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Quantum polar codes for arbitrary channels
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Montreal, Quebec, Canada Zurich, Switzerland

Abstract—We construct a new entanglement-assisted quantum than Pauli channels alone, though we still have not been able
polar coding scheme which achieves the symmetric coherent-i  to demonstrate whether the decoder here is efficient.

formationl rate by §ynthesizing “amplitude” and “phase” channels Following the method of Ref[[9], we show how to extend
from a given, arbitrary quantum channel. We first demonstrate e

the coding scheme for arbitrary quantum channels with qubit (1€ coding scheme to channels with multiple qubit inputs.
inputs, and we show that quantum data can be reliably decoded This gives an explicit code construction for the superation
by O(N) rounds of coherent quantum successive cancellation, effect, in which two zero-capacity channels have a non-zero

followed by N COﬂtrO”ed-NOT gates (WhereN is the number O.f quantum Capacity when used together [10] (|n this sense, the
channel uses). We also find that the entanglement consumptio channelsactivateeach other)

rate of the code vanishes fordegradable quantum channels.
Finally, we extend the coding scheme to channels with multlp
qubit inputs. This gives a near-explicit method for realizing one I. QUANTUM POLAR CODING SCHEME

of the most striking phenomena in quantum information theoty: . .

the superactivation effect, whereby two quantum channels which A. Classical-quantum channels for complementary varible
individually have zero quantum capacity can have a non-zero Consider a quantum channdl’ with a two-dimensional

t ity wh d together. . . .
quantum capacity when used tfogether. . input systemA’ and ad-dimensional output system®. Let
Polar coding is a promising code construction for transmif-

i : . . .
. s . . , A'=BE denote the isometric extension of this channel.
ting classical information over classical channéls [1]ikan

N
proved that polar codes achieve the symmetric capacity Ib?t |) denote the Eomputanonal or gmphtude basis with
. . : .z € {0,1}, and let|Z) denote the conjugate, Hadamard, or
any classical channel][1], with an encoding and decodi

1] " . L~
i . . hase” basis witht € {4, —} and|+) = (|0) £ |1 2.
complexity that isO (N log N) where N is the number of 8 ollowing Ref. [2] {vve C(})nsid(lr >bui|é|in> u| >)a/\/u_antum
channel uses. These codes exploit the channel poIarizatiorE 9 = gupaqg

effect whereby a particular recursive encoding inducesta §@mmunication protocol from two .classmall communication
of virtual channels, such that a fraction of the virtual ahels protocols that preserve classical information encoded int

are perfect for data transmission while the other fractiom acomplementary variables. In this vein, two particular sieal-

useless for this task. The fraction containing perfectuairt quantum_ (cq) channels are importaqt. First, gonsider the cq
channels is equal to the channel's symmetric capacity. channel induced by sending an amplitude basis state /gver

