
New Constru
tions of Weak Epsilon-NetsJi�r�� Matou�sek� Uli WagneryAbstra
tA �nite set N � Rd is a weak "-net for an n-point set X � Rd (with respe
t to 
onvexsets) if N interse
ts every 
onvex set K with jK \ X j � "n. We give an alternative, andarguably simpler, proof of the fa
t, �rst shown by Chazelle et al. [8℄, that every pointset X in Rd admits a weak "-net of 
ardinality O("�d polylog(1=")). Moreover, for anumber of spe
ial point sets (e.g., for points on the moment 
urve), our method givessubstantially better bounds. The 
onstru
tion yields an algorithm to 
onstru
t su
h weak"-nets in time O(n ln(1=")).1 Introdu
tionWeak "-nets with respe
t to 
onvex sets as de�ned in the abstra
t were introdu
ed by Hausslerand Welzl [10℄ and later found many appli
ations in dis
rete geometry, most notably in thespe
ta
ular proof of the Hadwiger-Debrunner (p; q)-
onje
ture by Alon and Kleitman [3℄.For 0 < " < 1 and X � Rd, let f(X; ") denote the minimum 
ardinality of a weak "-netfor X, and let f(d; ") = supff(X; ") : X � Rd �niteg:Alon et al. [2℄ proved that f(d; ") is �nite for every d � 1 and " > 0. They established thebounds f(2; ") = O("�2) and f(d; ") � Cd"�(d+1�Æd), where Cd depends only on d and Æd is apositive number that tends to 0 (exponentially fast) as d!1. Chazelle et al. [8℄ improvedthe bound for all �xed dimensions d � 3 to O("�d ln(1=")b(d)), with a suitable 
onstant b(d).Our main result is an alternative, and arguably simpler, proof of the upper boundf(d; ") = O("�d polylog(1=")) for �xed dimension d (with 
onstants and the exponent ofthe logarithm depending on d). Our proof is based on the following partition theorem [12℄:For a �nite point set X � Rd and an integer parameter r, 2 � r < jXj, there is a partitionof X into �(r) parts of roughly equal size su
h that no hyperplane 
rosses the 
onvex hullof more than O(r1�1=d) parts.Besides proving the upper bound mentioned above for general point sets in arbitrarydimension, Chazelle et al. [8℄ also 
onstru
t weak "-nets of size O("�1 polylog(1=")) for pla-nar point sets in 
onvex position. Our approa
h 
an be seen as a generalization of that
onstru
tion.For spe
ial 
lasses of point sets, su
h as point sets on the moment 
urve, or more generally,point sets on a k-dimensional algebrai
 variety of bounded degree, partitions with smallerhyperplane 
rossing number are available, and in su
h 
ases, we get 
orrespondingly smallerweak "-nets.�Department of Applied Mathemati
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Partitions with small hyperplane 
rossing number 
an also be 
onstru
ted eÆ
iently, soour 
onstru
tion 
an be turned into an algorithm for 
omputing weak "-nets. This will be dis-
ussed in Se
tion 5. The time required for 
omputing a weak "-net of size O("�d polylog(1="))for an n-point set X in Rd is O(n ln(1=")) (with 
onstants depending on d). We note thatChazelle et al. [7℄ gave an algorithm with running time n(1=")O(1).An earlier version of this paper [15℄ also in
luded a proof of the fa
t that for points uni-formly distributed on the (d�1)-dimensional sphere, there are weak "-nets of sizeO("�1 ln(1=")2)(with a 
onstant of proportionality depending on d). We are grateful to J�anos Pa
h for point-ing out to us that this had already been proved by Bradford and Capoyleas [6℄. (For the
ase d = 2, Chazelle et al. [8℄ showed an O("�1) bound.)2 ToolboxHere we list several results from dis
rete geometry that we will use. Proofs and referen
es
an be found, for instan
e, in [13℄.Centerpoints. Let X be a �nite set of points in Rd. A point q 2 Rd (not ne
essarily inX) is 
alled a 
enterpoint for X if every halfspa
e 
ontaining q 
ontains at least jXj=(d+ 1)points of X.Center Point Theorem. For every �nite point set X 2 Rd, there exists a 
enterpoint.The L�owner-John Ellipsoid. We will make use of the fa
t that every d-dimensional
onvex body K 
ontains an ellipsoid of volume 
(volK); this is a 
