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Abstract

The location of polynomial roots is sensitive to perturbations of the coefficieotstirLi-

ous changes of the coefficients of a polynomial move the roots continuously. We consider
the problem of finding the minimal perturbations to the coefficients to move one aateve
roots to given loci. We measure minimality in the Euclidean distance teak#icient
vector, as well as the maximal coefficient-wise change in absolute valfigty norm),

and in the Manhattan norniY¢norm). In the Euclidean norm the computational task re-
duces to a least squares problem, in the infinity norm ant!therm it can be formulated

as a linear program.

We can derive symbolic solutions in closed form for the Euclidean norm in the case
of complex coefficients and a single complex root. Our new result is a formula for the
minimum change in the infinity norm for the case of real coefficients and a sindle rea
root. Based on the principle gfarametric minimizatiorwe develop hybrid symbolic-
numeric algorithms to constrain one root of a complex or real polynomial to a curve in
the complex plane.

As an application to robust control, we give a polynomial-time algorithm to com-
pute the radius of stability in the Euclidean norm for a variety of stability doma

viii



CHAPTER 1
Introduction

Sensitivity of polynomials to coefficient perturbations is a major issue in adgeland
numerical computing. Small changes in the coefficients can cause large disptase
of the roots. Wilkinson’s “perfidious” polynomial is a frequently cited example for such
behavior. We develop tools to determine how close, in terms of perturbations aiatev
polynomial is to other polynomials that have different root characteristichisrchapter,

we raise the basic problems that we are going to discuss. In a historicaiewewe
review recent results. Finally, we give a compilation of our notation that veeirushe
following chapters.

1.1 Computing with Uncertain Input Data

The precision of experimental or statistical data is inherently limitegdtruments
can measure only a finite number of binary digits, and human observers are capable to
read not more than a few decimals off an analog scale. Careful error anedysideter-
mine a confidence interval based on a suitable distribution for the data poinishléiata
is processed by mathematical software, the unwary user is sometimesrtedfwith
seemingly random results.

The following polynomial over the reals might well have been obtained from a
scientific experiment:

f(x) = x2 — 1.00010x+ 0.25005,

It is assumed to be monic, while the other two coefficients are given in trespme
shown here. If we compute the rootstip to six significant decimal digits, we see that
f has the two real roots:

x1 = 0.50000 and x2 =0.50010

However, if the last decimal of the coefficients is uncertain, could havedamglevith the



slightly perturbedpolynomial
f(x) = x2 — 1.00010x+ 0.25006
that now has a pair of conjugate complex roots, namely
212 = 0.50005+ 0.00316.

In figure 1.1, we plotted the root locations of the family of polynomials that we get if we
change the last digit of the second coefficient in small steps from 5 to 6. Obvitesty

is a polynomial in this family that has a double root ngafr 0.50005. It is well-known
that if f is close to such aingularpolynomial, root-finding is an ill-conditioned problem
(see Demmel [1987]). The sensitivity to coefficient perturbations is not dependitiig on
kind of arithmetic, floating point or exact rational, that we employ to deterrtiaeoots;

it is the problem itself that is ill-posed.

Assuming that only the leading digits are certified, and the last digit of the coeffi
cients off is uncertain, we arrive at the crucial question: which answer, two reasroot
one double (real) root, or two conjugate complex roots, is the right one? If we are un-
able to increase the precision of the given coefficients then we have tptdbeaesults
of our computation as coexistent solutions to the root-finding problem fofatindy of
polynomials defined by the range of the uncertainty. In the following chapters, we wil
use norms of the coefficient vector to measure the overall size of the umtertai

For univariate polynomials over the real or complex numbers, we can ask #&varie
of questions that are related to the root-finding problem in presence of uncegakvie
propose to base these problems on the following three fundamental questions:

Q1: Given a polynomialf with real or complex coefficients and a real or complex

numbera. Is f “near” another polynomiaf such thatf (a) = 0?

Q2: Given two real or complex polynomiafsandg with GCD(f,g) = 1. Are f andg

“near” polynomialsf andgthat have a non-trivial greatest common divisor?

Q3: Given a squarefree polynomiélwith real or complex coefficients. I§“near” a
singular polynomialf ?
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Figure 1.1: Root displacements under a single-digit perturbation



Much of the research in this area was focused on questions Q2 and Q3 so far, whe
Q3 was considered to be the most basic at all. In the following, we want to ldg

more depth, and we want to show that Q1 is actually the primordial problem.

1.2 Historical Overview

Motivated by the “ill condition” of the root-finding problem, question Q3 was sub-
ject of a thorough investigation already in the seventies. In his thesis, H@Qg@] was
able to develop methods, based on Langrange multipliers, for computing nearesaisingul
polynomials. Subsequently, some of his results were used by Demmel [1987] in his more
general approach of finding condition numbers for several problems, showing thasthere i
a common underlying structure in the mathematical formulation of the “distartbe et
of ill-posed problems”. However, he was more interested in deriving bounds ¢iaail st
computing nearest singular objects. From the existential theory of the realsneg&te
[1992b], we know that our (and many similar) problems, have at least solutionsatat c
be computed in single exponential time. In Karmarkar and Lakshman [1996], question
Q3 was shown to be exactly solvable in polynomial time, if one uses the Euciean

The majority of the literature however, is devoted to the study of question @2yM
methods, most of them applying heuristics, were devised to find “approximate GCDs”
“near-GCDs”, or £-GCDs”. Schonhage [1985] uses the term “quasi-GCD"to define an
asymptotically close GCD of two relatively prime polynomials. The asswnghat the
polynomial coefficients can be retrieved in arbitrary precision by makingealls, puts
his method in opposition to our model of uncertain input data. Noda and Sasaki [1991]
use an adaptive version of the Euclidean algorithm to compute approximate GGDs. A
their algorithm uses local information for scaling, they are not guaranteedhievac
a global minimum. The method of Karcanias and Mitrouli [1992] and Karcanias and
Mitrouli [1994] is formulated in the language of control theory. Originally, it was de
signed to compute the GCD of several polynomials numerically. It turned out thasit
also capable of computing approximate GCDs of relatively prime polynomialanibe
shown that Karcanias and Mitrouli [1994] is a variant of Lazard [1981]'s more g@éner
method for solving systems of algebraic equations. Another numerical approachds base

on the singular value decomposition (SVD). In Corless et al. [1995], it is usddtto-



mine a numerical rank of the Sylvester matrix, and to derive an approximak ftath

the perturbed matrix that is obtained by lowering the original rank. Becausérticéuse

of the Sylvester matrix is destroyed during this process, the approximate Garidtche
optimal. However, the method allows to find an upper bound for the degree of approxi-
mate GCDs ohighest degreeRecently, Emiris et al. [1997] developed a gap theory to
improve the SVD method. Hribernig and Stetter [1997] use another numericahvafia

the Euclidean algorithm to compute “near-GCDs”. They are able to give a loawend

on the degree of the nearest GCD of highest degree.

Victor Pan proposes a significantly different approach, to avoid large root déesplac
ments introduced by coefficient perturbations that are applied to the original polylsomia
in the process of computing approximate GCDs. The most comprehensive description of
his method is Pan [1998]. The algorithm computes all zeroes of the given polynomials,
and then tries to find an optimal match in a bipartite graph. The selectesl (@o of
each polynomial) are then contracted to their mean value, and the perturbigcieats
are computed by backward-expansion of the polynomials.

All methods described so far are truly approximate. It was Karmarkar akd La
shman [1996] to devise the first algorithm that provably computes the global optimum
for the nearest approximate GCD of two polynomials inltheaorm. Their method uses
parametric minimizationand will be further explored in the following chapters. In Kar-
markar and Lakshman [1996] a quadratic form had to be minimized to obtain a symbolic
minimum of the norm of perturbations. This step is equivalent to solving a leastesquar
problem. We will apply this simpler formulation in chapter 2, and extend it toratbems.
Karmarkar and Lakshman [1997] uses Langrange multipliers to derive solutions for the
symbolic minimum in closed form. In chapter 3, we will use projection onto a one-
dimensional subspace to simplify this derivation. Whereas the global optimum for the
nearest approximate GCD in tifenorm can now be found in polynomial-time, the prob-
lem of finding an approximate GCD of highest degree still results in single-expohentia
running time (see Karmarkar and Lakshman [1997]).

