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Chapter 1Introdu
tionThis report dis
usses a solution method of the quadrati
 programming problemdes
ribed in Gansterer et al. [5℄. For a given symmetri
 matrix A 2 Rn�n withthe stru
ture A = � D XTX R � D 2 Rl�lX 2 Rm�lR 2 Rm�m ; l +m = n (1.1)(
alled augmented system), the solution of the linear systemAx = bis sought. Properly partitioning x and b� D XTX R � � x1x2 � = � b1b2 � (1.2)one gets the following two equations:Dx1 +XT x2 = b1 (1.3)X x1 +Rx2 = b2: (1.4)Equation (1.3) leads to x1 = D�1 b1 �D�1XT x2and with substitution into (1.4) it results inX D�1 b1 �XD�1XT x2 +Rx2 = b2and thus in �R�XD�1XT � x2 = b2 �XD�1 b1: (1.5)The non-singularity of A and D guarantees the non-singularity of the S
hur 
om-plement R�XD�1XT . 2



3Therefore the original problem of solving a system of linear equations with dimen-sion n 
an be redu
ed to a problem of dimension m = n� l (plus some additionalmatrix multipli
ations). If D is diagonal, then D�1 
an be formed easily in O(n)
ops. Therefore, the 
entral idea of the algorithm dis
ussed here is to restorediagonality in the upper left 
orner of the redu
ed matrix.Reordering the matrix R � X D�1XT in (1.5) (
alled the normal system) tothe augmented system of matrix A (using the permutation matrix P ) leadsto a re
ursive algorithm for 
omputing x. This s
heme is sometimes 
alledmulti-elimination (Saad [13℄) and is formulated in Algorithm 1.Algorithm 1 Basi
 Multi-elimination Algorithm.Input: matrix A 2 Rn�n , ve
tor b 2 RnOutput: ve
tor x 2 RnVariables: notation as in (1.1) and (1.2)1. [Redu
ing A to normal system and 
orre
ting b℄A = R�XD�1XTb2 = b2 �XD�1 b12. [Finding a permutation matrix P su
h that A is an augmented system℄P TAP P Tx = P T b23. [Re
ursive 
all of the algorithm with the redu
ed matrix A and b2 until the maximumre
ursion depth is rea
hed, then 
al
ulate x2℄x2 = A�1 b24. [Cal
ulating x1 while unrolling the re
ursion℄x1 = D�1 b1 �D�1XT x2The purpose of this report is to present methods for the pra
ti
al use of thisalgorithm. I. e., permutation matri
es P are sought whi
h de
rease the size ofmatrix A satisfying the following 
riteria.� Produ
e a low �ll-in for the matri
es A (redu
e the 
omputational 
ost ofsolving the last system).� Minimize the 
omputational 
ost for generating P (i. e., the savings fromsolving a smaller system should not be neutralized).



Chapter 2Reordering StrategiesAlgorithm 1 shows that the 
ru
ial point is to �nd a good reordering (i. e., afavorable permutation matrix P ), whi
h leads to a large diagonal matrix D.Furthermore it is worthwhile to look for a matrix R whi
h is as sparse as possibleto avoid �ll-in in the new matrix A = (R�XD�1XT ).2.1 Standard ReorderingThe �rst reordering algorithm (
alled standard reordering) uses the followingidea. Start with a 1� 1 diagonal matrix and s
an through the matrix A lookingfor 
olumns with the �rst nonzero element below the 
urrent diagonal matrix.Ex
hange these 
olumns (and their 
orresponding rows to maintain symmetry)with the �rst row/
olumn right after the diagonal matrix.Fig. 2.1 illustrates this reordering: row/
olumn 11 (the �rst nonzero element is at9, i. e., below the 
urrent diagonal matrix of size 3) is ex
hanged with row/
olumn4, whi
h leads to a new diagonal matrix of size 4.To apply this reordering strategy eÆ
iently to given matri
es it has to be modi�edin the following way: Firstly the permutation matrix P has to be stored duringthis pro
ess, sin
e this information will be needed when unrolling the re
ursionto obtain the resulting ve
tor x. It is 
onvenient to store the permutation matrixP as a ve
tor p, where ea
h entry represents the row in whi
h the one is stored(e. g., the initial identity matrix is represented by the ve
tor [1; 2; : : : ; n℄).In addition it turned out that it does not make sense to immediately apply therow/
olumn ex
hange as soon as a suitable 
olumn is found. Preferably, thepermutation ve
tor p is applied at the end of the reordering algorithm be
ause thisleads to a 
leaner implementation and the pro
ess of generating the matrix E 
anbe easily parallelized when it is done in a separate step at the beginning. (MatrixE 
ontains information about matrix A needed for the reordering algorithm; seebelow.)Thus information about the ex
hanged rows/
olumns has to be stored. If onerow/
olumn is used to in
rease the size of the diagonal matrix, all nonzero ele-ments of this row/
olumn \disable" the 
orresponding rows/
olumns. Therefore4