onsequen
e of the follow-ing:John's Lemma. Let K � Rd be a 
ompa
t 
onvex body with nonempty interior. Then thereexists an ellipsoid E su
h that E � K � dE;where dE is the ellipsoid that arises from E by expanding it from its 
enter by a fa
tor of d.VC-Dimension and (\Strong") "-Nets. Let X be an arbitrary set and F a family ofsubsets of X. A set A � X is shattered by F if every subset of A 
an be obtained as theinterse
tion of A with some set S 2 F . The VC-dimension of F is de�ned asVC-dim(F) = supfjAj : A � X is shattered by Fg:Now suppose that X is equipped with a probability measure � and that F is a system of�-measurable sets, and let " > 0. A subset N � X is 
alled an "-net for F with respe
t to �if N \ S 6= ; for every S 2 F with �(S) � ".Epsilon-Net Theorem. There is a 
onstant C su
h that for all X, � and F as above andall ", 0 < " � 12 , there exists an "-net for F w.r.t. � of size at most CD"�1 ln(1="), whereD := VC-dim(F).Let us brie
y 
ompare this with the de�nition of weak "-nets for 
onvex sets. The measure
onsidered in that de�nition is the normalized 
ounting measure on a �nite set in Rd (butthe de�nition 
ould equally well be phrased with an arbitrary probability measure). Themain di�eren
e is that the VC-dimension of the system of all 
onvex sets in Rd has in�niteVC-dimension, and so the epsilon-net theorem does not give anything.2



3 A General Constru
tion via PartitionsWe begin with an auxiliary statement 
on
erning 
enterpoints.Lemma 1. Let X � Rd be a �nite point set. Then there are subsets T1; T2; : : : ; Td � X;jTj j � d, su
h that K := Tdj=1 
onv(Tj) 6= ; and the lexi
ographi
 minimum of K is a
enterpoint of X.Proof. Let Y be the system of all Y � X su
h jY j > dd+1 jXj and there is an open halfspa
e
 with Y = X \ 
. Then the interse
tion C := TY 2Y 
onv(Y ) is nonempty, and its pointsare 
enterpoints of X; see, e.g., the proof of the 
enterpoint theorem in [13℄. Let q be thelexi
ographi
 minimum of C. By a standard argument using Helly's theorem (see, e.g., [13℄,Lemma 8.1.2), there are sets Y1; Y2; : : : ; Yt 2 Y, t � d, su
h that q is also the lexi
ographi
minimum of Ttj=1 
onv(Yj). Assuming that no Yj 
an be omitted without violating thisproperty, q has to lie on the boundary of 
onv(Yj) for ea
h j. Then by Carath�eodory'stheorem, for ea
h j we 
an 
hoose an at most d-point Tj � Yj with q 2 
onv(Tj). ThenT1; : : : ; Tt have the property required in the lemma.In order to simplify notation in the sequel, the lemma speaks about exa
tly d sets Tj. Ifthe above proof yields fewer sets, we thus repeat some of them the appropriate number oftimes.The 
ru
ial ingredient of our 
onstru
tion are partitions with small hyperplane 
rossingnumbers. In the following, R+ will denote the set of positive real numbers, and we will usethe notation " _[" for the union of pairwise disjoint sets.De�nition 2. Let � : R+ ! R+ be a nonde
reasing sublinear fun
tion. We say that a�nite point set Y � Rd is �-partitionable if, for every r, 2 � r < jY j, there exists a partitionY = Y1 _[ : : : _[Yt, t � r, su
h that jY j=r � jYij � 2jY j=r for all i and the hyperplane 
rossingnumber of the partition is at most �(r), i.e. no hyperplane h 
rosses more than �(r) of thesets Yi.Here, a hyperplane h is said to 
ross a point set Z if it interse
ts 
onv(Z) but does not
ontain it.Further, a point set X � Rd is hereditarily �-partitionable if every subset Y � X is�-partitionable.Here is our main theorem.Theorem 3. Suppose a �nite point set X � Rd is hereditarily O(r1�1=
)-partitionable forsome 
onstant 
, 1 � 
 � d. That is, X is hereditarily �-partitionable with �(r) � br1�1=
for some 
onstant b (for 
onvenien
e in later 
al
ulations, we assume b � 1).Then, for every " > 0, there is a weak "-net of sizeO�"�
 ln(1=")a�for X, where a depends only on d, 
, and b; it 
an be shown that a = maxf
d2(ln 2 + ln(d+1) + ln b); 2g suÆ
es.Proof. We �rst brie