Although the classic text by Marden [1966] contains some material on perturbing
polynomial coefficients, it does not provide us with an answer to Q1. To our knowledge,

Q1 has not been directly addressed in the more recent literature. Howenes problems



that are related to Q1 have been extensively investigated in contmltlespecially the
clustering of roots in an open domain of the complex plane. The latter is réferras
domain stabilityof a polynomial.Robuststability requires that all roots of a polynomial
stay in a given domain even under perturbation of its coefficients. A remarkabult
for the special case of the left half-plandurwitz stability) is Kharitonov [1978a]. It
reduces the continuous problem of establishing Hurwitz stability for an entirdyfam
real interval polynomials to a discrete problem of testing dalyr special members of the
given polynomial family. One year later, the theorem was extended to compesxaht
polynomials in Kharitonov [1979]; the test set consists of eight “corner” polynomials
in that case. Unfortunately, Kharitonov’s theorem cannot be extended to many other
domains (see Rantzer [1992]). Nevertheless, it had a considerable impasearctein
robust control. Many Kharitonov-like tests have been developed in the mearioma
variety of domains and norms (see Tempo [1989], Barmish and Kang [1993]).

In an effort to arrive at a method for perturbing various objects while pvasgr
their structure, Doyle [1982] introduced the notiorstrfuctured singular valuesn terms
of computations the method turned out to be extremely costly in the general casepand
the focus shifted to computing upper bounds instead of the actual decomposition. One can
easily find a nearest singular matrix by perturbing a given regular matwe iflo not en-
force any structure (see Kahan [1966]). However, the landmark result kakRolpg Rohn
[1993] shows that computing the distance to the nearest singular matrix becom®&s an N
hard problem when a component-wise infinity norm is used (see also Demmel [1992]).
As a consequence, the general form of the structured singular value problem isdNP-har
as well. For the rather special classrahk-oneproblems, there exist efficient algorithms
for computing structured singular values. They can be successfully applibd sbabil-
ity problem for polynomials (see Qiu and Davison [1989], Chen et al. [1994a,b]). More
specific literature with respect to the stability problem will be disedsat the beginning

of chapter 4.

1.3 Notation

In the following,C[z] andR]x| are the rings of univariate polynomials over the com-

plex numbers and real numbers, respectively. Polynomials are assumed to et ge



degreen, unless stated otherwise. The roots are denoted by Greek letters. Whee we us
the norm expressiojnf|| for a polynomialf it is meant to be the norm of the coefficient
vector of f.

Matrices and vectors are type-set in bold; a boktands for the imaginary unit
of the complex numbers. What type of vector nofin} stands for, is depending on the
context. In chapter 3 it is assumed to represent the Euclidean ionor) for the major
part.

The operatof.]" is the transposition applied to vectors and matrices, whereas the
Hermite transposition (over the complex numbers) is denoted by an agtgriskle use

the standard definition for the inner product of two vectange C":
n
Xy =yX=% XJk-
K=1

The complex conjugate af = a+ bi € C is marked by a bart = a—bi. The

absolute value of a complex number is denotedchywhere|c|? = tc= a? + b?.



CHAPTER 2
Moving Polynomial Roots by Minimal Coefficient Perturbations

In the following we take a given univariate polynomial and perturb its coefiisi such

that one or several roots move to prescribed locations in the complex plane under the
condition that the induced perturbation be minimal. Naturally, the perturbed polyhomia
has the same or a smaller degree then the given polynomial. More succinctlyante w

to compute the coefficients of the onaarestperturbed polynomial that has roots at the
given locations, where nearness is measured by a certain norm of the coeffaitor.

We first state the problem for a generic vector ndrth then we discuss solution strate-
gies for thell, 12, andI®-norm. Later on, we briefly look at weighted norms, and how

linear constraints among the perturbed coefficients can be incorporated.

2.1 Complex Coefficients

First, we state the problem forsangleroot a with prescribed locus in the complex
plane. This special case will be the basis for the formulas in the next chapteelleas

for our application to control theory.

2.1.1 Constraining a Single Root

Problem 1 Given fe C[Z with deg f) = n. For the complex indeterminatg find f ¢
C[z], such that
f(a)=0, and |/f— f||=min.

Now let



We define the perturbed, polynomie €[z such thatf (a) = O:

n—1
f = @z-0) Y u
=)
= Un 12"+ (Un 2— )2 1+ (Up 3—aun 2)Z" 2+ + (Up— Olug)Z— alug
n-1
= '+ Y (Uk_1 — auE) 2 — aug,
&1

whereuy € C. Furthermore, we define the perturbatipn- f — f, a polynomial of degree
norless. Next, we formulate the problem in terms of linear algebra. We defirvethers

b = [a,....an-1,8)" €C*™, and

W = [ug,...,Uun_1|"eC".

The vector]|d|| € C" of perturbations shall contain the coefficients of the polynomial

In order to computéd||, we have to solve the following optimization problem:

18]| = min [[Mw —b], (2.1)
weCn
where the rectangular matrix
g -
0
1l-a
M = SO e clmxn (2.2)
0 1 —-a
! 1

represents the polynomial multiplication operator for- o).

2.1.2 Constraining Several Roots

In an analogous fashion, we formulate the problenmfapots, wherem < n:
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Problem 2 Given fe C[z] withded f) = n,ay,....ame C, and m< n. Find f € C[Z,
such that
fla)=0 for 1<k<m, and |f—f| =min.

This time, we have to multiply by the polynomial factor

m
Mz @) = 2" (@t +am)2™ T4 (1) -am
k=1

m

— _1k mek7
k;( e

where theoy are the elementary symmetric functionsig ... ,am, andog = 1.

Maintaining the notation from above, we arrive at the optimization problem
18 = min__{|Mmnwm—Dbl, (2.3)
Wme(cn*m—l“].
where now the coefficient vectar,, of the co-factor has — m+ 1 elements,
Wm - [Uo, e ,Unfm]tr € C(nim—i_l)

3

and the matrix

_(_1)mcm . -
: (—1)"Mon
0,
M= 1 oy (—1)Mom c (n+1)x(n—m+1) (2.4)
1
0 e
L 1

represents the multiplication operator for

|m|(2—0(k)-

k=1
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2.1.3 Preserving Monicity

Sometimes it is desirable to restrict oneself to monic polynomials. As Wle w
see later on, the resulting minimal perturbations contain the leading coeff(@eits
absolute value) as scaling factor. To avoid “scaling”, one can use monic polylsomia
only. In addition, the degree of the perturbed polynomial will be the same as the given
polynomial, thus generating a family bked-degreg@olynomials. An important example
is the algorithm for computing approximate greatest common divisors itftherm by
Karmarkar and Lakshman [1996, 1997].

We demonstrate the method for the case of a single root, the generalization to sev-
eral roots is obvious. Problem 1 becomes:

Problem 3 Given fe C|z monic,deq f) = n, anda € C. Find f € C[Z], monic, such
that
f(a)=0, and ||f—f|=min.

Due to the monicity constraint the leading coefficientsagre 1 andu, 1 =1, and

are not part of the equation. The optimization problem in terms of linear algebra

18] = " min [[M®w —b®|, (2.5)
W(l)e(cn—l
is made up of
b = [ag,...,an 2,80 1+0]" € C",
wl = Jug,...,upo]" eC™

and the matriM (D ¢ C™("-1) ' which is then x (n— 1) leading minor of matrixM in
(2.2). In the last element of the constant vetdt, we have to add,_10 = a to account

for the deletion of the last row and last columnhdf

2.2 Real Coefficients

Especially for sensitivity analysis, it is important that a given polynorhialR[X|
retains real coefficients under perturbation. This constraint leaves uswotlchoices
for the roots whose loci we want to constrain: they have to be either real, or they ha
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to belong to a pair of conjugate complex numbers. The case of real coefficientsand
roots is identical to the cases of complex coefficients and complex rootsokxbani the
previous section, except that all variables would now represent real numbers.

The case of a pair of conjugate complex roots can be stated as follows:

Problem 4 Given fe R[x] anda e C. Find f € R[] such that

M
2
I
°
-
g
I

0, and |f—f| =min.

Leta = a+bi, wherea € R andb € R, then the perturbed polynomiéle R[X| has
a factor

(x—a)(x—@) = x°—2ax+a’+h?

= X2 4sx+q,
where
sqeR,q>0, and a=-s/2, b®>=q-s°/4.