In this paper, we offer a new quantum polar coding scheme Wy:z— NA2B (I2) (z]) = ¢, 1)
strongly based on ideas of Renes and Boildau [2], where
they demonstrated that it is possible to construct quantugmere the classical inputis a binary variable and the notation
coding protocols from two different protocols that protecti’, indicates that the classical information is encoded into
classical information encoded into complementary vaeisbl the amplitude basis. We can regard this as the sender (Alice)
In particular, one can produce a protocol for reliably transnodulating a standard signi@l) with X* and transmitting the
mitting quantum data from a protocol that reliably recovengsult to the receiver (Bob).
classical information encoded into an “amplitude” vareaahd For the other cq channel, suppose that Alice instead trans-
a protocol that reliably recovers “phase” information witte mits a binary variable: by modulating the signal wittZ*, a
assistance of quantum side information (see Refs.[[3][®}], rephasing of the amplitude basis states. However, instéad o
[6] for related ideas). Our new quantum polar coding schem@plying this to|0), she modulates one half of an entangled
has several advantages over the previous scheme from Ref. §(ibit pair (ebit) shared with Bob. These qubits are in theesta
« The net rate of quantum communication is equal to the , 1 , 1 ,
symmetric coherent information for ambitrary quantum  |®)“* = — Z 12)C 12y = — Z BN
channel with qubit input. V2 z€{0,1} V2 ze{+,-}
« The decoder igxplicit and consists 0O (V) coherent , ) , ) i
quantum hypothesis tests followed By CNOT gates. with Alice holding A’ and BobC'. The modulation yields
« The entanglement consumption rate vanishes foaran BCE _ [ A'BE (7a\A' |y A'C 5
bitrary degradable channel with qubit input. =) TN (Z%)" 1) ' 2)
One advantage of our new scheme over the scheme in Ve ST (=17 6.)5F 1), 3
Ref. [g] is that it applies to arbitrary quantum channel&ieat z€{0,1}
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Where|¢z>BE is a purification of¢? in (@). The resulting cq andG y is Arikan’s encoding circuit matrix built from classi-
channel is then of the following form: cal CNOT and permutation gates. The interpretation of this
channel is that it is the one “seen” by the input if all
BC (4) . N . . :
z of the previous bitsu]”~ are available and if we consider
where the notatiofi’» indicates that the classical informatiorfll the future bitsu;}, as randomized. This motivates the
is encoded into a phase variable. In contrastito, the development of a quantum successive cancellation decoder
channeliWp is one in which the receiver has quantum sidfll] that attempts to distinguish; = 0 from u; = 1 by
information (in the form of systenC) that is helpful for adaptively explomn_g the results of preymus_measuremand
. i o

Both cq channels in{1) andl(4) arise in the error analysis The synthesized channel®y’ polarize, in the sense that
of our quantum polar coding scheme, in the sense that i@¢me become nearly perfect for classical data transmission
performance depends on the performance of constituent paMile others become nearly useless. To prove this resuéf, on
codes constructed for these cq channels. Moreover, the tagn model the channel splitting and combining process as

channels are more closely related than they may initialfy random birth proces$|[1]. [11], and one can demonstrate
appear. To see their relationship, consider the state that the induced random birth processes correspondingeto th

channel parameterfs{W(i)) andF(W(i)) are martingales that
) =25 7)* oa) PP = v 12" 2) 16:)"F . converge almost surelzy\/] o zero-one valued random variables
z€{0,1} z€{0,1} in the limit of many recursions. The following theorem char-
acterizes the rate with which the channel polarizationctffe
takes hold[[11], and it is useful in proving statements about
the performance of polar codes for cq channels:
Theorem 1:Given a binary input cq channél” and any

Wp:z—o0o

Measuring system in the phase basi§) generates th&/p
output statesZ¥, while measuring4 in the amplitude basis
generates thé/4 outpute?’.

Another important channel is the cq chaniét induced to
the environment when inputting amplitude-encoded classigs < 1/2, it holds thatlim,,_, o Prf{\/F(Wéi)) < 2‘2"5} =
information: Wg : z — TrB{UJ(‘/HBE (|z) (2])}. We do not I (W), where n indicates the level of recursion for the
consider this channel for our quantum polar coding schemacoding,WQ(? is a random variable characterizing tfi&
or its error analysis, but we instead consider it in Sedfidn &plit channel, and«”(Wéi)) is the fidelity of that channel.
when relating the quantum polar coding scheme of this paperassuming knowledge of the good and bad channels, one can
to the previous one from Ref.][7]. then construct a coding scheme based on the channel polar-
ization effect, by dividing the synthesized channels adicay

to the following polar coding rule:
Two channel parameters that determine the performance