y outline the main idea for the proof of Theorem 3: Let r and k be twoparameters, to be spe
i�ed later, whi
h satisfy 1 � k < r=2 � jXj=4. Let X = X1 _[ : : : _[Xt,t � r, be a partition for X as introdu
ed in De�nition 2 above, i.e., su
h that jXj=r � jXij �2jXj=r for all i and that no hyperplane 
rosses more than �(r) of the parts Xi. For a subset3



A � X with jAj � "jXj, we will distinguish the following two 
ases: If A interse
ts \few"of the Xi's, then there must be some i su
h that the density of A \ Xi in Xi is at leastsome suitable "0 whi
h is signi�
antly larger than ". We take 
are of this 
ase by indu
tively
onstru
ting weak "0-nets for all the Xi's (this is where we use the fa
t that suitable partitionsexist for all subsets of X). On the other hand, in the 
ase that A interse
ts \many" of theparts Xi, we will use the fa
t that the partition has low hyperplane 
rossing number toshow that 
onv(A) 
ontains a point q from a 
ertain set N 0 of points de�ned by suitable
onstant-size subsets of X.We now present the proof proper, whi
h is subdivided into three parts:1. (Re
ursive 
onstru
tion of the set N)We may assume that " � "0 for some suitable 
onstant "0 depending on b; 
; d (other-wise, we 
onstru
t a weak "0-net of size C="0, C = C("0; d), by the method in [2℄, say).We may also assume that jXj � 2="0, else we may take N := X as a weak "-net.Next, we 
onstru
t the set N 0 mentioned above: We pi
k a transversal for the Xi's,i.e., a subset T � X that 
ontains exa
tly one point pi from ea
h Xi. Let T1; T2; : : : ; Tdbe subsets of T 
onsisting of at most d points ea
h. Whenever Tdj=1 
onv(Tj) 6= ;, wede�ne q = q(T1; : : : ; Td) as the lexi
ographi
 minimum of Tdj=1 
onv(Tj). We take N 0to 
onsist of all su
h points:N 0 := fq(T1; : : : ; Td) : Tj � T; jTj j � d for 1 � j � d; and d\j=1 
onv(Tj) 6= ;g: (1)We observe that sin
e jT j � r, we have jN 0j � rd2 . Further, for 1 � i � t, let Ni be anindu
tively 
onstru
ted weak r"2k -net for the set Xi. We de�neN := N 0 [ t[i=1Ni: (2)2. (Proof of the weak "-net property for N)Suppose that A � X, jAj � "jXj. We distinguish two 
ases.(i) If A interse
ts at most k of the sets Xi, then for some i, jA \ Xij � "k jXj � r"2k jXij.Thus, 
onv(A) interse
ts Ni.(ii) Let A interse
t more than k of the sets Xi; say A \ Xi 6= ; for 1 � i � k + 1(see Fig. 1). Let p1; : : : ; pk+1 be the 
orresponding points from the transversal T
hosen above, i.e. Xi \ T = fpig. By Lemma 1, N 0 
ontains a point q that is a
enterpoint of fp1; : : : ; pk+1g.We 
laim that q 2 
onv(A). Otherwise, q 
an be stri
tly separated from A bya hyperplane h, say q 2 h� and A � h+, where h+ and h� denote the openhalfspa
es bounded by h. Then, by the 
enterpoint property, at least k+1d+1 of thepoints pi lie in h�, say pi 2 h� for 1 � i � dk+1d+1e. It follows that for these indi
esi, Xi 
ontains a point from h� as well as a point from h+ (sin
e ; 6= A \Xi � h+).4



h
onv(A)A q
Figure 1: Che
king the weak "-net property.Therefore, h 
rosses at least dk+1d+1e of the sets Xi. This leads to a 
ontradi
tion ifwe set k := b(d+ 1)�(r)
; (3)whi
h of 
ourse we do.3. (Estimating the size of N)We have to prove that for the exponent a as in the statement of Theorem 3,jN j � C"�
 ln(1=")a (4)for some suitable 
onstant C. We pro
eed by indu
tion on jXj. We �rst 
hoose asuÆ
iently small 
onstant "0; the subsequent 
al
ulations will show that a suitablevalue is ln ln(1="0) = 2
d2(ln 2 + ln(d+ 1) + ln(b)): (5)As remarked in Step 1 above, there is a 
onstant C, depending on "0 and d, su
h thatfor jXj < 2="0 or " > "0, we even have jN j < C=".Thus, we may assume " � "0 and jXj � 2=". It remains to handle the indu
tive stepand to spe
ify the partition parameter r. Note that by (3),kr � (d+ 1)br1� 1
r = (d+ 1)br1=
 : (6)We set r := "�
=d2 ln(1=")1=d2 : (7)(Observe that by our assumptions on jXj and " and be
ause of b � 1, Equations (3)and (7) produ
e admissible values of k and r, i.e. 1 � k < r=2 � jXj=4.)