Analogous to (2.1), we can formulate the minimization problem as:
18]l = min |[Mrw —blf, (2.6)
weRn-1
where

fx) = ax"+a, X" 1 +---+ag, n>3,

f(X) = Un2X"+ (Un_3+Sth_2)X" 1+ (Un_4+ Sth_3+ Qun_2)X" 2
+(Un—5+Sth-4+ QU _3)X" 3+
+(Ug + SUp 4 qup) X% + (St 4 UL )X+ U,

b = [ag,...,8n 1.8 € R™T,

Wy = [Up,...,Un 2" e R" 1,
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and

q 0 -

S q

1s ¢

Me=| " e | eRIMIX(D (2.7)

1 s ¢

0 1 s

I 1.

For symbolic derivations, the informati@n> 0 should be incorporated as an addi-
tional constraint. This can be accomplished by either directly adding the conmsgra O
in a linear program, or by using an appropriate directive in a computer algebesyst
For example, MAPLE provides the user with thesume function to define properties of

a symbolic variable.

2.3 Computing Minimal Perturbations

The minimization problems described in the previous sections lead to ovamdeed
linear systems of equations. In the following we refer to the maitixand the vectors
w andb as representatives for any of the special cases (2.1), (2.3), (2.5), and (2.6). A
minimally perturbed coefficient vector fdr can be obtained by projecting the constant
vectorb onto the range oM in some specific norm. First we state, in a lemma, that the

dimension of the column space Mf is equal to the number of componentsiof
Lemma 1 For any given root locus (locijt, the matrixM has full rank.

PROOF The column vectors of the matrichs, that we constructed for the minimization
problems of the previous sections, are linearly independent for any choice of values for
the indeterminate(s). If a = 0 then the columns become unit vectors. O

For the case (2.1) of a single root, the rangdvbfs ann-dimensional hyperplane

in (n+ 1)-dimensional coefficient space.
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The following lemma, although being trivial, is an important tool to check the va
lidity of symbolic solutions for the special case wheg- 0:

Lemma 2 Let f € C[Z] or f € R[x], ded f) =n. The minimal perturbatiod to transform

f into f, such thatf(0) = 0, is given by||d|| = |ag|. For the P and the I norm, the
components a3 are:

O =4a, and o=0, for 1<k<n.

PROOE In order to havex = 0 as a root, the'd) coefficient has to vanish, i.€|p|| has

to be at leastag|. In thel? and the ! norm, any perturbation of another coefficient would

only increase|d|. O
Depending on the norm that we are applying, we have to use different solution

methods (see Golub and Van Loan [1983]). In the following sub-sections we discuss the

strategies for thé?, thel®, and thell- norm. Finally, we explain how to extend these

methods to weighted norms, and how one can incorporate linear constraints among the

perturbed coefficients.

1

range(M)

Figure 2.1: Orthogonal projection in the [2-norm

2.3.1 Minimal Perturbations in the 12-Norm

Because of lemma 1, each minimization problem has a urlepst squareso-
lution in thel?-norm. Figure 2.1 illustrates the principal geometric relationship for a
two-dimensional, real coefficient space, and a single (real) constrainedinogéneral,
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thel?-norm solution is the@rthogonalprojection onto the range ofl, while the norm of
the perturbation is the radius of the hyper-sphere to which the rangei®tangent at the
solution point in coefficient space.

Both, computer algebra systems and numerical software packages featuia built-
least squares solvers. However, computer algebra systems can al&sgerbolicleast
squares solutions in the indeterminate{s)in the next chapter, we will derive formulas
in closed form for the case of a single complex root. They are also the solutibe ogase

of real coefficients and a single real root.

b)

range(M)

Figure 2.2: Projecting the coefficient vector onto the range of M in thd*-norm
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2.3.2 Minimal Perturbations in the 1°-Norm and the [1-Norm

There exist many efficient algorithms for minimization in the infinity norm #mel
I1-norm. Golub and Van Loan [1983] contains several references, a more redelet art
is Coleman and Li [1992a], or itE'-counterpart Coleman and Li [1992b]. All these
methods have in common that they use highly optimized numerical techniques, eljimat
achieving quadratic convergence like in Newton iteration.

To better understand the real naturd ®fand|? minimization problems, we have
to go back to the underlying basic approach, namely the formulation as a linear program
An early reference for the case of the infinity norm is Stiefel [1960]. FigurelRi&rates
the geometric relationship for a two-dimensional real coefficient space aindla seal
root. If a # 0 then the perturbation (or residual) in the-norm is minimal when all

components have the same absolute vadlie as thd *-norm is defined by
8]0 = max 3y

If we would move away from the optimal projection point then at least the absaiie
of one component would increase, as indicated by the dashed “box” in part a) of the
picture. The objective function of the linear progran| &J.. whereas each component of
the perturbation vector contributes two constraints, one for the positive, anadotteef
negative direction. Part b) shows that if one edge, or in the general case, onedugier-f
is parallel to the range d¥l then we have a continuous set of minima. Also in the case
whena = 0 we have infinitely many solutions (see lemma 2), because we only have to
make the constant coefficient vanish, the other coefficients can be chosgnwiitéh
the range of|d||. Similar statements can be made in the case of several roots when all or
some are set to zero. This exception is caused by one (or several) rdvdaroming
zero vectors.

The picture for thé!-norm is shown in figure 2.3. Again, there is the possibility for
an infinite number of minimal solutions, as indicated in part b) of figure 2.3.

We supply the linear programs in the appendix, together with simple MAPLE pro-
cedures that we used for experiments. They make function calls to the siadgtekhm
which has exponential running time in the worst case, and therefore are notngfficie

However by applyingnterior pointmethods for solving linear programs, like Karmarkar
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"

range(M)

b)

range(M)

Figure 2.3: Projecting the coefficient vector onto the range of M in thd-norm

[1984] or Renegar [1988], we would arrive at a polynomial-time algorithm for any input.
Numerically one can then expect linear convergence (see Coleman and Li [1992b])

We have to make clear that we can only solve problems over the real numbers
directly. However in the complex case, we can apply a well known techngpee €.9.,
Young and Gregory [1973]) to separate real and imaginary parts. We demonstrate the
decomposition for the case of a single complex et a+ bi, a,b € R:

Let the constant vector in (2.1)

- - tr
W = [Up+Vol,...,Un_2+Vh 2i]",
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and the matrixM = A + iB, where

@ 0 b 0
1-a 0 b
A= and B=
0 1-a 0 0 —
i 1] L 0.

are realn x (n— 1) matrices. If we define
u=[up,...,un 2" and v=1[vo,...,vn 2",

then we can repladélw by the product of a block-matrix times a stacked vector

u

)

and set up the minimization problem accordingly.

A -B
B A

2.4 Weighted Norms and Other Constraints

Sometimes it is useful to introduce positive weights to allow some coeftgi®

have larger or smaller perturbations than the others. A weighted norm appliesiagosi

real factor to each component. E.g., a weightedorm of a complex vectox is given by

. 1/2
Xl = (z wm) ,
k=1

wherew, € R andw, > 0for1<k<n.

For thel® and thel* norm, the weights can be incorporated into the formulation of

the linear program to find solutions to our minimization problems.

Similarly, least squares problems can be weighted (see GVL83, sec. 6.3allypi

the weights are contained in a matfix= diag\w), and the least squares problem is to

determine:

min [|[D(Mw —Db)||>.
weCh
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For the case of complex coefficients and a single cgd€armarkar and Lakshman
[1997] give a solution in closed form in a weightednorm (see also Hitz and Kaltofen
[1998]).

A further generalization is given, if we impod$i@ear equality constraint®n the
coefficients of the perturbed polynomial. The principal situation in this casepisted

in figure 2.4: we now have to project the constant vector onto the intersection of the

f

constraints

range(M) r)
o
s

Figure 2.4: Incorporating Equality Constraints

range ofM with the subspace spanned by the linear constraints. The solution under
constraints is denoted bf; Obviously, not any choice of constraints will lead to a non-
empty intersection of the two subspaces, and there might be no solution.

The constraints can be directly added to the linear program in the casel 8fahd
thel® norm.

Methods that compute an orthonormal basis for the intersection of two subspaces
are described in Golub and Van Loan [1983]. They are based on the singular value de-
composition. From an orthonormal basis, on can construct a nfatitvat projects any
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vectorb onto the intersection (see Golub and Van Loan [1983], sec. 2.4).

In thel?, inequalityconstraints seem to be more difficult to incorporate, whereas in
thel™ and thd® norm, they can be added to the linear program again. Methods that solve
constraint least squares problems are described in Golub and Van Loan [1983] dec

Constraints could allow us to treat conditions like monicity or sparsity in goumi
way.



