose that F is a cate-
gory fibered over C, and that X is an object of C. Let there be given a morphism
F: (C/X) — F; with this we can associate an object F(idx) € F(X). Also, to each
base-preserving natural transformation «: F — G of functors F,G: (C/X) — F
we associate the arrow a;q, : F(idx) — G(idx). This defines a functor

Hom¢ ((C/X), F) — F(X).
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X) — F as

Conversely, given an object { € F(X) we get a functor Fz: (C/
= ¢7¢ € F(U);

follows. Given an object ¢: U — X of (C/X), we define Fz(¢)
with an arrow

u # \%
X
in (C/X) we associate the only arrow 0: ¢*¢ — 1*¢ in F(U) making the diagram

9°C -
J m‘ ¢
il _|
T
commutative. We leave it to the reader to check that F; is indeed a functor.
2-YONEDA LEMMA. The two functors above define an equivalence of categories
Home ((C/X), F) ~ F(X).
PROOF. To check that the composite

F(X) — Hom¢((C/X), F) — F(X)

is isomorphic to the identity, notice that for any object { € F(X), the composite
applied to ¢ yields Fz(idx) = idx{, which is canonically isomorphic to &. It is easy
to see that this defines an isomorphism of functors.

For the composite

Home ((C/X), F) — F(X) — Hom¢ ((C/X), F)

take a morphism F: (C/X) — F and set ¢ = F(idx). We need to produce a base-
preserving isomorphism of functors of F with Fz. The identity idx is a terminal
object in the category (C/X), hence for any object ¢: U — X there is a unique
arrow ¢ — idy, which is clearly cartesian. Hence it will remain cartesian after
applying F, because F is a morphism: this means that F(¢) is a pullback of { =
F(idx) along ¢: U — X, so there is a canonical isomorphism Fz(¢) = ¢*& ~ F(¢)
in F(U). Itis easy to check that this defines a base-preserving isomorphism of
functors, and this ends the proof. )

We have identified an object X with the functor hx: C°P — (Set) it represents,
and we have identified the functor hx with the corresponding category (C/X): so,
to be consistent, we have to identify X and (C/X). So, we will write X for (C/X).

As for functors, the strong form of the 2-Yoneda Lemma can be used to refor-
mulate the condition of representability. A morphism (C/X) — F corresponds to
an object { € F(X), which in turn defines the functor F': (C/X) — F described
above; this is isomorphic to the original functor F. Then F’ is an equivalence if and
only if for each object U of C the restriction

F/;: Home (U, X) = (C/X)(U) — F(U)
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that sends each f: U — X to the pullback f*¢ € F(U), is an equivalence of
categories. Since Hom¢ (U, X) is a set, this is equivalent to saying that F(U) is a
groupoid, and each object of F(U) is isomorphic to the image of a unique element
of Hom¢ (U, X) via a unique isomorphism. Since the isomorphisms p ~ f*¢ in U
correspond to cartesian arrows p — ¢, and in a groupoid all arrows are cartesian,
this means that F is fibered in groupoids, and for each p € F(U) there exists a
unique arrow p — ¢. We have proved the following.

PROPOSITION 3.44. A fibered category F over C is representable if and only if F is
fibered in groupoids, and there is an object U of C and an object § of F(U), such that for
any object p of F there exists a unique arrow p — ¢ in F.

3.6.3. Splitting a fibered category. Aswe have seenin Example 3.14, a fibered
category does not necessarily admit a splitting. However, a fibered category is
always equivalent to a split fibered category.

THEOREM 3.45. Let F' — C be a fibered category. Then there exists a canonically
defined split fibered category F — C and an equivalence of fibered categories of F with F.

PROOF. In this proof, if U is an object of C, we will identify the functor hy;
with the comma category (C/U). We have a functor Hom(—, F): C°? — (Cat)
from the category C°P into the category of all categories. If U is an object of C this
functor will send U into the category Hom¢ (hy;, F) of base-preserving natural
transformations. An arrow U — V corresponds to a natural transformation hy; —
hy, and this induces a functor Hom¢ (hy, ) — Home (hy, F).

Let us denote by F the fibered category associated with this functor: by defi-
nition, F comes with a splitting. There is an obvious morphism F — F, sending
an object ¢: hyy — F into ¢(idy) € F(U). According to the 2-Yoneda Lemma,
and the criterion of Proposition 3.36, this is an equivalence. [ )

It is an interesting exercise to figure out what this construction yields in the
case of a surjective group homomorphism G — H, as in Example 3.14.

3.7. The functors of arrows of a fibered category

Suppose that 7 — C is a fibered category; if U is an object in C and ¢, # are
objects of F(U), we denote by Homy; (&, 77) the set of arrows from ¢ to 77 in F(U).

Let ¢ and # be two objects of F over the same object S of C. Let uy: U3 — S
and up: Uy — S be arrows in C; these are objects of the comma category (C/S).
Suppose that §; — ¢ and 77; — # are pullbacks along u;: U; — S fori = 1, 2. For
each arrow f: U; — U, in (C/S), by definition of pullback there are two arrows,
each unique, ag: &3 — {2 and B¢: 711 — 172, such that and the two diagrams

« B
¢1 AN ) and m—2"np

N N
é U

commute. By Proposition 3.4 (ii) the arrows a; and f are cartesian; we define a
pullback function

f*+ Homyy, (&2, 172) — Homyy, (G1,71)
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in which f*¢ is defined as the only arrow f*¢: §; — #; in F(U;) making the
diagram

1 lﬂ?l

l"‘f J{ﬁ i
¢
Co—— 12

commute. If we are given a third arrow g: U, — Uz in (C/S) with pullbacks
¢3 — ¢ and 173 — 17, we have arrows a¢: {» — {3 and B¢ 172 — 73; it is immediate
to check that

D‘gf = ngOleZ 61 — 63 and ;Bgf = ﬁgo,sf: m—n3
and this implies that

(gf)* = f*g* : HomU3 (63/ 7/3) - Homul (glr 771)
After choosing a cleavage for F, we can define a functor

Homy (¢, 77): (C/5)°F — (Set)

by sending each object u: U — S into the set Homy;(u*¢, u*n) of arrows in the
category F(U). An arrow f: Uy — U, from uy: Uy — Sto uy: Up — S yields a
function
f*: Homy, (38, uzn) — Homy, (u1¢, uin);

and this defines the effect of Homg (&, #7) on arrows.

It is easy to check that the functor Homg (¢, 77) is independent of the choice of
a cleavage, in the sense that cleavages give canonically isomorphic functors. Sup-
pose that we have chosen for each f: U — V and each object { in F (V) another
pullback fVZ — {: then there is a canonical isomorphism u*y ~ u"y in F(U) for
each arrow u: U — S, and this gives a bijective correspondence

Homy (u*¢, u*y) ~ Homu(uVC, uvﬂ),

yielding an isomorphism of the functors of arrows defined by the two pullbacks.
In fact, Homg(¢, 7) can be more naturally defined as a quasi-functor

Homs(¢,17) — (C/S5);

this does not require any choice of cleavages.

From this point of view, the objects of Homig (&, #) over some object u: U — S
of (C/S) are triples

(G —3C¢m —n9),

where {; — ¢ and #; — 7 are cartesian arrows of F over u, and ¢: 1 — 7 is
an arrow in F(U). An arrow from ({1 — &, 71 — 1,¢1) over u;: U3 — S and
(G2 — &, 2 — 1, ¢2) over up: Uy — Sisanarrow f: U; — Up in (C/S) such that
2 = ¢

From Proposition 3.40 we see that Homg(&,7) is a quasi-functor over C, and
therefore, by Proposition 3.41, it is equivalent to a functor: of course this is the
functor Homg (&, 17) obtained by the previous construction.

This can be proved as follows: the objects of Homg(¢, 77), thought of as a cat-
egory fibered in sets over (C/S) are pairs (¢,u: U — S), where u: U — S is
an object of (C/S) and ¢: u*¢ — u*y is an arrow in F(U); this also gives an
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object (u*¢ — ¢, u*n — n,¢) of Homs(¢,n) over U. The arrows between ob-
jects of Homg (¢, 77) are precisely the arrows between the corresponding objects of
Homs (¢, 1), so we have an embedding of Homg(&,7) into Homs (¢, 7). But ev-
ery object of Homg (¢, 1) is isomorphic to an object of Homg(&, #7), hence the two
fibered categories are equivalent.

3.8. Equivariant objects in fibered categories

The notion of an equivariant sheaf of modules on a scheme with the action of a
group scheme, as defined in [MFK94, Chapter 1, § 3], or in [Tho87]), is somewhat
involved and counterintuitive. The intuition is that if we are given the action of a
group scheme G on a scheme X, an equivariant sheaf should be a sheaf F, together
with an action of G on the pair (X, F), which is compatible with the action of G on
X. Since the pair (X, ) is an object of the fibered category of sheaves of modules,
the language of fibered categories is very well suited for expressing this concept.

Let G: C°P — (Grp) be a functor, ¥ — C a fibered category, X an object of C
with an action of G (see §2.2.1).

DEFINITION 3.46. A G-equivariant object of F(X) is an object p of F(X), to-
gether with an action of G(U) on the set Hom £ (&, p) for any ¢ € F(U), such that
the following two conditions are satisfied.

(i) For any arrow ¢: ¢ — # of F mapping to an arrow f: U — V, the induced
function ¢*: Homg(1,p) — Homxz(, p) is equivariant with respect to the
group homomorphism f*: G(V) — G(U).

(i) The function Hom (¢, p) — Hom¢ (U, X) induced by p £ is G(U)-equivariant.
An arrow u: p — o in F(X) is G-equivariant if it has the property that the induced
function Homx (&, p) — Homg(¢, o) is G(U)-equivariant for all U and all { €
FU).

The first condition can be expressed by saying that the data define an action
of Gopr: FP — (Grp) on the object p of F. In other words, for any object ¢ of
F, the action defines a set theoretic action

(Gopr)(§) x h(§) — hyp(¢)
and this action is required to give a natural transformation of functors 7P —
(Set)
(Gopr) xhy — hy.

The second condition can be thought of as saying that the action of G on p is
compatible with the action of G on X.

The G-equivariant objects over X are the objects of a category F¢ (X), in which
the arrows are the equivariant arrows in 7 (X).

It is not hard to define the fibered category of G-equivariant objects of F over
the category of G-equivariant objects of C, but we will not do this.

Now assume that G is a group object in C acting on an object X of C, cor-
responding to an arrow a: G X X — X, as in Proposition 2.16. Take a fibered
category F — C: the category F©(X) of equivariant objects over X has a different
description. Choose a cleavage for F.

Let p be an object of F¢(X). Consider the pullback prjp € F(G x X), and
the functor hy,; ,: 7 — (Set) it represents. If ¢: & — pr p is an arrow in F, we
obtain an arrow ¢ — p by composing ¢ with the given cartesian arrow pr; p — p,
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and an arrow pr¢ — G by composing pr¢: pr¢ — G x X with the projection
G x X — G. This defines a natural transformation hys , — (Gopr) x hy.

The fact that the canonical arrow p: pr; p — p is cartesian implies that each
pair consisting of an arrow ¢ — p in F and an arrow px¢ — G in C comes from
a unique arrow ¢ — pr; . This means that the natural transformation above is
in fact an isomorphism hy,;: , ~ (G o px) x hy of functors 7°P — (Set). Hence,
by Yoneda’s lemma, a morphism (G opz) x h, — h, corresponds to an arrow
B: pryp — p. Condition (ii) of Definition 3.46 can be expressed as saying that
prp =a.

There are two conditions that define an action. First consider the natural
transformation h, — (G o pr) x h, that sends an object u € hy(&) to the pair
(1,u) € G(pzG) x hp(&); this corresponds to an arrow €,: p — prj p, whose com-
posite with p: pr; p — p is the identity id,, and whose image in C is the arrow
ex: X =pt x X — G x X induced by eg: pt — G. Since p is cartesian, these two
conditions characterize €, uniquely.

The first condition that defines an action of (G o px) on p (see Proposition 2.16)
is that the composite hy — (G opz) x h, — h, be the identity; and this is equiva-
lent to saying that the composite fo €,: p — p is the identity id,.

The second condition can be expressed similarly. The functor

(Gopr) x (Gopr) xhy: F — (Grp)

is represented by the pullback pr3 p of p along the third projection pry: G x G x
X — X. Now, given any arrow f: G x G x X — G x X whose composite with
pry: Fx X — Xequals pry: G X G x X — X, there is a unique arrow f: prap —
p5p mapping to f, such that the composite p o f: pr; 0 — p equals the canonical
arrow gq: pr; p — p. Then it is an easy matter to convince oneself that the second
condition that defines an action is equivalent to the commutativity of the diagram

o xid
(3.8.1) prp — 2 prip

Jﬁ;{a Jﬁ

prp ———F

This essentially proves the following fact (we leave the easy details to the
reader).

PROPOSITION 3.47. Let p be an object of F(X). To give p the structure of a G-
equivariant object is the same as assigning an arrow B: pryp — p with prp = «,
satisfying the following two conditions.

(i) Boep =id,.
(ii) The diagram (3.8.1) commutes.

Furthermore, if p and p" are G-equivariant objects, and we denote by B: prsp — p
and B': pryp' — p' the corresponding arrows, then u: p — o' is G-equivariant if and
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only if the diagram
prp—L—sp
lprﬁ u J/u
pr; pl LIS pl
commiites.

This can be restated further, to make it look more like the classical definition
of an equivariant sheaf. First of all, let us notice that if an arrow B: pryp — p
corresponds to a G-equivariant structure on p, then it is cartesian. This can be
shown as follows.