of a cq channelw : =z — p, are the fidelity F (W)
||\/p_0\/p_1Hf and the symmetric Holevo informatiah(1V)
H ((po +p1) /2) — [H (po) + H (p1)] /2 where H (o) and By (W,3) = [N]\ Gn (W, ), so thatGy (W,3) is
—Tr{clog, o} is the von Neumann entropy. These paramghe set of “good” channels anéy (W,3) is the set of
ters generalize the Bhattacharya parameter and the symmg#d” channels. The sender then transmits the informatitsn b
ric mutual information [[1], respectively, and are relatesl ahrough the good channels and “frozen” bits through the bad
IW)~1& F(W)~0andI(W)~ 0« F(W)=~1 ones.A helpful assumption for error analysis is that thedro
[11]. The channelV is near perfect whed (W) ~ 1 and bits are chosen uniformly at random such that the sender
near useless wheh(W) ~ 0. and receiver both have access to these frozen bits. Reéf. [11]
Ref. [11] demonstrated how to construct synthesized vejrovided an explicit construction of a quantum successive
sions of W, by channel combining and splitting|[1]. Thecancellation decoder that has an error probability equal to

B. Channel Polarization

QN(W,ﬂ):{ie[N]: F(W](Vi))<2NB}, @)

synthesized channels are of the following form: O(Q—Nﬂ)_|et {ch)} denote the corresponding decoding
i Ui-1gN POVM, with u 4 the information bits and 4- the frozen bits.
W u — ot (5) - :
N U T Py o For our quantum polar coding scheme, we exploit a coherent
where version of Arikan’s encoder_[1], meaning that the gates are
i1 pN 1 _ i N guantum CNOTs and permutations (this is the same encoder
Plivus = > 5T lup™ ) (ur [ @D (6) as in Refs.[[],[[7]). When sending amplitude-basis clagsic_
i information through the encoder and channels, the effect is

BN 1 pn BY _ B 5, 1o induce synthesized channeﬂB’XN as described above.
Pyi = Z oN—i PuNGn> PN = P, ®---@prys  Theorenil states that the fraction of amplitude-good cHanne
uil (according to the criterion ii[7)) is equal I Z; B) , where
) the Holevo information! (Z; B), is evaluated with respect
Operationally, this quantum side information becomes lalvks to Bob ZB _ 1 z B .
after he coherently decodes the amplitude variable. It dwgscorrespond to t.he C_q statep T2 Zze{p,l} |Z> <Z| @ ¢ ! with (bg
operationally to a Bell state shared before communicatiegirts. defined in[(1). It will be convenient to express this quandisy
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I(Z*4; B)y using the statéy), where theZ# indicates that Z =By (Wa,B8) NGy (Wp, ),
systemA is first measured in the amplitude basis. B =By (Wa,B)N By (Wp,B).

As in [8], the same encoding operation leads to channel _ _
polarization for the phase chanriélp as well. Suppose Alice Our quantum polar coding scheme has the sender transmit
modulates her halves of the entangled pairs as before, dat tinformation qubits through the inputs i, frozen bits in
inputs them to the coherent encoder before sending them the phase basis through the inputs &y, frozen bits in
the channel to Bob. The result is the amplitude basis through the inputs &) and halves of

1 NN NN N ebits [12] through the inputs i85 (we can think of these
Noxi (=1 p.xaa)” P 12Y)7 . () in some sense as being frozen simultaneously in both the
2N e{0,1}N amplitude and phase basis). It is straightforward to prove
N AN . L oN _pNonoioN  (see Appendib{A) that the net rate of quantum communi-
whose B™C™ marginal state is simply/g e Us™ » cation (A —|B]) /N is equal to the coherent information
where Uz denotes the polar encoder. Here we have us§ch>B) = H (B)— H (AB) by observing that the fraction of

the fact that the matrix corresponding &y is invertible. amplitude-good channeIsIs(ZA;B) , the fraction of phase-
Thus, the coherent encoder also induces synthesized deanne 4

- A. .. .
WS)N using the encoding matri&%; instead ofG, modulo goodAchanneIs g (X ’EC)W and exploiting the relation
the additional Uz acting on CV. Note that the classical I ;Bc)w =1-1(2%E)
side information for theWI(DfN is different from that in[(6) D. Error Analysis
because the direction of all CNOT gates is flipped due to

the transpose offy when acting on phase variables. Th . T . )
change in the direction of the CNOT gates means that teﬁQe sender and receiver begin with the following state:

v

We now demonstrate that this coding scheme works well.