CHAPTER 3
Parametric Solutions

The methods that we developed in the previous chapter allow us to constrain roots of
polynomials to any given location in the complex plane by inducing minimal perturba-
tions in the coeffecients. Using the techniqugpafametric minimizatiom the spirit of
Karmarkar and Lakshman [1996, 1997], we can take this idea one step further, tamely
constraining one root of a given polynomial to an also given curve in the complex plane.
The actual root locus is the one location (or an entire segment) on the curve thaswii

in minimal coefficient perturbations. An important application of this methocbtatrol
theory will be presented in the next chapter.

First, we derive explicit formulae for the solution of the respective mination
problem in the case of complex coefficients. The proof presented here is more basic
than the proofs in Karmarkar and Lakshman [1996, 1997]. In the next section, we de-
rive algorithms for constraining a root to a given curve. We then take a ludf &t the
approximate GCD-problem and how to find nearest singular polynomials. Interestingly
while the case of complex coefficients leads easily to solutions in closed foe were
able to do this for real coefficients only in special cases so far. Haw#we situation
seems to be reversed when we usd thaorm in lieu of the Euclidean norm: we will de-
rive an explicit formula for the minimum change in the infinity-norm for real cogdfits
and a real root in the third section.

3.1 Solutions for thel2-Norm in Closed Form

For the case of complex coefficients and a single complexapoe., for the mini-
mization problem (2.1), we can derive explicit formulae for the minimum as fanstin
the parameteti. The expressions for the minimal coefficient perturbations are identical
to the ones that were obtained by Karmarkar and Lakshman [1996, 1997] for approxi-
mate greatest common divisors, whereas the norm expression consists of tha temnen
polynomial only. For later use in parametric minimization, it is preferablexpress the

symbolic minimum in terms of the square of the norm of the coefficient perturbations in

21
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order to avoid the square root.

We summarize the result in the following theorem:

Theorem 1 For the symbolic least squares solution of (2.1), the square of4meim

over the minimal perturbation is

fa)f(a)

Y keo(0)k” (3:1)

Nmin(01) = [[3]| =
while the perturbation of the j-th coefficient itself is

(o) (o)

a S ko(aa)k’ (3:2)

for 0< j < n, and assuming th&P = 1.

PROOF. The formulae can be obtained by either explicitly solving the normal equations,
or equivalently, minimizing a quadratic form (see Karmarkar and Lakshman [1,986]
via a Lagrange multiplier approach (see Karmarkar and Lakshman [1997]). Wergive a
alternate proof using basic vector geometry. It will not only improve our undersigndi
of the subspaces that are involved, but it will also provide us with a moregesffimethod
for the symbolic derivation of\_min for problems that do not lead to solutions in closed
form (see later in this chapter).

Because of lemma 1, the column vectorsMfin (2.2) form a basis for am-
dimensional subspace @f"1. Therefore, the unitary complement of the column-space

is one-dimensional. It can easily be verified that
r=[1oa%...,a""

is orthogonal to any column vector &, thus constituting a normal vector to the hyper-
plane spanned by the columnsiat
The vector of the minimal perturbatiors is the orthogonal projection df =

[@g,...,an 1,an)" ontor:

= r = = — ,
rr r2 yR_o(0a)k

6_b-r _b-rr f(a)
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which is the vectofdy, . .. , 8] in (3.2). The norm expression becomes:

. - 2 sx _Wf(a) * _Wf((])
Ao ) == 0= i e ™" = e

which is (3.1). ]
The following corollary states that(min is a positive semi-definite form ia:

Corollary 1 The functiort\' nin(a) is real-valued and positive semi-definite.

PROOF. The numerator o\ min(a) is
f(o)f(a) = f(a)]?>0,

while for any value ofx, its denominatofir ||? is strictly positive due to the'®summand

being(aa)® = 1. By definition, both norm expressions are real-valued. J

Remarks

We note the following properties:

1. Lemma 1 guarantees that the least squares problem has a unique minimal solution.

We saw in the previous chapter that this is not necessarily the case for other norms

2. The denominatdjr||? of Almin(a) is also the determinant of the matfx= (M*)M.
This matrix defines a quadratic form that was used in the original approach by Kar-
markar and Lakshman [1996].

3. Every component of the perturbation veddarontainsf (o) as a factor. Therefore,
0 is scaled by the leading coefficieat of f (or by any other coefficient for that
matter). We can remove this degree of freedom by enforcing monicity (see prob-
lem 3). However, solutions of lower degree thaare not anymore achievable that

way.

4. For consistency, it is important that fpe= 0 anda = 0, (o)) = 1. For that reason,
the additional assumption for the otherwise mathematically undefined expression
0% was made in the statement of the theorem. With this addition, the formula is in

accordance with lemma 2.
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5. If we start out with a monic polynomial, and if we want to preserve monicigy, w
only have perturbationgj with 0 < j <n— 1, and the upper limit for the summa-
tion index in the denominator is also- 1. In our article for ISSAC’98, Hitz and

Kaltofen [1998], we derived all formulae for the monic case.

3.2 Constraining a Root Locus to a Curve

We now want to use the formulae for the parametric minimum to develop an algo-
rithm for computing the coefficients of a perturbed polynomial that has (at leastpohe r
on a given curvd C C. The basic idea is to substituteeal parametrizatiory(t) of I
for the complex indeterminate in A min(a) of (3.1). The result will be an expression
N min(y(t)) in the real parameter Local minima can be found at stationary points of this

function, i.e., we will have to determine tedal solutions of the equation:

d57\£min _ d57\£min d_y -0
dt dy dt

(3.3)

For each solutiortj, we obtain a rootx = y(tj) of a perturbed polynomial that has at
least one roofj € I'. We have to compare the respective val@ésin(Y(T;)) to find the
global minimum. The validity of the method follows from corollary 1.

From this outline we see that the parametrizag@n has to be differentiable. The
parametet may range over an intervalC R. On the other hand, the curnfecan be
composed of finitely many segments, each with a parametrizgtiohy the procedure
has to be repeated for each segment in this case. We summarize our methedah t
lowing subsections, first for complex, and then for real coefficients. For batbscdet
I be a piecewise smooth curve consisting of a finite number of segments, each having a
parametrization

Ve:lk— C, where IxCR

is an interval that may cover all real numbers. We will identify the segiby its

parametrizatioryy.
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3.2.1 Complex Coefficients

For a given polynomialf with complex coefficients, the following algorithm de-
scribes how to compute the coefficients of a perturbed polynofriiat has at least one
root onl", while the perturbations are minimized in thfenorm. The parametric mini-
mum A min(y(t)) of the norm expression after substitution will be abbreviatedi).

The " zero ofN'(t) on segmenty of I" is denoted byty ;.

Algorithm C:

Input: f € C[Z], and a curvé as specified above.
Output: f € C[Z, andt € R, s.t. f(y(1)) = O for a segmeny of T,

and|| f — f||2 = min over all segments.

C1: For each segmen of I' do:

C1.1: Substitutey(t) for a in the symbolic minimun\/min(a) resulting in the
expressiom(t).

C1.2: Symbolically determine the derivativ (t).

C1.3: Compute allreal roots ti; (of the numerator) ofN'(t). Selectty; that

minimizesN(ty;), and assign it tay.
C2: From allN(1k) of step C1.3, determine the overall minimuNr).

C3: Compute the perturbatiords. Returnf, k, andr.

The complexity of the algorithm is depending on the parametrization. Howevsteph

of algorithm C finish in poynomial time. Symbolic simplifications during the substitu-
tion, and after computing the derivative can be costly, but computing the roots.th C
makes this the most expensive step. This is the place, where numerical teshraguze
incorporated to gain speed over precision. By keeping corollary 1 in mindstimseor
guasi-Newton methods can be used in any case. If the parametrizatiofersmtifible
twice, we can apply full Newton iteration, yielding quadratic convergence.

Certain parametrizations have singular points which have to be treatectetypa
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like additional segments. E.g., the popular parametrization of the unit-circle:

for —oc0 <t < o leaves an infinitesimal gap at 1. In this case, we have to evaNiatg(1),
and compare the result with the values obtained in C1.3. Another solution would be to
use two half-circles whose parametemly runs from—1 to+1.

Most of the time] will consist of segments that have a parametrization in form of
a rational function it with no real poles. After substitutidd(t) = A min(y(t)) will also
be a rational function that has no real poles. Therefore, we only have to find theszer
of the numerator oN'(t), i.e., we have to solve a polynomial equation. We even could
adapt our algorithm to only derive the numerator of the derivative by restridtieglass
of admissible parametrizations.

