
EFFICIENT ALGORITHMS FOR COMPUTING THE NEAREST
POLYNOMIAL WITH CONSTRAINED ROOTS

By

Markus A. Hitz

A Thesis Submitted to the Graduate

Faculty of Rensselaer Polytechnic Institute

in Partial Fulfillment of the

Requirements for the Degree of

DOCTOR OF PHILOSOPHY

Major Subject: Computer Science

Approved by the
Examining Committee:

Erich Kaltofen, Thesis Adviser

Joseph E. Flaherty, Thesis Adviser

Wm. Randolph Franklin, Member

Mukkai S. Krishnamoorthy, Member

Franklin T. Luk, Member

Robert McNaughton, Member

Victor Pan, Member

Rensselaer Polytechnic Institute
Troy, New York

April 1998
(For Graduation May 1998)



EFFICIENT ALGORITHMS FOR COMPUTING THE NEAREST
POLYNOMIAL WITH CONSTRAINED ROOTS

By

Markus A. Hitz

An Abstract of a Thesis Submitted to the Graduate

Faculty of Rensselaer Polytechnic Institute

in Partial Fulfillment of the

Requirements for the Degree of

DOCTOR OF PHILOSOPHY

Major Subject: Computer Science

The original of the complete thesis is on file
in the Rensselaer Polytechnic Institute Library

Examining Committee:

Erich Kaltofen, Thesis Adviser

Joseph E. Flaherty, Thesis Adviser

Wm. Randolph Franklin, Member

Mukkai S. Krishnamoorthy, Member

Franklin T. Luk, Member

Robert McNaughton, Member

Victor Pan, Member

Rensselaer Polytechnic Institute
Troy, New York

April 1998
(For Graduation May 1998)



c
 Copyright 1998

by

Markus A. Hitz

All Rights Reserved

ii



To the Memory of my Parents

Martha Hitz-Christen

(1923–1987)

Gotthold Hitz

(1916–1996)

iii



CONTENTS

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

Acknowledgement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1 Computing with Uncertain Input Data . . . . . . . . . . . . . . . . . . . 1

1.2 Historical Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2. Moving Polynomial Roots by Minimal Coefficient Perturbations . . . . . . . . 8

2.1 Complex Coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.1 Constraining a Single Root . . . . . . . . . . . . . . . . . . . . . 8

2.1.2 Constraining Several Roots . . . . . . . . . . . . . . . . . . . . . 9

2.1.3 Preserving Monicity . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Real Coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.3 Computing Minimal Perturbations . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 Minimal Perturbations in thel2-Norm . . . . . . . . . . . . . . . 14

2.3.2 Minimal Perturbations in thel∞-Norm and thel1-Norm . . . . . . 16

2.4 Weighted Norms and Other Constraints . . . . . . . . . . . . . . . . . . 18

3. Parametric Solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.1 Solutions for thel2-Norm in Closed Form . . . . . . . . . . . . . . . . . 21

3.2 Constraining a Root Locus to a Curve . . . . . . . . . . . . . . . . . . . 24

3.2.1 Complex Coefficients . . . . . . . . . . . . . . . . . . . . . . . . 25

3.2.2 Real Coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.3 Approximate Greatest Common Divisors and Nearest Singular Polynomials 29

3.4 Parametric Solutions in thel∞-Norm . . . . . . . . . . . . . . . . . . . . 31

4. Computing the Radius of Stability . . . . . . . . . . . . . . . . . . . . . . . . 36

4.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.2 The Nearest Unstable Polynomial – Complex Coefficients . . . . . . . . 38

4.3 The Nearest Unstable Polynomial – Real Coefficients . . . . . . . . . . . 41

iv



5. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.2 Future Directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

APPENDIX . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

A. Approximate Solutions to Inconsistent Systems . . . . . . . . . . . . . . . . . 53

A.1 Solutions in thel∞-Norm . . . . . . . . . . . . . . . . . . . . . . . . . . 53

A.2 Solutions in thel1-Norm . . . . . . . . . . . . . . . . . . . . . . . . . . 55

v



LIST OF FIGURES

1.1 Root displacements under a single-digit perturbation . . . . . . . . . . . . . 3

2.1 Orthogonal projection in thel2-norm . . . . . . . . . . . . . . . . . . . . . 14

2.2 Projecting the coefficient vector onto the range ofM in the l∞-norm . . . . . 15

2.3 Projecting the coefficient vector onto the range ofM in the l1-norm . . . . . 17

2.4 Incorporating Equality Constraints . . . . . . . . . . . . . . . . . . . . . . 19

4.1 Hurwitz polynomial with complex coefficients . . . . . . . . . . . . . . . . 40

vi



Acknowledgement

Many people contributed to the successful completion of my thesis research in one way

or another, and I am grateful for this support. In the first place, I would like to thank my

advisor, Erich Kaltofen. His expertise and critique was invaluable. I also would like to

thank the National Science Foundation for its continued support through several research

grants awarded to Erich Kaltofen. I thank all members of my doctoral committee for their

service, especially Joe Flaherty, who acted as nominal chair during my defense to satisfy

the requirements of the Graduate School at Rensselaer. For my most recent research, I

would like to thank Lakshman for many inspiring discussions.

Finishing my thesis research at another university was both an interestingand some-

times cumbersome experience. I thank the staff of the Department of Computer Science

at Rensselaer Polytechnic Institute, and the Mathematics Department at North Carolina

State University for their generous help.

I thank my sister Brigitte and my brother Hanspeter, who took care of my affairs in

Switzerland during all the time I spent in the United States.

Finally, my thanks go to my former colleagues, Tom Valente, Austin Lobo, and

Angel Dı́az, for taking part in many ventures, scholarly and otherwise.

vii



Abstract

The location of polynomial roots is sensitive to perturbations of the coefficients. Continu-

ous changes of the coefficients of a polynomial move the roots continuously. We consider

the problem of finding the minimal perturbations to the coefficients to move one or several

roots to given loci. We measure minimality in the Euclidean distance to thecoefficient

vector, as well as the maximal coefficient-wise change in absolute value (infinity norm),

and in the Manhattan norm (l1-norm). In the Euclidean norm the computational task re-

duces to a least squares problem, in the infinity norm and thel1-norm it can be formulated

as a linear program.

We can derive symbolic solutions in closed form for the Euclidean norm in the case

of complex coefficients and a single complex root. Our new result is a formula for the

minimum change in the infinity norm for the case of real coefficients and a single real

root. Based on the principle ofparametric minimizationwe develop hybrid symbolic-

numeric algorithms to constrain one root of a complex or real polynomial to a curve in

the complex plane.

As an application to robust control, we give a polynomial-time algorithm to com-

pute the radius of stability in the Euclidean norm for a variety of stability domains.

viii



CHAPTER 1

Introduction

Sensitivity of polynomials to coefficient perturbations is a major issue in algebraic and

numerical computing. Small changes in the coefficients can cause large displacements

of the roots. Wilkinson’s “perfidious” polynomial is a frequently cited example for such

behavior. We develop tools to determine how close, in terms of perturbations, a univariate

polynomial is to other polynomials that have different root characteristics. In this chapter,

we raise the basic problems that we are going to discuss. In a historical overview, we

review recent results. Finally, we give a compilation of our notation that we use in the

following chapters.

1.1 Computing with Uncertain Input Data

The precision of experimental or statistical data is inherently limited. Instruments

can measure only a finite number of binary digits, and human observers are capable to

read not more than a few decimals off an analog scale. Careful error analysis can deter-

mine a confidence interval based on a suitable distribution for the data points. If such data

is processed by mathematical software, the unwary user is sometimes confronted with

seemingly random results.

The following polynomial over the reals might well have been obtained from a

scientific experiment:

f (x) = x2�1:00010x+0:25005:
It is assumed to be monic, while the other two coefficients are given in the precision

shown here. If we compute the roots off up to six significant decimal digits, we see that

f has the two real roots:

x1 = 0:50000 and x2 = 0:50010:
However, if the last decimal of the coefficients is uncertain, could have ended up with the

1
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slightly perturbedpolynomial

f̃ (x) = x2�1:00010x+0:25006

that now has a pair of conjugate complex roots, namely

z1;2 = 0:50005�0:00316i :
In figure 1.1, we plotted the root locations of the family of polynomials that we get if we

change the last digit of the second coefficient in small steps from 5 to 6. Obviouslythere

is a polynomial in this family that has a double root nearx = 0:50005. It is well-known

that if f is close to such asingularpolynomial, root-finding is an ill-conditioned problem

(see Demmel [1987]). The sensitivity to coefficient perturbations is not depending onthe

kind of arithmetic, floating point or exact rational, that we employ to determinethe roots;

it is the problem itself that is ill-posed.

Assuming that only the leading digits are certified, and the last digit of the coeffi-

cients of f is uncertain, we arrive at the crucial question: which answer, two real roots,

one double (real) root, or two conjugate complex roots, is the right one? If we are un-

able to increase the precision of the given coefficients then we have to accept the results

of our computation as coexistent solutions to the root-finding problem for thefamily of

polynomials defined by the range of the uncertainty. In the following chapters, we will

use norms of the coefficient vector to measure the overall size of the uncertainty.

For univariate polynomials over the real or complex numbers, we can ask a variety

of questions that are related to the root-finding problem in presence of uncertainties. We

propose to base these problems on the following three fundamental questions:

Q1: Given a polynomialf with real or complex coefficients and a real or complex

numberα. Is f “near” another polynomial̃f such thatf̃ (α) = 0?