There is an automorphism 7 of G x X, defined in functorial terms by the equa-
tioni(g,x) = (¢!, gx) whenever U is an object of C, ¢ € G(U) and x € X(U); this
has the property that

prpoi=a: GxXx X — X.

Analogously one can use the action of (G o pr) on p to define an automorphism
I of (Gopg) x hy, hence an automorphism of pr; p, whose composite with the
canonical arrow p: pr; p — p equals . Since I is an isomorphism, hence is carte-
sian, the canonical arrow p is cartesian, and the composite of cartesian arrow is
cartesian, it follows that f is cartesian.

Now, start from a cartesian arrow B: pry p — p with pr = a. Assume that the
diagram (3.8.1) is commutative. I claim that in this case we also have o€, = id,.
This can be checked in several ways: here is one.

The arrow 8 corresponds to a natural transformation (Gopz) x h, — h,. The
commutativity of the diagram (3.8.1) expresses the fact that (g192)x = g1(g2x) for
any object ¢ of F and any g1,¢2 € G(px¢) and x € hyd. The arrow Boey: p — p
corresponds to the natural transformation h, — h, given by multiplication by the
identity: and, because of the previous identity, this is an idempotent endomor-
phism of h,. Hence f o ¢, is an idempotent arrow in Hom £ (p, o).

On the other hand, Proposition 3.4 (ii) implies that €, is a cartesian arrow, so
B o €p is also cartesian. But o €, maps to idx in C, hence is an isomorphism: and
the only idempotent isomorphism is the identity.

This allows us to rewrite the conditions as follows.

PROPOSITION 3.48. Let p be an object of F(X). To give p the structure of a G-
equivariant object is the same as assigning a cartesian arrow B: pry p — pwithprp = «,
such that the diagram (3.8.1) commutes.

Furthermore, let p and p’ be G-equivariant objects, and denote by B: pry p — p and
B': prip’ — p' the corresponding arrows, Then u: p — p' is G-equivariant if and only
if the diagram

« B
prop——F

lprg u Ju
/

pr; 0" —— ¢’

commuites.
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A final restatement is obtained via a cleavage, in the language of pseudo-
functors. Recall that an arrow pr; p — p mapping to « in C corresponds to an
arrow B: ¢: pr; p — a*pin F(G x X), and that f8 is cartesian if and only if ¢ is an
isomorphism.

We also have the equalities

pry = pryo(mg xidyx) = pryopry;: G x G x X — X,
A% no(mg xidy) =ao(idg xa): Gx G x X — X,
and
Bd:efprzo(idG Xa)=a0pry: GxGxX — X
We leave it to the reader to unwind the various definitions and check that the
following is equivalent to the previous statement.

PROPOSITION 3.49. Let p be an object of F(X). To give p the structure of a G-
equivariant object is the same as assigning an isomorphism ¢: pry p ~ a*p in F(G x X),
such that the diagram

(mg xidx)* ¢

pr3p A%p

pr;N Axa)w

B*p
commuites.

When applied to the fibered category of sheaves of some kind (for example,
quasi-coherent sheaves) one gets precisely the usual definition of an equivariant
sheaf.



CHAPTER 4

Stacks

4.1. Descent of objects of fibered categories

4.1.1. Gluing continuous maps and topological spaces. The following is the
archetypal example of descent. Take (Cont) to be the category of continuous maps
(that is, the category of arrows in (Top), as in Example 3.15); this category is fibered
over (Top) via the functor p(con): (Cont) — (Top) sending each continuous map
to its codomain. Now, suppose that f: X — U and g: Y — U are two objects of
(Cont) mapping to the same object U in (Top); we want to construct a continuous
map ¢: X — Y over U, that is, an arrow in (Cont)(U) = (Top/U). Suppose
that we are given an open covering {U;} of U, and continuous maps ¢;: f~'U; —
¢~ U, over U;; assume furthermore that the restriction of ¢; and ¢j to f “Lu;n
u;) — g~ H(u;n U;) coincide. Then there is a unique continuous map ¢: X — Y
over U whose restriction to each f~!U; coincides with ¢;.

This can be written as follows. The category (Cont) is fibered over (Top), and
if f: V — U is a continuous map, X — U an object of (Cont)(U) = (Top/U),
then a pullback of X — U to V is given by the projection V x;y X — V. The
functor f*: (Cont)(U) — (Cont)(V) sends each object X — UtoV xy X — V,
and each arrow in (Top/U), given by continuous function ¢: X — Y over U, to
the continuous function f*¢ =idy xy f: VxyX — V xy Y.

Suppose that we are given two topological spaces X and Y with continuous
maps X — Sand Y — S. Consider the functor

Homg(X,Y): (Top/S) — (Set)

from the category of topological spaces over S, defined in Section 3.7. This sends
each arrow U — § to the set of continuous maps Homy; (U xg X, U xgY) over U.
The action on arrows is obtained as follows: given a continuous function f: V —
U over S, we send each continuous function ¢: U xg X — U X Y to the function

f*(l):ide(l)IVXs)(:VXu(LIXSX)—>VXu(UX5Y):VX5Y.

Then the fact that continuous functions can be constructed locally and then
glued together can be expressed by saying that the functor

Homg(X,Y): (Top/S)°FP — (Set)

is a sheaf in the classical topology of (Top).
But there is more: not only can we construct continuous functions locally: we
can also do this for spaces, although this is more complicated.

PROPOSITION 4.1. Suppose that we are given a topological space U with an open
covering {U;}; for each triple of indices i, j and k choose fibered products U;; = U; N U;
and U = U; N U; N Uy. Assume that for each i we have a continuous map u;: X; — U,

70
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. T . . . L1 ~ =177
and that for each pair of indices i and j we have a homeomorphism ¢;;: u ’ Ujj >~ u;  Uj
over Uj;, satisfying the cocycle condition
| -1 -1
Pik = ¢ij o Pjic: g Uije — ;7 Uijp — w7 Uik

Then there exists a continuous map u: X — U, together with isomorphisms ¢;: u=U; ~
Xi, such that ¢;; = ¢; o c/)j_lz uj—lul-]- — u‘lui]- — u;Ujj forall i and j.

PROOF. Consider the disjoint union U’ of the U;; the fibered product U’ x; U’
is the disjoint union of the Ui]-. The disjoint union X' of the X;, maps to U’; consider
the subset R C X’ x X’ consisting of pairs (x;, xj) € X;xX; C X’ x X' such that
x; = ¢;jx;. I claim that R is an equivalence relation in X’. Notice that the cocycle
condition ¢;; = ¢;; o ¢; implies that ¢;; is the identity on X;, and this shows that
the equivalence relation is reflexive. The fact that ¢;; = ¢;; o ¢j;, and therefore
Pji = 4)1.;1, prove that it is symmetric; and transitivity follows directly from the
general cocycle condition. We define X to be the quotient X’/R.

If two points of X’ are equivalent, then their images in U coincide; so there is
an induced continuous map u: X — U. The restriction to X; C X’ of the projection
X' — X gives a continuous map ¢;: X; — u~'U;, which is easily checked to be
a homeomorphism. One also sees that ¢;; = ¢; o 4)]._1, and this completes the

proof. N

The fact that we can glue continuous maps and topological spaces says that
(Cont) is a stack over (Top).

4.1.2. The category of descent data. Let C be a site. We have seen that a
fibered category over C should be thought of as a functor from C to the category
of categories, that is, as a presheaf of categories over C. A stack is, morally, a sheaf
of categories over C.

Let F be a category fibered over C. We fix a cleavage; but we will also indicate
how the definitions can be given without resorting to the choice of a cleavage.

Givena covering {o: U; — U}, set U;; = U; xy Ujand U = U; <y Uj <y Uy
for each triple of indices 7, j and k.

DEFINITION 4.2. Letd = {0;: U; — U} be a covering in C. An object with
descent data ({C;},{¢;j}) on U, is a collection of objects ¢; € F(U;), together with
isomorphisms ¢;;: pr; §; >~ prj ¢; in F(U; xy Uj), such that the following cocycle
condition is satisfied.

For any triple of indices 7, j and k, we have the equality

Pr3Pik = Pripdij © ProsPjk: Pr3 Gk — Pry &

where the pr,, and pr, are projections on the " and b™ factor, or the a factor
respectively.

The isomorphisms ¢;; are called transition isomorphisms of the object with de-
scent data.

An arrow between objects with descent data

{ai}: ({GihAdi}) — ik Ai})
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is a collection of arrows &;: ¢; — 1; in F(U;), with the property that for each pair
of indices i, j, the diagram

. pry &; N
pr; @j — PNy

J(‘Pij l%‘

* T, Py & *
pry G > PT1 7

commutes.

In understanding the definition above it may be useful to contemplate the
cube

pr
(4.1.1) Ujje ——— 2 U
py by /
Uik s Uk
Ui u

in which all arrows are given by projections, and every face is cartesian.
There is an obvious way of composing morphisms, which makes objects with
descent data the objects of a category, denoted by F(U) = F({U; — U}).

REMARK 4.3. This category does not depend on the choice of fibered products
Ujj and Ujj, in the sense that with different choices we get isomorphic categories.

For each object ¢ of F(U) we can construct an object with descent data on
a covering {¢;: U; — U} as follows. The objects are the pullbacks o7'g; the iso-
morphisms ¢;;: pr; (7].*§ ~ prj 0;¢ are the isomorphisms that come from the fact
that both pr3 (7}‘{,‘ and prj 0;7°¢ are pullbacks of ¢ to Uj;. If we identify pr; (TJTW;‘ with
prj 0;'¢, as is commonly done, then the ¢;; are identities.

Given an arrow a: § — 1 in F(U), we get arrows o;'a: ;¢ — 071, yielding
an arrow from the object with descent associated with ¢ to the one associated with
7. This defines a functor F(U) — F({U; — U}).

It is important to notice that these constructions do not depend on the choice
of a cleavage, in the following sense. Given a different cleavage, for each covering
{U; — U} there is a canonical isomorphism of the resulting categories F({U; —
U}); and the functors F(U) — F({U; — U}) commute with these equivalences.

Here is a definition of the category of descent data that does not depend on
choosing of a cleavage. Let {U; — U};c; be a covering. We define an object with
descent data to be a triple of sets

({&i}ier G }ijer ACik Yijker)s
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where each ¢, is an object of F(Uy), plus, for each triple of indices i, j and k, a
commutative diagram

Gijk —— Gk

in which every arrow is cartesian, and such that when applying pr every arrow
maps to the appropriate projection in the diagram (4.1.1). These form the objects
of a category Fyesc({U; — U}).

An arrow

{itier: ({Gik {Gi} {Giw}) — (it {mijds {mi})

consists of set of arrows with ¢; : §; — #; in F(U;), such that for every pair of
indices i and j we have
pri ¢i = pry ¢;: Gij — 1ij-

Alternatively, and perhaps more naturally, we could define an arrow as a triple
(({piticr {¢ij}ijer APijx tijker)), where ¢o: Go — 14 is an arrow in F (Uy) for each
«in I, I x Ior I x I x I, with the obvious compatibility conditions with the various
arrows involved in the definition of an object. We leave it to the reader to check
that these two definitions of an arrow are equivalent.

Once we have chosen a cleavage, there is a functor from Fyes.({U; — U})
to F({U; — U}). Given an object ({¢;}, {Cij}, {Cijk}) of Faesc({Ui — U}), the
arrows §;; — §; and ¢;; — ¢; induce isomorphisms §;; ~ pry §; and ¢;; ~ pr; §;; the
resulting isomorphism pr; ¢; ~ prj ; is easily seen to satisfy the cocycle condition,
thus defining an object of F({U; — U}). An arrow {¢;} in Fyesc({U; — U}) is
already an arrow in F({U; — U}).

It is not hard to check that this functor is an equivalence of categories.

We can not define a functor F(U) — Fyesc({U; — U}) directly, without the
choice of a cleavage. However, let us define another category

fcomp({ui - U}),

in which the objects are quadruples (¢, {3}, {Zij}, {ijx})), where ¢ is an object of
F(U) and each ¢, is an object of F (U, ), plus a commutative cube

Gijk — Gk

A

in F for all the triples of indices, in which all the arrows are cartesian, and whose
image in C is the cube (4.1.1) above. An arrow from (¢, {¢;}, {Gij}, {Gi})) to
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(17, {m:},Anij}, {nijx})) can be indifferently defined as an arrow ¢: ¢ — 7 in F(U),
or as collections of arrows & — 11, §; — 1, Gij — 1 and jjx — 17;jx satisfying the
obvious commutativity conditions.

There is a functor from Feomp ({U; — U}) to F(U) that sends a whole object
(&, {¢i},{Cij}, {Cijx})) to ¢, and is easily seen to be an equivalence. There is also
a functor from Feomp({U; — U}) to Fyesc({U; — U}) that forgets the object of
F(U). This takes the place of the functor from F(U) to F({U; — U}) defined
using cleavages.

REMARK 4.4. Of course, if one really wants to be consistent, one should not
assume that the category C has a canonical choice of fibered products, and not
suppose that the U;; and the Ujj are given a priori, but allow them to be arbitrary
fibered products.

The most elegant definition of objects with descent data is one that uses sieves;
it does not require choosing anything. Let i/ = {U; — U} be a covering in C. The
sieve hy;: C°P — (Set) is a functor, whose associated category fibered in sets is the
full subcategory of (C/U), whose objects are arrows T — U that factor through
some U; — U. According to our principle that functors and categories fibered in
sets should be identified, we denote by hy, this category. By the same principle,
we also denote by hy; the category (C/U).