i synthesized phase chanriéf,(Df)N is such that all of the [To) = No Z lua) [ua) luz) [ux) lug) @ |us),
future bits zy - - - ;41 are available to help in decoding bit uAUB

x; while all of the previousbits x;_; --- z; are randomized. here Ali the first fi ist Bob the |z
(This is the same as described in Ref. [8] for Pauli chan)welg\.' de]r\? Jcle p(;s‘j‘ejsmeswe ||rs ve reglsfers, Oth teth b(')tn
For the channel in{4), the fraction of phase-good channél8%Yo = / - Ve a1s0 asstme for now that the bits

is approximately equal td (X; BC),, where the Holevo inuz anduy are chosen uniformly at random and are known

information I (X; BC), is with respect to a cq state of thet® both the sender and the receiver. Observe that the fourth

form 237, c oy 12) (2] @0 ZC, with 62€ in @). Again, we

can formulate this using) as I(X4; BO),, this time X4

indicating A is measured in the phase basis. [Wo) = Ny Z (=) ua) lua) luz) |va) |us) @ |ug),
Lemma 2 of Ref.[[2] outlines an important relationship be- UALUB, VX

tween the Holevo information of the phase channel to Bob and B AT
the Holevo information of the amplitude channel to Eve, whicVhere M = 1/v2 . The sender then feeds the

for our case reduces tb(XA; BC) R (ZA; E)w' This Middle four registers through the polar encoder and channel

relationship already suggests that channels which areephd§2ding to a state of the following form:

good for Bob should amplitude-bad for Eve and that chann _ uxvx BN EN
which are amplitude-good for Eve should be phase-bad :‘ﬁﬁr1> =M Z (=1) [14) @ |Gus,uz v ua) fus)
Bob, allowing us in Sectioflll to relate the present quantum
polar coding scheme to that from Ref] [7]. where |¢UA7UZ,UX7UB>BNEN = USNUg Jua) Juz) [ux) [us)
(abusing notation, the encoding operat@g is left implicit).

o ) . 0 Observe that, conditioned on amplitude measurements of
~ We divide the synthesized cq amplitude channilg’y lu4) and |ug), the BN subsystem is identical to the polar-
into setsGy (Wa, 8) and By (Wa, ) according to[{l"), and encoded output d4. Thus, the first step of the decoder is the
similarly, we divide the synthesized cq phase chanfiélsy  following coherent implementation of the quantum suceessi

into setsGy (Wp, 8) and By (Wp, 8), where3 < 1/2. The cancellation decoder foiV’, as in [1):
synthesized channels correspond to particular inputs ¢o th

register is expressed in the phase basis; using the amgplitud
basis instead gives

UAUB, VX

C. Coding scheme

encoding operation, and thus the set of all inputs dividés in Agﬁg;@ @ |ua) |va) @ |ug) lus) (us| @ |uz) .
four groups: those that are good for both the amplitude angd , .5 v
phase variable, those that are good for amplitude and bad for 9)

phase, bad for amplitude and good for phase, and those the idea here is that the decoder is coherently recoveriag th
are bad for both variables. We establish notation for theB#S inu 4 andvx while using those iniz andug as classical

channels as follows: and quantum side information, respectively. After doingtke
A=Gn (VVA7 ﬁ) NGn (WP, 5) ) 2In quantum information theory the tensor product symbol fieroused
implicitly. Our convention is to leave it implicit for systes belonging to the

same party and use it explicitly to denote a division betwiem parties.
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resulting state i$)(2‘NB)-close in expected trace distance td&rewriting phase terms with Pauli operators, we then have tha
the following ideal state (see AppendiX B): the actual output of this step of the decodeo@%‘Nﬁ)-close
_ NN in expected trace distance to the following ideal state:
@) = N1 3 (=)™ ) [fuzns)”