Q2: Given two real or complex polynomialsf andg with GCD( f ;g) = 1. Are f andg

“near” polynomialsf̃ andg̃ that have a non-trivial greatest common divisor?

Q3: Given a squarefree polynomialf with real or complex coefficients. Isf “near” a

singular polynomialf̃ ?
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Much of the research in this area was focused on questions Q2 and Q3 so far, where

Q3 was considered to be the most basic at all. In the following, we want to studyQ1 in

more depth, and we want to show that Q1 is actually the primordial problem.

1.2 Historical Overview

Motivated by the “ill condition” of the root-finding problem, question Q3 was sub-

ject of a thorough investigation already in the seventies. In his thesis, Hough[1977] was

able to develop methods, based on Langrange multipliers, for computing nearest singular

polynomials. Subsequently, some of his results were used by Demmel [1987] in his more

general approach of finding condition numbers for several problems, showing that there is

a common underlying structure in the mathematical formulation of the “distance to the set

of ill-posed problems”. However, he was more interested in deriving bounds than actually

computing nearest singular objects. From the existential theory of the reals by Renegar

[1992b], we know that our (and many similar) problems, have at least solutions that can

be computed in single exponential time. In Karmarkar and Lakshman [1996], question

Q3 was shown to be exactly solvable in polynomial time, if one uses the Euclideannorm.

The majority of the literature however, is devoted to the study of question Q2. Many

methods, most of them applying heuristics, were devised to find “approximate GCDs”,

“near-GCDs”, or “ε-GCDs”. Schönhage [1985] uses the term “quasi-GCD”to define an

asymptotically close GCD of two relatively prime polynomials. The assumption that the

polynomial coefficients can be retrieved in arbitrary precision by making oracle calls, puts

his method in opposition to our model of uncertain input data. Noda and Sasaki [1991]

use an adaptive version of the Euclidean algorithm to compute approximate GCDs. As

their algorithm uses local information for scaling, they are not guaranteed to achieve

a global minimum. The method of Karcanias and Mitrouli [1992] and Karcanias and

Mitrouli [1994] is formulated in the language of control theory. Originally, it was de-

signed to compute the GCD of several polynomials numerically. It turned out that itwas

also capable of computing approximate GCDs of relatively prime polynomials. It can be

shown that Karcanias and Mitrouli [1994] is a variant of Lazard [1981]’s more general

method for solving systems of algebraic equations. Another numerical approach is based

on the singular value decomposition (SVD). In Corless et al. [1995], it is used todeter-
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mine a numerical rank of the Sylvester matrix, and to derive an approximate GCD from

the perturbed matrix that is obtained by lowering the original rank. Because the structure

of the Sylvester matrix is destroyed during this process, the approximate GCD cannot be

optimal. However, the method allows to find an upper bound for the degree of approxi-

mate GCDs ofhighest degree. Recently, Emiris et al. [1997] developed a gap theory to

improve the SVD method. Hribernig and Stetter [1997] use another numerical variant of

the Euclidean algorithm to compute “near-GCDs”. They are able to give a lower bound

on the degree of the nearest GCD of highest degree.

Victor Pan proposes a significantly different approach, to avoid large root displace-

ments introduced by coefficient perturbations that are applied to the original polynomials

in the process of computing approximate GCDs. The most comprehensive description of

his method is Pan [1998]. The algorithm computes all zeroes of the given polynomials,

and then tries to find an optimal match in a bipartite graph. The selected roots (one of

each polynomial) are then contracted to their mean value, and the perturbed coefficients

are computed by backward-expansion of the polynomials.

All methods described so far are truly approximate. It was Karmarkar and Lak-

shman [1996] to devise the first algorithm that provably computes the global optimum

for the nearest approximate GCD of two polynomials in thel2-norm. Their method uses

parametric minimization, and will be further explored in the following chapters. In Kar-

markar and Lakshman [1996] a quadratic form had to be minimized to obtain a symbolic

minimum of the norm of perturbations. This step is equivalent to solving a least squares

problem. We will apply this simpler formulation in chapter 2, and extend it to other norms.

Karmarkar and Lakshman [1997] uses Langrange multipliers to derive solutions for the

symbolic minimum in closed form. In chapter 3, we will use projection onto a one-

dimensional subspace to simplify this derivation. Whereas the global optimum for the

nearest approximate GCD in thel2-norm can now be found in polynomial-time, the prob-

lem of finding an approximate GCD of highest degree still results in single-exponential

running time (see Karmarkar and Lakshman [1997]).

Although the classic text by Marden [1966] contains some material on perturbing

polynomial coefficients, it does not provide us with an answer to Q1. To our knowledge,

Q1 has not been directly addressed in the more recent literature. However, some problems
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that are related to Q1 have been extensively investigated in control theory, especially the

clustering of roots in an open domain of the complex plane. The latter is referred to as

domain stabilityof a polynomial.Robuststability requires that all roots of a polynomial

stay in a given domain even under perturbation of its coefficients. A remarkable result

for the special case of the left half-plane (Hurwitz stability) is Kharitonov [1978a]. It

reduces the continuous problem of establishing Hurwitz stability for an entire family of

real interval polynomials to a discrete problem of testing onlyfour special members of the

given polynomial family. One year later, the theorem was extended to complex interval

polynomials in Kharitonov [1979]; the test set consists of eight “corner” polynomials

in that case. Unfortunately, Kharitonov’s theorem cannot be extended to many other

domains (see Rantzer [1992]). Nevertheless, it had a considerable impact on research in

robust control. Many Kharitonov-like tests have been developed in the meantime, for a

variety of domains and norms (see Tempo [1989], Barmish and Kang [1993]).

In an effort to arrive at a method for perturbing various objects while preserving

their structure, Doyle [1982] introduced the notion ofstructured singular values. In terms

of computations the method turned out to be extremely costly in the general case, andsoon

the focus shifted to computing upper bounds instead of the actual decomposition. One can

easily find a nearest singular matrix by perturbing a given regular matrix ifwe do not en-

force any structure (see Kahan [1966]). However, the landmark result by Poljak and Rohn

[1993] shows that computing the distance to the nearest singular matrix becomes an NP-

hard problem when a component-wise infinity norm is used (see also Demmel [1992]).

As a consequence, the general form of the structured singular value problem is NP-hard

as well. For the rather special class ofrank-oneproblems, there exist efficient algorithms

for computing structured singular values. They can be successfully applied to the stabil-

ity problem for polynomials (see Qiu and Davison [1989], Chen et al. [1994a,b]). More

specific literature with respect to the stability problem will be discussed at the beginning

of chapter 4.

1.3 Notation

In the following,C [z] andR[x] are the rings of univariate polynomials over the com-

plex numbers and real numbers, respectively. Polynomials are assumed to be of generic
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degreen, unless stated otherwise. The roots are denoted by Greek letters. When we use

the norm expressionk fk for a polynomial f it is meant to be the norm of the coefficient

vector of f .

Matrices and vectors are type-set in bold; a boldi stands for the imaginary unit

of the complex numbers. What type of vector norm,k:k stands for, is depending on the

context. In chapter 3 it is assumed to represent the Euclidean norm (l2 norm) for the major

part.

The operator[:]tr is the transposition applied to vectors and matrices, whereas the

Hermite transposition (over the complex numbers) is denoted by an asterisk[:]�. We use

the standard definition for the inner product of two vectorsx;y 2 C n:

x �y = y�x = n

∑
k=1

xkyk :
The complex conjugate ofc = a+ bi 2 C is marked by a bar:c = a� bi. The

absolute value of a complex number is denoted byjcj, wherejcj2 = cc= a2+b2.



CHAPTER 2

Moving Polynomial Roots by Minimal Coefficient Perturbations

In the following we take a given univariate polynomial and perturb its coefficients such

that one or several roots move to prescribed locations in the complex plane under the

condition that the induced perturbation be minimal. Naturally, the perturbed polynomial

has the same or a smaller degree then the given polynomial. More succinctly, we want

to compute the coefficients of the or anearestperturbed polynomial that has roots at the

given locations, where nearness is measured by a certain norm of the coefficient vector.

We first state the problem for a generic vector normk:k, then we discuss solution strate-

gies for thel1, l2, and l∞-norm. Later on, we briefly look at weighted norms, and how

linear constraints among the perturbed coefficients can be incorporated.

2.1 Complex Coefficients

First, we state the problem for asingleroot α with prescribed locus in the complex

plane. This special case will be the basis for the formulas in the next chapter, as well as

for our application to control theory.

2.1.1 Constraining a Single Root

Problem 1 Given f2 C [z] with deg( f ) = n. For the complex indeterminateα, find f̃ 2C [z], such that

f̃ (α) = 0; and k f � f̃k= min :
Now let

f 2 C [z] ; f (z) = n

∑
k=0

akz
k :

8
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We define the perturbed, polynomialf̃ 2 C [z] such thatf̃ (α) = 0:

f̃ (z) = (z�α)n�1

∑
k=0

ukz
k= un�1zn+(un�2�α)zn�1+(un�3�αun�2)zn�2+ � � �+(u0�αu1)z�αu0= un�1zn+ n�1

∑
k=1

(uk�1�αuk)zk�αu0 ;
whereuk 2 C . Furthermore, we define the perturbationp= f � f̃ , a polynomial of degree

n or less. Next, we formulate the problem in terms of linear algebra. We define thevectors

b = [a0; : : : ;an�1;an]tr 2 C n+1 ; and

w = [u0; : : : ;un�1]tr 2 C n :
The vectorkδk 2 C n of perturbations shall contain the coefficients of the polynomialp.