There is a functor Homg (hy, F) — Fgesc(U), defined as follows. Suppose
that we are given a morphism F: h;; — (Set). For any triple of indices i, j and k
we have objects U; — U, U;; — U and U;j; — U of hy,, and each of the projections
of (4.1.1) not landing in U is an arrow in hy;. Hence we can apply F and get a
diagram

F(Ujj) — F(Uy)
. - l

giving an object of Fyes. (). This extends to a functor
Hom(hb// f) - }—desc(u)

in the obvious way.
Also, consider the functor

Homg (hy, F) — Homg (hy, F)

induced by the embedding h;; C hy;; after choosing a cleavage, it is easy to verify
that the composite of functors

HomC(hU/ -7:) — Homg (hy, -7:) = Fdesc(“) = }—(u)
is isomorphic to the composite
Homc(hu,f) =~ F(U) — .7:(1/{)

where the first functor is the equivalence of the 2-Yoneda Lemma.
The following generalizes Proposition 2.39.
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PROPOSITION 4.5. The functor Hom(hy;, F) — Fyesc(U) is an equivalence.

PROOE. Let us construct a functor Fyes. () — Hom(hy, F). Setd = {U; —
U}, and, for each T — U in hy T, choose a factorization T — U; — U. Assume
that we given an object ({¢;}, {Gij}, {Cijx}) of Fyesc(U); for each arrow T — U in
the category h;; we get an object {1 of T by pulling back ¢; along the chosen arrow
T — U;. This defines a function from the set of objects of hy, to F.

Given an arrow T — T — U in hy, chose a factorization T" — U; — U of
the composite T" — U. This, together with the composite T" — T — U; yields an
arrow T’ — Uj; fitting into a diagram

T —— Ujj —— U

| 1

T— U, — U.

Since the given arrow ¢;; — ¢; is cartesian, the canonical arrow {1 — ¢, that is
given by definition, because {7+ is a pullback of ¢;, will factor uniquely as {77 —
gij — &j, insuch a way that {7» — ¢;; maps to T — U;;. Now the composite {7 —
Gij — & will factor as {7 — ¢ — ¢; for a unique arrow {1 — {r mapping to the
given arrow T/ — T in C. According to Proposition 3.4 (ii), the arrow ¢ — {7 is
cartesian.

These two functions, on objects and on arrows, define a morphism hyy — F.
We need to check that the composites

Faese(U) — Hom(hy, F) — Fgesc(U)
and
Hom(hy, F) — Fgesc(U) — Hom(hy, F)
are isomorphic to the identities. This is straightforward, and left to the reader. &

If we choose a cleavage, the composite of functors
Homg (hy, F) — Homg (hyy, F) = Faesc(U) =~ F(U)
is isomorphic to the composite
Home (hy, F) ~ F(U) — F(U)
where the first functor is the equivalence of the 2-Yoneda Lemma.
4.1.3. Fibered categories with descent.

DEFINITION 4.6. Let 7 — C be a fibered category on a site C.
(i) Fisaprestack over C if for each covering {U; — U} in C, the functor F(U) —
F({U; — U}) is fully faithful.
(ii) F is a stack over C if for each covering {U; — U} in C, the functor F(U) —
F({U; — U}) is an equivalence of categories.

Concretely, for F to be a prestack means the following. Let U be an object of
C, & and 5 objects of F(U), {U; — U} a covering, &; and 7; pullbacks of ¢ and 7 to
Ui, ¢ij and 17;; pullbacks of ¢ and 7 to U;;. Suppose that there are arrows «;: ¢; — 7;
in F(U;), such that prj a; = pry a;: §;j — #;; for all i and j. Then there is a unique
arrow «: { — 1 in F(U), whose pullback to &; — #; is «; for all i.
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This condition can be restated using the functor of arrows of Section 3.7, and
the comma topology on the category (C/S)(Definition 2.58).

PROPOSITION 4.7. Let F be a fibered category over a site C. Then F is a prestack
if and only if for any object S of C and any two objects & and 1 in F(S), the functor
Homg(&,77): (C/S)°P — (Set) is a sheaf in the comma topology.

PROOF. Let us prove the first part. Assume that for any object S of C and any
two objects ¢ and # in F(S), the functor Homg(¢,77): (C/S)°P — (Set) is a sheaf.
Take an object U of C, a covering {U; — U}, and two objects ¢ and 7 of F(U). If
we denote by ({&;}, (a;;)) and ({#;}, (Bi;)) the descent data associated with ¢ and
1 respectively, we see easily that the arrows in F({U; — U}) are the collections
of arrows {¢;: ; — #;} such that the restrictions of ¢; and ¢; to the pullbacks of &
and 7 to U;j coincide. The fact that Hom;(, 7) is a sheaf ensures that this comes
from a unique arrow ¢ — 5 in F(U); but this means precisely that the functor
FU) — F({U; — U}) is fully faithful.

The proof of the opposite implication is similar, and left to the reader. [ )

DEFINITION 4.8. An object with descent data ({;}, {¢;}) in F({U; — U}) is
effective if it is isomorphic to the image of an object of F(U).

Here is another way of saying this: an object with descent data ({{;}, {¢i})
in F({U; — U}) is effective if there exists an object ¢ of F(U), together with
cartesian arrows §; — ¢ over 0;: U; — U, such that the diagram

* 4)]” *
pr; Gj — pri Gi

o
N

commutes for all i and j. In fact, the cartesian arrows ¢; — ¢ correspond to isomor-
phisms §; ~ ¢;¢ in F(U;); and the commutativity of the diagram above is easily
seen to be equivalent to the cocycle condition.

Clearly, F is a stack if and only if it is a prestack, and all objects with descent
data in F are effective.

Stacks are the correct generalization of sheaves, and give the right notion of
“sheaf of categories”. We should of course prove the following statement.

PROPOSITION 4.9. Let C be a site, F: C°P — (Set) a functor; we can also consider
it as a category fibered in sets F — C.

(i) F is a prestack if and only if it is a separated functor.
(i) F is stack if and only if it is a sheaf.

PROOF. Consider a covering {U; — U}. The fiber of the category F — C over
U is precisely the set F(U), while the category F({U; — U}) is the set of elements
(¢i) € IT; F(U;) such that the pullbacks of ¢; and &; to F(U; xy U;), via the first
and second projections U; xy U; — U; and U; xy U; — Uj, coincide. The functor
F(U) — F({U; — U}) is the function that sends each element ¢ € F(U) to the
collection of restrictions (¢ [i,)-



4.1. DESCENT OF OBJECTS OF FIBERED CATEGORIES 77

Now, to say that a function, thought of as a functor between discrete cate-
gories, is fully faithful is equivalent to saying that it is injective; while to say that it
is an equivalence means that it is a bijection. From this both statements follow. &

REMARK 4.10. The terminology here, due to Grothendieck, is a little unfor-
tunate. Fibered categories are a generalization of functors: however, a presheaf
is simply a functor, and thus, by analogy, a prestack should be simply a fibered
category. What we call a prestack should be called a separated prestack.

I'have decided to stick with Grothendieck’s terminology, mostly because there
is a notion of “separated stack” in the theory of algebraic stacks, and using the
more rational term “separated prestack” would make “separated stack” pleonas-
tic.

EXAMPLE4.11. LetC be a site. Then I claim that the fibered category (Sh/C) —
C, defined in Example 3.20, is a stack.

Here is a sketch of proof. Let F and G be two sheaves on an object X of C: to
show that (Sh/C) is a prestack we want to show that Homy (F,G): (C/X)P —
(Set) is a sheaf.

For each arrow U — X, let us denote by F; and Gy the restrictions of F and
G to U. Let {U; — U} be a covering, ¢;: F;, — Gy, a morphism of sheaves
on (C/U;), such that the restrictions of ¢; and ¢; to (C/Ujj) coincide. Denote by
$ij: Fuij — Gui]. this restriction. If T — U is an arrow, set T; = U; xy T, and
consider the covering {T; — T}. Each T; — U factors through U;, so ¢; defines
a function ¢;: FT; — GT;, and analogously ¢;; defines functions ¢;;: FT;; — GTj;.
There is commutative diagram of sets with rows that are equalizers

FT —— [, FT, — =3 I1;; FT;

|
| ll_[i ¢ JH:’;‘ ®ij
4

GT — I1; GT, —= I1;; GTj;.

There is a unique function ¢7: FT — GT that one can insert in the diagram while
keeping it commutative. This proves uniqueness. Also, it is easy to check that
the collection of the ¢r defines a natural transformation ¢;: F; — Gy, whose
restriction Fy; — Gy, is ¢;.

Now let us show that every object with descent data ({F;}, {¢;;}) is effective.
Here F; is a sheaf on (C/U;), and ¢;; is an isomorphism of sheaves on (C/U;;)
between the restrictions (F;) u; (F) u;-

For each object T — U of (C/U), set T; = U; xy T as before, and define FT
to be the subset of []; F;T; consisting of objects (s;) € []; FT;, with the property
that ¢;; carries the restriction (s]-)Tl.], to (si)Tij. In other words, FT is the equalizer

of two functions [[; FT; — [T FiTyj, where the first sends (s;) to the collections of

restrictions ((s;)r;), and the second sends it to (¢;;(s;)t;)-

For any arrow T — T in (C/U), itis easy to see that the product of the restric-
tion functions []; ;T; — [1; F;T/ carries FT to F T’; this gives F the structure of a
functor (C/U)°P — (Set). We leave it to the reader to check that F is a sheaf.

Now we have to show that the image of F into (Sh/C)({U; — U}) is isomor-

phic to ({F;}, {¢ij})-
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For each index k let us construct an isomorphism of the restriction F, with
Fy as sheaves on (C/Uy). Let T — Uy be an object of (C/Uy), s an element of
FT. Each T; maps into Uy, so we produce an element (¢ (s7,)) € [1FT;; the
cocycle condition ensures that this is an element of FT. This defines a natural
transformation F, — Fy, .

In the other direction, let T — Uy be an object of (C/Uy), (s;) an element of
FT CTJ; F;T;. Factor each T; — U; through the projection Uy; — U;. Then ¢y (s;) is
an element of F;T;, and the cocycle condition implies that the restrictions of ¢y;(s;)
and ¢;(s;) to FT;j coincide. Hence there a unique element of FT that restricts to
¢ri(si) € ET; for each i. This construction defines a function FT — F,T for each T,
which is easily seen to give a natural transformation Fy, — F;.

We leave it to the reader to check that these two natural transformations are
inverse to each other, so they define an isomorphism of sheaves F;, ~ F; and that
this collection of isomorphisms constitutes an isomorphism in (Sh/S)({U; — U})
between the object associated with F and the given object ({F;}, {¢;}), which is
therefore effective.

4.1.4. The functorial behavior of descent data. Descent data have three kinds
of functorial properties: they are functorial for morphisms of fibered categories,
functorial on the objects, and functorial under refinement.

Let F: 7 — G be a morphism of categories fibered over C. For any covering
U = {U; — U} we get a functor F;: F(U) — G(U) defined at the level of objects
by the obvious rule

Fu({Gi} {¢ij}) = ({FCi}, {Feij})
and at the level of arrows by the equally obvious rule
Fyfai} = {Fai}.

Furthermore, if p: F — G is a base-preserving natural transformation of mor-
phisms, there is an induced natural transformation of functors py: Fy — Gy,
defined by

(eu) gy o) = oz -
Therefore, if F is an equivalence of fibered categories, F, is also an equivalence.

We leave it to the reader to check that the diagram

FU) —— FU)

L]

gu) ——gU)

commutes, in the sense that the two composites F(U) — G(U) are isomorphic.
From this we obtain the following useful fact.

PROPOSITION 4.12.

(a) If F is an equivalence of fibered categories and F(U) — F(U) is an equivalence of
categories, then G(U) — G(U) is also an equivalence of categories.

(b) If two fibered categories over a site are equivalent, and one of them is a stack, or a
prestack, the other is also a stack, or a prestack.
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All this can be restated more elegantly using sieves. The morphism F: F — G
induces a functor F,: Hom(hy, 7) — Hom(hy, G), that is the composite with F
at the level of objects. In this case the diagram becomes

Hom(hy, ) —— Hom(hy, F)

| |

Hom(hy;, G) —— Hom(hy, G)

which strictly commutative, that is, the two composites are equal, not simply iso-
morphic. We leave the easy details to the reader.

We are not going to need the functoriality of descent data for the objects, so
we will only sketch the idea: if {U; — U} is a covering and V — U is an arrow,
then there is a functor 7 ({U; — U}) — F({V xy U; — V}). If ({&;}, {¢;j}) is an
object of F({U; — U}), its image in F({V xy U; — V}) is obtained by pulling
back the ¢; and the ¢;; along the projection V' x; U; — U;.

Now suppose that F is a category fibered over C, Y = {U; — U};c; a cover-
ing, V = {Vy — U}y arefinement of U. For each index i’ choose a factorization

Vi Iz, U,y — U for a certain y(i") € I; this defines a function p: I' — I.

This induces a functor FU — FV, as follows. An object ({¢;}, {¢;;}) is sent
to ({fi7¢uiiny b Afi Pu(inyu(iy }); we leave to the reader to check that this is also an
object with descent data. An arrow

{ait: ({8t A¢ii}) — (i} {yij})
is a collection of arrows w;: §; — #; in F(U;), and these can be pulled back to ar-
rOWSs fra iy faCuainy = fitluiry- Weleave it the reader to verify that the collection
{fiay(in } yields an arrow

{fruiiny Ui butinun b)) — famu(@), A fivuimug) )
and that this defines a functor.