s (Ws) = Ny Y [Za) ®|Ta) [F2) [Ux) |T5)
lua) [va) [us) us) [uz) . TaTB.Tz
The expectation is with respect to the uniformly random choi zrAwz B UEN e [ 4) [Pz) [Px) [P5) © |Tz)

of uy. Thus, Bob has coherently recovered the hits and JATATIBIIZ] .
— +|B|+|Z TA,TZ,UX,T -

vy With the decoder in[{9), while making a second cohereﬁfheﬁN“Za 1/232‘ | ‘Zulx‘ I.ZI:Bereﬁ_ ?] Zt ¥ Bt;]S short q

and incoherent copy of the biisg anduz, respectively. and for ® ® ® » WNICT acts on the secon

The next step in the process is to make coherent use of ﬁjfg)'ts in the entangled pairs, while the encoding and chlanne

Wp decoder. For this to be useful, however, we must shoW'ta“es_‘ act on th_e first. . .
The final step in the decoding process is to remove the

that encoded versions BCE " 3s in [B), are present in )
95) ®) P phase operatof*4:*z.vx:¥8 hy controlled operations from

¥,). To see this, first observe that we can write ) e~ L
[¥2) the registerdz 4) |Zz) |ux) |Z5) to the second qubits in the

|Uy) = Ny E (_1)“X'”X+1A'“A+W“B |T4) ® entangled pairs. This phase-basis controlled phase dperat
UAUB, VX, is equivalent toN CNOT operations from the latter systems
TA,TB

BN N to the former and results in
|Puuz, v, us) lua) lox) [us) [T5) [uz) ,

where N, = 1/V22[A2BI+I¥[ by expressing the first Nod [Fa) ® [Fa)UR"Uel@azxm) ) lux)|Fs),
register and the secorjdg) register in the phase basis. This oA e
is nearly the expression we are looking for, as all the désiraith Bob sharing1 /v/2IZ1 Y. [T2) ® [72) with the inac-
phase factors are present, except one correspondipg:to  cessible reference. Thus the sender and receiver gerjéiate
As uz is chosen at random, we can describe it quanturgbits with fidelity o(2=~") at the end of the protocol.
mechanically as arising from part of an entangled state. TheRemark 2: The above scheme performs well with respect
other part is shared by Alice and an inaccessible referengg.a uniformly random choice of the bitsy anduz, in the
Including this purification degree of freedof;2) becomes sense that the expectation of the fidelity is high. Though, we

W) = Ny Z (_1)ux-uX+zA~uA+zB-us 7.4) ® can _invoke Markovts inequality to demonstrate that a large
wn v, fraction of the possible codes have good performance.

“Z”;A’”]”VB Remark 3:The first step of the decoder is identical to the

|Gus iz wns) © |ua) lox) Jus) |Z8) uz) ® |uz), first step of the decoder from Ref.l[7]. Though, the second

L .. _step above is an improvement over the second step in[Ref. [7]
where N3 = NQ/W‘ Again utilizing the phase basis IV€Secause it is an explicit coherent quantum successive kance
|U5) = N3 Z (—1)vxvxtranatesustezuz 7\ o |ation decoder, rather than an inexplicit controlled-deglng
UAUB, VX UE, unitary. Additionally, the complexity of the decoder is égu
TAXLB,LZ . -
BN BN B B alent toO (N) quantum hypothesis tests, but it is unclear to
|Pun,uz,vx,us) lua) [vx) lug) [Z8) luz) ® [Zz) . us how to implement each test efficiently.
Thus,|¥}) is a superposition of polar encoded states aElin (8) I
and therefore the phase decoder will be useful to the receive
In particular, Bob can first apply/i{®” and then apply

ZERO E-BIT RATE FOR DEGRADABLE CHANNELS

We can now prove that the entanglement consumption
rate of our quantum polar coding scheme vanishes for an

Z w/rgﬁy;ﬁ“;) ®1TA) [T2) |Ux) ® [T5) (Zs] arbitrary degradable quantum channel. We provide a b_rief
A T2 T summary of the proof (see AppendixX C for more detail).