In order to computekδk, we have to solve the following optimization problem:kδk= min
w2C n

kMw �bk ; (2.1)

where the rectangular matrix

M = 26666666664
�α 0

1 �α
... ...

0 1 �α

1

37777777775 2 C (n+1)�n (2.2)

represents the polynomial multiplication operator for(z�α).
2.1.2 Constraining Several Roots

In an analogous fashion, we formulate the problem form roots, wherem< n:
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Problem 2 Given f2 C [z] with deg( f ) = n, α1; : : : ;αm2 C , and m< n. Find f̃ 2 C [z],
such that

f̃ (αk) = 0 for 1� k�m; and k f � f̃ k= min :
This time, we have to multiply by the polynomial factor

m

∏
k=1

(z�αk) = zm� (α1+ � � �+αm)zm�1+ � � �� � � �+(�1)mα1 � � �αm= m

∑
k=0

(�1)kσkz
m�k ;

where theσk are the elementary symmetric functions inα1; : : : ;αm, andσ0 = 1.

Maintaining the notation from above, we arrive at the optimization problemkδk= min
wm2C n�m+1

kMmwm�bk ; (2.3)

where now the coefficient vectorwm of the co-factor hasn�m+1 elements,

wm = [u0; : : : ;un�m]tr 2 C (n�m+1) ;
and the matrix

Mm =
266666666666666664
(�1)mσm 0

... (�1)mσm�σ1
...

...

1 �σ1 (�1)mσm

1
...

...

0
... �σ1

1

377777777777777775 2 C (n+1)�(n�m+1) (2.4)

represents the multiplication operator for

m

∏
k=1

(z�αk) :
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2.1.3 Preserving Monicity

Sometimes it is desirable to restrict oneself to monic polynomials. As we will

see later on, the resulting minimal perturbations contain the leading coefficient (or its

absolute value) as scaling factor. To avoid “scaling”, one can use monic polynomials

only. In addition, the degree of the perturbed polynomial will be the same as the given

polynomial, thus generating a family offixed-degreepolynomials. An important example

is the algorithm for computing approximate greatest common divisors in thel2-norm by

Karmarkar and Lakshman [1996, 1997].

We demonstrate the method for the case of a single root, the generalization to sev-

eral roots is obvious. Problem 1 becomes:

Problem 3 Given f2 C [z] monic,deg( f ) = n, andα 2 C . Find f̃ 2 C [z], monic, such

that

f̃ (α) = 0; and k f � f̃k= min :
Due to the monicity constraint the leading coefficients arean = 1 andun�1 = 1, and

are not part of the equation. The optimization problem in terms of linear algebrakδk= min
w(1)2C n�1

kM (1)w(1)�b(1)k ; (2.5)

is made up of

b(1) = [a0; : : : ;an�2;an�1+α]tr 2 C n ;
w(1) = [u0; : : : ;un�2]tr 2 C n�1 ;

and the matrixM (1) 2 C n�(n�1) , which is then� (n�1) leading minor of matrixM in

(2.2). In the last element of the constant vectorb(1), we have to addun�1α = α to account

for the deletion of the last row and last column ofM .

2.2 Real Coefficients

Especially for sensitivity analysis, it is important that a given polynomialf 2 R[x]
retains real coefficients under perturbation. This constraint leaves us with two choices

for the roots whose loci we want to constrain: they have to be either real, or they have
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to belong to a pair of conjugate complex numbers. The case of real coefficients andreal

roots is identical to the cases of complex coefficients and complex roots described in the

previous section, except that all variables would now represent real numbers.

The case of a pair of conjugate complex roots can be stated as follows:

Problem 4 Given f2 R[x] andα 2 C . Find f̃ 2 R[x] such that

f̃ (α) = 0; f̃ (α) = 0; and k f � f̃k= min :
Let α = a+bi, wherea2 R andb2 R, then the perturbed polynomialf̃ 2 R[x] has

a factor (x�α)(x�α) = x2�2ax+a2+b2= x2+sx+q;
where

s;q2 R ; q� 0; and a=�s=2; b2 = q�s2=4:
Analogous to (2.1), we can formulate the minimization problem as:kδk= min

w2Rn�1
kM rwr �bk ; (2.6)

where

f (x) = anxn+an�1xn�1+ � � �+a0 ; n� 3;
f̃ (x) = un�2xn+(un�3+sun�2)xn�1+(un�4+sun�3+qun�2)xn�2+(un�5+sun�4+qun�3)xn�3+ � � �+(u0+su1+qu2)x2+(su0+qu1)x+qu0 ;

b = [a0; : : : ;an�1;an]tr 2 Rn+1 ;
wr = [u0; : : : ;un�2]tr 2 Rn�1 ;



13

and

M r =
266666666666666664

q 0
s q

1 s q

... ... ...

1 s q

0 1 s

1

377777777777777775 2 R(n+1)�(n�1) : (2.7)

For symbolic derivations, the informationq� 0 should be incorporated as an addi-

tional constraint. This can be accomplished by either directly adding the constraint q� 0

in a linear program, or by using an appropriate directive in a computer algebra system.

For example, MAPLE provides the user with theassume function to define properties of

a symbolic variable.

2.3 Computing Minimal Perturbations

The minimization problems described in the previous sections lead to over-determined

linear systems of equations. In the following we refer to the matrixM , and the vectors

w andb as representatives for any of the special cases (2.1), (2.3), (2.5), and (2.6). A

minimally perturbed coefficient vector for̃f can be obtained by projecting the constant

vectorb onto the range ofM in some specific norm. First we state, in a lemma, that the

dimension of the column space ofM is equal to the number of components ofw:

Lemma 1 For any given root locus (loci)α, the matrixM has full rank.

PROOF: The column vectors of the matricesM , that we constructed for the minimization

problems of the previous sections, are linearly independent for any choice of values for

the indeterminate(s)α. If α = 0 then the columns become unit vectors. �
For the case (2.1) of a single root, the range ofM is ann-dimensional hyperplane

in (n+1)-dimensional coefficient space.
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The following lemma, although being trivial, is an important tool to check the va-

lidity of symbolic solutions for the special case whenα = 0:

Lemma 2 Let f 2 C [z] or f 2 R[x], deg( f ) = n. The minimal perturbationδ to transform

f into f̃ , such that f̃ (0) = 0, is given bykδk = ja0j. For the l2 and the l1 norm, the

components ofδ are:

δ0 = a0 ; and δk = 0; for 1� k� n:
PROOF: In order to haveα = 0 as a root, the 0th coefficient has to vanish, i.e.,kδk has

to be at leastja0j. In thel2 and thel1 norm, any perturbation of another coefficient would

only increasekδk. �
Depending on the norm that we are applying, we have to use different solution

methods (see Golub and Van Loan [1983]). In the following sub-sections we discuss the

strategies for thel2, the l∞, and thel1- norm. Finally, we explain how to extend these

methods to weighted norms, and how one can incorporate linear constraints among the

perturbed coefficients.

|| ||δ

f

f
~

range(M)

Figure 2.1: Orthogonal projection in the l2-norm

2.3.1 Minimal Perturbations in the l2-Norm

Because of lemma 1, each minimization problem has a uniqueleast squaresso-

lution in the l2-norm. Figure 2.1 illustrates the principal geometric relationship for a

two-dimensional, real coefficient space, and a single (real) constrained root. In general,
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the l2-norm solution is theorthogonalprojection onto the range ofM , while the norm of

the perturbation is the radius of the hyper-sphere to which the range ofM is tangent at the

solution point in coefficient space.

Both, computer algebra systems and numerical software packages feature built-in

least squares solvers. However, computer algebra systems can also derive symbolicleast

squares solutions in the indeterminate(s)α. In the next chapter, we will derive formulas

in closed form for the case of a single complex root. They are also the solution inthe case

of real coefficients and a single real root.

f

f
~

a)

b)

f

range(M)

range(M)

Figure 2.2: Projecting the coefficient vector onto the range of M in thel∞-norm
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2.3.2 Minimal Perturbations in the l∞-Norm and the l1-Norm

There exist many efficient algorithms for minimization in the infinity norm andthe

l1-norm. Golub and Van Loan [1983] contains several references, a more recent article

is Coleman and Li [1992a], or itsl1-counterpart Coleman and Li [1992b]. All these

methods have in common that they use highly optimized numerical techniques, ultimately

achieving quadratic convergence like in Newton iteration.

To better understand the real nature ofl∞ and l1 minimization problems, we have

to go back to the underlying basic approach, namely the formulation as a linear program.

An early reference for the case of the infinity norm is Stiefel [1960]. Figure 2.2 illustrates

the geometric relationship for a two-dimensional real coefficient space and a single real

root. If α 6= 0 then the perturbation (or residual) in thel∞-norm is minimal when all

components have the same absolute valuekδk, as thel∞-norm is defined bykδk∞ = max
k
jδkj :

If we would move away from the optimal projection point then at least the absolutevalue

of one component would increase, as indicated by the dashed “box” in part a) of the

picture. The objective function of the linear program iskδk∞ whereas each component of

the perturbation vector contributes two constraints, one for the positive, and one for the

negative direction. Part b) shows that if one edge, or in the general case, one hyper-facet,

is parallel to the range ofM then we have a continuous set of minima. Also in the case

whenα = 0 we have infinitely many solutions (see lemma 2), because we only have to

make the constant coefficient vanish, the other coefficients can be chosen freely within

the range ofkδk. Similar statements can be made in the case of several roots when all or

some are set to zero. This exception is caused by one (or several) rows inM becoming

zero vectors.

The picture for thel1-norm is shown in figure 2.3. Again, there is the possibility for

an infinite number of minimal solutions, as indicated in part b) of figure 2.3.