This functor is essentially independent of the function y: I’ — I, that is, if we
change the function we get isomorphic functors. This is seen as follows. Suppose
thatv: I’ — I is another function, and that there are factorizations Vy LI Uy iy —
U. The two arrows fy and gy induce arrows (fy,gi): Uy (inyu(iry- We define an
isomorphism f;¢,, ) = &G,y by composing the isomorphisms in the following
diagram

fibuiy === ———--~-~ > &)

(fir, &) PrY Cu(ir) (fir, &) PL3 Gu(iry
The cocycle condition ensures that this gives an isomorphism of descent data be-
tween ({f7 ¢, b {fi Puiyuin ) and ({&78u i) 1 {8iPu(iyw(j) }) (we leave the de-
tails to the reader). It is easy to check that this gives an isomorphism of functors.
Also, if W = {Wiy — U} v is a refinement of V, it is also a refinement of U.

After choosing functions p: I’ — I, v: I” — I' and p: I"” — I, and factorizations

. 0 ha
Vi Iz, Uiy — U, Wi LN Uiy — Uand Wir — U,y — U we get functors

(fir8ir)" ¢ij
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FU — FV, FVY — FW and FU — FW. Iclaim that the composite of the first
two is isomorphic to the third.

I
To check this, we may change the factorizations Wy» — U, (y») — U, because,
as we have just seen, this does not change the isomorphism class of the functor
FU — FW; hence we may assume that p = pov: I’ — I, and that hy: Wy —
U, equals the composite f, ) o g — I. Given an object ({;}, {¢i;}) of FU,
its image in )V under the functor 7 — FW is the object

({Foimgin)*Gin b A (Fuim &in ) iy vu(jm) 1)
of FW, while its image under the composite FUY — FV — FV — FIW is the
object
({g;’f;(i”)gi” }r {g?”f;ﬂ(i”)(va(i”) vu(j") }) :
The canonical isomorphisms (f, )i )*Gir = &in fj(l.,,)cjlw give an isomorphism of
the two objects of 71V, and this defines the desired isomorphism of functors.
Once again, in the language of sieves everything is much easier: if V is a re-

finement of ¢, then hy, is a subfunctor of h;;, and the embedding hy — h;; induces
a functor

Homg (hZ/{/ :F) — Homg (hV/ f)

with no choice required.
Also, in this language the composite

Homg¢ (hyy, ) — Home (hy,, F) — Home (hyy, F)

equals the functor Home (hy, ) — Homg (hyy, F) on the nose.

4.1.5. Stacks and sieves. Using the description of the category of objects with
descent data in Proposition 4.5 we can give the following very elegant characteri-
zation of stacks, which generalizes the characterization of sheaves given in Corol-
lary 2.40.

COROLLARY 4.13. A fibered category F — C is a stack if and only if for any covering
U of an object U of C the functor

Hom¢ (hy, F) — Homg (hyy, F)
induced by the embedding hy, C hyy is an equivalence.
This can sharpened, as in Proposition 2.42.

PROPOSITION 4.14. A fibered category F — C is a stack if and only if for any object
U of C and sieve S on U belonging to T, the functor

Homg¢ (hy, ) — Hom¢ (S, F)

induced by the embedding hy; C S is an equivalence.
Furthermore, F is a prestack if and only if the functor above is fully faithful for all U
and S.

PROOF. The fact that if the functor is an equivalence then F is a stack follows
from Corollary 4.13, so we only need to prove the converse (and similarly for the
second statement).
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Let S be a sieve belonging to 7 on an object U of C. Choose a covering
U = {U; — U} of U such that hy; C S: the restriction functor Homg (hy, ) —
Homg (hy;, F) is an equivalence, and it factors as

Homg (hy, ) — Hom¢(S, F) — Home (hy, F).

Again by Corollary 4.13, Hom¢ (hy;, ) — Homg (hyy, F) is fully faithful, and
itis an equivalence when F is a stack: hence Hom¢ (S, ) — Homg (hy,, F) is full,
and it essentially surjective whenever F is a stack. So we see that the following
lemma suffices.

LEMMA 4.15. Let F be a prestack over a site C, S and S’ be sieves belonging to the
topology of C with S" C S. Then the induced restriction functor

Hom¢ (S, F) — Home(S', F)
is faithful.
This is a generalization of Lemma 2.43.
PROOF. The proof is very similar to that of Lemma 2.43. Let F and G be two
morphisms S — F, ¢ and ¢ two base-preserving natural transformations, induc-

ing the same natural transformations from the restriction of F to hy, to that of G.
Let T — U be an arrow in S; we need to prove that

¢r—u = Yr—u: F(T — U) — G(T — U).

Consider the fibered products T x; U;, with the first projections p;: T x; U;. Since
F and G are morphisms, and S is a functor, so that every arrow in S is cartesian,
the arrows

F(pi): F(T xy U; — U) — F(T — U)
and
G(pi): G(T xy U; — U) — G(T — U)

are cartesian. Consider the covering {T x; U; — T}: since the composite T x;
U; — T — Uisin hy T, we have

(l)Tqu’.*)u = lPTquiéui F(T Xu UZ- — U) — G(T Xu Ui — U)
Hence the commutativity of the diagrams

PTx U —U
uti

F(T xy U; — U)

JF(Pi

F(T —U)

G(T Xu Ui — U)

JG(P:')

G(T — U)

$r—u

can be interpreted as saying that the pullbacks of ¢7_,;; and 7y to T xyy U; are
the same. Since the functors of arrows of F form a sheaf, since F is a prestack, this
implies that ¢7_,1; and pr_1; are equal, as claimed. )

This ends the proof of Proposition 4.14. [ )

Since two equivalent topologies on the same category have the same sieves,
we obtain the following generalization of Proposition 2.49.
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PROPOSITION 4.16. Let C a category, T and T' two topologies on C, F — C a
fibered category. Suppose that T' is subordinate to T. If F is a prestack, or a stack,
relative to T , then it is also a prestack, or a stack, relative to T

In particular, if 7 and 7' are equivalent, then F is a stack relative to 7 if and
only if it is also a stack relative to 7.
For later use, we note the following consequence of Lemma 4.15.

LEMMA 4.17. If F is a prestack on a site, U and V two coverings of an object U
of C, such that V is a refinement of U, and F(U) — F(V) is an equivalence, then
F(U) — F(U) is also an equivalence.

4.1.6. Substacks.

DEFINITION 4.18. Let C be a site, 7 — C a stack. A substack of F is a fibered
subcategory that is a stack.

EXAMPLE 4.19. Let C be a site, 7 — C a stack, G a full subcategory of F
satisfying the following two conditions.

(i) Any cartesian arrow in F whose target isin G is also in G.
(i) Let{U; — U} be a covering in C, { an object of F(U), {; pullbacks of ¢ to U;.
If ¢;isin G for all i, then ¢ is in G.

Then G is a substack.

There are many examples of the situation above: for example, as we shall see
(Theorem 4.23) the fibered category (QCoh/S) is a stack over (Sch/S) with the
fpqc topology. Then the full subcategory of (QCoh/S) consisting of locally free
sheaves of finite rank satisfies the two conditions, hence it is a substack.

PROPOSITION 4.20. Let C be a site, F — C a fibered category. Recall that Feart is
the associated category fibered in groupoids (Definition 3.31).
(i) If F is a stack, so is Feart.
(i) If F is a prestack and Fcart is a stack, then F is also a stack.

PROOF. The isomorphisms in F are all cartesian; hence, given a covering
{U; — U} in C, the categories F({U; — U}) and Feart({U; — U}) have the
same objects, and the effective objects with descent data are the same. So it is
enough to prove that if F is a prestack then Fcart is a prestack.

Let ¢ and 5 be two objects in some F(U). Let {U; — U} be a covering, ¢;
and 7; pullbacks of ¢ and 7 to U;, ¢;; and 7;; pullbacks to Ujj, «;: ; — 7; arrows in
Feart(U;), such that pr} a; = prj a;: &;; — 1;j. Then there is unique arrow a: § — 7
that restricts to «; for each i; and it is enough to show that « is cartesian. But the
cartesian arrows in F (U ) and in each F (Uj;) are the isomorphisms; hence the «; are
isomorphisms, and the arrow a;l : ; — ¢ comes from a unique arrow : 7 — C.
The composites f o« and « o  pull back to identities in each F(U;), and so they
must be identities in F(U). This shows that « is in Feart(U), and completes the
proof. )

4.2. Descent theory for quasi-coherent sheaves

4.2.1. Descent for modules over commutative rings. Here we develop an
affine version of the descent theory for quasi-coherent sheaves. It is only needed
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to prove Theorem 4.23 below, so it may be a good idea to postpone reading it until
after reading the next section on descent for quasi-coherent sheaves.

If A is a commutative ring, we will denote by Mod 4 the category of modules
over A.

Consider a ring homomorphism f: A — B. If M is an A-module, we de-
note by ip1: M ®4 B >~ B®4 M the usual isomorphism of A-modules defined by
tp(n ® b) = b ® n. Furthermore, we denote by ap;: M — B ® 4 M the homomor-
phism defined by ap;(m) =1 ® m.

For each r > 0 set

r times
B =B®4B®---®4B.

A B-module N becomes a module over B*? in two different ways, as N ®4 B and
B ®4 N; in both cases the multiplication is defined by the formula (b7 ® bp)(x7 ®
x2) = b1x1 ® bpxp. Analogously, N becomes a module over B®3as N®4 B®y B,
BRs N®yBand By B®4 N (more generally, N becomes a module over B¥" in
r different ways; but we will not need this).

Let us assume that we have a homomorphism of B¥?-modules y: N ® 4 B —
B ®4 N. Then there are three associated homomorphism of B¥3-modules

P1: B4 N®sB—>B®s4B®yN,
P N®a4B®4B—B®4s4B®aN,
P3: Ny By B — B4 N®a B

by inserting the identity in the first, second and third position, respectively. More
explicitly, we have i = idg ® ¢, P3 = 1 ® idp, while we have (¥} ® xp ® x3) =
Yivi®x @z if p(x1 ®x3) = Y,y ®2z; € B4 N. Alternatively, ¢» = (idp ®
iv) o (Y ®idg) o (idn @ tp).

Let us define a category Mod 4 . as follows. Its objects are pairs (N, i), where
N is a B-module and ¢: N ®4 B ~ B ®4 N is an isomorphism of B®2-modules
such that

Y2o=910P3: N®sB®sB— B®4B®aN.
An arrow B: (N,¢) — (N',¢’) is a homomorphism of B-modules f: N — N/,
making the diagram

N@sB—" 3sBo,N

lﬁ@idg Jidg@ﬁ
lp/

N ®@4B——B®4 N’

commutative.
We have a functor F: Mod4 — Mod 4_,, sending an A-module M to the pair
(B®a M, ppr), where

m: (B®AM)®4B — B4 (B®a M)
is defined by the rule
pmbemeb)=bxb @m.
In other words, ) = idp ® 1.

Itis easily checked that ¢y is an isomorphism of B¥2-modules, and that (M ® 4
B, ¢p1) is in fact an object of Mod 4 .
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If a: M — M’ is a homomorphism of A-modules, one sees immediately that
idg®@a: By M — B®4 M is an arrow in Mod4_,5. This defines the desired
functor F.

THEOREM 4.21. If B is faithfully flat over A, the functor
F: MOdA — MOdAHB
defined above is an equivalence of categories.

PROOF. Let us define a functor G: Mod4_,5 — Mod,. We send an object
(N, ) to the A-submodule GN C N consisting of elements n € N such that
lon=ypn1).

Given an arrow fB: (N, ) — (N',¢’) in Mod4_,p, it follows from the defini-
tion of an arrow that f takes GN to GN’; this defines the functor G.

We need to check that the composites GF and FG are isomorphic to the iden-
tity. For this we need the following generalization of Lemma 2.61. Recall that we
have defined the two homomorphisms of A-algebras

e1,60: B— B®4 B
bye (b)) =b®1and ey (b) =1®b.
LEMMA 4.22. Let M be an A-module. Then the sequence

(61 762)®idM
—_—

0— M- Be,sM B®2 g M

is exact.

The proof is a simple variant of the proof of Lemma 2.61.
Now notice that

((e1 —e) @idy) (b@m) =b@1@m—-10b®m
=ypmb@me1l)—1bem

for all m and b; and this implies that
((e1 —e2) @idm) (x) = pm(x®1) — 1@ x

forallx € B4 M. Hence G(B®4 M, i) is the kernel of (e1 — e;) ® idy, and the
homomorphism M — B ® M establishes a natural isomorphism between M and
G(M ®4 B) = GF(M), showing that GF is isomorphic to the identity.

Now take an object (N, ¢) of Mod4_.p, and set M = G(N, ). The fact that
M is an A-submodule of the B-module N induces a homomorphism of B-modules
6: B4 M — N with the usual rule (b ® m) = bm. Let us check that 6 is an arrow
in Mod 4_, g, that is, that the diagram

idg®0
B®AB®AM%B®AN

lids ®Lm lll’
0®i

d
B®AM®ABJ>N®AB
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commutes. The calculation is as follows:

Y(idp0)(ba b @m) = (b b'm)
=p((bab)(1em)

=bab)yp(lom)

=beb)1®m) (becausem € M)
= (bm®V)

= (0®idp)(bemab)

= (0 ®idg)(idg @ tm) (b @ b’ @ m).

So this 6 defines a natural transformation id — FG. We have to check that 6 is
an isomorphism.

Consider the homomorphisms &, B: N — B ® N defined by a(n) = 1 ® n and
B(n) = ¢p(n ® 1); by definition, M is the kernel of « — B. There is a diagram with
exact rows

d
0 s MoB—2%  Ne, B P e NeLB

lGOlM J/l,b \L‘l’l
am (e2—e1)®idy

0 N BRIgN—B®R®1 B N

where i: M — N denotes the inclusion. Let us show that it is commutative. For
the first square, we have

apbipy(m@b) =1 bm
while

P(i ®idg) (m @ b) = p(m @)
p((1ob)(m@1)
=(1ebypmx1)
=(1eb)(1®m)
=1® bm.