to coherently extract the values af4 and zz using the ConsLder the follf(x)wing entropic uncertainty principlel :[3]
frozen bitszp anduy. He then applie/S” to restore the (X ”|B),+H(Z7|E), > 1, where the conditional entropies
CN registers to their previous form. As with the amplitud@'® With respect to the phase and amplitude obsegvables
decoding step, the closeness of the output of this process%o@nd Z measured with respect to a tripartite staté”
the ideal output is governed by the error probability of th@ith f being A qubit system. Using this and the fact that
Wp decoder (see AppendX B). To express the ideal outplt(X ") +H(Z )_: 2 for our case, Wwe can prove the(f)ollowmg
succinctly, we first make the assignments uncertainty relation for thé" synthesized channeWPfN and
o= 1 o= L W,S?N: I_(W,(f;zv) + I(Wg,)N) < 1, which is reminiscent of
|Pa) = NG Z ) lua), |2z) = S22 Z lvz) [vz),  the relation] (X; BC) = 1 — I (Z; E) mentioned previously.

1 “A ] vz The above uncertainty relation then implies the followimgp
D) = ok > fox) vx), ) = N > Jus) [us) - 2\/F(W1(3f)N) + \/F(Wg,)N) > L. This in turn implies that

vx up the phase-good channels to Bob are amplitude-“very bad”
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channels to Eve. From degradability, we also know that tli#fferent here because Bob decodes the phase varidgble
doubly-bad channels i8 are amplitude-bad channels to Evewith all of the amplitude variables as QSI.) For the second
These two observations imply that the phase-good channglit space in the tensor factor, the net quantum data rate is
to Bob, the doubly-bad channels to Bob, and amplitude-goddZs; BZ1) + I (Xo; BZ17Z27374X1) — 1. We can similarly
channels to Eve are disjoint sets. Furthermore, we know fratetermine the respective net quantum data rates for the thir
Theorem[1 that the sum rate of the phase-good channafel fourth qubit spaces as
to Bob and the amplitude-good channels to Eve is equal to ) )
I(X;BC)+I(Z;E) =1—1(Z;E)+1(Z;E) = 1 as [(Z5; BZ\25) +1( X33 B21 2325 24.X,.X5) = 1,
N — oo, implying that the rate of the doubly-bad channel set { (Za; BZ12223) + 1 (X4; BZ1 22232, X1 X2 X3) — 1.
B (the entanglement consumption rate) approaches zero in figmming all these rates together with the chain rule andyusin
same limit. This same argument implies that the entanglémefe fact that any two amplitude and/or phase variables are in
consumption rate for the quantum polar codes in Ref. [dkependent whenevér£ j, we obtain the overall net quantum
vanishes for degradable quantum channels because the §ai@ rate? (7,773 24; B)+1 (X1 X2X3Xy; BZ1 2275 74)—
of the phase-good channels to Bob is a lower bound on thewhich is equal to the coherent information of the joint
rate of the amplitude-“very bad” channels to Eve. channel (by applying the same Lemma 2 of RE&f. [2]). The
fact that our quantum polar code can achieve the symmetric
coherent information rate then proves that superactinatio
Our quantum polar coding scheme can be adapted to reaggurs, given that Smith and Yard already showed that this
the superactivation effect, in which two zero-capacityrguen  rate is non-zero for the channels mentioned above [10].
channels camctivateeach other when used jointly, such that IV. CONCLUSION

the joint channel has a non-zero quantum capacity [10]. IReca o ¢ | di h has two benefit h
that the channels from Ref.[10] are a four-dimensional PPT ur quantim porar coding scneme has two benetits over the

channel and a four-dimensional 50% erasure channel. Eactrlgfrk in Refs. [B], L1 it achieves the symmetric coherert in

these have zero quantum capacity, but the joint tensorystod ormation rate for an arbitrary quantum channel and itsrenta
channel has non-zero capadity ' glement consumption rate vanishes for an arbitrary detptada

channel. Though, we should clarify that the analysis here ac

sc\r:\éemgol\‘/;rdtﬁgu'so Sin?ocvr\]’atr(])nélealgbesgv(lu?hn;tjrtr;]ep?rl]arufzdIggglly implies that the scheme from Refl [7] has the above two
of the ioint chaereI is 16—dir.nensional and thus hgs ap roperties. A further benefit over the scheme from Ref. [7] is