2.1 Standard Reordering 5

Figure 2.1: Standard reordering.a ve
tor a of \a
tive" rows/
olumns is used and ea
h time an a
tive row/
ol-umn is found (the state is saved in a) the positions in a are disabled where therow/
olumn has nonzero elements; see Algorithm 2.11In the algorithms Matlab syntax is used for des
ribing sparse matrix manipulations.



6 2. Reordering StrategiesAlgorithm 2 Standard Reordering.Input: matrix A 2 Rn�nOutput: permutation ve
tor p 2 RnVariables: d { 
urrent size of the diagonal matrix,i { 
ounter for the stepwise pro
eeding in the matrix,ve
tor a 2 Rn { a
tive rows / 
olumns,matrix E 2 Rn�n { 
ontains the positions of the nonzeros in A1. [Initialization℄ set d = 1; i = 1; p = 1; 2; : : : ; n (the original order of the rows/
olumns);a = true; E(:; x) = find(A(:; x))2. [Che
k 
olumn i℄ if a(i) = true and E(1; i) > d then pro
eed with 3, otherwise in
reasei and repeat this step until i = n3. [Update℄ ex
hange p(d+ 1) with p(i); set a(E(:; i)) = false (i. e., these rows/
olumns
an not be used anymore); in
rease i and d; pro
eed with Step 2An example using the upper matrix of Fig. 2.1 illustrates the appli
ation ofAlgorithm 2. The diagonal matrix is of size 3 and the �rst suitable row/
olumnis found at row/
olumn 11 to in
rease the diagonal matrix. So u(4) with u(11)is ex
hanged resulting inu = [1 2 3 11 5 : : : 10 4 12 : : :℄;and a[9℄, a[11℄ and a[17℄ are set to false. The next suitable row/
olumn is 14,where these steps are repeated. The next suitable row/
olumn 17 
an not be used,sin
e the ex
hange of row/
olumn 4 with 11 will produ
e some sort of �ll-in. Thesame applies to the last row/
olumn, be
ause of row/
olumn 14.2.2 Improved ReorderingAnother approa
h is to order the matri
es by the �rst nonzero element but only
olumn by 
olumn, whi
h 
ould be visualized as stairs; see Fig. 2.2. The reorder-ing strategies des
ribed here 
an now a
hieve a maximum size of the diagonalmatrix equal to the number of stairs. (The example shows a 5 � 5 diagonalmatrix.)In the standard reordering always the �rst 
olumn was 
hosen for permuting intothe leading diagonal matrix. Now additional information of the matrix is usedto 
hoose another 
olumn. This wouldn't lead to a larger diagonal matrix in the�rst step, but sin
e di�erent submatri
es X and R (notation as in (1.1)) are built,this leads to sparser matri
es in the next iteration step.
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Figure 2.2: Stairs produ
ed by 
olumn-wise ordering.Sin
e the only information that 
an easily be derived from ea
h 
olumn is thenumber of nonzeros, the following strategies are investigated.� Most sparse 
olumn: Choose the 
olumn in ea
h group with the lowestnumber of nonzero elements|this will lead to a sparse matrix X.� Most dense 
olumn: Use the 
olumn with the most nonzeros|leads to adenser matrix X.� Monte-Carlo: Choose randomly one 
olumn in ea
h group|this approa
his mainly used to determine the in
uen
e of 
hoosing a spe
ial 
olumn.It would also be possible to take the arrangement of the nonzeros into a

ount,but this would in
rease 
omputational 
ost and would therefore be ineÆ
ient.Algorithm 3 shows the detailed pro
ess of this reordering. The main di�eren
eto standard reordering is the additional use of matrix F , whi
h is used to storethe matrix stru
ture.