For the second square, it is immediate to check that ¢; o (¢ ® idp) = (e; ® idyN) o .
On the other hand

Pr(p@idp)(n@b) =1 (p(n@ 1) ©b)
=P1P3(n@1@0b)
=(n®1eb)
= (e; ®idn)p(n @ b).
Both ¢ and ¢ are isomorphisms; hence 6 o iy is an isomorphism, so 6 is an iso-

morphism, as desired.
This finishes the proof of Theorem 4.21. 'y
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4.2.2. Descent for quasi-coherent sheaves. Here is the main result of descent
theory for quasi-coherent sheaves. It states that quasi-coherent sheaves satisfy de-
scent with respect to the fpqc topology; in other words, they form a stack with re-
spect to either topology. This is quite remarkable, because quasi-coherent sheaves
are sheaves in that Zariski topology, which is much coarser, so a priori one would
not expect this to happen.

Given a scheme S, recall that in §3.2.1 we have constructed the fibered category
(QCoh/S) of quasi-coherent sheaves, whose fiber of a scheme U over S is the
category QCoh(U) of quasi-coherent sheaves on U.

THEOREM 4.23. Let S be a scheme. The fibered category (QCoh/S) over (Sch/S)
is stack with respect to the fpqc topology.

REMARK 4.24. This would fail in the “wild” flat topology of Remark 2.56: in
this topology (QCoh/S) is not even a prestack.

Take the covering {V, — U} defined there, and the quasi-coherent sheaf
®pOp, the direct sum of the structure sheaves of all the closed points. The re-
striction of ©,0) to each V), is the structure sheaf O, of the closed point, since
pullbacks commute with direct sums, and the restriction of each Oy to V), is zero
for p # q. For each p consider the projection 71,: Oy, — Op; it easy to see that
pri 7ty = pr3 gt Ov, v, = fpq(©pOp), where fy 40V xy Vy — U is the obvi-
ous morphism.

On the other hand there is no homomorphism Oy — ©,0, that pulls back
to 7t for each p. In fact, such a homomorphism would correspond to a section of
©pOp thatis 1 at each closed point, and this does not exist because of the definition
of direct sum.

For the proof of the theorem we will use the following criterion, a generaliza-
tion of that of Lemma 2.60.

LEMMA 4.25. Let S be a scheme, F be a fibered category over the category (Sch/S).
Suppose that the following conditions are satisfied.
(i) F is a stack with respect to the Zariski topology.
(ii) Whenever V. — U is a flat surjective morphism of affine S-schemes, the functor
FU) — F(V-U)

is an equivalence of categories.

Then F is a stack with respect to the the fpqc topology.

PROOF. The proof is a little long and complicates, so for clarity we will di-
vide it in several steps. According to Theorem 3.45 and Proposition 4.12 we may
assume that F is split: this will only be used in the last two steps.

Step 1: F is a prestack. Given an S-scheme T — S and two objects ¢ and 1 of
F(T), consider the functor

Homr(¢,77): (Sch/T)® — (Set).

We see immediately that the two conditions of Lemma 2.60 are satisfied, so the
functor Homy (¢, #7) is a sheaf, and F is a prestack in the fpqc topology.
Now we have to check that every object with descent data is effective.
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Step 2: reduction to the case of a single morphism. We start by analyzing the sec-
tions of F over the empty scheme @.

LEMMA 4.26. The category F (D) is equivalent to a category with one object and one
morphism.

Equivalently, between any two objects of F (@) there is a unique arrow.

PROOF. The scheme @ has the empty Zariski covering i/ = @. By this I really
mean the empty set, consisting of no morphisms at all, and not the set consisting
of the embedding of @ C @. There is only one object with descent data (@, D)
in F(U), and one morphism from (@, ) to itself. Hence F (/) is equivalent to
the category with one object and one morphism; but F(Q) is equivalent to F (U),
because F is a stack in the Zariski topology. [

LEMMA 4.27. If a scheme U is a disjoint union of open subschemes {U; };c|, then the
functor F(U) — TLic; F(U;) obtained from the various restriction functors F(U) —
F(U;) is an equivalence of categories.

PROOF. Let ¢ and # be objects of F(U); denote by ¢; and #; their restrictions
to U;. The fact that Hom;(&,7): (Sch/T)°P — (Set) is a sheaf ensures that the
function

Hom () (&,7) — [ [Homz(y,) (& 1i)

is a bijection; but this means precisely that the functor is fully faithful.

To check that it is essentially surjective, take an object (¢;) in [T;e; F(U;). We
have U;; = @ when i # j, and U;; = U; when i = j; we can define transition iso-
morphisms ¢;;: pr; §; >~ prj ; as the identity when i = j, and as the only arrow
from pr; &; to pry ¢; in F(U;;) = F (@) when i # j. These satisfy the cocycle condi-
tion; hence there is an object ¢ of F (U ) whose restriction to each U; is isomorphic
to ;. Then the image of ¢ into [T;c; F(U;) is isomorphic to (&;), and the functor is
essentially surjective. [ )

Given an arbitrary covering {U; — U}, set V = []; U;, and denote by f: V —
U the induced morphism. I claim that the functor F(U) — F(V — U) is an
equivalence if and only if F(U) — F({U; — U}) is. In fact, we will show that
there is an equivalence of categories

FV—=U) — F{U; — U})
such that the composite
F(U) — F(V = U) — F({U; — u})
is isomorphic to the functor
F(U) — F{U; — U}).
This is obtained as follows. We have a natural isomorphism of U-schemes

VXUVSHUZ XUU'/
ij
so Lemma 4.27 gives us equivalences of categories
(4.2.1) FV)—]J]FWw)
i
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and

1]

An object of F(V — U) is a pair (1,¢), where 5 is an object of F(V) and
¢: pryn ~ priyin F(V xy V) satisfying the cocycle condition. If #; denotes the
restriction of 77 to U; for all i and ¢;;: pr; 7 ~ prj 77 the arrow pulled back from ¢,
the image of ¢ in [T; ; F(U; xy U;) is precisely the collection (¢;;); it is immediate
to see that (¢;;) satisfies the cocycle condition.

In this way we associate with each object (1,¢) of F(V — U) an object

({ni}, {¢ij}) of F({U; — U}). Anarrow a: (17,¢) — (1, ¢") isanarrow a: 17 — 7’
in F(V) such that

priaxod =doprya: pryy — priiy’;

then one checks immediately that the collection of restrictions {a;: 17; — 1/} gives
anarrow {a;}: ({11}, {¢ij}) — ({ni} A9})-

Conversely, one can use the inverses of the functors (4.2.1) and (4.2.2) to define
the inverse of the functor constructed above, thus showing that it is an equivalence
(we leave the details to the reader). This equivalence has the desired properties.

This means that to check that descent data in F are effective we can restrict
consideration to coverings consisting of one arrow.

Step 3: the case of a quasi-compact morphism with affine target. Consider the case
that V. — U is a flat surjective morphism of S-schemes, with U affine and V quasi-
compact. Let {V;} be a finite covering of V by open affine subschemes, V' the
disjoint union of the V;. Then F(U) — F(V' — U) is an equivalence, by hypoth-
esis, so by Lemma 4.17 F(U) — F(V — U) is also an equivalence.

Step 4: the case of a morphism with affine target. Now U is affine and V — U is
an arbitrary fpqc morphism. By hypothesis, there is an open covering {V;} of V by
quasi-compact open subschemes, all of which surject onto U. We will use the fact
that F has a splitting. We need to show that F(U) — F(V — U) is essentially
surjective.

Choose an index i; V; — U is also an fpqc cover, with V; quasi-compact. We
have a strictly commutative diagram of functors

U) ——— F(V — U)

\/

F(V; = U

in which F(U) — F(V; — U) is an equivalence, because of the previous step,
and F(U) — F(V — U) is fully faithful. From this we see that to show that
F(U) — F(V — U) is essentially surjective it is enough to prove that F(V —
u) — F(V; — U) is fully faithful.

It is clear that F(V — U) — F(V; — U) is full (because F(U) — F(V; — U)
is), so it is enough to show that it is faithful. Let « and § be two arrows in F(V —
U) with the same image in F(V; — U). For any other index j we have that the
restriction functor 7 (V; UV; — U) — F(V; — U) is an equivalence, because in
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the strictly commutative diagram

U) ——— F(V;UV; — U)

\/

F(V; = U)

the top and left arrows are equivalences, so the restrictions of « and f to V; U'V;
are the same. Hence the restrictions of « and f to each V; are the same: since F is
a prestack we can conclude that « = .

Step 5: the general case. Now consider a general fpqc morphism f: V. — U,
with no restrictions on U or V. Take an open covering {U;} of U by affine sub-
schemes, and let V; be the inverse image of U; in V. We need to show that any
object (1, ¢) of F(V — U) comes from an object of F(U).

For each open subset U’ C U, denote by ®;: F(U') — F(f U — W) the
functor that sends objects to objects with descent data, defined via the splitting.
We will use the obvious fact that if U” is an open subset of U’, the diagram

F(fU) ———— F(f'U")

\kbu/ l¢’ u

f(f_lu/ — u/) - f(f_lu// — u//)

where the rows are given by restrictions, is strictly commutative.

For each index i, let (77;, ¢;) be the restriction of (1, ¢) to V;. This is an object
of F(Vi — U;), hence by the previous step it there exists an object ¢; of F(U;)
with an isomorphism a;: ®;.¢; ~ (17;,¢;) in F({V; — U;}). Now we want to glue
together the ¢; to a global object ¢ of F(U); for this we need Zariski descent data
$ije G luy~ G luy-

For each pair of indices i and j, set V;; = V; NV}, so that Vj; is the inverse
image of U;; in V. By restricting the isomorphisms «;: ®,§; ~ (1;, ¢;) to Vij we
get isomorphisms

;v

i
Py, (Gi luy) = (Pu6i) lvy = (7 lv ¢ vy)
and from these isomorphisms
aflaj: q)u,‘]‘ (6] |U,‘]‘) = CDU,']‘(gi |U,‘j)‘
Since the functor @y, is an equivalence of categories, there exists a unique isomor-
phism ¢;;: ; |Vu_ (;‘1 |V such that @y, ¢i; = a; 10c]

By applying ®y;,, we see easily that the Cocycle condition ¢ = ¢;jpjx is sat-
isfied; hence there exists an object ¢ of F(U), with isomorphisms ¢ [y,~ §;. If we
denote by f;: V; — U the restriction of : V — U, we obtain an isomorphism of
fi¢ = f*¢ |v, with the pullback of ; to V;. We also have an isomorphism of the
pullback of ¢; to V; with 7;, obtained by pulling back «; along Vi — U;. These

isomorphisms f*¢ |y~ #; coincide when pulled back to V;;, so they glue together
to give an isomorphism f*¢ =~ #; and this is the desired isomorphism of ®;¢ with

(1,9)-
This completes the proof of Lemma 4.25. [ )
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It is a standard fact that (QCoh/S) is a stack in the Zariski topology; so we
only need to check that the second condition of Lemma 4.25 is satisfied; for this,
we use the theory of §4.2.1. Take a flat surjective morphism V' — U, correspond-
ing to a faithfully flat ring homomorphism f: A — B. We have the standard
equivalence of categories QCoh(U) ~ Mody; I claim that there is also an equiv-
alence of categories QCoh(V — U) ~ Moda_5. A quasi-coherent sheaf M
on U corresponds to an A-module M. The inverse images pr; M and pr; M in
V xu B = SpecB ® 4 B correspond to the modules M ® 4 B and B ® 4 M, respec-
tively; hence an isomorphism ¢: pr; M ~ pr] M corresponds to an isomorphism
P: M®4 B ~ B®y M. It is easy to see that ¢ satisfies the cocycle condition, so
that (M, ¢) is an object of QCoh(V — U), if and only if ¢ satisfies the condition
P13 = Py; this gives us the equivalence QCoh(V — U) ~ Mod4_,5. The func-
tor QCoh(U) — QCoh(V — U) corresponds to the functor Mod4 — Mod4_.p
defined in §4.2.1, in the sense that the composites

QCoh(U) — QCoh(V — U) ~ Mod4_.p

and
QCOh(U) ~ MOdA ~ MOdAHB

are isomorphic. Since Mod4 — Mod 4,5 is an equivalence, this finishes the proof
of Theorem 4.23.

Here is an interesting question. Let us call a morphism of schemes V' — U a
descent morphism if the functor QCoh(U) — QCoh(V — U) is an equivalence.

Suppose that a morphism of schemes V' — U has local sections in the fpqc
topology, that is, there exists an fpqc covering {U; — U} with sections U; — V.
This is equivalent to saying that V — U is a covering in the saturation of the fpqc
topology, so, by Theorem 4.23 and Proposition 4.16, it is a descent morphism.

OPEN QUESTION 4.28. Do all descent morphisms have local sections in the
fpqc topology? If not, is there an interesting characterization of descent mor-
phisms?

4.2.3. Descent for sheaves of commutative algebras. There are many vari-
ants of Theorem 4.23. The general principle is that one has descent in the fpqc
topology for quasi-coherent sheaves with an additional structure, as long as this
structure is defined by homomorphisms of sheaves, satisfying conditions that are
expressed by the commutativity of certain diagrams.

Here is a typical example. If U is a scheme, we may consider quasi-coherent
sheaves of commutative algebras on U, that s, sheaves of commutative O;-algebras
that are quasi-coherent as sheaves of Oy-modules. The quasi-coherent sheaves of
commutative algebras on a scheme U form a category, denoted by QCohComm U.