We supply the linear programs in the appendix, together with simple MAPLE pro-

cedures that we used for experiments. They make function calls to the simplexalgorithm

which has exponential running time in the worst case, and therefore are not efficient.

However by applyinginterior pointmethods for solving linear programs, like Karmarkar
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|| ||δ
f

f
~

b)

a)

f

range(M)

range(M)

Figure 2.3: Projecting the coefficient vector onto the range of M in thel1-norm

[1984] or Renegar [1988], we would arrive at a polynomial-time algorithm for any input.

Numerically one can then expect linear convergence (see Coleman and Li [1992b]).

We have to make clear that we can only solve problems over the real numbers

directly. However in the complex case, we can apply a well known technique (see, e.g.,

Young and Gregory [1973]) to separate real and imaginary parts. We demonstrate the

decomposition for the case of a single complex rootα = a+bi ; a;b2 R:

Let the constant vector in (2.1)

w = [u0+v0 i; : : : ;un�2+vn�2 i]tr ;
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and the matrixM = A + iB, where

A = 266666664
�a 0

1 �a
... ...

0 1 �a

1

377777775 and B = 266666664
�b 0

0 �b
... ...

0 0 �b

0

377777775
are realn� (n�1) matrices. If we define

u = [u0; : : : ;un�2]tr and v = [v0; : : : ;vn�2]tr ;
then we can replaceMw by the product of a block-matrix times a stacked vector"

A �B

B A

# "
u

v

# ;
and set up the minimization problem accordingly.

2.4 Weighted Norms and Other Constraints

Sometimes it is useful to introduce positive weights to allow some coefficients to

have larger or smaller perturbations than the others. A weighted norm applies a positive

real factor to each component. E.g., a weightedl2-norm of a complex vectorx is given bykxkw = n

∑
k=1

wkxkxk

!1=2 ;
wherewk 2 R andwk > 0 for 1� k� n.

For thel∞ and thel1 norm, the weights can be incorporated into the formulation of

the linear program to find solutions to our minimization problems.

Similarly, least squares problems can be weighted (see GVL83, sec. 6.3). Typically,

the weights are contained in a matrixD = diag(wk), and the least squares problem is to

determine:

min
w2C n

kD(Mw �b)k2 :
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For the case of complex coefficients and a single rootα, Karmarkar and Lakshman

[1997] give a solution in closed form in a weightedl2-norm (see also Hitz and Kaltofen

[1998]).

A further generalization is given, if we imposelinear equality constraintson the

coefficients of the perturbed polynomial. The principal situation in this case is depicted

in figure 2.4: we now have to project the constant vector onto the intersection of the

f

~
f

f
~~range(M)

constraints

Figure 2.4: Incorporating Equality Constraints

range ofM with the subspace spanned by the linear constraints. The solution under

constraints is denoted bỹ̃f . Obviously, not any choice of constraints will lead to a non-

empty intersection of the two subspaces, and there might be no solution.

The constraints can be directly added to the linear program in the case of thel∞ and

the l1 norm.

Methods that compute an orthonormal basis for the intersection of two subspaces

are described in Golub and Van Loan [1983]. They are based on the singular value de-

composition. From an orthonormal basis, on can construct a matrixP that projects any
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vectorb onto the intersection (see Golub and Van Loan [1983], sec. 2.4).

In thel2, inequalityconstraints seem to be more difficult to incorporate, whereas in

thel∞ and thel1 norm, they can be added to the linear program again. Methods that solve

constraint least squares problems are described in Golub and Van Loan [1983], sec. 12.1.

Constraints could allow us to treat conditions like monicity or sparsity in a uniform

way.



CHAPTER 3

Parametric Solutions

The methods that we developed in the previous chapter allow us to constrain roots of

polynomials to any given location in the complex plane by inducing minimal perturba-

tions in the coeffecients. Using the technique ofparametric minimizationin the spirit of

Karmarkar and Lakshman [1996, 1997], we can take this idea one step further, namelyto

constraining one root of a given polynomial to an also given curve in the complex plane.

The actual root locus is the one location (or an entire segment) on the curve that will result

in minimal coefficient perturbations. An important application of this method tocontrol

theory will be presented in the next chapter.

First, we derive explicit formulae for the solution of the respective minimization

problem in the case of complex coefficients. The proof presented here is more basic

than the proofs in Karmarkar and Lakshman [1996, 1997]. In the next section, we de-

rive algorithms for constraining a root to a given curve. We then take a brief look at the

approximate GCD-problem and how to find nearest singular polynomials. Interestingly,

while the case of complex coefficients leads easily to solutions in closed form, we were

able to do this for real coefficients only in special cases so far. However, the situation

seems to be reversed when we use thel∞-norm in lieu of the Euclidean norm: we will de-

rive an explicit formula for the minimum change in the infinity-norm for real coefficients

and a real root in the third section.

3.1 Solutions for thel2-Norm in Closed Form

For the case of complex coefficients and a single complex rootα, i.e., for the mini-

mization problem (2.1), we can derive explicit formulae for the minimum as functions in

the parameterα. The expressions for the minimal coefficient perturbations are identical

to the ones that were obtained by Karmarkar and Lakshman [1996, 1997] for approxi-

mate greatest common divisors, whereas the norm expression consists of the termfor one

polynomial only. For later use in parametric minimization, it is preferable to express the

symbolic minimum in terms of the square of the norm of the coefficient perturbations in

21
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order to avoid the square root.

We summarize the result in the following theorem:

Theorem 1 For the symbolic least squares solution of (2.1), the square of the l2-norm

over the minimal perturbation is

N min(α) = kδk2 = f (α) f (α)
∑n

k=0(αα)k ; (3.1)

while the perturbation of the j-th coefficient itself is

δ j = (α) j f (α)
∑n

k=0(αα)k ; (3.2)

for 0� j � n, and assuming that00 = 1.

PROOF: The formulae can be obtained by either explicitly solving the normal equations,

or equivalently, minimizing a quadratic form (see Karmarkar and Lakshman [1996]), or

via a Lagrange multiplier approach (see Karmarkar and Lakshman [1997]). We give an

alternate proof using basic vector geometry. It will not only improve our understanding

of the subspaces that are involved, but it will also provide us with a more efficient method

for the symbolic derivation ofN min for problems that do not lead to solutions in closed

form (see later in this chapter).

Because of lemma 1, the column vectors ofM in (2.2) form a basis for ann-

dimensional subspace ofC n+1. Therefore, the unitary complement of the column-space

is one-dimensional. It can easily be verified that

r = [1;α;α2; : : : ;αn]tr
is orthogonal to any column vector ofM , thus constituting a normal vector to the hyper-

plane spanned by the columns ofM .

The vector of the minimal perturbationsδ is the orthogonal projection ofb =[a0; : : : ;an�1;an]tr ontor :

δ = b � r
r � r r = b � rkrk2 r = f (α)

∑n
k=0(αα)k r ;
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which is the vector[δ0; : : : ;δn] in (3.2). The norm expression becomes:

N min(α) = kδk2 = δ�δ = f (α)krk2 f (α)krk2 r�r = f (α) f (α)krk2 ;
which is (3.1). �

The following corollary states thatN min is a positive semi-definite form inα:

Corollary 1 The functionN min(α) is real-valued and positive semi-definite.

PROOF: The numerator ofN min(α) is

f (α) f (α) = k f (α)k2� 0;
while for any value ofα, its denominatorkrk2 is strictly positive due to the 0th summand

being(αα)0 = 1. By definition, both norm expressions are real-valued. �
Remarks

We note the following properties:

1. Lemma 1 guarantees that the least squares problem has a unique minimal solution.

We saw in the previous chapter that this is not necessarily the case for other norms.

2. The denominatorkrk2 ofN min(α) is also the determinant of the matrixQ=(M�)M .

This matrix defines a quadratic form that was used in the original approach by Kar-

markar and Lakshman [1996].

3. Every component of the perturbation vectorδ containsf (α) as a factor. Therefore,

δ is scaled by the leading coefficientan of f (or by any other coefficient for that

matter). We can remove this degree of freedom by enforcing monicity (see prob-

lem 3). However, solutions of lower degree thann are not anymore achievable that

way.

4. For consistency, it is important that forj = 0 andα = 0, (α) j = 1. For that reason,

the additional assumption for the otherwise mathematically undefined expression

00 was made in the statement of the theorem. With this addition, the formula is in

accordance with lemma 2.
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5. If we start out with a monic polynomial, and if we want to preserve monicity, we

only have perturbationsδ j with 0� j � n�1, and the upper limit for the summa-

tion index in the denominator is alson�1. In our article for ISSAC’98, Hitz and

Kaltofen [1998], we derived all formulae for the monic case.

3.2 Constraining a Root Locus to a Curve

We now want to use the formulae for the parametric minimum to develop an algo-

rithm for computing the coefficients of a perturbed polynomial that has (at least) one root

on a given curveΓ � C . The basic idea is to substitute areal parametrizationγ(t) of Γ

for the complex indeterminateα in N min(α) of (3.1). The result will be an expression

N min(γ(t)) in the real parametert. Local minima can be found at stationary points of this

function, i.e., we will have to determine tehreal solutions of the equation:

dN min

dt
= dN min

dγ
dγ
dt

= 0: (3.3)

For each solutionτ j , we obtain a rootζk = γ(τ j) of a perturbed polynomial that has at

least one rootζ j 2 Γ. We have to compare the respective valuesN min(γ(τ j)) to find the

global minimum. The validity of the method follows from corollary 1.