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Now, indu
tively, we havejN j = jN 0j+ tXi=1 jNij� rd2 + rC(2k=r)
"�
hln(1=") + ln(2k=r)ia� "�
 ln(1=")+ C"�
 ln(1=")a2
(d+ 1)
b
�1 +w(") � 1d2�a ;where w(") := ln 2+ln(d+1)+ln b� 1
d2 ln ln(1=")ln(1=") . It follows that jN j � C"�
 ln(1=")a, asdesired, provided that2
(d+ 1)
b
(1 + w(")� 1d2 )a + 1C ln(1=")a�1 � 1:By 
hoi
e of "0, we have for all " � "0 that w(") � �x("), where x(") := ln ln(1=")2
d2 ln(1=") .Moreover, we may assume that C � 1, say, and we have a � 2, hen
e 1C ln(1=")a�1 �1ln(1=") =: y("). So it suÆ
es to show that2
(d+ 1)
b
�1� 1d2 � x(")�a � 1� y("):We take logarithms and use the fa
ts that 1 + t � et for all real t (for the left-handside), and that 1 � y > e�2y for small y > 0 (for the right-hand side). Thus, we seethat it is enough to show
(ln 2 + ln(d+ 1) + ln b)� ad2 � a � x(") + 2y(") � 0:But the last two terms together are at most zero, be
ause a � 2 and ln ln(1=") � 2
d2for " � "0, and the �rst two terms together are at most zero by 
hoi
e of a. This
ompletes the proof of Theorem 3.For later use we remark that setting r := "�� works equally well for any suÆ
iently small
onstant � > 0; we always get a bound O("�
(ln(1="))a) with a suitable a depending ond; 
; b; �.4 Appli
ations of the General Constru
tionWe now derive some 
onsequen
es of Theorem 3. Sin
e any point set in Rd is (hereditarily)O(r1�1=d)-partitionable [12℄, we have re-proved:Theorem 4 (Chazelle et al. [8℄). For every �nite point set X � Rd and every " 2 (0; 1),there exists a weak "-net of size O("�d ln(1=")a), for a suitable 
onstant a = a(d).Points on the moment 
urve. LetX be a subset of the moment 
urve 
 := f(t; t2; : : : ; td) :t 2 Rg. Su
h point sets X are �-partitionable with �(r) = d: Given X = fp1; : : : ; png, wherethe points are numbered a

ording to their order along the 
urve 
, we partition the pointsinto \intervals" of the appropriate length. That is, let s = dn=re and q := bn=s
, and de�ne6



Xi := fp(i�1)s+1; p(i�1)s+2; : : : ; pisg for 1 � i � q � 1, and Xq := fp(q�1)s+1; : : : ; png. If ahyperplane h 
rosses an interval Xi, it interse
ts the moment 
urve 
 within that interval.Therefore, at most d intervals 
an be 
rossed, sin
e no hyperplane has more that d points ofinterse
tion with 
. Thus, in the notation of Theorem 3, we have 
 = 1 and b = d, and weobtain:Proposition 5. Every �nite subset of the moment 
urve in Rd admits a weak "-net of sizeO("�1 ln(1=")a(d)), with a(d) � d2(ln 2 + ln(d+ 1) + lnd)).Points on an algebrai
 variety or on the boundary of a 
onvex set. The followinglemma summarizes some improved partitioning results for spe
ial point sets:Lemma 6.(i) Let V be k-dimensional algebrai
 variety in Rd, 1 � k � d�1, of degree boundedby a 
onstant D. Then any �nite X � V is O(r1�1=
(ln r)1+1=
)-partitionable for
 = b(d+ k)=2
 (with the 
onstant depending on k, d, and D).(ii) Let V be the relative boundary of a (k + 1)-dimensional 
onvex set in Rd. Then any�nite X � V is O(r1�1=
(ln r)1+1=
)-partitionable for 
 = b(d+k)=2
 (with the 
onstantdepending on k and d).(iii) Let V be k-dimensional algebrai
 variety in Rd, 1 � k � d�1, of degree boundedby a 
onstant D. Then any �nite X � V is O(r1�1=
(ln r)1+1=
)-partitionable for
 = max(k; 2k � 4 + �), where � > 0 is an arbitrarily small 
onstant and the impli
it
onstant depends on k; d;D; �.Part (i) is based on a zone theorem by Aronov et al. [4℄, and it is expli
itly mentioned in[1℄ (in the proof of Theorem 6.3, as a 
onsequen