We get a pseudo-functor on the category (Sch/S) by sending each U — S to
the category QCohComm U; we denote the resulting fibered category on (Sch/S)
by (QCohComm/S).

THEOREM 4.29. (QCohComm/S) is a stack over (Sch/S).
Here is the key fact.

LEMMA 4.30. Let {o;: U; — U} be an fpqc covering of schemes.

(i) If A and B are quasi-coherent sheaves of algebras over U, ¢: A — B is a homo-
morphism of quasi-coherent sheaves, such that each pullback o;*¢: 0 A — o Bisa
homomorphism of algebras for all i, then ¢ is a homomorphism of algebras.
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(ii) Let A be a quasi-coherent sheaf on U. Assume that each pullback o} A has a struc-
ture of sheaf of commutative algebras, and that the canonical isomorphism of quasi-
coherent sheaves pr5 (Tj*A ~ prj 0/ A is an isomorphism of sheaves of algebras for
each i and j. Then there exists a unique structure of sheaf of commutative algebras
on A inducing the given structure on each o} A.

PROOF. For part (i), we need to check that the two composites

Ao, A5 A—B
and
Ao, AL Boo, B
coincide. However, the composites

07 ABoy 0f A~ 0f (Ao, A) T ot d T o

and

Q) *
o7 PP (Tfk(3®(9u3) 0 HB B

oA ®oy, of A~ ol (A®p, A) ;
coincide, because 0} ¢ is a homomorphism of sheaves of algebras; and we know
that two homomorphisms of quasi-coherent sheaves on a scheme that are locally
equal in the fpqc topology, are in fact equal, because (QCoh/S) is a stack over
(Sch/S).

Let us prove part (ii). From the algebra structure on each ¢;" A we get homo-
morphisms of quasi-coherent sheaves

Mi: (Ti*(A@Ou A) :U;‘A®0u’_ oA — ol A

We need to show that these homomorphisms are pulled back from a homomor-
phism A ®p, A — A. Denote by 0;;: U;; — U the obvious morphism; since
(QCoh/S) is a stack, and in particular the functors of arrows are sheaves, this is
equivalent to proving that the pullbacks Ui’;-(.A ®oy, A) — Aof y; and p; coincide
for all 7 and j. This is most easily checked at the level of sections.

Similarly, the homomorphisms Oy;; — A; corresponding to the identity come
from a homomorphism Oy — A.

We also need to show that the resulting homomorphism A ®p, A — A gives
A the structure of a sheaf of commutative algebras, that is, we need to prove that
the product is associative and commutative, and that the homomorphism Oy —
A gives an identity. Once again, this is easily done by looking at sections, and is
left to the reader. ®

From this it is easy to deduce Theorem 4.29. If {o;: U; — U} is an fpqc
covering, and ({A;}, {¢;j}) is an object of (QCohComm/S)({o;: U; — U}), we
can forget the algebra structure on the A;, and simply consider it as an object of
(QCoh/S)({c;: U; — U}); then it will come from a quasi-coherent sheaf A on U.
However, each o7 A is isomorphic to A;, thus it inherits a commutative algebra
structure: and Lemma 4.30 implies that this comes from a structure of sheaf of
commutative algebras on A. This finishes the proof of Theorem 4.29.

Exactly in the same way one can defined fibered categories of sheaves of (not
necessarily commutative) associative algebras, sheaves of Lie algebras, and so on,
and prove that all these structures give stacks.
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4.3. Descent for morphisms of schemes

Consider a site C, a stable class P of arrows, and the associate fibered category
P — C, as in Example 3.17.
The following fact is often useful.

PROPOSITION 4.31. Let C be a subcanonical site, P a stable class of arrows. Then
P — C is a prestack.

Recall (Definition 2.57) that a site is subcanonical when every representable
functor is a sheaf. The site (Sch/S) with the fpqc topology is subcanonical (Theo-
rem 2.55).

PROOF. Let {U; — U} be a covering, X — U and Y — U two arrows in P.
The arrows in P(U) are the arrows X — Y in C that commute with the projections
to U. Set X; = U; xy X and X;; = Uj; Xy X = X; Xx Xj, and analogously for Y;
and Yj;. Suppose that we have arrows f;: X; — Y; in P(U;), such that the arrows
Xij — Yjj induced by f; and f; coincide; we need to show that there is a unique
arrow f: X — Y in P(U) whose restriction X; — Y; coincides with f; for each i.

The composites X; LR Y; — Y give sections g; € hy(X;), such that the pull-

backs of g; and g; to X;; coincide. Since hy is a sheaf, {X; — X} is a covering, and
Xijj = X; xx Xj for any i and j, there is a unique arrow f: X — Y in C, such the

composite X; — X Ly is gj, so that the diagram

XZ'L)YI‘

L,

X—Y

commutes for all i. It is also clear that the arrows X — Uand X & Y — U
coincide, since they coincide when composed with U; — U for all i, and since hy;
is a sheaf, and in particular a separated functor. Hence the diagram

J\

)
S

commutes, and f is the only arrow in P (U) whose restriction to each U; coincides
with fi- ‘

However, in general P will not be a stack. It is easy to see that P cannot be a
stack unless it satisfies the following condition.

5
g

DEFINITION 4.32. A class of arrows P in C is local if it is stable (Definition 3.16),
and the following condition holds. Suppose that you are given a covering {U; —
U} in C and an arrow X — U. Then, if the projections U; x; X — U; are in P for
alli, X — Uis also in P.

Still, a local class of arrow does not form a stack in general, effectiveness of
descent data is not guaranteed, not even when P is the class of all arrows. Con-
sider the following example. Take C to be the class of all schemes locally of finite
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type over a field k, of bounded dimension, with the arrows being morphisms of
schemes over k. Let us equip it with the Zariski topology, and let P be the class of
all arrows. CallU = U [TUp [TU3 T U4 I .. the union of countably many copies
of U; = Speck. The collection of inclusions {U; — U} forms a covering. Over
each U; consider the scheme A;;. Obviously Uj; = @ if i # j, and U;; = Speck if
i = j, so we define transition isomorphisms in the only possible way as the identity
¢ = id INE A}; — A};, and as the identity idgp: @ — @ when i # j. These obvi-
ously satisfy the cocycle condition, being all identities. On the other hand there
cannot be a scheme of bounded dimension over U, whose pullback to each U; is
AL

¢ This is an artificial example; obviously if we want to glue together infinitely
many algebraic varieties, we shouldn’t ask for the dimension to be bounded. And
in fact, morphisms of schemes form a stack in the Zariski topology, and therefore
a local category of arrows also forms a stack in the Zariski topology.

On the other hand, most of the interesting properties of morphisms of schemes
are local in the fpqc topology on the codomain, such as for example being flat, be-
ing of finite presentation, being quasi-compact, being proper, being smooth, being
affine, and so on (Proposition 2.36). For each of these properties we get a prestack
of morphisms of schemes over (Sch/S), and we can ask if this is a stack in the fpqc
topology.

The issue of effectiveness of descent data is rather delicate, however. We will
give an example to show that it can fail even for proper and smooth morphisms,
in the étale topology (see 4.4.2). In this section we will prove some positive results.

4.3.1. Descent for affine morphisms. Let P be the class of affine arrows in
(Sch/S), and denote by (Aff/S) — (Sch/S) the resulting fibered category. The
objects of (Aff/S) are affine morphisms X — U, where U — S is an S-scheme.

THEOREM 4.33. The fibered category (Aff/S) is a stack over (Sch/S) in the fpqc
topology.

First of all, (Aff/S) is a prestack, because of Proposition 4.31, so the only issue
is effectiveness of descent data. By Proposition 4.20 (ii) it is enough to check that
(Aff/S)cart is a stack.

Let A be a quasi-coherent sheaf of algebras on a scheme U. Then we denote
by Specy A the relative spectrum of 4; this is an affine scheme over U, and if
V C U is an open affine subscheme of U, the inverse image of V in Spec;; A is the
spectrum of the ring A(V).

A homomorphism of sheaves of commutative rings A — B induces a ho-
momorphism of U-schemes Spec;; B — Spec; A; this is a contravariant functor
from QCohComm U to the category Aff U of affine schemes over U, which is well-
known to be an equivalence of categories QCohComm U°P ~ Aff U. The inverse
functor sends an affine morphism /1: X — U to the quasi-coherent sheaf of com-
mutative algebras 1, Ox.

There is a morphism of fibered categories

(QCohComm/S)cart — (Aff/S)cart

that sends a an object A of QCohComm U to the affine morphism Spec A — U.
Let (f,a): (U, A) — (V,B) be an arrow in (QCohComm/S)cart; f: U — Visa
morphism of S-schemes, a: A ~ f*B an isomorphism of sheaves of O;-modules.
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Then a ! gives an isomorphism Spec; A ~ Spec;, f*B = U xy Specy, B of schemes
over U, and the composite of this isomorphism with the projection U xy Specy, B —
Specy, B gives an arrow from Spec;; A — U to Specy, B — V in (Aff/S)cart.

If we restrict the morphism to a functor

(QCohComm/S)cart(U) — (Aff/S)cart(U)

for some S-scheme U we obtain an equivalence of categories; hence this morphism
is an equivalence of fibered categories over (Sch/S), by Proposition 3.36. Since
(QCoh/S)cart is a stack, by Theorem 4.29 and Proposition 4.20 (i), we see from
Proposition 4.12 that (Aff/S)cart is also a stack, and this concludes the proof of
Theorem 4.33.

The following corollary will be used in §4.3.3.

COROLLARY 4.34. Let P — U be a morphism of schemes, {U; — U} an fpqc cover.
For each i set P; o U; xy P and P o Ujj Xy P. Suppose that for each i we have a
closed subscheme X; of P;, with the property that for each pair of indices i and j the inverse
images of X; and X; in P;j, through the first and second projection respectively, coincide.
Then there is a unique closed subscheme of P whose inverse image in P; coincides with X;
for each i.

PROOF. We have that {P; — P} is an fpqc cover, and P;; = P; xp P;. The
pullbacks pr; X; and pry X; to P;; coincide as subschemes of Pj;, and this yields
a canonical isomorphism ¢;; prj X; ~ prj X;. The cocycle condition is automati-
cally satisfied, because any two morphisms of P;jx-schemes that are embedded in
Pjj automatically coincide. Hence there is an affine morphism X — P that pulls
back to X; — P; for each i; and this morphism is a closed embedding, because of
Proposition 2.36.

Uniqueness is clear, because two closed subschemes of P that are isomorphic
as P-schemes are in fact equal. 'y

4.3.2. The base change theorem. For the next result we are going to need a
particular case of the base change theorem for quasi-coherent sheaves.
Suppose that we have a commutative diagram of schemes

@.3.1) x—

Y
¢
4
u—my

and a sheaf of Oy-modules L. Then there exists a natural base change homomor-
phism of Oy-modules

Brg(L): 711 L — Cuf "L

that is defined as follows. First of all, start from the natural adjunction homo-
morphism £ — f.f*L (this is the homomorphism that corresponds to ids:, in
the natural adjunction isomorphism Homy (£, f.¢* L) ~ Homx (f*L, f*L)). This
gives a homomorphism of Oy-modules

Nl — nufuf L= e f" L.
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Then By,(L) corresponds to this homomorphism under the adjunction isomor-
phism
Homy (¢ 1L, 8« f* L) ~ Homy (11.L, ¢+ f* L).
The homomorphism B¢ 4(L) has the following useful characterization at the
level of sections. If V; is an open subset of V, and s € L(71V;) = 1.L£(V7), then

there is a pullback section ¢*s € ¢*17.L(¢p~ V7). The sections of this form generate
¢*1n.L as an Oy-module. The section

frseL(f i) =L@E ¢ Ts)

can be considered as an element of &, f*£(¢~1V;); and then B £¢(L) is character-
ized as the only Oy-linear homomorphism of sheaves such that

Brg(L)(@'s) = f's € Cf L~ WV1)

for all s as above.

The base change homomorphism is functorial in £. That is, there are two
functors ¢*77, and ¢« f* from (QCoh/Y) to (QCoh/U), and By gives a natural
transformation ¢* 1. — G« f™.

The base change homomorphism also satisfies a compatibility condition.

PROPOSITION 4.35. Let

x—y—&,

V4

¢ U l@
¢ 4

Uu——yv—Ww

be a commutative diagram of schemes, L a sheaf of Oz-modules. Then the diagram of
Oy-modules

g,y (0 L)
¢ P L o ()"0 L
¢*5g,¢(£)l lﬂgf,qxp(ﬁ)
P87 L E(gf) L
/sfm %ﬂ)
S«f 8" L

commuites.

PROOF. This is immediately proved by taking an open subset W of W, a sec-
tions € {.L(W;) = L({"'Wj), and following ¢**s in the diagram above. [ )

Since in Proposition 4.35 the homomorphisms ag, (<L) and C.ar g (L) are
always isomorphism, we get the following corollary.

COROLLARY 4.36. In the situation of Proposition 4.35, assume that the base change
homomorphism Bgy(L) is an isomorphism. Then By yy(L) is an isomorphism if and
only if B¢ (8% L) is an isomorphism
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Here is the base change theorem, in the form in which we are going to need it.
This is completely standard in the noetherian case; the proof reduces to this case
with reduction techniques that are also standard.

PROPOSITION 4.37. Suppose that the diagram (4.3.1) is cartesian, that 1 is proper
and of finite presentation, and that L is quasi-coherent and of finite presentation, and flat
over V. For any point v € V denote by Y, the fiber of 7 over v, and by L, the restriction
of LtoYy.

IfHY(Yy, Ly) = 0 forall v € V, then 1. L is locally free over V, and the base change
homomorphism Bg (L) ¢*11. L — Cuf* L is an isomorphism.