From this outline we see that the parametrizationγ(t) has to be differentiable. The

parametert may range over an intervalI � R. On the other hand, the curveΓ can be

composed of finitely many segments, each with a parametrizationγk(t); the procedure

has to be repeated for each segment in this case. We summarize our method in the fol-

lowing subsections, first for complex, and then for real coefficients. For both cases, let

Γ be a piecewise smooth curve consisting of a finite number of segments, each having a

parametrization

γk : Ik! C ; where Ik� R
is an interval that may cover all real numbers. We will identify the segment by its

parametrizationγk.
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3.2.1 Complex Coefficients

For a given polynomialf with complex coefficients, the following algorithm de-

scribes how to compute the coefficients of a perturbed polynomialf̃ that has at least one

root onΓ, while the perturbations are minimized in thel2-norm. The parametric mini-

mumN min(γ(t)) of the norm expression after substitution will be abbreviated byN(t).
The j th zero ofN0(t) on segmentγk of Γ is denoted byτk; j .
Algorithm C:

Input: f 2 C [z], and a curveΓ as specified above.

Output: f̃ 2 C [z], andτ 2 R, s.t. f̃ (γk(τ)) = 0 for a segmentγk of Γ,

andk f � f̃k2 = min over all segments.

C1: For each segmentγk of Γ do:

C1.1: Substituteγk(t) for α in the symbolic minimumN min(α) resulting in the

expressionN(t).
C1.2: Symbolically determine the derivativeN0(t).
C1.3: Compute allreal roots τk;i (of the numerator) ofN0(t). Selectτk;i that

minimizesN(τk;i), and assign it toτk.

C2: From allN(τk) of step C1.3, determine the overall minimumN(τ).
C3: Compute the perturbationsδ j . Return f̃ , k, andτ.

The complexity of the algorithm is depending on the parametrization. However, allsteps

of algorithm C finish in poynomial time. Symbolic simplifications during the substitu-

tion, and after computing the derivative can be costly, but computing the roots in C1.3

makes this the most expensive step. This is the place, where numerical techniques can be

incorporated to gain speed over precision. By keeping corollary 1 in mind, bisection or

quasi-Newton methods can be used in any case. If the parametrization is differentiable

twice, we can apply full Newton iteration, yielding quadratic convergence.

Certain parametrizations have singular points which have to be treated separately,
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like additional segments. E.g., the popular parametrization of the unit-circle:

γ(t) = t� i
t + i

;
for�∞ < t <∞ leaves an infinitesimal gap at 1. In this case, we have to evaluateN min(1),
and compare the result with the values obtained in C1.3. Another solution would be to

use two half-circles whose parametert only runs from�1 to+1.

Most of the time,Γ will consist of segments that have a parametrization in form of

a rational function int with no real poles. After substitutionN(t) =N min(γ(t)) will also

be a rational function that has no real poles. Therefore, we only have to find the zeroes

of the numerator ofN0(t), i.e., we have to solve a polynomial equation. We even could

adapt our algorithm to only derive the numerator of the derivative by restricting the class

of admissible parametrizations.

Using known bounds, we can restrict the search space for the real roots if we are

given a precision limit that has to be achieved for the coefficient perturbations (see Kar-

markar and Lakshman [1996, 1997] for the approximate GCD-problem).

Computer algebra systems are capable of computing the derivative for a wide range

of parametrizationssymbolically. However, numerical techniques (difference methods)

could be used for cases where no explicit parametrization is available.

Evidently, the computations for individual segmentsγk can be performed in parallel.

Because the inner loop (C1.1 to C1.3) contains all major computational steps, coarse-

grain parallelization in a distributed environment is also feasible.

3.2.2 Real Coefficients

For polynomials with real coefficients, it appears to be more difficult to derive ex-

plicit formulae. We were able to obtain them in a few special cases, e.g., whenΓ is a

coordinate axis. For the important case of the imaginary axis (Hurwitz stability), we will

present the formulae in the next chapter. For other cases, we can still compute symbolic

solutions to the least squares problem, and use the result for substitution by a parametriza-

tion γ(t). However, if we have to simplify huge expressions, this procedure can become

rather costly. Trying to extend the set of explicit solutions will certainly bean important

focus of future research activities.
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For real coefficients and real perturbations, we have to distinguish two cases again:

either the constrained root is real itself, or it belongs to a pair of conjugate complex values.

Real roots can only occur ifΓ has a non-empty intersection with the real axis. This set

can consist of distinct intersection points or an entire segmentγk, which would then be a

real interval. Only part of a segment cannot lie on the real axis, as this would constitute

a violation of the differentiability condition forγk. For the intersection points, we can

directly evaluate formula (3.1) forN min, whereas algorithm C can be used to findτk and

N(τk) for a segment on the real axis.

In the second case (conjugate pair), we have to solve the minimization problem in

(2.6) symbolically, and then substitute the expressions for the real and the imaginary part

of γk(t) into the derived solution accordingly. The following description of the algorithm

encompasses both special cases:

Algorithm R:

Input: f 2 R[x], and a curveΓ as specified above.

Output: f̃ 2 R[x], andτ 2 R, s.t. f̃ (γk(τ)) = 0 for a segmentγk of Γ,

andk f � f̃k2 = min over all segments.

R1: For the given polynomialf 2 R[x], derive the symbolic least squares solution

wr(s;q) to (2.6). Expand the productN min(s;q) = (M rwr �b)tr(M rwr �b).
R2: For each segmentγk of Γ do:

R2.1: Substitute

s  - �2ℜ(γ(t)) ; and

q  - jγ(t)j2 = ℜ(γ(t))2+ℑ(γ(t))2

in the symbolic minimumN min(s;q), resulting in the expressionN(t).
R2.2: Symbolically determine the derivativeN0(t).
R2.3: Determine allreal solutionsτk;i to N0(t) = 0. Selectτk;i that minimizes

N(τk;i), and assign it toτk.
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R3: Use formula 3.1 to computeN min for the intersection points, and algorithm C

from the previous section for common segments ofΓ with the real axis.

R4: From the values forN min computed in all steps R2.3, as well as in step R3 select

the minimum. Determine the perturbations using expressions from step R1, or

formulae (3.2) respectively. Returñf , k, andτ.

Most remarks from the previous section also apply to algorithm R. Here, all sub-

steps of R2 and R3 can be executed in parallel. In fact, we could start step R3 already

at the beginning of the algorithm, parallel to R1. This might be an advantage in terms

of load-balancing, as step R2 will create several parallel processes, while R1 is typically

executed on a single processor.

All sub-steps of algorithm R are known to run in polynomial time. Depending on

the implementation of the least squares solver, the symbolic derivation in step R1 may

take considerable time to complete. We present an alternate algorithm below. Instead

of projecting the constant vectorb (containing the coefficients off ) onto the range of

M r , we can derive the perturbation vectorδ directly by projectingb onto the orthogonal

complement ofM r , which is a two-dimensional subspace only. This method was also used

in the proof of theorem 1, although for a complement of dimension one in that case. It will

also be used to derive explicit formulae for Hurwitz polynomials with real coefficients in

the next chapter. In the following algorithm P, we construct a projector matrixP from a

orthonormal basis of the two-dimensional subspace that is the orthogonal complement of

M r . The theoretical justification for this procedure can be found in section 2.4 of Golub

and Van Loan [1983].

Algorithm P:

Input: f 2 R[x], wheren= deg( f ).
Output: The vector of perturbationsδ(s;q), as defined in (2.6), con-

taining symbolic expressions in the indeterminatess andq.

P1: Construct the symbolic(n+1)�(n�1) matrixM r in the indeterminatessandq.

P2: Derive basis vectorsv1 andv2 for ker(M tr
r ).
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P3: Construct an orthonormal basis by executing a single Gram-Schmidt step:

u1 := v1kv1k ; v := v2� (v2 �u1)u1

u2 := vkvk
P4: assemble the(n+1)�2 matrixV = [u1ju2] from the column vectorsu1 andu2.

P5: Compute the(n+1)� (n+1) subspace projector matrixP := VV tr .

P6: Project the coefficient vector off by computingδ := Pb. Returnδ(s;q).
Algorithm P makes use of standard functions that are part of the linear algebra package

in all major computer algebra systems. The minimum norm expression that is used in

algorithm R, can be computed in a single inner product:

N min(s;q) = δ(s;q)trδ(s;q) :
3.3 Approximate Greatest Common Divisors and Nearest Singular

Polynomials

In the previous section, we were given a one-dimensional variety for constraining

the root locus. Solving the parametric minimization problem resulted in a realvalue

τ. Now, if we look at two monic polynomialsf 2 C [z] andg 2 C [z] with deg( f ) = m,

deg(g) = n, and GCD( f ;g) = 1, then we can use the symbolic solutions of theorem 1 to

express the minimal perturbations that would transformf into a monic f̃ , andg into a

monic g̃, such that both̃f andg̃ have a rootα. In order for the perturbed polynomials to

have a non-trivial GCD, they must have at least one common root. The condition forf̃

andg̃ to haveα as acommonroot is reflected in the combined norm expression

N min(α) = f (α) f (α)
∑m�1

k=0 (αα)k
+ g(α)g(α)

∑n�1
k=0(αα)k

(3.4)



30

that has to be minimized. Ifα = a+bi, wherea andb are real indeterminates, the para-

metric minimization (see Karmarkar and Lakshman [1996, 1997]) proceeds by computing

the real intersection points of the curves that are defined byNa = 0 andNb = 0, where

Na = numerator

�
∂N min

∂a

� ; and Nb = numerator

�
∂N min

∂b

� :
Whereas in the previous problems the rootα was constrained to an explicitly de-

fined subset of the complex or real numbers, here the set is given implicitly by thenorm

expression for the second polynomial. The fact thatN min(α) is just the sum of two

expressions of theorem 1 is further evidence that out of the three questions in the intro-

duction, Q1 is indeed the most fundamental one to ask, and that the methods developed in

the previous sections can be used as building blocks for solving more advanced problems.