e of a partition theorem formulated in anabstra
t setting). Part (ii) follows by exa
tly the same argument from another zone theoremof Aronov et al. [4℄, where one has the relative boundary of (k + 1)-dimensional 
onvex setinstead of the variety V , with the same bound on the 
omplexity of the zone. Finally, part(iii) follows from known results on de
ompositions of arrangements of semialgebrai
 sets [9℄,[11℄ by the te
hnique des
ribed in [1℄, but it in
ludes a simple observation whi
h may be newin this 
ontext and of independent interest, and so we outline the proof in Se
tion 6.We thus obtain:Theorem 7.(i) Let V be a k-dimensional algebrai
 variety in Rd of degree bounded by a 
onstant D.Then for every �nite X � V and every " 2 (0; 1), there exists a weak "-net of 
ardinalityO("�
 ln(1=")a) for 
 = min(b(d + k)=2
;max(k; 2k � 4 + �));with an arbitrarily small � > 0 and with a and the impli
it 
onstant depending ond; k; �;D.(ii) Let V be the relative boundary of a (k + 1)-dimensional 
onvex set in Rd. Then forevery �nite X � V and every " 2 (0; 1), a weak "-net of 
ardinality O("�
 ln(1=")a)exists for 
 = b(d + k)=2
, with a and the impli
it 
onstant depending on d and k.7



It is fair to remark that Theorem 3 does not apply dire
tly in this 
ase, sin
e we have someextra logarithmi
 fa
tors in the bounds on the 
rossing numbers of the partitions. However,the 
al
ulations in the proof of Theorem 3 go through almost un
hanged, with a suitablelarger exponent a.5 The Algorithmi
 SideWhenever partitions with small hyperplane 
rossing number 
an be 
omputed eÆ
iently, ourproof of Theorem 3 immediately yields an algorithm for 
omputing weak "-nets.Theorem 8. Suppose that X is a �nite point set in Rd su
h that, for every subset Y � Xand for every r, 2 � r < jY j� with some 
onstant � > 0, we 
an 
ompute in time O(jY j ln r)a partition Y = Y1 _[ : : : _[Yt with t � r, jY j=r � jYij � 2jY j=r for all i, and hyperplane
rossing number O(r1�1=
).Then, for every " 2 (0; 1), we 
an �nd a weak "-net of size O("�
 ln(1=")O(1)) for X intime O(jXj ln(1=")).For every set X of n points in Rd, the assumptions of Theorem 8 are satis�ed with 
 = d,see [12℄. So we obtain:Corollary 9. For every n-point set X � Rd and every " 2 (0; 1), a weak "-net of sizeO("�d(ln(1="))O(1)) 
an be 
omputed in time O(n ln(1=")).Proof of Theorem 8. We 
onstru
t a weak "-net as in the proof of Theorem 3, setting r := "��with � := min(
=d2; �). A

ording to the proof of Theorem 3, we obtain a weak "-net of sizeO("�
(ln(1="))a) with a suitable 
onstant a.It remains to estimate the running time. We �rst note that the 
omputation of q(T1; T2; : : : ; Td)as in our proof of Theorem 3, although not simple, is a 
onstant-time operation for d �xed.Let g(n; ") be the maximal time required to 
ompute a weak "-net for a subset Y � Xof 
ardinality n, " � (1=n)1=
 (for smaller ", we 
an simply take the set Y as a weak "-net).We have the re
urren
e g(n; ") = O(n ln r) + rd2 +Xi g(ni; r"=k); (8)where k = O(r1�1=
) and Pi ni = n.With our 
hoi
e of r = "��, and sin
e (1=")
 � n, the �rst two terms in the re
urren
e forg together are at most An ln(1=") for some 
onstant A. We also have kr = O(r�1=
) � B"�=
for a 
onstant B. Assuming indu
tively that g(n0; "0) � Cn0 ln(1="0) for all n0 < n and "0 > ",with a suitable 
onstant C, we haveg(n; ") � An ln(1=") +Xi Cni ln�kr � 1"�= An ln(1=") + Cnhln(1=") + ln(k=r)i� nhA ln(1=") + C ln(1=") + C lnB � (C�=
) ln(1=")i� Cn ln(1=");assuming that C is 