Using known bounds, we can restrict the search space for the real roots iewe ar
given a precision limit that has to be achieved for the coefficient pertorfm{see Kar-
markar and Lakshman [1996, 1997] for the approximate GCD-problem).

Computer algebra systems are capable of computing the derivative for a wide range
of parametrizationsymbolically However, numerical techniques (difference methods)
could be used for cases where no explicit parametrization is available.

Evidently, the computations for individual segmeytsan be performed in parallel.
Because the inner loop (C1.1 to C1.3) contains all major computational steps, coarse-

grain parallelization in a distributed environment is also feasible.

3.2.2 Real Coefficients

For polynomials with real coefficients, it appears to be more difficult to dezx-
plicit formulae. We were able to obtain them in a few special cases, egnlis a
coordinate axis. For the important case of the imaginary axis (Hurwitz stgbwe will
present the formulae in the next chapter. For other cases, we can still cogpiiele
solutions to the least squares problem, and use the result for substitution by &{esam
tion y(t). However, if we have to simplify huge expressions, this procedure can become
rather costly. Trying to extend the set of explicit solutions will certainlyabeamportant

focus of future research activities.
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For real coefficients and real perturbations, we have to distinguish tws egsén:
either the constrained root is real itself, or it belongs to a pair of conjugate eamalues.
Real roots can only occur [f has a nhon-empty intersection with the real axis. This set
can consist of distinct intersection points or an entire segipemthich would then be a
real interval. Only part of a segment cannot lie on the real axis, as this wouktitute
a violation of the differentiability condition foyk. For the intersection points, we can
directly evaluate formula (3.1) falmin, whereas algorithm C can be used to fipéind
N(tk) for a segment on the real axis.

In the second case (conjugate pair), we have to solve the minimization prablem i
(2.6) symbolically, and then substitute the expressions for the real and the inyagamar
of yk(t) into the derived solution accordingly. The following description of the algorithm

encompasses both special cases:

Algorithm R:

Input: f € R[x], and a curvé as specified above.
Output: f € R[x], andt € R, s.t. f(yi(T)) = O for a segmeny of ',

and|| f — f||2 = min over all segments.

R1: For the given polynomialf € R[x], derive the symbolic least squares solution
Wi (s, q) to (2.6). Expand the produ@{min(s,q) = (Myw; — b)) (M,w; —b).

R2: For each segmeny of I' do:
R2.1: Substitute

s « —20(y()), and
g < |V(O)[F=D0v(1)?+0(v(1)?

in the symbolic minimum\'min(s, g), resulting in the expressidw(t).
R2.2: Symbolically determine the derivatiw (t).

R2.3: Determine allreal solutionsty; to N'(t) = 0. Selectry; that minimizes

N(tk;), and assign it tay.
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R3: Use formula 3.1 to comput®/min for the intersection points, and algorithm C
from the previous section for common segment§ @fith the real axis.

R4: From the values fof\ nin computed in all steps R2.3, as well as in step R3 select
the minimum. Determine the perturbations using expressions from step R1, or
formulae (3.2) respectively. Retuifn k, andr.

Most remarks from the previous section also apply to algorithm R. Here, all sub-
steps of R2 and R3 can be executed in parallel. In fact, we could sarRs already
at the beginning of the algorithm, parallel to R1. This might be an advantage in terms
of load-balancing, as step R2 will create several parallel procesbds, RL is typically
executed on a single processor.

All sub-steps of algorithm R are known to run in polynomial time. Depending on
the implementation of the least squares solver, the symbolic derivatioepnRst may
take considerable time to complete. We present an alternate algorithm. bieistead
of projecting the constant vectdr (containing the coefficients of) onto the range of
M, we can derive the perturbation vectbdirectly by projectingo onto the orthogonal
complement oM, which is a two-dimensional subspace only. This method was also used
in the proof of theorem 1, although for a complement of dimension one in that case. It will
also be used to derive explicit formulae for Hurwitz polynomials with reaffaments in
the next chapter. In the following algorithm P, we construct a projector mgtfimm a
orthonormal basis of the two-dimensional subspace that is the orthogonal complement of
M. The theoretical justification for this procedure can be found in section 2.4 of Golub
and Van Loan [1983].

Algorithm P:

Input: f € R[], wheren=deq f).
Output:  The vector of perturbatio$s, g), as defined in (2.6), con-

taining symbolic expressions in the indeterminatasdq.

P1: Construct the symbolin+ 1) x (n— 1) matrixM, in the indeterminatesanda.

P2: Derive basis vectorg; andv, for ker(M!).
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P3: Construct an orthonormal basis by executing a single Gram-Schmidt step:

Vi

Uy = —— V:i=Vy— (V2-U1)ug
INZ

U : v

2 = o
Il

P4: assemble thén+ 1) x 2 matrixV = [u1|u2] from the column vectora; andus.
P5: Compute then+ 1) x (n+ 1) subspace projector matrix:= VV.

P6: Project the coefficient vector df by computingd := Pb. Returnd(s, q).

Algorithm P makes use of standard functions that are part of the linear algebragpacka
in all major computer algebra systems. The minimum norm expression that isrused i
algorithm R, can be computed in a single inner product:

5N:mil‘l(sv q) = 6(87 q)tr6(57 q) :

3.3 Approximate Greatest Common Divisors and Nearest Singular
Polynomials

In the previous section, we were given a one-dimensional variety for constraining
the root locus. Solving the parametric minimization problem resulted in avedak
1. Now, if we look at two monic polynomial$ € C[z] andg € C[z] with deg f) = m,
degg) = n, and GCO f,g) = 1, then we can use the symbolic solutions of theorem 1 to
express the minimal perturbations that would transfdrimto a monicf, andg into a
monicd, such that bott andg have a rootr. In order for the perturbed polynomials to
have a non-trivial GCD, they must have at least one common root. The conditidn for

anddto havea as acommorroot is reflected in the combined norm expression

AN min(a) = n(fl)f(o‘) g(a)g(a)

Sio (@) 3R o(@0)k

(3.4)
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that has to be minimized. H = a+ bi, wherea andb are real indeterminates, the para-
metric minimization (see Karmarkar and Lakshman [1996, 1997]) proceeds by computing

the real intersection points of the curves that are defineldby 0 andN, = 0, where

a57\[min
da

Nz = numerato( ) ., and Np= numerato

af7\[min>
ob '

Whereas in the previous problems the rootvas constrained to an explicitly de-
fined subset of the complex or real numbers, here the set is given implicitly mothe
expression for the second polynomial. The fact thgtin(a) is just the sum of two
expressions of theorem 1 is further evidence that out of the three questions in the intro-
duction, Q1 is indeed the most fundamental one to ask, and that the methods developed in
the previous sections can be used as building blocks for solving more advanced problems.

In the following, we want to illustrate how the related problem of finding a retare
singular polynomial can be expressed as minimization problem by using the same tech-
niques as in chapter 2. Although one could state the problem for any given multiplicity
we restrict ourselves to a double root. The generalization is obvious, andhs same
spirit as problem 2.

Problem 5 Given fe C[z, monic, having only roots of multiplicity one. Firfde C[Z],

monic, having a roott € C with multiplicity two (or higher), and| f — f|| = min.

The perturbed polynomidi will have a factor
(z—a)?2 =72 —-2az+0a?.

We can again formulate the minimization problem in the language of linear algebra
We have to find

[8][ = min_[[Msws—bl}, (3.5)
weCn-2
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where
f(2g = 2'+an 12"+ +a, n>2,
b = [ap,...,82—0%an1+20a]" € C",
Ws = [Up,...,Un 3" eC" 2,
and
- _
a
0
~20 o2
1 —2a a?
Mg = e C™(-2) (3.6)
1 -2a a?
O 1 —2a
- 1_

After computing a symbolic least squares solution for (3.5), we obtain expresXiohs
and A min(a). Again, we have to find the stationary points &fnin(a), and select the
overall minimum. The actual value of will be computed during this process. dfis

fixed, the problem becomes a special case of problem 2.

3.4 Parametric Solutions in thel*-Norm

In the previous chapter we reduced the problem of computing perturbations in the
infinity-norm to a problem in linear programming. Deriving symbolic solutions in closed
form seems to be difficult due to the fact that we would have to know the sign of an
indeterminate in order to proceed locally in solving the linear program. At itk we
would be left with an exponential number of sign-pattern for the perturbation vécks
the result by Poljak and Rohn [1993] for nonsingularity of interval matrices suggests,
might be here very close to a NP-hard problem. However, we are able tdlpdeave
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a symbolic solution for the infinity-norm of the minimal perturbation for the restdct
problem of real coefficients and one real root.