In the following, we want to illustrate how the related problem of finding a nearest

singular polynomial can be expressed as minimization problem by using the same tech-

niques as in chapter 2. Although one could state the problem for any given multiplicity,

we restrict ourselves to a double root. The generalization is obvious, and is in the same

spirit as problem 2.

Problem 5 Given f2 C [z], monic, having only roots of multiplicity one. Find̃f 2 C [z],
monic, having a rootα 2 C with multiplicity two (or higher), andk f � f̃ k= min.

The perturbed polynomial̃f will have a factor(z�α)2 = z2�2αz+α2 :
We can again formulate the minimization problem in the language of linear algebra.

We have to find kδk= min
w2C n�2

kMsws�bk ; (3.5)
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where

f (z) = zn+an�1zn�1+ � � �+a0 ; n� 2;
b = [a0; : : : ;an�2�α2;an�1+2α]tr 2 C n ;

ws = [u0; : : : ;un�3]tr 2 C n�2 ;
and

Ms =
2666666666666666664

α2

0�2α α2

1 �2α α2

... ... ...

1 �2α α2

0 1 �2α

1

3777777777777777775 2 C
n�(n�2) : (3.6)

After computing a symbolic least squares solution for (3.5), we obtain expressionsδ(α)
andN min(α). Again, we have to find the stationary points ofN min(α), and select the

overall minimum. The actual value ofα will be computed during this process. Ifα is

fixed, the problem becomes a special case of problem 2.

3.4 Parametric Solutions in thel∞-Norm

In the previous chapter we reduced the problem of computing perturbations in the

infinity-norm to a problem in linear programming. Deriving symbolic solutions in closed

form seems to be difficult due to the fact that we would have to know the sign of an

indeterminate in order to proceed locally in solving the linear program. At the end, we

would be left with an exponential number of sign-pattern for the perturbation vectorδ. As

the result by Poljak and Rohn [1993] for nonsingularity of interval matrices suggests,we

might be here very close to a NP-hard problem. However, we are able to actually derive
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a symbolic solution for the infinity-norm of the minimal perturbation for the restricted

problem of real coefficients and one real root.

Although we are able to find an expression for the minimum change in the norm, the

method does not construct an actual polynomialf̃ . Because we only consider real roots,

the task of constraining a root to a curveΓ can be reduced to a basic linear programming

problem of chapter 2, and therefore is not depending on an explicit solution. We only

have to compute the intersection points ofΓ with the real axis, and then select the one

root location that causes the perturbation to be minimal. Obviously, we cannot applythis

method to a segmentγk that lies on the real axis, as this would result in a continuous set

of solutions.

The derivation of the norm change in closed form is an application of the geometric

method in Stiefel [1959], a method that is based on results by the Belgian mathematician

de la Vallée-Poussin and goes back to the beginning of the century (see Vallée-Poussin

[1911]). Our proof follows closely Stiefel [1959], although his intent is to find approxi-

mate solutions in the infinity (“Tschebyscheff”) norm for generic over-determined linear

systems of equations. Because of the special dimensions of our matrixM , we only have

to perform one step in his deduction.

We state the result in the following theorem:

Theorem 2 Let f 2 R[x], andα 2 R. Then there exists̃f 2 R[x] such thatf̃ (α) = 0, andk f � f̃k∞ = min. For anyα 2 R, the norm of the minimal perturbation is:

δ∞
de f= kδk∞ = ���� f (α)

∑n
k=0 jαkj ���� (3.7)

PROOF: First we recall that the minimization problem can be stated askδk= min
w2Rn

kMw �bk ; (3.8)
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whereb contains the coefficients off , and

w = [u0; : : : ;un�1]tr 2 Rn ;
M = 266666664

�α 0
1 �α

... ...

0 1 �α

1

377777775 2 R(n+1)�n

For the following, we assume thatα 6= 0. Because of lemma 2 we already know the

solution for the special caseα = 0, and one can easily verify that the formula above is

consistent with lemma 2. Without this assumption, the first row could become a zero

vector, thus invalidating some of the arguments in our proof.

Each row in the linear system of (3.8) defines an equation of a hyperplane inRn:

M j ;0u0+M j ;1u1+ � � �+M j ;n�1un�1�a j = 0;
whereM = �M j ;k�, and 0� j � n. We know thatM has rankn (lemma 1). If we would

omit one equation, the remaining hyperplanes would intersect in a single point. Alln+1

hyperplanes define a closedsimplexin Rn, and for arbitrary vectorsw, we haveresidues

δ j = M j ;0u0+M j ;1u1+ � � �+M j ;n�1un�1�a j :
Among the row vectors ofM ,

M j ;� de f= �
M j ;0; : : : ;M j ;n�1

� ;
there is a linear dependence that we already know from our proof of theorem 1:

M trr = 0; thus r trM = 0; where r = [1;α;α2; : : : ;αn] (3.9)

(note thatα is real, thereforeα = α).

Each row vectorM j ;� is anormalvector to the corresponding hyperplane, and there-
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fore to one of the facets that constitute the simplex. Stiefel [1959] is now able tochar-

acterize the inner points of the simplex. He calls such points “reference points”. In our

notation, the condition for a specificw 2 Rn to represent an inner point is thateither the

sign of the residue is

for all 0� k� n; sgnδk = sgnαk ; or

for all 0� k� n; sgnδk = �sgnαk :
Now, because of (3.8)

δ = Mw �b ; thereforeby(3:9)
r trδ = r trMw � r trb =�r trb ;

or expanded

n

∑
k=0

αkδk =� n

∑
k=0

αkak =� f (α) : (3.10)

If we incorporate the sign conditions from above then (3.10) becomes

n

∑
k=0

jαkj jδkj=� n

∑
k=0

αkak : (3.11)

Because of our assumption thatα 6= 0, we see that the absolute valuesjδkj of the residues

are bounded for anyw satisfying the sign rules above. Therefore, these rules characterize

indeed inner points of the simplex.

Now, again following Stiefel [1959], we define the “center” of the reference points

to be that point whose residuesδk all have the same absolute value. I.e., for that center

point, there existsd 2 R such that

δk = d sgnαk ; for 0� k� n: (3.12)
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Combining (3.10) and (3.12) yields

d
n

∑
k=0

αksgnαk =� f (α) ;
or

d =� f (α)
∑n

k=0 jαkj :
Finally, we have to defineδ∞ = jdj to arrive at the formula stated n the theorem. �

We were able to obtain the symbolic minimum in one step because we haven+1

equations inn variables. In his paper, Stiefel uses the method iteratively to solve problems

with mequations, wherem> n+1, by selectingn+1 rows in each step, and moving from

one “center” point to the next one. The algorithm resembles the simplex method.

Furthermore, one can use other theorems in his paper to show thatδ∞ is bounded

from below by min0�k�n jδkj, and from above by max0�k�n jδkj, whereδ = (δk) is the

least squaressolution of problem (3.8).

In our derivation we make extensive use of sign rules. Therefore, there is little

hope that a similar formula for the case of complex coefficients can be obtained viathis

approach.



CHAPTER 4

Computing the Radius of Stability

Recent results in robust stability can be categorized by two different ways of looking at the

same problem: on the one hand, following the landmark paper of Kharitonov Kharitonov

[1978a, 1979, 1978b], severaltestsfor stability of agiven family of polynomials have

been devised (see Barmish and Kang [1993], Tempo [1989]). On the other hand, research

focuses on the determination of theradius of stabilityfor a given nominal polynomial

and a certain norm in coefficient space. In this area, notably the work of Tsypkinand

Polyak [1991], Desages et al. [1991], and Kogan [1992] provides necessary and sufficient

conditions for the range of robust stability in a (weighted)l p norm. However, these criteria

allow actualcomputationof the stability radius only in a few special cases, as they leave

infinite one- or two-dimensional sets to be searched for the minimum. Frequency domain

plots seem to be the method of choice for more general applications (see Joya and Furuta

[1991]).

Another approach is based on structured singular values, and its related theory;see

for example Chen et al. [1994a,b]. Out of this area, Qiu and Davison [1989] comes closest

to our method. While the first stage of their algorithm leads to expressions in closed form

for a wide range of vector norms, the second stage still requires the use of some search

method.

In the following sections, we present a method for computing the radius of stability

in the l2 norm for univariate polynomials with either complex or real coefficients. In

terms of flavor, it is closest to the ideas presented in Pérez et al. [1994]. The method is

applicable for a wide range of stability domainsD � C . Among them are the familiar

cases for Hurwitz and Schur stability. Applying the techniques from the previous chapter,

we can reduce the problem to finding finitely many roots of an (algebraic) equation. Root-

finding is a well-researched topic. The use of numerical methods in this stage leads to a

hybrid symbolic-numeric algorithm, where the speed of numerical root-finders improves

the overall performance.

For special domains, like the left half-plane, Kharitonov’s theorem provides a way

36
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of computing the radius of stability in the infinity norm. We could use binary search

on the size of the intervals, to find a “corner” polynomial that would have a root on the

domain boundary (i.e., the imaginary axis in the classical case). However, there might

be other unstable polynomials in the family at that point, because Kharitonov’s theorem

provides us with a test forstabilitynot instability. Still, the method is efficient, and gives

us a radius of stability for the limited set of domains to which it is applicable.