hosen so large that C�=
 � 2A, say, and that " is so small that(�=
) ln(1=") � 2 lnB. This �nishes the proof of Theorem 8.8



6 Partitions for Points on a VarietyHere we outline the proof of Lemma 6(iii). In order to use a general partition theorem from[1℄, we �rst re
all the abstra
t framework de�ned there.A range spa
e with elementary 
ells is a triple (X;�; E), where X is a ground set and� and E are set systems on X. The sets in � are 
alled ranges, while those in E are 
alledelementary 
ells. A range 
 2 � 
rosses a set S � X if 
 \ S 6= ; and S 6� 
. A 
olle
tion� � E of elementary 
ells is 
alled an elementary 
ell de
omposition for a set Q � � of rangesif S� = X and no 
 2 Q 
rosses any e 2 � (both Q and � are usually �nite).For example, one 
an take X = Rd, let � be the set of all (
losed) halfspa
es in Rd,and let E 
onsists of all relatively open simpli
es in Rd (of all dimensions from 0 to d, andalso in
luding unbounded simpli
es, i.e., interse
tions of d + 1 halfspa
es). We note that asimplex e 2 E is 
rossed by a hyperplane h, a

ording to the de�nition used in the previousse
tions, i� it is 
rossed by at least one of the two 
losed halfspa
es bounded by h. If Q is a�nite set of halfspa
es, then a triangulation of the arrangement of the bounding hyperplanesof Q is an elementary 
ell de
omposition.A faithful linearization of dimension d for a set system (X;�) is an inje
tive mapping' : X ! Rd su
h that � = f'�1(H) : H a 
losed halfspa
e in Rdg. Thus, (X;�) possessinga faithful linearization means that X 
an be identi�ed with a subset of some Rd and � then
onsists of all interse
tions of that subset with halfspa
es.For our purposes, the results in [1℄ 
an be summarized as follows (a 
ombination ofTheorem 5.1 and Lemma 3.1 from [1℄):Theorem 10 ([1℄). Let (X;�; E) be a range spa
e with elementary 
ells, su
h that (X;�)has a faithful linearization of some 
onstant dimension d, and su
h that the VC-dimensionof the set system f�e : e 2 Eg is bounded by a 
onstant d1, where �e denotes the set of allranges 
 2 � 
rossing the elementary 
ell e. Let us assume that every �nite Q � � admitsan elementary 
ell de
omposition 
onsisting of at most Cm
(logm)
1 elementary 
ells, wherem = jQj and C, 
 > 1, and 
1 � 0 are 
onstants.Then for every n-point set P � X and every r, 1 < r < n, there exists a partitionP = P1 _[P2 _[ � � � _[Pt, su
h that bn=r
 � jPij < 2bn=r
 (thus t = �(r)), and no 
 2 � 
rossesmore than O(r1�1=
(log r)1+
1=
) of the Pi.We re
all that a semialgebrai
 set is a subset of Rd de�nable by a formula that is aBoolean 
ombination of �nitely many polynomial inequalities in the variables x1; : : : ; xd withreal 
oeÆ
ients (the book by Bo
hnak, Coste, and Roy [5℄ provides an extensive referen
e).The des
ription 
omplexity of a semialgebrai
 set 
an be de�ned, for our purposes, asmax(d;D;m), where D is the maximum of the degrees of the polynomials in the de�ninginequalities andm is the number of inequalities. Tarski's well known result on quanti�er elim-ination implies that subsets of Rd de�nable by a �rst-order formula over the reals involvingquanti�ers, and in parti
ular, images and inverse images of semialgebrai
 sets under polyno-mial maps, are semialgebrai
. A Tarski 
ell is a semialgebrai
 set of des
ription 
omplexitybounded by a 
onstant (possibly depending on other parameters de
lared as 
onstants).We also need to re
all results of Chazelle et al. [9℄, with an improvement in dimension 4by Koltun [11℄.Theorem 11. Let f1; : : : ; fm 2 R[x1; : : : ; xd℄ be polynomials of degree at most D, where Dis a 