PROOF. If V is noetherian, then the result follows from [EGAIII-2, 7.7] (see
also [Har?77, I11 12]).

In the general case, the base change homomorphism is easily seen to localize in
the Zariski topology on U; hence we may assume that V is affine. Set V = Spec A.
According to [EGAIV-3, Proposition 8.9.1, Théoréme 8.10.5 and Théoreme 11.2.6]
there exists a subring Ay C A that is of finite type over Z, hence noetherian, a
scheme Y] that is proper over Spec A, and a coherent sheaf L], on Y} that is flat
over Ay, together with an isomorphism of (Y, £) with the pullback of (Y}, L) to
Spec A.

By semicontinuity ([EGAIII-2, Théoreme 7.6.9]), the set of points vy € Spec Ay
such that the restriction of 56 to the fiber of Y(’) over vy has nontrivial H' is closed
in Spec Ap; obviously, it does not contain the image of Spec A. Denote by V; the
open subscheme that is the complement of this closed subset, by Yy and £y the
restrictions of Y{ and L[, to V). Then Spec A maps into Vp, and (Y, £) is isomorphic
to the pullback of (Y, £y) to Spec A; hence the result follows from Corollary 4.36
and from the noetherian case. 'y

4.3.3. Descent via ample invertible sheaves. Descent for affine morphism
can be very useful, but is obviously limited in scope. One is more easily interested
in projective morphisms, rather than in affine ones. Descent works in this case,
as long as the projective morphisms are equipped with ample invertible sheaves,
and these also come with descent data.

THEOREM 4.38. Let S be a scheme, F be a class of flat proper morphisms of finite
presentation in (Sch/S) that is local in the fpqc topology (Definition 4.32). Suppose that
for each object §: X — U of F one has given an invertible sheaf Lz on X that is ample
relative to the morphism X — U, and for each cartesian diagram

XLY

\F P
4
uUu——myv

an isomorphism pg g f* Ly >~ L of invertible sheaves on X. These isomorphisms are re-
quired to satisfy the following condition: whenever we have a cartesian diagram of schemes

x f 8
U]

N

Uu—yv—w

N
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whose columns are in F, then the diagram

* 4ok afu (Lg) *
£ Ly —— (gf)"L;

lf “Pgp lpgfw

, of,
fily ———— L

of quasi-coherent sheaves on X commutes. Here af,o (L) is the canonical isomorphism of
§3.2.1.
Then F is a stack in the fpqc topology.

Another less cumbersome way to state the compatibility condition is using
the formalism of fibered categories, which will be freely used in the proof: since
(8f)*L;isapullback of g* L; to Y, we can consider the pullback f*pg y: (8f)*L; —
f*Ly, and then the condition is simply the equality

Psfye = Prg 0 f0gw: (8F) Lo — Lt

EXAMPLE 4.39. For any fixed base scheme S and any non-negative integer
g we can consider the class F; s of proper smooth morphisms, whose geometric
fibers are connected curves of genus g. These morphisms form a local class in
(Sch/S).

If ¢ # 1 then the theorem applies. For ¢ > 2 we can take Lx_,; to be the
relative cotangent sheaf Q%( /U OF one of its powers, while for g = 0 we can take
its dual. So F s is a stack. The stack (F, g,s)cart (Definition 3.31) is usually denoted
by M, s, and plays an important role in algebraic geometry.

There is no natural ample sheaf on families of curves of genus 1, so this the-
orem does not apply. In fact, 77 s, as we have defined it here, is not a stack: this
follows from the counterexample of Raynaud in [Ray70, XIII 3.2].

See Remark 4.48 for further discussion.

PROOF OF THEOREM 4.38. The fact that F is a prestack in the fpqc topology
follows from Proposition 4.31. It is also easy to check that F is a stack in the Zariski

topology.
For each object {: X — U of F we define a quasi-coherent finitely presented

sheaf Mz on U as M; &, Lx. Given a cartesian square

x 1o

Y
¢ l’?
¢
uUu——yv
we get a homomorphism of quasi-coherent sheaves
Chpt "My = ¢*1.Ly — EuLx = Mg
by composing the base change homomorphism
Brg: @ 1Ly — Cuf "Ly
with the isomorphism

Gy Eof Ly = 8Ly,
This homomorphism satisfies the following compatibility condition.



98 4. STACKS

PROPOSITION 4.40. Given a cartesian diagram of schemes

ng

X— V4
SR
¢ 4
u——mv—mw

whose columns are in F, the composite

(w9)" Mg S g7 My T g
equals g f -

PROOF. Take a section s of M; on some open subset of W, and let us check
that
05,9 © 9" gy ($9)7s) = Tgryp (¥0)°s)
(since the sections of the form (gf)*s generate (¢)* M as a sheaf of Oy;-modules,
this is enough). The section s is a section of £; on some open subset of Z, and we
have

4’*‘7g,¢((¢4’)*5) =

= ¢"(11:0g,p © B.y) () "s)
¢ (pgp © By (¥s))
= ¢ (pgp(875));
hence
T, 0 0 005 ($0)*s) = (Gupsp 0 Brgp)d" (0g.0(875))
= p5p(f ogp(875))
= Porug((8)"s)
= G © Bafpo (¥9)7s)
= g1y ((9)"s). o

We use once again the criterion of Lemma 4.25. Consider a flat surjective mor-
phism V — U of affine S-schemes and object 7: Y — V of F(V). Notice that,
given a positive integer N, the isomorphisms pf4: f*Ly ~ L; as in the statement
of the theorem induce isomorphisms p%g] o f *(LI??N ) ~ £?N . These also satisfy
the conditions of the theorem: whenever we have a diagram of schemes

Xy —5,

V4
e ]
¢ 4

Uu—yv—w

N

whose columns are in F, then the diagram

x % PQN ‘Xf’g(ﬁgCN) * pQON
FateeN L (gfya
|2 [Fit
0
FL, cg
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commutes (this is easily checked by following the action of the arrows on sections
of the form f*g*s®N, where s is a section of £; over some open subset of W: since
those generate f*g* E?N , if the two composites f*¢*L; — L agree on them, they
must be equal).

By substituting £, with E%’ N for a sufficiently large integer N, we may assume
that £, is very ample on Y, and for any point v € V we have H' (Y, £, |y,) = 0,
where Y} is the fiber of Y over v. This will have the consequence that all the base
change homomorphisms that intervene in the following discussion are isomor-
phisms.

The two diagrams

pry pry
YxyuyV——Y and VxuyYy——Y
qxidvl J{’? idvxnl l’?

pry pry
VxyV—mV VxuyV—7—8YV

are cartesian; therefore we can take 7 X idy: Y Xy V. — V X1 V as the pullback
prin € F(V xy V), and analogously, idy x f: V xyV — V xyV aspryy €
.7:(V Xu V).

Analogously, the pullbacks of f along the three projections V xy V xyV — V
are

1’]><idv><idv2YXuVXuVHVXuVXuV,
idy x g xidy: VxyYxyV —=VxyVxyV and
idy xidy x: VxygVxyY —=VxyVxyV.
Suppose that we are given an object 7: Y — V in F(V) with descent data

¢: VxyY =Y xy V, that consists of an isomorphism of schemes over V x; V
satisfying the cocycle condition, that is the commutativity of the diagram

pry; ¢ = idy x¢

VXuVXuY VXuYXuV
M %Xidv
YXuVXuV

We will use ¢ to construct descent data for the quasi-coherent sheaf of finite pre-
sentation /\/l,7 on V. From the two cartesian diagrams

P12 pry
VxuyY——Y and YxyuyV——Y
idvxi]l lﬂ ﬂXidvl JU

P12 Pry
VxyuyV—7—8YV VxyuyV—V

we get isomorphisms

Opry pr, * pr, My ~ Migy <y and  opr pr, : pr; My ~ My xidys
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and from the cartesian diagram

VxuY — oy xyv

lidv xXn ll? XidV

V x u V—=V Xu \%
another isomorphism
Opidy v+ M’?Xidv = Midvx’i‘

With these we define an isomorphism

def 1 -1 . * R
Y= Cprypry © iy © Torapry PR My = pri My,

of quasi-coherent sheaveson V x; V.

Let us check that ¢ satisfies the cocycle condition. We will use our customary
notation pr; and pr, to denote the projection onto the first and second factor of
a product X; xy Xp, and p1, pp and p3 for the first, second and third projection
onto the factors of the triple product X; xy X Xy X3. (Previously we have also
denoted these by pr;, pr, and pr;, but here the risk of confusion seems more real.)

Consider the cartesian diagram

p2
ququm ;

( 7>.<
=

J/idv ><1’]><idv Jidvxl’]
P12 pr

p2

according to Proposition 4.40, we have that 0y, p, : p My — Miq,, xyxid, is the
composite

<

X PI12 Tpry,pry * Ipri2-priz
PzMr] Pri Midvxn ? Midvquidvr
so we have the equality

* _ 1 .ok
PT12 Oprypry = priy,pry, © Ipapat paMy — Mg, xyxidy -
In a completely analogous fashion we get the equalities

= U};rizfprlz © Op1p1s
- U};r;,prm © Tpa,pas
UI;isrPTZS © Opapar
a};&s'l?rla ©pup1

U};risfprw © Ups,ps-

PT12 Opry pr;
Pr23 Opry pr,
pr§3 Opr, pr,
Pr13 Opr, pr, and

*
PT13 Opr, pr,
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We need to prove the equality prj, ¢ o pry; ¢ = prj,; ¢; using definition of ¢ and
the identities above, and doing some simplifications, the reader can check that this
equality is equivalent to the equality

1 -1

* — -1 * -1
(Tprip priy ©PT12 09 © Opryy pry, ) © (Tpraypryy © PT23 05 © Opry pr,)

* -1
(UPrzs/Przs © Ppry3 0'4)

-1
© UPr23'Prz3)

that we are going to prove as follows.
From the cartesian diagram

VxuYxuV v,y Ly <y v

J/ide?]Xidv lidvxﬂ lij Xidv

pr
VxuVxyV—5VxyV=——VxyV
we get the equality
w1 1 _ 1 ,
PT129%  ©Opryppry, = U¢°Pr12/Pr12’
from the other cartesian diagram

Pop12

VXuYXuV—>YXuVXuV—12>YXuV

J{ide?]XidV lﬂ XidV XidV l?] XidV
Pr12

VxuyVxyVe/mVxyuVxyV————VxyV

we obtain that

-1 -1 -1
(o o0, =0, .7 - =0, . .
Pr12/Pt1p = Ypopry,,pryy ¢xidy idyx v v pri, ¢Adv v v

With analogous arguments we get the equalities

-1 -1
o o = 0 .
Pry3/Prys PoPpry3,Praz Pras pidvsvx v

and

0,71
qu, ‘PrldeUVXUV,

-1
Iprizpris © Ygopryspryy =

from which we see that the cocycle condition for 1 is equivalent to the equality

. o . = ; .
O'Pr% (ledequuV UPI’TZ ¢rldV><uV><uV O'Pr% (PrldequuV

But this follows immediately, once again thanks to Proposition 4.40, from the co-
cycle condition on ¢.

So (My, ) is a quasi-coherent sheaf with descent data, hence it will come
from some quasi-coherent sheaf of finite presentation M on U.

Now let us go back to the general case. Given an arrow ¢: X — U in F, we
have an adjunction homomorphism

@ (?Mg = é*é*ﬁg — Eg

that is characterized at the level of sections by the equality 7z(¢*s) = s for any
section s of Lz over the inverse image of an open subset of U.
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PROPOSITION 4.41. Given a cartesian square

f
—

Y
¢
4

—V

>

<7

<

the two composites

* * ' * Of¢
(@8) My = (nf) My = f*Ly = L¢
and
N (:*U'f, “ T
(98)" My —5 &M = £
coincide.
PROOF. Let s be a section of M, over an open subset of V, that is, a section of

Ly over the inverse image in Y of an open subset of V. Then both composites are
characterized by the property of sending (¢¢)*s = (17f)*s to 5,4 (f*s). [ )

In the situation of the Proposition above, assume that £, is very ample on Y
relative to 77, and that the base change homomorphism ¢ ,: ¢ 1. Ly — i f* Ly is
an isomorphism. Then oy 4: ¢* M, — M; is an isomorphism, and this induces
an isomorphism

U xy P(M,) = P(¢* M,) ~ P(M,)

of schemes over U, hence a cartesian square
]P(Mg) —u
| )
P(My) —— Vv

Also, since L¢ and L, are very ample, the base change homomorphisms 7z: {* Mgz —
Ly and 7;: 1" M, — L, are surjective, and the corresponding morphisms of
schemes X — IP(Mg¢) and Y — IP(M,) are closed embeddings. Proposition 4.41
implies that the diagram

X——P(Mg) —— U
b ’
Y——P(M;) —V

commutes, and is cartesian.
Going back to our covering V — U, we have that the two diagrams

1% Xu Y(—>]P(Midv><,7) —V XuV

TR

Yo P(My)) ————— Vv
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and
Y xy Ve——P(M,xiq,) — V xy V

FTR

Ye——PWMy) ——— V

are cartesian; these, together with the diagram

\% Xu Y(—>]P(Midv><r]) —V XuV

oo

Y xy Ve——P(M, xidy) —= V xy V

and the definition of ¢, show that the two inverse images of ¥ C IP(M,) in
IP(pr; My) and in P(pr; M) coincide. On the other hand, the quasi-coherent
sheaf with descent data (M, ) is isomorphic to the pullback of the quasi-coherent
sheaf M. If f: V — U is the given morphism, F: V x; V — U the compos-
ite with the projections V xyy V. — V, this implies that the two pullbacks of
Y € P(M,;) ~ P(f*M) coincide. This implies that there is a unique closed
subscheme X C IP(M) that pulls back to Y C IP(M,;); and, since F is a local class
in the fpqc topology, the morphism X — U is in . The scheme with descent data
associated with X — U is precisely (Y — V,¢); and this completes the proof of
Theorem 4.38. 'y

4.4. Descent along torsors

One of the most interesting examples of descent is descent for quasi-coherent
sheaves along fpqc torsors. This can be considered as a vast generalization of the
well know equivalence between the category of real vector spaces and the cat-
egory of complex vector spaces with an anti-linear involution. Torsors are gen-
eralizations of principal fiber bundles in topology; and I always find it striking
that among the simplest examples of torsors are Galois field extensions (see Ex-
ample 4.45).