Similar methods could be developed forl1-like norms (“diamonds” of coefficients),

as results like Tempo [1989] suggest.

After some preliminaries, we show how to use our method of constraining a root

to a curve for computing the radius of stability in thel2-norm, for complex and then real

polynomials. For the special case of Hurwitz-stability, we are able to derive formulae in

closed form also for polynomials with real coefficients.

4.1 Preliminaries

First, we give a definition for the stability of a generic domain of the complex plane:

LetD � C be an open, convex domain of the complex plane. The polynomialf 2 C [z]
(or f 2 R[z]) is calledD-stableif all its roots are located withinD.

For a polynomial family, we have to add the condition that all members have to

be of the same degree in order to beD-stable. This condition is especially important

when we perturb a given stable polynomial until it becomes unstable. If the degree of the

polynomial would be allowed to drop then it would “loose” one or several of its roots, and

in most practical applications (e.g., stability of differential systems) this would change the

structure of the problem.

Special cases areHurwitzstability, ifD is the open left half-plane, andSchurstabil-

ity, if D is the open unit-disc around the origin. In the first case,D is unbounded, whereas

in the latter case it is bounded.

Our goal is to derive a method for finding the nearest unstable polynomialf̃ for a

givenD-stable polynomialf . Basis of our method is the following theorem, which could

also be called theinverse zero-exclusion principle:

Theorem 3 Let f 2 C [z], beD-stable (D as defined above), and letf̂ 2 C , be an unstable

polynomial of the same or lower degree as f such thatk f � f̂k = ε, andε 2 R ;ε > 0.
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Then, there exists̃f 2 C [z] andζ 2 ∂D such thatk f � f̃k � ε and f̃ (ζ) = 0.

PROOF: For Hurwitz stability, see also Lemma 3.2 in Kogan [1992].

For t 2 R and 0< t � 1, we define the polynomialsft by

ft(z) = f (z)+ t � ( f̂ (z)� f (z)) :
The roots offt move continuously as the parametert varies over the interval(0;1]. For a

proof of this property, see Marden [1966].

We want to discuss the case of a degree-drop first. Iff has degreen, and deg( f̂ )=m

with m< n, then as we increaset from zero to one, (at least) one of the roots offt will

move to infinity. If the domainD is bounded, i.e.,∞ is not part of the contour∂D,

then this root will have to cross∂D somewhere, because of continuity, and we are done.

Note that infinity cannot be inD, otherwise it would not be an open set. Now, ifD is

unbounded (this is this for example the case for the left half-plane), the root can actually

reach infinity. However, in this case, infinity belongs to∂D, and we are done as well.

If the degree does not drop along the line fromf to f̂ in coefficient space, then the

expression k f � ftk= t � k f̂ (z)� f (z)k
is a strictly increasing function int for a generic vector norm. Becausêf is unstable,

it must have one or more roots outside or on the boundary ofD. Again, by virtue of

the continuous dependence of the roots on the coefficients, there must beτ 2 (0;1] and

ζ 2 ∂D such thatfτ(ζ) = 0 andk f � fτk � ε. �
Because of theorem 3, the nearest unstable polynomial is one that has a root on∂D.

Together with the methods presented in the previous chapter, we are now able to compute

the radius of stability for domainsD whose contour∂D satisfies the input requirements

for algorithms C and R. I.e.,∂D must have some suitable parametrizationγ(t), or must be

composed of segments that have such parametrizations.

4.2 The Nearest Unstable Polynomial – Complex Coefficients

Given a domainD � C and aD-stable polynomialf 2 C [z], we can basically use

algorithm C to findf̃ 2 C [z] such thatf̃ has a root on∂D. The first prerequisite is that∂D
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is a piecewise smooth curve, having a parametrizationγ(t) in a real parametert for each

segment. If we allow the leading coefficient off to be perturbed, and ifD is unbounded,

solutions that lead to a degree-drop off̃ are valid, and we have to amend algorithm C to

check that case. This additional test only has compute the absolute value of the leading

coefficient and compare it against the norm of the minimal perturbations obtained in steps

C1.3. It is evident that we achieve the minimum perturbation in the case of a degree-drop

by setting the leading coefficient to zero, and leaving all other coefficients unperturbed.

If we want to preserve monicity, we have to use the modified formulae as mentioned

in the remarks following theorem 1.

We illustrate the procedure in the following example:

Example 1 The monic polynomial

f (z) = z3+(2:41�3:50 i)z2+(2:76�5:84 i)z�1:02�9:25 i

is Hurwitz, with approximate roots:�1:04+3:10 i,�:99�1:30 i, and�:37+1:70 i. The

boundary of the left half-plane can be parametrized byγ(t) = it, where t2 R. We want

to preserve monicity, therefore we will not have possible degree-drops.

Consequently,

Nm(γ(t)) = (t6�7:00t5+12:5381t4+9:6712t3�18:1104t2�62:9736t+86:6029)=(t4+ t2+1) :
The numerator of the derivative is a monic polynomial of degree nine. It has three real

roots (rounded to 6 digits):τ1 =�1:84729, τ2 =�:248977, andτ3= 1:88617. Nm(γ(τk))
evaluates to25:9376, 94:8227, and:284693respectively. Therefore,τ3 leads to minimal

perturbations. The l2-norm distance (radius of stability) is the square root ofNm, namely
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Figure 4.1: Hurwitz polynomial with complex coefficients
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f̃ (z) = z3+(2:7037�3:1492i)z2+(2:5740�5:6842i)z�1:1026�9:3486i :
The roots moved to�1:6472+ 2:5328i, �1:0566� 1:2698i, and1:8862i respectively

(see figure 1).

4.3 The Nearest Unstable Polynomial – Real Coefficients

If f 2 R[z], and we allow only real perturbations of the coefficients, we can use

algorithm R to compute a nearest unstable polynomial. Again, if we allow degree-drops

to happen then we have to add the additional test that we mentioned in the previous

section. As already discussed in the outline of algorithm R, the case of real roots will

actually be processed by algorithm C.

In the following small example for Schur-stability, we show the basic cases of al-

gorithm R for a monic polynomial:

Example 2 The polynomial f(z) = z2�0:1z�0:3 has (real) roots�0:6 and 0:5; both

are inside the unit-circle. By perturbing the coefficients of f , one root can become either�1 or +1, or both can be a pair of complex conjugates located on the unit-circle. Using

(3) from section 2, we haveN min(�1) = 0:32 andN min(1) = 0:18. Alternatively, the

perturbed polynomial̃f would have rootsα andᾱ, whereαᾱ = 1, i.e., f̃ (z) = (z�α)(z�
ᾱ) = z2� 2az+ 1, and a= ℜ(α) 2 R. Perturbing the constant coefficient (�0:3) to a

value of+1 would already give us a contribution of1:32 = 1:69 towardsN . Therefore,

moving one root to+1 will result in the minimal perturbation.f̃ = z2�0:4z�0:6 has

another real root at�0:6.

In the important case ofHurwitz stability, we can again derive explicit formulas.

The special form of the domain boundary (imaginary axis) reduces (2.6) to a problem in

a single parameter. In this case,f̃ will have a factor(z� t i)(z+ t i) = z2+ t2 ; where t 2 R ;
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i.e.,s= 0 andq= t2. The matrix of the minimization problem for this special case is

Mh =
2666666666666666664

t2
0

0 t2

1 0 t2

... ... ...

1 0 t2

0 1 0

1

3777777777777777775 2 R
(n+1)�(n�1) : (4.1)

We summarize the results in the following theorem:

Theorem 4 Let f 2 R[z] be Hurwitz. We define the polynomials g;h2 R[x], such that

f (z) = g(z2)+z�h(z2) ;
and substitute x for z2. The nearest polynomial having at least one root on the imaginary

axis at z= t i, t 6= 0 is given by the following perturbationsδ j of the coefficients of f ,

where0� j � n:

a) If n = deg( f ) is odd, and m= (n�1)=2, then

δ j = ��t2
� j=2

g
��t2

�
∑m

k=0 t4k ; j even,

δ j = ��t2
�( j�1)=2

h
��t2

�
∑m

k=0 t4k ; j odd,

N min(t) = g2
��t2

�+h2
��t2

�
∑m

k=0 t4k : (4.2)
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b) If n = deg( f ) is even, and m= n=2, then

δ j = ��t2
� j=2

g
��t2

�
∑m

k=0 t4k ; j even,

δ j = ��t2
�( j�1)=2

h
��t2

�
∑m�1

k=0 t4k
; j odd,

N min(t) = g2
��t2

�
∑m

k=0 t4k + h2
��t2

�
∑m�1

k=0 t4k
: (4.3)

PROOF: For Hurwitz polynomials, we could state the minimization problem as approx-

imate GCD problem for the two polynomialsg andh (this is also true for the case of

complex coefficients, wheref ( it) = g(t)+ i h(t) andg;h2 R[t]), and use the techniques

from Karmarkar and Lakshman [1996, 1997] to derive the minimum norm change and

the perturbations. However, their methods also require bothg andh to be monic, which

condition is, in general, violated by one of the polynomials. Additionally, the derivation

presented here, will give us more insights into the geometric properties of this minimiza-

tion problem.