1o o that the decoder here is explicitly realized@$N) rounds of
composition as a tensor product of four qubit-input spaces

CleCl ~Cl ~ C?®C2 @ C2 ® C2. Thus, we can exploit Coherent quantum successive cancellatl_on, followe@iyV)
controlled-phase gates. Finally, we outlined how the s@hem

a slightly modified version of our qubit polar coding scheme. . A

Thegide):; is for Alice and Bob tc? emprl)oy a quangtum polarere can exhibit the superactivation effect. We acknowdedg
o . . discussions with F. Dupuis, S. Guha, and G. Smith.

code for each qubit-input space in the tensor factor (this is

IIl. SUPERACTIVATION

similar to the idea in Ref[]9]). There are amplitude and phas REFERENCES
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APPENDIXA

We now calculate the rate of the sdt(the rate of information qubits that Alice and Bob should Ieao establish with
our quantum polar coding scheme). From basic set theory,neev that

Given the polarization results for the cq amplitude and phetsannels, we know thaimy . + |Gn (Wa, 8)| = I (Z; B)
andlimy o 7 |Gn (Wp, B)| = I (X; BC). Also, consider that

|Gn (Wa,B) UGN (Wp, B)] = |[N] \ (G5 (Wa,B) UGN (Wp,B))°|
B

=|[N] \ (B~ (Wa,B) 0 Bn (Wp, B))|
- |B|.
Thus, the rate of4 is equal to
lim —|A|_I(Z B)+I(X;BC)—1+ hm —|B| (10)
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:I(Z;B)+I(X-BC)—H(Z)+ngnooﬁ|8|

— I (A)B) + lim —|B|
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where the second equality exploits the fact that{Z) = 1 for a uniformly random bit and the third exploits Lemma 2 of
Renes and Boileal [2]. Thus, the net rate of information igupenerated by this quantum polar coding scheme is equal to

the symmetric coherent information:
i |.A| |B|
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APPENDIXB

We rigorously prove some of the statements in Sedfioh I-Ce iHieal state after the first step of the decoder is
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The overlap between the above two states is equal to
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Taking the expectation of the fidelity over the uniformly dam choice of the ancilla bits y anduz then gives
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where the last inequality follows from the good performaméethe quantum successive cancellation decoder for the cq
amplitude channels (see Proposition 4 of Refl [11]).

We can prove similarly that the phase decoder works well witmiformly random choice of the bitsy anduz. Observe
that a uniformly random choice of the bits: induces a uniform distribution of the bitsz. A similar error analysis as above
then works for this case. Consider the ideal state:
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Now consider the overlap between the above two states:
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Taking the expectation of this term over a uniformly randdmice ofuy anduz (which implies a uniformly random choice



of zz) gives the following quantity:
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where the last inequality again follows from the perfornmané the quantum successive cancellation decoder for theepha
channels.
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APPENDIXC

This appendix provides a detailed proof that the entangkmensumption rate of our quantum polar codes vanishes
whenever the quantum channel is degradable. Considereadit#tte following form:

