
Majorizing estimators andthe approximation of #P-complete problemsLeonard J. Schulman� Vijay V. Vazirani�AbstractA key step in counting via sampling is constructing an un-biased estimator, X, for the parameter � in question, andproving a bound on its second moment, E(X2). A key ap-plication of this method is to obtaining a FPRAS for a #P-complete problem; a FPRAS results if the ratio r = E(X2)1=2E(X)is polynomially bounded in the size of the input. We showthat if no additional information is available about the dis-tribution of X, then this condition is also necessary.The proof involves establishing a new optimality result inparametric statistics. We introduce the notion of a majoriz-ing estimator, a very strict optimality requirement that weneed for making worst-case (over inputs) and in-probability(of falling in the desired accuracy range of the parameter �)statements. We show that for the problem of estimating themean of a Gaussian distribution (from the variable-location,�xed-scale family fG�g), the sample mean is a majorizingestimator. An extension of this argument shows that thesample mean is an optimal estimator in every central mo-ment among all estimators. To compare, the celebratedCramer-Rao lower bound, applied to the family fG�g, es-tablishes that the sample mean is the optimal estimator inmean square error among all unbiased estimators. We fur-ther show that the mean estimator is the unique majorizingestimator for fG�g.1 IntroductionCounting via sampling has emerged as a fundamental methodin the theory of algorithms. For instance, it has been ap-plied successfully to approximately counting the number ofsolutions for many problems in P whose solution-countingversions are #P-complete. These include fundamental prob-lems such as counting the number of perfect matchings indense graphs, determining the fraction of satisfying truth as-signments for a DNF formula, and determining the volumeof a convex body.�College of Computing, Georgia Inst. Technology, Atlanta GA30332-0280.Proc. 31'st STOC (ACM Symp. Theory Comp.), ACM Press, 1999.

The key step in obtaining these fully polynomial ran-domized approximation schemes (FPRAS; de�nition below)is constructing an unbiased (or nearly so) estimator, X, forthe parameter � in question (e.g. fraction of truth assign-ments that satisfy a given DNF formula), and proving abound on the second moment, E(X2), of this estimator.The goal is to provide a good relative approximation of �,i.e. an estimate T such that �(1� ") � T � �(1+ ") for " assmall as desired.A quantity of critical interest is the ratio of the squareroot of the second moment and the �rst moment of this es-timator, r = E(X2)1=2E(X) . By a straightforward application ofChebychev's inequality, it is easy to see that the mean ofO( r2"2� ) sample points of this random variable will be in an"-interval around the quantity being estimated, with prob-ability at least 1 � �. So, if r is polynomially bounded inthe size of the instance, this yields a FPRAS for the #P-complete problem.A slight improvement is possible, and is commonly em-ployed, as follows: the mean of O( r2"2 ) sample points of therandom variable falls in the "-interval with probability atleast 3=4. Now, repeat this process O(log 1� ) times, and takethe median of these means. Since the means are indepen-dent and identically distributed, by the Cherno� bound onthe tail of the binomial distribution, the median lies in the"-interval with probability at least 1 � �. This reduces thetotal number of sample points needed to O( r2 log 1�"2 ).This basic method underlies an entire literature of ap-proximation methods (see [5] and [7]). This includes rapidlymixing Markov chains, where the bias can be made vanish-ingly small as a function of the time for which the Markovchain is run. A prominent problem for which this approachfails to provide a FPRAS is the estimation of 0=1 perma-nents [4], for which the unbiased estimator does not have apolynomially bounded ratio r.The importance of this method, and the multitude ofproblems which still elude solution, motivate the follow-ing question: is it possible to use the sample points in amore clever way (rather than simply taking their mean) sothat one obtains a FPRAS from an unbiased estimator eventhough its ratio r is not polynomially bounded? In spite ofthe fundamental nature of the question, it appears that, tothis point, it has not been addressed.In this paper, we show that if no additional informationis available about the distribution of the random variable,beyond a bound on its second moment and the fact that its�rst moment equals (or is close to) the unknown parameter,