8 2. Reordering StrategiesAlgorithm 3 Improved Reordering.Input: matrix A 2 Rn�nOutput: permutation ve
tor p 2 RnVariables: d { 
urrent size of the diagonal matrix,i { index of the 
hosen row/
olumn at ea
h stair,matrix E 2 Rn�n { 
ontains the positions of the nonzeros in A,matrix F 2 N3�n { data for ea
h row/
olumn1. [Initialization℄ d = 1, p = 1; 2; : : : ; n, E(:; x) = find(A(:; x)),F (1; :) = 1; 2; : : : ; n (the original order of the rows/
olumns),F (2; :) = E(1; :) (the index of the �rst nonzero elements),F (3; i) = nnz(A(:; i)) (the number of nonzeros of ea
h row/
olumn);sort(F (2; :)) { order 
orresponding to the �rst nonzero (i. e., produ
e\stairs")2. [Find optimal 
olumn for ea
h stair℄ for ea
h stair { as given in F (2; :) { the mostsparse/dense or a random row/
olumn is 
hosen { stored in F (3; :)3. [Swap positions℄ ex
hange the elements in p(d) and F (:; i), in
rease d, again it has to betaken 
are of disabling rows/
olumns as in Algorithm 2, this information 
an also bestored in F (3; :), and su
h rows/
olumns (i. e., E(:; i)) must be ex
luded in Step 2Pro
eed with Step 2 until all \stairs" are pro
essed



Chapter 3PreorderingAs seen at the improved reordering a high number of \stairs" leads to a 
orre-sponding large diagonal matrix. So it is obvious to sear
h for algorithms whi
hgenerate a reordering with this stru
ture and then perform the improved reorder-ing on this matrix. Su
h reorderings are 
lassi�ed as redu
tion algorithms andGoldenberg et al. [8℄ dis
usses a 
omparison of �ve su
h algorithms for sparsesymmetri
 matri
es.3.1 Prerequisites from Graph TheoryAt �rst a few basi
 
on
epts from graph theory are introdu
ed and their 
orre-sponden
e to matrix 
on
epts is established. Although few results from graphtheory have found dire
t appli
ation to the analysis of sparse matrix 
omputa-tions, the notation and 
on
epts are 
onvenient and helpful in des
ribing algo-rithms and identifying or 
hara
terizing matrix stru
ture.For our purpose, a graph G = (X;E) 
onsists of a �nite set of nodes or verti
estogether with a set E of edges, whi
h are unordered pairs of verti
es. An orderingflabelingg � of G = (X;E) is simply a mapping of f1; 2; : : : ; ng onto X, where ndenotes the number of nodes of G.Let A be an n by n symmetri
 matrix, with entries aij. The ordered graph of A,denoted by GA = (XA; EA) is one for whi
h the n verti
es of GA are numberedfrom 1 to n, and fxi; xjg 2 EA if and only if aij = aji 6= 0; i 6= j. Here xidenotes the node of XA with label i. Fig. 3.1 illustrates the stru
ture of a matrixand its labelled graph (the ith diagonal element is highlighted to emphasize its
orresponden
e with node i of the 
orresponding graph).For any n by n permutation matrix P , the unlabelled graphs of A and PAP T arethe same but the asso
iated labelings are di�erent. Thus the unlabelled graph ofA represents the stru
ture of A without suggesting any parti
ular ordering.The ith row of A is further de�ned asfi(A) = minfj j aij 6= 0gand �i(A) = i� fi(A):9