Although we are able to find an expression for the minimum change in the norm, the
method does not construct an actual polynonhiaBecause we only consider real roots,
the task of constraining a root to a curiveean be reduced to a basic linear programming
problem of chapter 2, and therefore is not depending on an explicit solution. We only
have to compute the intersection pointsioWith the real axis, and then select the one
root location that causes the perturbation to be minimal. Obviously, we cannottagply
method to a segmeni that lies on the real axis, as this would result in a continuous set
of solutions.

The derivation of the norm change in closed form is an application of the geometric
method in Stiefel [1959], a method that is based on results by the Belgian nettbiam
de la Vallée-Poussin and goes back to the beginning of the century (see Rallesin
[1911]). Our proof follows closely Stiefel [1959], although his intent is to find approxi-
mate solutions in the infinity (“Tschebyscheff”) norm for generic over-deteeaiinear
systems of equations. Because of the special dimensions of our migtvize only have
to perform one step in his deduction.

We state the result in the following theorem:

Theorem 2 Let f € R[x], anda € R. Then there existé € R[x] such thatf (a) = 0, and
| f — || = min. For anya € R, the norm of the minimal perturbation is:

def
5 2" 3. )

| f(a
B ‘ZE—O“W 3.7)

PROOF. First we recall that the minimization problem can be stated as

18]] = min [[Mw — b, (3.8)
weRnN
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whereb contains the coefficients df and

w = [UO,...,Un,]_]trERn,
o -
0
1 -a
M = | ermn
0 1 —-a
L 1]

For the following, we assume that=# 0. Because of lemma 2 we already know the
solution for the special cage= 0, and one can easily verify that the formula above is
consistent with lemma 2. Without this assumption, the first row could becomeoa zer
vector, thus invalidating some of the arguments in our proof.

Each row in the linear system of (3.8) defines an equation of a hyperpl&ie in

whereM = (Mj ), and 0< j < n. We know thatM has rankn (lemma 1). If we would
omit one equation, the remaining hyperplanes would intersect in a single poimt-+All

hyperplanes define a closstinplexin R", and for arbitrary vectora/, we haveresidues
0j = Mj oUo+Mj U+ - +Mjn_1Un-1—3aj.

Among the row vectors df1,

M« dif [Mj’o,... ,Mj’n,l}

there is a linear dependence that we already know from our proof of theorem 1:
M'r =0, thus r"M =0, where r=[1,a,0%...,a" (3.9)

(note thatx is real, therefor@ = a).
Each row vectoM  , is anormalvector to the corresponding hyperplane, and there-
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fore to one of the facets that constitute the simplex. Stiefel [1959] is now aldleaio
acterize the inner points of the simplex. He calls such points “reference polntsur
notation, the condition for a specific € R" to represent an inner point is thaitherthe

sign of the residue is

forall 0<k<n, sgndx = sgnak, or

forall 0<k<n, sgnd = -—sgnaX.
Now, because of (3.8)

0 = Mw—b, thereforeby3.9)

r's = r"Mw —rb= —rb,
or expanded
n n
> ake = — > aka = —f(a). (3.10)
K=o K=o

If we incorporate the sign conditions from above then (3.10) becomes

n n
ok 13 =+ § okay. (3.11)
2, 2,

Because of our assumption tleatt 0, we see that the absolute vall@g of the residues
are bounded for amy satisfying the sign rules above. Therefore, these rules characterize
indeed inner points of the simplex.
Now, again following Stiefel [1959], we define the “center” of the referencatsoi
to be that point whose residuég all have the same absolute value. l.e., for that center

point, there existd € R such that

5 =dsgna®, for 0<k<n. (3.12)
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Combining (3.10) and (3.12) yields

n
d ' aksgnok=—f(a),
2,
or
__ @
YRolak|’

Finally, we have to defind, = |d| to arrive at the formula stated n the theorem. [

d=

We were able to obtain the symbolic minimum in one step because wenhate
equations imvariables. In his paper, Stiefel uses the method iteratively to sobl#gmmns
with mequations, whers > n+ 1, by selectingh+ 1 rows in each step, and moving from
one “center” point to the next one. The algorithm resembles the simplex method.

Furthermore, one can use other theorems in his paper to show.thatounded

from below by mig<k<n |0k

, and from above by maxy<n|d|, whered = (&) is the
least squaresolution of problem (3.8).

In our derivation we make extensive use of sign rules. Therefore, therttlés li
hope that a similar formula for the case of complex coefficients can be obtainéuss/ia

approach.



CHAPTER 4
Computing the Radius of Stability

Recent results in robust stability can be categorized by two differeyd nidooking at the

same problem: on the one hand, following the landmark paper of Kharitonov Kharitonov
[1978a, 1979, 1978Db], severastsfor stability of agivenfamily of polynomials have

been devised (see Barmish and Kang [1993], Tempo [1989]). On the other hand researc
focuses on the determination of thedius of stabilityfor a given nominal polynomial

and a certain norm in coefficient space. In this area, notably the work of Tsypkin
Polyak [1991], Desages et al. [1991], and Kogan [1992] provides necessary and sufficient
conditions for the range of robust stability in a (weighteéthorm. However, these criteria
allow actualcomputatiorof the stability radius only in a few special cases, as they leave
infinite one- or two-dimensional sets to be searched for the minimum. Frequencyrdomai
plots seem to be the method of choice for more general applications (see Joya aad Furut
[1991]).

Another approach is based on structured singular values, and its related seory;
for example Chen et al. [1994a,b]. Out of this area, Qiu and Davison [1989] comed closes
to our method. While the first stage of their algorithm leads to expressions irddiose
for a wide range of vector norms, the second stage still requires the use of sacte sea
method.

In the following sections, we present a method for computing the radius of sgabilit
in the 12 norm for univariate polynomials with either complex or real coefficients. In
terms of flavor, it is closest to the ideas presented in Pérez et al. [1994¢] method is
applicable for a wide range of stability domaiisC C. Among them are the familiar
cases for Hurwitz and Schur stability. Applying the techniques from the previousathapt
we can reduce the problem to finding finitely many roots of an (algebraic) equabat- R
finding is a well-researched topic. The use of numerical methods in this stzdgetie a
hybrid symbolic-numeric algorithm, where the speed of numerical root-finders ireprov
the overall performance.

For special domains, like the left half-plane, Kharitonov’'s theorem providesya w
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of computing the radius of stability in the infinity norm. We could use binary search
on the size of the intervals, to find a “corner” polynomial that would have a root on the
domain boundary (i.e., the imaginary axis in the classical case). Howeeee might
be other unstable polynomials in the family at that point, because Kharitonov’s theorem
provides us with a test fatability not instability. Still, the method is efficient, and gives
us a radius of stability for the limited set of domains to which it is applicable

Similar methods could be developed fé#ike norms (“diamonds” of coefficients),
as results like Tempo [1989] suggest.

After some preliminaries, we show how to use our method of constraining a root
to a curve for computing the radius of stability in tifenorm, for complex and then real
polynomials. For the special case of Hurwitz-stability, we are able toveléormulae in

closed form also for polynomials with real coefficients.

4.1 Preliminaries

First, we give a definition for the stability of a generic domain of the complexepla
Let D C C be an open, convex domain of the complex plane. The polynoimiaC|z]

(or f € R[Z)) is calledD-stableif all its roots are located withirD.

For a polynomial family, we have to add the condition that all members have to
be of the same degree in order to $estable. This condition is especially important
when we perturb a given stable polynomial until it becomes unstable. If the degtee of t
polynomial would be allowed to drop then it would “loose” one or several of its roat$, a
in most practical applications (e.g., stability of differential systeinis)would change the
structure of the problem.

Special cases atgurwitz stability, if 2D is the open left half-plane, ar&thurstabil-
ity, if D is the open unit-disc around the origin. In the first caBés unbounded, whereas
in the latter case it is bounded.

Our goal is to derive a method for finding the nearest unstable polyndniéla
givenD-stable polynomiaf. Basis of our method is the following theorem, which could

also be called theaverse zero-exclusion principle

Theorem 3 Let f e C[Z, beD-stable (D as defined above), and lé C, be an unstable
polynomial of the same or lower degree as f such that f|| = ¢, ande € R, > 0.
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Then, there exist§ e C[Z and € 3D such that|f — || < eand f(Z) = 0.