N
Z |Z |¢z" B BY |Zn>c .
We can represent the registets - - - A;_; in the amplitude basis and the registets.; - - - Ax in the phase basis as follows:
i—1 Aifl A; N Aﬁl BNEN N Ci]YH e
DoAY et ) en) (Z ”]) |2™)
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Then measuring the systems, --- 4;_; in the amplitude basis and the systems,; --- Ay in the phase basis (we can
think of this just as dephasing these systems in the respeitises) leads to a state which can generate the outputs of th
i phase channel to BOWI(J_)N and the;"™ amplitude channel to EVWI(J_)N. Denote this state by;, and call the various
measurement outputs systeiﬁﬁ- -+ Z;—1and X;;1--- Xy in order to indicate that they are classical. Thenis a tripartite
state ond;|BNCN XN, |EN Z{™! is a tripartite state (where the vertical bars indicate tivsidns of the parties), to which
we can apply the following uncertainty relation proved inf.H&]:

H( H—l)wi +H( - )wi =1
Combining this withH (X4¢) + H (Z4) = 2 (which holds becaus& #: and Z#: are uniform random bits) gives
I(x*:BNCNX{), + (24 EYZY), <1,

N

or equivalently, . .
I(Wiy) + I(W(y) < 1. (11)

Note that in the limitN — oo, the channels polarize, so that the channels which are gogihase for Bob are bad in
amplitude for Eve, and the ones which are good in amplitudeEfe are bad in phase for Bob. This demonstrates that our
guantum polar coding scheme given here is asymptoticallyvatent to the scheme of Wilde and Guha [7] in the limit of
many recursions of the encoding after the channel polévizaffect takes hold.

The above uncertainty relation is helpful in proving a diéfiet one about the synthesized channels’ fidelities, thidirwturn
help us prove the statement about the entanglement conisummpte. Exploiting the following inequality (see Propasi 1

of Ref. [11])
I (W) > log, (ﬁ) ) (12)

we can show that

2\/F (W) + \/ (Wiy) =1, (13)
F W};N +2,/F ,g >1
Consider that the inequality il (IL2) above is equwalen(/fcb“— ) > 21— — 1. We then have
F (W}JN) S o T(WEN) s of(WEN) g s 2 _1,
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where we used the uncertainty relation [nl(11) in the secoeduality and we again applied{12) for the third inequality

Rewriting this, we obtain
(1 + \/F (Wg)N)) \/F (W) =2- (1 0 [F (W,S’fN)) ,
2\/F (wiy) + \/F (Wiiy) = 1.

(We used the fact that the fidelity is less than one.) Proogedithe symmetric way gives the other fidelity uncertairgation
in (I3).
We can now argue that the entanglement consumption ratddshewero in the limit whenever the channel is a degradable

guantum channel. We do this by a modification of the arguneiRaf. [7]. Consider the set of channéswhich are doubly
bad for amplitude and phase. Also, consider the channelshwdrie amplitude-good for Eve:

which gives

G (Wi, 0) = {i € V] \[FOV ) <2}

and those which are phase-good for Bk (Wp, 3). We prove now that these sets are disjoint and thus the sureaf t
must be smaller thatV (the total number of channel uses). First consider that

BnGy (We,B) =10
by the definition of the se8. Now consider that

_NB i i
2-27V" > 2 \[F(WE) 21— [PV,

FWWy) >1-2.27V,

implying that

whenever2—N" > q/F(WI(j;)N). Thus, all of the channels that are phase-good for Bob arditanig-“very bad” for Eve. So
the following relation holds for large enough:

The relationB N Gy (Wg, 3) = 0 holds for degradable channels because

C (By (Wg,B8)NBx (Wp,8)) NGy (Wg, B)
= (.

The second line follows from the definition and the third dals from the degradability condition (all the channels that
bad in amplitude for Bob are also bad in amplitude for Eve duthé existence of a degrading map under which the fidelity
can only increase—see Lemma 3 of R&f. [7]). Thus, all of theete are disjoint and it follows that

1
~ (95 (We, B)[ +1Gn (Wp, B)| + |B]) < 1.
Finally, we know from Theorefl1 that the rates of the s&ts(Wg, 3) andGx (Wp, 8) in the asymptotic limit are
. 1
. 1
Jim = |Gy (Wp, B)| =1 (X% BC),, =1-1(2%E),,

so that the rate o8 must be zero in the asymptotic limit:

. 1
i 7 1B =0.