10 3. Preordering

Figure 3.1: A matrix and its labelled graph.The number fi(A) is simply the 
olumn subs
ript of the �rst nonzero 
omponentin row i of A, whereas �i(A) is the ith bandwidth of A. The bandwidth of A isgiven by �(A) = maxf�i(A) j 1 � i � ng = maxfji� jj j aij 6= 0g:Two nodes x and y in G are adja
ent if fx; yg 2 E. For Y � X, the adja
ent setof Y , denoted by Adj(Y ), isAdj(Y ) = �x 2 X � Y j fx; yg 2 E for some y 2 Y 	:In words, Adj(Y ) is simply the set of nodes in G whi
h are not in Y but areadja
ent to at least one node in Y . For Y � X the degree of Y , denoted byDeg(Y ), is the number jAdj(Y )j.3.2 The Reverse Cuthill-M
Kee OrderingPerhaps the most widely used pro�le redu
tion ordering algorithm is a variant ofthe Cuthill-M
Kee ordering (Liu and Sherman [9℄) whi
h is often 
hosen be
auseof its simple stru
ture and therefore easy implementation. In 1969, Cuthill andM
Kee [2℄ published their algorithm whi
h was primarily designed to redu
e thebandwidth of a sparse symmetri
 matrix (see Fig. 3.2 for an example of the reverseCuthill-M
Kee ordering).The s
heme makes use of the following observation. Let y be a labelled node, andz an unlabelled neighbor of y. To minimize the bandwidth of the row asso
iatedwith z, it is apparent that node z should be ordered as soon as possible after y.
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Figure 3.2: Example of the reverse Cuthill-M
Kee ordering.The Cuthill-M
Kee s
heme may be regarded to as a method that redu
es thebandwidth of a matrix via a lo
al minimization of the �i's. This suggests thatthe s
heme 
an be used as a method to redu
e the pro�le of P �i of a matrix.George then dis
overed that the ordering obtained by reversing the Cuthill-M
Keeordering often turns out to be mu
h superior to the original ordering in terms ofpro�le redu
tion, although the bandwidth remains un
hanged. He 
alled this thereverse Cuthill-M
Kee ordering (RCM) and is des
ribed in Algorithm 4. In 
asewhen the graph GA is dis
onne
ted, the algorithm is applied to ea
h 
onne
ted
omponent of the graph.Algorithm 4 RCM Algorithm for a Conne
ted Graph.Input: matrix AOutput: ve
tor y1. [Determine starting node℄ determine a starting node r and assign x1 = r2. [Main loop℄ for i = 1; 2; : : : ; n, �nd all the unnumbered neighbors of the node xi andnumber them in in
reasing order of degree3. [Reverse ordering℄ the reverse Cuthill-M
Kee ordering is given by y1; y2; : : : ; yn whereyi = xn�i+1 for i = 1; 2; : : : ; nNow the problem of �nding a starting node for the RCM algorithm is ta
kled.A path of length k from node x0 to xk is an ordered set of distin
t verti
es(x0; x1; : : : ; xk), where xi 2 Adj(xi+1) for i = 0; 1; : : : ; k� 1. The distan
e d(x; y)between two nodes x and y in the 
onne
ted graph G = (X;E) is the length of



12 3. Preorderinga shortest path joining nodes x and y. The e

entri
ity of a node x is de�ned asthe quantity l(x) = maxfd(x; y) j y 2 Xg:The diameter of G is then given byÆ(G) = maxfl(x) j x 2 Xg:A node x 2 X is said to be a peripheral node if its e

entri
ity is equal to thediameter of the graph, that is, if l(x) = Æ(G). Fig. 3.3 shows a graph having 8nodes, with a diameter of 5. The nodes x2, x5 and x7 are peripheral nodes.
x x x x

x

x

x

x8612 3

4 7

5

Figure 3.3: An 8-node graph G with Æ(G) = 5.Using this terminology the obje
tive of this se
tion is to des
ribe an eÆ
ientheuristi
 algorithm for �nding nodes of high e

entri
ity. Although the algo-rithm does not ne
essarily �nd a peripheral node, or even one that is 
lose tobeing peripheral, the nodes found usually do have high e

entri
ity, and are goodstarting nodes. Se
ondly, in most situations it would be too expensive to �ndperipheral nodes. Therefore the nodes produ
ed by this algorithm are refered toas pseudo-peripheral nodes.Finally, some notation and terminology whi
h is useful in des
ribing the algorithmis introdu
ed. A key 
onstru
t in the algorithm is the rooted level stru
ture as�rst des
ribed in Arany et al. [1℄. Given a node x 2 X, the level stru
ture rootedat x is the partitioning L(x) of X satisfyingL(x) = �L0(x); L1(x); : : : ; Ll(x)(x)	;where L0(x) = fxg; L1(x) = Adj�L0(x)�;Li(x) = Adj�Li�i(x)�� Li�2(x); i = 2; 3; : : : ; l(x):The e

entri
ity l(x) of x is 
alled the length of L(x) and the width w(x) of L(x)is de�ned by w(x) = max�jLi(x)j j 0 � i � l(x)	:In Fig. 3.4 a rooted level stru
ture of the graph of Fig. 3.3 is shown, rooted atthe node x6. Note that l(x6) = 3 and w(x6) = 3.
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L  (    ) = {   ,    }Figure 3.4: An 8-node graph G with Æ(G) = 5.The pseudo-peripheral node �nding algorithm is des
ribed in the following. Thisalgorithm is essentially a modi�
ation of an algorithm due to Gibbs et al. [7℄.Using the level stru
ture notation just introdu
ed, the 
omplete pro
edure isgiven in Algorithm 5.Algorithm 5 Pseudo-Peripheral Node Finding.Input: graph G = (X;E)Output: node x1. [Initialization℄ 
hoose an arbitrary node r in X2. [Generate a level stru
ture℄ 
onstru
t the level stru
ture rooted at r:L(r) = �L0(r); L1(r); : : : ; Ll(r)(r)	3. [Shrink last level℄ 
hoose a node x in Ll(r)(r) of minimum degree4. [Generate a level stru
ture℄(a) 
onstru
t the level stru
ture rooted at x:L(x) = �L0(x); L1(x); : : : ; Ll(x)(x)	(b) if l(x) > l(r) set r = x and go to Step 35. [Finished℄ the node x is a pseudo-peripheral node



14 3. Preordering3.3 The Minimum Degree OrderingThe minimum degree ordering (Tinney [14℄) is another popular �ll-in-redu
ings
heme, whi
h 
orresponds to the Markowitz s
heme (Markowitz [10℄) for unsym-metri
 matri
es (see Fig. 3.5 for an example of the minimum degree ordering).