PROOF For Hurwitz stability, see also Lemma 3.2 in Kogan [1992].
Fort € R and O<t < 1, we define the polynomialfs by

fi(2) = f(2) +t- (f(2) — f(2)).

The roots off; move continuously as the parametemaries over the intervgl0, 1). For a
proof of this property, see Marden [1966].

We want to discuss the case of a degree-drop firdthts degrea, and degf) = m
with m < n, then as we increagefrom zero to one, (at least) one of the rootsfpill
move to infinity. If the domain® is bounded, i.e.go is not part of the contoud?D,
then this root will have to cros&?D somewhere, because of continuity, and we are done.
Note that infinity cannot be D, otherwise it would not be an open set. NowZifis
unbounded (this is this for example the case for the left half-plane), the root asailact
reach infinity. However, in this case, infinity belongotd, and we are done as well.

If the degree does not drop along the line frdrto f in coefficient space, then the
expression

If—fll=t-|f@ -t

is a strictly increasing function in for a generic vector norm. Becaugeis unstable,

it must have one or more roots outside or on the boundar§.ofAgain, by virtue of

the continuous dependence of the roots on the coefficients, there must {f#&1] and

C € 0D such thatf;({) = 0 and||f — f{|| <e&. O
Because of theorem 3, the nearest unstable polynomial is one that has addat on

Together with the methods presented in the previous chapter, we are now able to&omput

the radius of stability for domain® whose contoud? satisfies the input requirements

for algorithms C and R. |.edD must have some suitable parametrizaty@n, or must be

composed of segments that have such parametrizations.

4.2 The Nearest Unstable Polynomial — Complex Coefficients

Given a domainD C C and a?-stable polynomiaf € C|z], we can basically use
algorithm C to findf e C[Z) such thatf has a root o@D. The first prerequisite is thatD
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is a piecewise smooth curve, having a parametrizationin a real parameterfor each
segment. If we allow the leading coefficient bfo be perturbed, and ib is unbounded,
solutions that lead to a degree-dropfodre valid, and we have to amend algorithm C to
check that case. This additional test only has compute the absolute value of ting leadi
coefficient and compare it against the norm of the minimal perturbations obtaintegs s
C1.3. Itis evident that we achieve the minimum perturbation in the case of a ddrggee-
by setting the leading coefficient to zero, and leaving all other coefficientstumiped.

If we want to preserve monicity, we have to use the modified formulae asonexti
in the remarks following theorem 1.

We illustrate the procedure in the following example:

Example 1 The monic polynomial

f(z) = Z2+(2.41-350i)Z+(2.76—5.84i)z
—1.02—9.25i

is Hurwitz, with approximate roots: 1.04+ 3.10i, —.99-1.30i, and—.37+ 1.70i. The
boundary of the left half-plane can be parametrized/fly = it, where tc R. We want
to preserve monicity, therefore we will not have possible degree-drops.

Consequently,

An(y(t) = (t°—7.00°+125381%+9.67123
—181104%— 62,9736 + 86.6029
/(424 1),

The numerator of the derivative is a monic polynomial of degree nine. It has three real
roots (rounded to 6 digits)r; = —1.84729 1, = —.248977 andt3 = 1.88617 Apm(Y(Tk))
evaluates t®5.9376 94.8227, and.284693respectively. Thereforeg leads to minimal
perturbations. The?norm distance (radius of stability) is the square roof\g, namely



16-1.4-1.2 -1 -0.8-0.6-0.4-0.2 |0

Figure 4.1: Hurwitz polynomial with complex coefficients
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533567 Using (4), we can compute the coefficients of the perturbed polyndmial

f(z7 = Z2+4(2.7037-3.1492i)7 + (2.5740— 5.6842i)z
—1.1026— 9.3486i .

The roots moved te-1.6472+ 2.5328i, —1.0566— 1.2698i, and 1.8862i respectively
(see figure 1).

4.3 The Nearest Unstable Polynomial — Real Coefficients

If f e R[z, and we allow only real perturbations of the coefficients, we can use
algorithm R to compute a nearest unstable polynomial. Again, if we allow degree-drops
to happen then we have to add the additional test that we mentioned in the previous
section. As already discussed in the outline of algorithm R, the case of realwilbt
actually be processed by algorithm C.

In the following small example for Schur-stability, we show the basic catal-
gorithm R for a monic polynomial:

Example 2 The polynomial fz) = 22— 0.1z 0.3 has (real) roots 0.6 and 0.5; both

are inside the unit-circle. By perturbing the coefficients of f, one root can becohe eit
—1or +1, or both can be a pair of complex conjugates located on the unit-circle. Using
(3) from section 2, we hav®&(min(—1) = 0.32 and A min(1) = 0.18. Alternatively, the
perturbed polynomiaf would have rootst anda, whereaa = 1, i.e., f(2) = (z— o) (z—

a) = 22— 2az+1, and a= O(a) € R. Perturbing the constant coefficientQ.3) to a
value of+1 would already give us a contribution @f32 = 1.69 towardsA(. Therefore,
moving one root tor1 will result in the minimal perturbationf = 22— 0.4z— 0.6 has
another real root at-0.6.

In the important case dflurwitz stability, we can again derive explicit formulas.
The special form of the domain boundary (imaginary axis) reduces (2.6) to a problem in

a single parameter. In this cadewill have a factor

(z—ti)(z+ti) =2 +t?, where teR,
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i.e.,s= 0 andg = t2. The matrix of the minimization problem for this special case is

= ]
t 0

0 t?

10 t?

Mh=| .. - -, | eROFDx(-1) (4.1)

1 0 t?

0 1 0
1

We summarize the results in the following theorem:

Theorem 4 Let f € R[Z] be Hurwitz. We define the polynomial$ g R[x|, such that
(2 =9(2) +2z-h(2),

and substitute x forZ The nearest polynomial having at least one root on the imaginary
axis at z=ti, t # O is given by the following perturbatiory of the coefficients of f,
where0 < j <n:

a) If n=deg f) is odd, and m= (n—1)/2, then

(1) g (1)

Oj = ST j even,
(i-1)/2 2
(=t7)" "h(=t) .
3 = ST ,j odd,

g (—t?) +h* (-t?)
Yot .

5Mmin(t) =

(4.2)
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b) If n = deqf) is even, and m= n/2, then

(=) g (-1

Oj = ST j even,
(i-1)/2 2
(=t7)" ""h(-t) .
T

92 (7t2) h2 (71:2)

= . 4.3
Stk s Tk (4.3)

5Mmin(t)

PrROOF. For Hurwitz polynomials, we could state the minimization problem as approx-
imate GCD problem for the two polynomiagsandh (this is also true for the case of
complex coefficients, wher&(it) = g(t) + i h(t) andg, h € R]t]), and use the techniques
from Karmarkar and Lakshman [1996, 1997] to derive the minimum norm change and
the perturbations. However, their methods also require g@thdh to be monic, which
condition is, in general, violated by one of the polynomials. Additionally, the déoivat
presented here, will give us more insights into the geometric properties of ihisiza-

tion problem.

We are basically using the method of algorithm P to derive the minimal perturba-
tionsd;. For the real Hurwitz case, the column vectors of the matixin (4.1) form a
basis for a(n— 1)-dimensional subspace &'. It can easily be verified that the two
vectors

vi=[1,0,-t%0,t%0,...], and v,=[0,1,0,—t20,t%...]

span the orthogonal complement of the column-spadépfThe vectors

V1 Vo
Uup=——, and up=——
[[va]| v

constitute an orthonormal basis for this 2-dimensional subspace. Therefore, the mat

P=VVY', where V =[ug|uy]

is aprojector matrix in the sense of Golub and Van Loan [1983], sec. 2.4. As a linear

map, it projects any vector frof" onto the subspace spannedayandv,. In our case,
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we have to project the vector

b=laog,...,an 1,an],

i.e., we have to computeb, in order to obtaid. As one can see from the special structure
of My, vi andvy, as well as the matri¥'V!", odd and even rows stay separated, which
allows us to computé; for odd and even numbers in terms of the coefficients ahd
g, respectively. We also note, that odd rowa/'" are scaled by Al|v4||%, even rows by

1/||v2|?, resulting in the denominators of the formulae (4.2) and (4.3). O

Remarks:

1. Inorder to compute the actual minimum, one still has to execute steps R2.3, R3, and
R4 of algorithm R. We could take the formal derivation even further, and attplic
write down the (polynomial) equationsinthat one has to solve. However, this can
easily be done by a computer algebra system, and does not provide further insights
into the problem.