onstant. Then Rd 
an be partitioned into at most Td(m) Tarski 
ells so that the sign9



of ea
h fj is 
onstant on ea
h of these 
ells1 and with the following bounds on Td(m):� T2(m) = O(m2),� T3(m) = O(m3�(m)), where � is an extremely slow-growing fun
tion, with �(m) =o(log log logm), for instan
e, and� Td(m) = O(m2d�4+�) for every �xed d � 4 and every �xed � > 0 (this in
ludes theimprovement from [11℄).In the situation of Lemma 6(iii), we have an algebrai
 variety V of dimension k in Rd ofdegree bounded by D. So V 
an be written as the set of 
ommon zeros of (�nitely many)d-variate polynomials with real 
oeÆ
ients, ea
h of degree at most D.The following fa
t is well known (see, e.g., the dis
ussion of strati�
ation of semialgebrai
sets in [5℄ Se
tion 9.1) and has been used in many 
omputational-geometri
 papers, espe
iallyin the 
ase k = d� 1:Lemma 12. For any V be as above, there are a partition V = V1 [ V2 [ � � � [ VM , with M a
onstant depending on k; d;D, and k-dimensional linear subspa
es L1; L2; : : : ; LM , su
h thatea
h Vi is a semialgebrai
 set of des
ription 
omplexity bounded by a 
onstant (depending onk; d;D) and the orthogonal proje
tion �i : Vi ! Li is inje
tive.Proof of Lemma 6(iii). It suÆ
es to prove partitionability for ea
h Vi as in Lemma 12 sep-arately. Indeed, we 
an �rst divide the given �nite set X � V into at most M parts, ea
hof them 
ontained in some Vi, and then we apply a partition theorem for ea
h Vi separately,with r = r(i) adjusted so that the parts have the size required for the partition of the originalX. The hyperplane 
rossing number of the resulting partition of X is at mostM -times worsethan the worst of the 
rossing numbers for the individual Vi.So let us 
onsider an n-point P � Vi and a given parameter r. In order to apply The-orem 10, we let Vi be the ground set (playing the role of X in that theorem), and let � bethe set of all interse
tions of Vi with (
losed) halfspa
es. The in
lusion map Vi ! Rd isthus a faithful linearization. We let E 
onsist of all semialgebrai
 subsets of Vi of des
ription
omplexity at most C1, for a suÆ
iently large 
onstant C1. As 
an be shown, for example,by a linearization argument (see, e.g., [13℄, Se
tion 10.3), the VC-dimension assumption inTheorem 10 is satis�ed. It remains to exhibit suitable elementary 
ell de
ompositions.Let Q � � be a set ofm ranges (interse
tions of Vi with halfspa
es). For 
 2 Q, �i(
) � Liis a Tarski 
ell. Let f1; f2; : : : ; fm1 2 R[x1; : : : ; xd℄ be all polynomials involved in the formulasde�ning the sets �i(
) for 
 2 Q; we have m1 = O(m).We let Rk � Li = e1 [ e2 [ � � � [ et be a de
omposition of Li into at most Tk(m1) Tarski
ells as in Theorem 11, and let ~ej = ��1i (ej) � Vi be the inverse image of ej . Ea
h ~ej is aTarski 
ell, and thus it belogs to E (for C1 large enough). If some 
 2 Q 
rosses some ~ej , then�i(
) 
rosses ej (as �i is inje
tive). It follows that there is a polynomial fj involved in theformula de�ning �i(
) whose sign on ej is not 
onstant, and this 
ontradi
ts the 
onstru
tionof the ej . Therefore, we have elementary 
ell de
ompositions in (Vi;�; E) of size at mostTk(O(m)). The proof of Lemma 6(iii) is 
on
luded by an appli
ation of Theorem 10.1Chazelle et al. formulated their results for polynomials with rational 
oeÆ
ients, but the 
onstru
tionand proof work with arbitrary real 
oeÆ
ients as well; this has been used many times in the literature.