Figure 3.5: Example of a minimum degree ordering.Let A be a given symmetri
 matrix and let P be a permutation matrix. Althoughthe nonzero stru
tures of A and PAP T are di�erent, their number of nonzerosare the same: nnz(A) = nnz(PAP T ):However, the 
ru
ial point is that there may be a dramati
 di�eren
e betweennnz�f(A)� and nnz�f(PAP T )� for some permutation P (f is an arbitrary oper-ation on the matri
es).Ideally a permutation P � is sought that minimizes the number of nonzeros ofthe permuted matrix. So far, there is no eÆ
ient algorithm for getting su
h anoptimal P � for a general symmetri
 matrix. Indeed, this problem for A beingunsymmetri
 has been shown to be NP 
omplete (Rose and Tarjan [12℄). Thus,one has to rely on heuristi
s to produ
e an ordering P with an a

eptably smallbut not ne
essarily minimum nnz�f(PAP T )�.The minimum degree ordering s
heme is based on the following observation: Sup-pose labeled nodes x1; x2; : : : ; xi�1; the number of nonzeros in the graph for these
olumns is �xed. In order to redu
e the number of nonzeros in the ith 
olumn,it is apparent that in the submatrix remaining to be fa
tored, the 
olumn with



3.3 The Minimum Degree Ordering 15Algorithm 6 Basi
 Minimum Degree Ordering.Input: symmetri
 graph G0 = (X;E)Output: ordered graph GjXj1. [Initialization℄ i = 12. [Minimum degree sele
tion℄ in the elimination graph Gi�1 = (Xi�1; Ei�1), 
hoose anode xi of minimum degree in Gi�13. [Graph transformation℄ form the new elimination graph Gi = (Xi; Ei) by eliminatingthe node xi from Gi�14. [Loop or stop℄ i = i+ 1; if i > jX j stop, otherwise go to Step 2the fewest nonzeros should be moved to be
ome 
olumn i. Algorithm 6 des
ribesthe above s
heme.Noti
e that there 
an be more than one node with the minimum degree at aparti
ular step, whi
h leads to di�erent versions of the algorithm for sele
ting aspe
ial node. Ea
h step of the algorithm involves a graph transformation, whi
his the most expensive part of the algorithm in terms of implementation. Theseand some other enhan
ements are dis
ussed in-depth in George and Liu [6℄.The minimum degree ordering is espe
ially interesting be
ause the most promising
olumns (i. e., 
olumns with the �rst nonzero at a high index) are ordered at thebeginning. So it is suÆ
ient to use the standard reordering only at the �rst partof the preordered matrix and get almost the same results as using the improvedreordering (variant sparse ve
tors) with the RCM on the whole matrix, but withthe great advantage of lower 
omputational 
ost.



Chapter 4SummaryThis report presents a multi-elimination method to re
ursively solve large sparselinear systems. Through spe
ial reordering and elimination te
hniques a systemof linear equations is redu
ed iteratively and then solved 
onventionally (by usingLU fa
torization) in the last step. The solution ve
tor is then built up step-by-step when unrolling the re
ursion. The bene�t of this method is the lower memory
onsumption when solving the system, and less 
omputational 
ost if an eÆ
ientreordering strategie is used.Several reordering strategies are introdu
ed. The reorderings use di�erent dataof the matrix and vary on the 
omputational 
ost. Also they result in di�erentstru
tures of the reordered matrix, whi
h in
uen
es the sparsity in the followingre
ursion. It seems also favorable to prepro
ess the matrix with a bandwidth or�ll-redu
ing ordering and apply the reordering on this preordered matrix. In-teresting in this 
ontext are the reverse Cuthill-M
Kee and the minimum degreeordering.Fabianek et al. [4℄ dis
usses the implementation and numeri
al experiments ofthese algorithms based on data of the Aurora proje
t (Group 6) whi
h dealswith large sparse linear systems arising in sto
hasti
 optimization (P
ug andSwietanowski [11℄).

16
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