We are basically using the method of algorithm P to derive the minimal perturba-

tionsδ j . For the real Hurwitz case, the column vectors of the matrixMh in (4.1) form a

basis for a(n�1)-dimensional subspace ofRn+1. It can easily be verified that the two

vectors

v1 = [1;0;�t2;0; t4;0; : : : ] ; and v2 = [0;1;0;�t2;0; t4; : : : ]
span the orthogonal complement of the column-space ofMh. The vectors

u1 = v1kv1k ; and u2 = v2kv2k
constitute an orthonormal basis for this 2-dimensional subspace. Therefore, the matrix

P= VV tr ; where V = [u1 j u2]
is a projectormatrix in the sense of Golub and Van Loan [1983], sec. 2.4. As a linear

map, it projects any vector fromRn onto the subspace spanned byv1 andv2. In our case,
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we have to project the vector

b = [a0; : : : ;an�1;an] ;
i.e., we have to computePb, in order to obtainδ. As one can see from the special structure

of Mh, v1 andv2, as well as the matrixVV tr , odd and even rows stay separated, which

allows us to computeδ j for odd and even numbers in terms of the coefficients ofh and

g, respectively. We also note, that odd rows inVV tr are scaled by 1=kv1k2, even rows by

1=kv2k2, resulting in the denominators of the formulae (4.2) and (4.3). �
Remarks:

1. In order to compute the actual minimum, one still has to execute steps R2.3, R3, and

R4 of algorithm R. We could take the formal derivation even further, and explicitly

write down the (polynomial) equations int, that one has to solve. However, this can

easily be done by a computer algebra system, and does not provide further insights

into the problem.

2. Formulae (4.3) and (4.2) are consistent with the Hermite-Biehler theorem (Hermite

[1879], Biehler [1879], Krein and Naimark [1981], Gantmacher [1959]). They rep-

resent the fact thatg andh are perturbed independently, such that the perturbed

polynomials ˜g andh̃ have�t2 as a common root. The norm expressionsN min are

the ones we could derive from the formulae for the approximate GCD problem of

two polynomials in thel2-norm (see Karmarkar and Lakshman [1996, 1997]) by

substitution.

In the case whereD is the open unit-disc (Schurstability), the matrixM r of (2.7)

is also depending on a single parameter, namelys, asq= 1. Here however, the analogue

of the interlacing property(as stated in the Hermite-Biehler theorem) does not apply

to polynomials that are constructed from the coefficients off directly (see Krein and

Naimark [1981]). Therefore, the derivation of explicit formulae forN min(s) would not

save us significant compute time over a direct solution of the least squares problem.
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Discussion

5.1 Conclusions

We demonstrated that minimal coefficient perturbations for constraining one or sev-

eral roots of univariate polynomials can be computed by efficient algorithms. In partic-

ular, moving roots to prescribed locations in the complex plane leads to basic problems

of linear algebra. We used the Euclidean norm, the infinity norm, and thel1 norm of the

coefficient vector to measure minimality of the perturbation.

For the Euclidean norm, we derived formulae for the minimal perturbations as a

function of a single root locus in closed form. The derivation simplifies the result of

Karmarkar and Lakshman [1996, 1997]. Based on this explicit representation are two

polynomial-time algorithms for constraining a single root to a curve in the complex plane.

We showed that the approximate GCD problem can be seen as a special case, where an

explicit parametrization of the curve is replaced by the minimal norm expression for its

coefficient perturbations of a second polynomial.

We were able to derive a formula in closed form that expresses the minimum of the

perturbation in the infinity norm for the special case of real coefficients and a single real

root.

The method of constraining a root locus to a curve was successfully used to compute

the radius of stability in the Euclidean norm for a variety of stability domains. New

formulae for the minimal perturbations, that make a real Hurwitz polynomial unstable,

give further insights into the structure of the Hermite-Biehler criteria.

5.2 Future Directions

For practical implementations, the hybrid algorithms C and R, in particular, have

to be fine-tuned for efficiency. It is desirable to have more explicit solutions to the least

squares problem in the real case, as symbolic simplification can be costly. For special

parametrizations of the curve segments, the solution space can be limited infunction of a

required output precision that has to be achieved.

45
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Parametric minimization in the Euclidean norm has been proven to be successful,

especially for complex coefficients. The concept has to be further investigated for other

norms. The result for the special case of real coefficients and a single real root in the

infinity norm exhibits an almost identical structure as its counterpart for the Euclidean

norm. Comparing the minimum ofkδk for the infinity normkδk∞ = ���� f (α)
∑n

k=0 jαkj����
with kδk2 =qN min(α) = j f (α)j)q

∑n
k=0(jαjk)2

in the Euclidean norm, leads to the question whether these expressions are special cases

of a more general formula that would be valid for a generic norm.

We restricted ourselves to univariate polynomials here. Analogous questions canbe

asked for bivariate and multivariate polynomials. Of particular interest is the problem of

finding approximate factorizationsof bivariate polynomials. We mention the following

basic problems concerning bivariate polynomials that seem to be within the scope of our

methods for univariate polynomials:

Problem 6 Given f2 C [x;y] andα;β 2 C , find f̃ 2 C [x;y] of the same degree in x and y

as f , such that̃f (α;β) = 0 andk f � f̃k= min.

Problem 7 Given f2 C [x;y] and a;b;c2 C , find f̃ 2 C [x;y] of the same degree in x and

y as f , such that the linear term ax+by+c j f̃ (x;y) andk f � f̃ k= min.

Problem 8 Given f2 C [x;y] such that f(α;β) 6= 0 for all α;β 2 C . Find f̃ 2 C [x;y] such

that there existα;β 2 C for which f̃ (α;β) = 0 andk f � f̃k= min.

We can try to apply the concept of parametric minimization to other mathematical

objects, especially to matrices. Although computing the distance to the nearest singular

matrix is an NP-hard problem for a component-wise norm, this does not have to be be the

case if the matrix has a special structure that has to be preserved under perturbation. The

solution for the approximate GCD problem in the Euclidean norm automatically givesus
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a polynomial-time algorithm for computing the nearest singular Sylvester matrixof the

two polynomials in the Frobenius norm.

Finally, the techniques developed in chapter 2, can be applied to sensitivity analysis

of ill-conditioned problems, like root finding.
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APPENDIX A

Approximate Solutions to Inconsistent Systems

Here, we describe how to compute approximate solutions to overdetermined linear sys-

tems of real equations

n

∑
j=1

ak; jx j = bk ; for 1� k�m; where m� n;
in the l∞ and l1-sense, by re-formulating the problem as a linear program. We follow

Ecker and Kupferschmid [1988], section 2.3; an early reference for thel∞-case is Stiefel

[1960].

We include simple implementations in MAPLE that were not intended to be ef-

ficient. However, as a utility for checking the validity of concepts, they are a valuable

tool.

A.1 Solutions in thel∞-Norm

An approximatel∞-solutionx 2 Rn has to minimize

max
1�k�m

jδkj ; where δk = n

∑
j=1

ak; jx j �bk :
We introduce an additional free variablew, and formulate the problem as a linear program

with 2mconstraints:

Minimize: w

Subject to: w� δk 1� k�m

w��δk 1� k�m

(A.1)

The procedureinfsolve is a MAPLE implementation that uses the built-in SIMPLEX

package to find solutions to the linear program (A.1). For brevity, additional validity

checks in the program code were left out.
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54## Input: real mxn matrix A, where m >= n,## and a m-dimensional vector b of real constants.#### Output: n-dimensional vector x, such that ||Ax - b|| = min## where ||.|| is the infinity-norminfsolve := proc (A,b)local m, n, i, j, c, d, w, x, s, ss;m := linalg[rowdim](A);n := linalg[coldim](A);# set up local vectorsx := linalg[vector](n);d := linalg[vector](m);c := {}; # set of constraints# generate linear equations, and constraintsfor i from 1 to m dod[i] := -b[i];for j from 1 to n dod[i] := d[i] + A[i,j]*x[j];od;c := c union { w>=d[i], w>=-d[i] };od;# solve linear programss := simplex[minimize](w,c);# assign solution to output vectorfor i from 1 to n+1 dos := op (i,ss);if op (1,s) = 'w' thenprint (s);else



55assign (s);fi;od;RETURN (evalm(x));end;
A.2 Solutions in thel1-Norm

In the l1-norm, we have to findx 2 Rn that minimizes

m

∑
k=1

jδkj ; where δk = n

∑
j=1

ak; jx j �bk :
With 2m additional variablesd+k andd�k , as well as 3m constraints, we obtain the linear

program:

Minimize: ∑m
k=1

�
d+k +d�k �

Subject to: d+k �d�k =δk 1� k�m

d+k �0 1� k�m

d�k �0 1� k�m

(A.2)

As noted in Ecker and Kupferschmid [1988], eitherd+k or d�k (or both) will be equal

to zero for eachk. The minimal solution to the linear program (A.2) will automatically

satisfy that condition.

The MAPLE procedureonesolve also takes a matrix and a vector of constants as input,

and returns the solution vector.onesolve := proc (A,b)local m, n, i, j, c, d, dm, dp, w, x, s, ss;m := linalg[rowdim](A);



56n := linalg[coldim](A);# set up local vectorsx := linalg[vector](n);d := linalg[vector](m);dm := linalg[vector](m);dp := linalg[vector](m);c := {}; # set of constraintsw := 0; # objective function# generate linear equations, and constraintsfor i from 1 to m dod[i] := -b[i];for j from 1 to n dod[i] := d[i] + A[i,j]*x[j];od;w := w + dm[i] + dp[i];c := c union { dp[i]-dm[i]=d[i], dm[i]>=0, dp[i]>=0 };od;# solve linear programss := simplex[minimize](w,c);# assign solution to output vectorfor i from 1 to nops(ss) dos := op (i,ss);assign (s);od;RETURN (evalm(x));end;