Here we only introduce the bare minimum of material that allows us to state
and prove the main theorem. For a fuller treatment, see [DG70].

In this section we will work with a subcanonical site C with fibered products,
and a group object G in C. We will assume that C has a terminal object pt.

The examples that we have in mind are C = (Top), endowed with the global
classical topology, where G is any topological group, and C = (Sch/S), with the
fpqc topology, where G — S is a group scheme.

4.4.1. Torsors. Torsors are what in other fields of mathematics are called prin-
cipal bundles. Suppose that we have an object X of C, with a left actiona: G x X —
X of G. An arrow f: X — Y is called invariant if for each object U of C the in-
duced function X(U) — Y(U) is invariant with respect to the action of G(U) on
X(U). Another way of saying this is that the composites of f: X — Y with the two
arrows « and pr, from G x X to X are equal (the equivalence with the definition
above follows from Yoneda’s lemma).

Yet another equivalent definition is that the arrow f is G-equivariant, when Y
is given the trivial G-action pr,: G XY — Y.
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If m: X — Y is an invariant arrow and f: Y’ — Y is an arrow, there is an
induced action of G on Y’ xy X; this is the unique action that makes the first pro-
jection pry: Y xy X — Y’ invariant, and the second projection pr,: Y/ xy X — X
G-equivariant. In functorial terms, if U is an object of C, g € G(U), x € X(U)
and iy’ € Y'(U) are elements with the same image in Y(U), we have ¢ - (y/,x) =
(v, 8- x).

The first example of a torsor is the trivial torsor. For each object Y of C, consider
the product G x Y. This has an action of G, defined by the obvious formula

g (hy)=(ghy)

for all objects U of C, all g and h in G(U) and all y in Y/(U).

More generally, a trivial torsor consists of an object X of C with a left action of
G, together with an invariant arrow f: X — Y, such that there is a G-equivariant
isomorphism ¢: G x Y ~ X making the diagram

GXYLX

ps‘ v /f

commute. (The isomorphism itself is not part of the data, only its existence is
required.)

A G-torsor is an object X of C with an action of G and an invariant arrow
7r: X — Y that locally on Y is a trivial torsor. Here is the precise definition.

DEFINITION 4.42. A G-torsor in C consists of an object X of C with an action of
G and an invariant arrow 71: X — Y, such that there exists a covering {Y; — Y} of
Y with the property that for each i the arrow pr;: Y; Xy X — Y; is a trivial torsor.

Here is an important characterization of torsors. Notice that every time we
have an action a: G x X — X of G on an object X and an invariant arrow f: X —
Y, we get an arrow J,: G X X — X Xy X, defined as a natural transformation
by the formula (g,x) — (gx,x) for any object U of C and any g € G(U) and
x € X(U).

PROPOSITION 4.43. Let X be an object of C with an action of G. An invariant arrow
t: X — Y is a G-torsor if and only if

(i) There exists a covering {Y; — Y} such that every arrow Y; — Y factors through
mw: X — Y, and
(ii) the arrow dy: G x X — X Xy X is an isomorphism.

Notice that part (i) says that X — Y is a covering in the saturation of the
topology of C (Definition 2.52).

PROOF. Assume that the two conditions are satisfied. The arrow J, is imme-
diately checked to be G-equivariant; hence the pullback X xy X — X of 7t through
the covering 71: X — Y is a trivial torsor, and therefore 7r: X — Y is a G-torsor.

Conversely, take a torsor 7t: X — Y. First of all, assume that 7: X — Yisa
trivial torsor, and fix a G-equivariant isomorphism ¢: G X Y ~ X over Y. There
is a section Y — X of m: X — Y, so condition (i) is satisfied for the covering
{y=Y}.
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To verify condition (ii), notice that J, can be written as the composite of iso-
morphisms

idG X¢71
— ' 5

Gx X GxGxY~(GxY)xy(GxY) &% xxy X,

where the isomorphism is in the middle is defined as a natural transformation by
the rule (g,h,y) — ((g,y), (h,y)) for any object U of C and any g,h € G(U) and

yeY(U).
In the general case, when 71: X — Y is not necessarily trivial, the result follows
from the previous case and the following lemma.

LEMMA 4.44. Let C be a subcanonical site,
f
X———Y
S

a commutative diagram in C. Suppose that there is a covering {S; — S} such that the
induced arrows

idsi Xf: Si XsX—>SZ’ ><5Y
are isomorphisms. Then f is also an isomorphism.

PROOF. The site (C/S) is subcanonical (Proposition 2.59): this means that we
can substitute (C/S) for C, and suppose that S is a terminal object of C.

By Yoneda’s lemma, it is enough to show that for any object U of C the function
fu: X(U) — Y(U) induced by f is a bijection. First of all, assume that the arrow
U — S factors through some S;. By hypothesis ids, X f: S; x X — §; x Y is an
isomorphism, hence idg, ;) x fu: Si(U) x X(U) — S;(U) x Y(U) is a bijection. If
S;(U) # @it follows that fi; is a bijection.

For the general case we use the hypothesis that C is subcanonical. If U is
arbitrary, and we set U; &S, x U, then {U; — U} is a covering. Hence we have a
diagram of sets

X(U) — T X(U;) —= TT; Y(Uy)
fu JH;‘ fu; lﬂzj fuy;
Y (U) — T X(U;) —= I1;; Y(Uy)

in which the rows are equalizers, because C is subcanonical. On the other hand
each arrow U; — S and U;; — S factors through §;, so fu, and ful.]. are bijections.
It follows that fi; is a bijection, as required. [

Consider the arrow d,: G x X — X xy X, and choose a covering {Y; — Y}
such that for each i the pullbacks X; o Y; Xy X are trivial as torsors over Y;. Denote
by a;: G X X; — X; the induced action; then J,,: G X X; — X; Xy, X; is an isomor-
phism. On the other hand there are standard isomorphisms (G x X) xy Y; ~
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G x Xjand (X xy X) xy Y; ~ X; Xy, Xj, and the diagram

5“><idyi
(GxX)xyY;—— (X Xy X) Xy Y;

lpﬁ J/prl
O

GxX;———— Xi Xy, X;

commutes. Hence J, x idy, is an isomorphism for all 7, and it follows that J, is an
isomorphism. 'y

EXAMPLE 4.45. Let K C L be a finite Galois extensions, with Galois group G.
Denote by Gk the discrete group scheme G x Spec K — Spec K associated with G,
as in §2.2.2. The action of G on L defines an action a: Gg X speck SpecL = G X
Spec L — Spec L of Gk on Spec L (Proposition 2.22), which leaves the morphism
Spec L — Spec K invariant. (For convenience we will write the action of G on L on
the right, so that the resulting action of G on Spec L is naturally written as a left
action.)

By the primitive element theorem, L is generated as an extension of K by
a unique element u; denote by f € K]x] its minimal polynomial. Then L =
K[x]/(f(x)). The group G acts on the roots of f simply transitively, so f(x) =
[gec(x — ug) € LI3].

The morphism

da: Gk x Spec L — Spec L Xgpeck Spec L = Spec(L @k L)
corresponds to the homomorphism of K-algebras L ®@x L — LC defined as

aQ b— ((ag>b)gec’

where by L¢ we mean the product of copies of L indexed by G. We have an iso-
morphism

Lok L=K[x]/(][(x—ug)) @k L~ L[x]/(]](x —ug));
geG 2€G
by the Chinese remainder theorem, the projection
L/ ([T —ug)) — TT LI/ (x - ug) ~ L
8€G geG

is an isomorphism. Thus we get an isomorphism L ®x L ~ LG, that s easily seen to
coincide with the homomorphism corresponding to d,. Thus dy is an isomorphism;
and since Spec L — Spec K is étale, this shows that Spec L is Gg-torsor over Spec K.

Here is our main result.

THEOREM 4.46. Let X — Y be a G-torsor, and F — C a stack. Then there exists
a canonical equivalence of categories between F(Y) and the category of G-equivariant
objects FC(X) defined in §3.8.

PROOF. Because of Proposition 4.16, we have an equivalence of F(Y) with
F(X — Y), so it is enough to produce an equivalence between F(X — Y) and
FC(X).

For this we need the isomorphism d,: G X X ~ X Xy X defined above, and
also the one defined in the next Lemma.
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LEMMA 4.47. If X — Y is a G-torsor, the arrow
ShiGxGxX— XxyXxyX
defined in functorial terms by the rule
Sh(g, h,x) = (ghx, hx, x)
is an isomorphism.

Once again, one reduces to the case of a trivial torsor using Lemma 4.44. We
leave the proof of this case to the reader.

Since the category F(X — Y) does not depend on the choice of the fibered
products X xy X and X xy X Xy X, we can make the choice X xy X = G x X and
X xy X Xy X = G x G x X, in such a way that §, and 8, become the identity. Then
we have

pry=a:GX X — X,
pri3=mg xidx: G xGx X — G x X,
pry; =idg xa: GXGx X — G x X,

while pry; = X xy X Xy X — X xy X coincides with the projection G x G x X —
G x X on the second and third factor.

Then an object (p,¢) of F(X — Y) is an object p of F(X), together with an
isomorphism ¢: prjp ~ a*p satisfying the cocycle condition: and the cocycle
condition is precisely the condition for ¢ to define a G-equivariant structure on
p, according to Proposition 3.49. Hence the category F(X — Y) is canonically
isomorphic to F¢(X) (for this we need to check what happens to arrows, but this
is easy and left to the reader), and this concludes the proof of the theorem. 'y

4.4.2. Failure of descent for morphisms of schemes. Now we construct an
example to show how descent can fail for proper smooth morphisms of proper
schemes of finite type over a field.

The starting point is a variant on Hironaka’s famous example of a nonpro-
jective threefold ([Hir62], [MFK94, Chapter 3, § 3]), [Har77, Appendix B, Exam-
ple 3.4.1]); this has been already been used to give examples of a smooth three-
dimensional algebraic space over a field that is not a scheme ([Knu71, p. 14]).

Fix an algebraically closed field x. Then one constructs a smooth proper con-
nected three dimensional scheme M over x, with an action of a cyclic group of
order two C; = {1,¢}, containing two copies L; of L, of IP! that are interchanged
by o, with the property that the 1-cycle L; 4 L, is algebraically equivalent to 0.
This implies that there is no open affine subscheme U of M that intersects L; and
L, simultaneously: if not, the complement S of U would be a surface in M that
intersects both L; and L, in a finite number of points. But since S - (L1 + L) = 0
this finite number of points would have to be zero, and this would mean that L,
and L, are entirely contained in U. This is impossible, because U is affine.

Now take a Cp-torsor V' — U (a Galois étale cover with group C;) with V
irreducible, and set Y = M X, V. The projection 7t: Y — V is smooth and proper.
We need descent data for the covering V' — U; these are given by the diagonal
action of C; on Y, obtained from the two actions on M and V. More precisely, the
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action C; X Y — Y gives a cartesian diagram

CoxY——Y

L]

CzXV*)V

yielding an isomorphism of C; x Y with the pullback of Y — V to C; x V, and
defines an object with descent data on the covering V — V (keeping in mind that
VxyuV =Cy xV,since V— U is a Cp-torsor).

I claim that these descent data are not effective. Suppose that it is not so: then
there is a cartesian diagram of schemes

f
—

Y X
I

V—Uu
such that f is invariant under the action of C; on Y. Take an open affine subscheme
W C X that intersects f(L; x V) = f(L, x V); then its inverse image f~!W C Y
is affine, and if p is a generic closed point of V the intersection 7= !p N f~!W C M
is an affine open subscheme of M that intersects both L; and L,. As we have seen,
this is impossible.

Another counterexample, already mentioned in Example 4.39, is in [Ray70,
XIIT 3.2].

REMARK 4.48. There is an extension of the theory of schemes, the theory of
algebraic spaces, due to Michael Artin (see [Art71], [Art73] and [Knu71]). An alge-
braic space over a scheme S is an étale sheaf (Sch/S)°P — (Set), that is, in some
sense, étale locally a scheme. The category of algebraic stacks contains the category
of schemes over S with quasi-compact diagonal; furthermore, by a remarkable re-
sult of Artin, it is a stack in the fppf topology (it is probably also a stack in the fpqc
topology, but I do not know this for sure: however, for most applications fppf de-
scent is what is needed). Also, most of the concepts and techniques that apply to
schemes extend to algebraic spaces. This is obvious for properties of schemes, and
morphisms of schemes, such us being Cohen-Macaulay, smooth, or flat, that are
local in the étale topology (on the domain). Global properties, such as properness,
require more work.

So, in many contexts, when some descent data in the fppf topology fail to
define a scheme, an algebraic space appears as a result. Also, algebraic spaces can
be used to define stacks in situations when descent for schemes fails. For example,
if we redefine that stack 77 5 of Example 4.39 so that the objects are proper smooth
morphisms X — U whose fibers are curves of genus 1, where U is an S-scheme
and X is an algebraic space, then 7 g is a stack in the fppf topology.
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