10



7 Con
luding RemarksFor " �xed and suÆ
iently small and d!1, the fun
tion f(d; ") is bounded from below bye
(pd) [14℄. However, for �xed dimension d, while there are now several 
onstru
tions thatyield upper bounds of O("�d polylog(1=")) or slightly worse, no better lower bound than theobvious f(d; ") = 
(1=") seems to be known. There seems to be no 
onvin
ing reason whyf(d; ") should be substantially superlinear in 1=".Our 
onstru
tion rules out the popular points on the moment 
urve as 
andidate for a
lass of points sets that require weak "-nets of substantially superlinear size.Referen
es[1℄ Pankaj K. Agarwal and Ji�r�� Matou�sek. On range sear
hing with semialgebrai
 sets.Dis
rete Comput. Geom., 11:393{418, 1994.[2℄ Noga Alon, Imre B�ar�any, Zolt�an F�uredi, and Daniel Kleitman. Point sele
tions andweak "-nets for 
onvex hulls. Combin. Probab. Comput., 1(3):103{112, 1992.[3℄ Noga Alon and Daniel J. Kleitman. Pier
ing 
onvex sets and the Hadwiger-Debrunner(p; q)-problem. Adv. Math., 96(1):103{112, 1992.[4℄ Boris Aronov, Mar
o Pellegrini, and Mi
ha Sharir. On the zone of a surfa
e in a hyper-plane arrangement. Dis
rete Comput. Geom., 9(2):177{186, 1993.[5℄ Ja
ek Bo
hnak, Mi
hel Coste, and Marie-Fran�
oise Roy. Real Algebrai
 Geometry.Springer-Verlag, New York, 1998.[6℄ Phillip G. Bradford and Vasilis Capoyleas. Weak "-nets for points on a hypersphere.Dis
rete Comput. Geom., 18(1):83{91, 1997.[7℄ Bernard Chazelle, Herbert Edelsbrunner, David Eppstein, Mi
helangelo Grigni,Leonidas Guibas, Mi
ha Sharir, and Emo Welzl. Algorithms for weak epsilon-nets.Manus
ript, 1995, available at http://
iteseer.nj.ne
.
om/24190.html.[8℄ Bernard Chazelle, Herbert Edelsbrunner, Mi
helangelo Grigni, Leonidas J. Guibas,Mi
ha Sharir, and Emo Welzl. Improved bounds on weak "-nets for 
onvex sets. Dis
reteComput. Geom., 13:1{15, 1995.[9℄ Bernard Chazelle, Herbert Edelsbrunner, Leonidas Guibas, and Mi
ha Sharir. A singly-exponential strati�
ation s
heme for real semi-algebrai
 varieties and its appli
ations.In Pro
. 16th Internat. Colloq. Automata Lang. Program., volume 372 of Le
ture NotesComput. S
i., pages 179{192. Springer-Verlag, Berlin et
., 1989.[10℄ David Haussler and Emo Welzl. "-Nets and Simplex Range Queries. Dis
rete Comput.Geom., 2:127{151, 1987.[11℄ Vladlen Koltun. Almost tight upper bounds for verti
al de
ompositions in four dimen-sions. In Pro
. 42nd IEEE Symposium on Foundations of Computer S
ien
e, pages56{65, 2001.[12℄ Ji�r�� Matou�sek. EÆ
ient partition trees. Dis
rete Comput. Geom., 8(3):315{334, 1992.11



[13℄ Ji�r�� Matou�sek. Le
tures on Dis
rete Geometry. Springer-Verlag, New York, 2002.[14℄ Ji�r�� Matou�sek. A lower bound for weak "-nets in high dimension. Dis
rete Comput.Geom., 28:45{48, 2002.[15℄ Ji�r�� Matou�sek and Uli Wagner. New 
onstru
tions of weak epsilon-nets. In Pro
. 19thAnnual ACM Symposium on Computational Geometry, pages 129{135, 2003.

12