2. Formulae (4.3) and (4.2) are consistent with the Hermite-Biehler theorerm({tde
[1879], Biehler [1879], Krein and Naimark [1981], Gantmacher [1959]). They rep-
resent the fact thag and h are perturbed independently, such that the perturbed
polynomialsg'andh have—t2 as a common root. The norm expressios,» are
the ones we could derive from the formulae for the approximate GCD problem of
two polynomials in thd?-norm (see Karmarkar and Lakshman [1996, 1997]) by

substitution.

In the case wher@ is the open unit-discSchurstability), the matrixM, of (2.7)
is also depending on a single parameter, narsehgq = 1. Here however, the analogue
of the interlacing property(as stated in the Hermite-Biehler theorem) does not apply
to polynomials that are constructed from the coefficientd afirectly (see Krein and
Naimark [1981]). Therefore, the derivation of explicit formulae fgin(s) would not

save us significant compute time over a direct solution of the least squaresmproble



CHAPTER 5
Discussion

5.1 Conclusions

We demonstrated that minimal coefficient perturbations for constraining one or sev-
eral roots of univariate polynomials can be computed by efficient algorithms. ticpar
ular, moving roots to prescribed locations in the complex plane leads to basiem®bl
of linear algebra. We used the Euclidean norm, the infinity norm, antttherm of the
coefficient vector to measure minimality of the perturbation.

For the Euclidean norm, we derived formulae for the minimal perturbations as a
function of a single root locus in closed form. The derivation simplifies the tresul
Karmarkar and Lakshman [1996, 1997]. Based on this explicit representation @re tw
polynomial-time algorithms for constraining a single root to a curve in the compéaepl
We showed that the approximate GCD problem can be seen as a special caseanwher
explicit parametrization of the curve is replaced by the minimal norm exiores$sr its
coefficient perturbations of a second polynomial.

We were able to derive a formula in closed form that expresses the minimura of t
perturbation in the infinity norm for the special case of real coefficients ambtegeal
root.

The method of constraining a root locus to a curve was successfully used to compute
the radius of stability in the Euclidean norm for a variety of stability domaihew
formulae for the minimal perturbations, that make a real Hurwitz polynomial blesta

give further insights into the structure of the Hermite-Biehler criteria.

5.2 Future Directions

For practical implementations, the hybrid algorithms C and R, in particulae ha
to be fine-tuned for efficiency. It is desirable to have more explicit solutioribd least
squares problem in the real case, as symbolic simplification can be costlyspEcial
parametrizations of the curve segments, the solution space can be limitedtiion of a
required output precision that has to be achieved.
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Parametric minimization in the Euclidean norm has been proven to be stidces
especially for complex coefficients. The concept has to be further invesdidat other
norms. The result for the special case of real coefficients and a singleomahrthe
infinity norm exhibits an almost identical structure as its counterpart for thdidean

norm. Comparing the minimum ¢®|| for the infinity norm

18]es

:‘ f(a)
Shoolak|
e (o))
18]12 = /Almin(0) = ———2L
\/ Sh_o(lalk)?

in the Euclidean norm, leads to the question whether these expressions arecasasa
of a more general formula that would be valid for a generic norm.

We restricted ourselves to univariate polynomials here. Analogous questiohe can
asked for bivariate and multivariate polynomials. Of particular intasethe problem of
finding approximate factorizationef bivariate polynomials. We mention the following
basic problems concerning bivariate polynomials that seem to be within the scope of our

methods for univariate polynomials:

Problem 6 Given fe C[x,y|] anda, € C, find fe C[x,y| of the same degree in x and y
as f, such thaf (a,B) = 0and| f — f|| = min.

Problem 7 Given fe C[x,y] and ab,ce C, find f € C[x,y] of the same degree in x and
y as f, such that the linear term axby+c | f(x,y) and|| f — f|| = min.

Problem 8 Given fe C|x,y] such that fa,3) # Ofor all a,p € C. Find fe C[x,y] such
that there existr, 3 € C for which f(a,B) = 0and|| f — f|| = min.

We can try to apply the concept of parametric minimization to other matheahat
objects, especially to matrices. Although computing the distance to thesheargular
matrix is an NP-hard problem for a component-wise norm, this does not have to be be the
case if the matrix has a special structure that has to be preserved undebpgtoh. The

solution for the approximate GCD problem in the Euclidean norm automatically gs/es
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a polynomial-time algorithm for computing the nearest singular Sylvester mafttixe
two polynomials in the Frobenius norm.
Finally, the techniques developed in chapter 2, can be applied to sensitiviygiana

of ill-conditioned problems, like root finding.
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APPENDIX A
Approximate Solutions to Inconsistent Systems

Here, we describe how to compute approximate solutions to overdetermineddysea

tems of real equations

n
ZakJXj:bk, for 1<k<m, where m>n,
=1

in the ™ andl-sense, by re-formulating the problem as a linear program. We follow
Ecker and Kupferschmid [1988], section 2.3; an early reference fdftlvase is Stiefel
[1960].

We include simple implementations in MAPLE that were not intended to be ef-
ficient. However, as a utility for checking the validity of concepts, they awvaluable

tool.

A.1 Solutions in thel®-Norm

An approximatd®-solutionx € R" has to minimize

n
max |0, where o= iXi — by.
max 3 K jzlak,l i —bx

We introduce an additional free variableand formulate the problem as a linear program
with 2m constraints:

Minimize: w

Subjectto: w> 9 1<k<m (A.1)

W > —0O 1<k<m

The procedureinfsolve is a MAPLE implementation that uses the built-in SIMPLEX
package to find solutions to the linear program (A.1). For brevity, additional validity

checks in the program code were left out.
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## Input: real mxn matrix A, where m >= n,

## and a m-dimensional vector b of real constants.
#it

## Output: n-dimensional vector x, such that |[Ax - bl| =
## where ||.|| is the infinity-norm

infsolve := proc (A,b)

localm, n, i, j, ¢, d, w, x, s, S8;

m := linalg[rowdim] (A);

n := linalglcoldim] (A);

# set up local vectors

x := linalgl[vector](n);
d := linalg[vector] (m);
c = {}; # set of constraints

# generate linear equations, and constraints
for i from 1 to m do
d[i] := -b[il;
for j from 1 to n do
dli] := d[il + A[i,jl*x[j];
od;
¢ := ¢ union { w>=d[i], w>=-d[i] };
od;
# solve linear program
ss := simplex[minimize] (w,c);
# assign solution to output vector
for i from 1 to n+l1 do
s := op (i,ss);
if op (1,s) = ’w’ then
print (s);

else

min
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assign (s);
fi;
od;

RETURN (evalm(x));

end;

A.2 Solutions in thell-Norm
In thell-norm, we have to fina € R" that minimizes
m

n
Z |&|, where &= Z ay jXj — bx.
K=1 =1

With 2m additional variablesik+ anddk*, as well as & constraints, we obtain the linear

program:

Minimize: 7, (df +d,)

Subjectto: d —d, = 1<k<m
(A.2)

d; >0 1<k<m

d, >0 1<k<m

As noted in Ecker and Kupferschmid [1988], eitmg*r or d, (or both) will be equal
to zero for eactk. The minimal solution to the linear program (A.2) will automatically
satisfy that condition.

The MAPLE procedurenesolve also takes a matrix and a vector of constants as input,
and returns the solution vector.

onesolve := proc (A,Db)
localm, n, i, j, ¢, d, dm, dp, w, X, S, SS;

m := linalg[rowdim] (A);



n := linalg[coldim] (A);

# set up local vectors

x := linalg[vector](n);
d := linalg[vector] (m);
dm := linalg[vector] (m);
dp := linalg[vector](m);
c := {}; # set of constraints
w = 0; # objective function

# generate linear equations, and constraints
for i from 1 to m do
d[i] := -b[il;
for j from 1 to n do

dli] := d[i] + A[i,jl=*x[j];

od;
w :=w + dm[i] + dpl[i];
c := c union { dplil-dm[il=d[i], dm[i]>=0, dpl[il>=0 };

od;
# solve linear program
ss := simplex[minimize] (w,c);
# assign solution to output vector
for i from 1 to nops(ss) do
s := op (i,ss);
assign (s);

od;

RETURN (evalm(x));

end;
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