then the answer to this question is \No", i.e., the conditionthat r be polynomially bounded is necessary and su�cientfor obtaining a FPRAS from an estimator. This is formallystated in Theorem 1 below.At an informal level, this is perhaps the anticipated an-swer to the original question of whether there \is anythingmore clever to be done" with the sample points. Our re-sult demonstrates the correctness of this intuition in a verystrong way, in terms of majorizing estimators (de�nitionbelow). As a reminder that intuition cannot substitute forproof, we consider the related question of whether the \me-dian trick" described above (and which has been subjectedto no more critical scrutiny than has the mean step) can beimproved upon. In this case we believe that the answer is\Yes", and we present a proposal to this e�ect in section3.2.Let � be a counting problem; the case of greatest interestis that � is #P-complete. Let I denote an arbitrary instanceof this problem, and let �I denote the quantity being esti-mated. Suppose a polynomial-time samplable random vari-able XI is constructed such that it is an unbiased estimatorof the quantity �I , or else, there is a family of estimatorsXÌ such that jE(XÌ) � �Ij � `�c (c > 0). In the lattercase a FPRAS for �I can be obtained from a FPRAS forE(X"�O(1)I ), so we only need consider the case of unbiasedestimators. (The biased case can occur in Markov chain al-gorithms; ` depends on the time for which the Markov chainis run.)Theorem 1 Consider approximation algorithms that canobtain independent samples of the random variable XI , andare charged one unit of time per sample. The algorithm isgiven an upper bound on E(X2I ), and must perform correctlyfor any distribution consistent with this second moment. AFPRAS of this type exists for �I i�E(X2I )1=2E(XI) � p(jIj)for some polynomial p.On the one hand, our theorem can be viewed as a nega-tive result, and on the other, it points to a direction worthexploring in order to add to the power of current techniquesfor approximate counting via sampling: identifying and tak-ing advantage of special features of the probability distribu-tion of the estimator.Theorem 1 is a corollary of a theorem that belongs, prop-erly, in the �eld of parametric statistics. Remarkably, itappears to be new to that �eld. We begin with the setting.Consider a probability density f on the real line with�nite �rst and second moments; say the �rst moment is 0.From f , form the family of densities ff�g, which are thetranslations of f , indexed by their means �. (So f0 hasmean 0.)Now, � is �xed and unknown to us, and we collect nsamples x1; : : : ; xn from the density f�. We wish to inferan estimate of the parameter �. For each " > 0, we are in-terested in the probability that our estimator S(x1; : : : ; xn)falls within distance " of �. Furthermore, we are interestedin the worst case performance of S. For this purpose, let usde�ne the "-quality of estimator S to beQ"S = inf� [P (jS � �j � ")]:

De�nition 2 We say that estimator T majorizes S if forall " > 0, Q"T � Q"S .Let G� denote the Gaussian density function with mean� and unit standard deviation. Let fG�g denote the variablelocation, �xed scale family of such densities. We prove:Theorem 3 For the family fG�g, for any given n, the meanestimator, T (x1; : : : ; xn) = 1nPxi, majorizes every otherestimator.In Theorem 10 we will further establish that T is theunique majorizing estimator.LetX = (x1; : : : ; xn) denote n independent samples pickedfrom G�. De�ne the rth central moment of estimator S at �to beMr� (S) = Z P (Xj�)Zt2Rjt� �jr P (S(X) = t)dtdX:In the �nal version of this paper, by an extension of themethod of Theorem 3, we will show:Theorem 4 For the family fG�g, the mean estimator min-imizes sup�Mr� (S) among all estimators S, for every n andevery r > 0.Among the celebrated theorems of statistics is the Cramer-Rao lower bound on the mean squared error of an unbiasedestimator of a parameter �. A key application of that theo-rem is to show that the sample mean is an optimal unbiasedestimator of the mean of a Gaussian from the family fG�g[1, 8, 3, 6, 2]. Theorem 4 represents an improvement in thesense in which the mean estimator for the Gaussian is shownto be optimal, as it implies optimality of the mean estima-tor in mean square (variation), as for any central moment,among all (not only unbiased) estimators.Discussion:(1) To prove theorem 1, simply substitute a Gaussianfamily as the unknown family of distributions with knownsecond moment. Suppose that E(X2I )1=2E(XI ) is greater thanany polynomial in jIj. Let T be an arbitrary estimator for� = E(XI), and let X be the mean of a polynomial numbers(jIj) of samples. ThenP (jT � �j � "�) � P (jX � �j � "�)Now since the standard deviation E(X2I )1=2=s1=2(jIj) of Xis much larger than "� = "E(XI) (for " � 1), its densityfunction is close to constant in the interval [�(1�"); �(1+")],and the last term is equal, up to a constant factor, to:"�s1=2(n)E(X2I )1=2 = "E(XI)s1=2(n)E(X2I )1=2which tends to 0 for any polynomial s. Hence T is not aFPRAS.(2) Motivated by the algorithmic applications, we havechosen to measure the quality of an estimator T of a pa-rameter � by the function inf�[P (jT � �j � ")]. A somewhat\dual" notion is studied in the statistical literature. A con-�dence interval of level p is a pair of estimators T1; T2 s.t.for every �, with probability at least p, T1 � � � T2. Obvi-ously it is desirable that the intervals [T1; T2] be as short



as possible subject to the con�dence level p; this objec-tive is complementary to our goal of maximizing the esti-mator's probability of falling within a �xed width interval,inf�[P (jT � �j � ")].However, in the case of con�dence intervals, there is anadditional degree of freedom available in \sliding" both endsof the interval without changing the con�dence level. Whilethis 
exibility is desirable for some applications (e.g. if thepenalties for errors in the two directions are unequal), it re-duces the extent to which the quality of estimators can becompared. In particular, there does not exist any family ofdensities ff�g, and any 0 < p < 1, for which there is anoptimal estimator (in the sense that its con�dence intervalsare contained within those of any other estimator). (Anda statement nearly as strong can be made also for familiesof distributions which do not arise from densities.) To seethis, one has only to consider the two optimal estimatorssubject to the restrictions that the lower or upper endpointsare at �1 or +1. Estimators that are optimal subject tothese restrictions are termed \uniformly most accurate up-per/lower (respectively) con�dence limits"; this appears tobe the closest de�nition in the literature to our notion of amajorizing estimator. However, as just implied, no theoremresembling theorem 3 exists for upper and lower con�dencelimits. Thus one of the contributions of this paper is theintroduction of the measure, Q"S, of the quality of an esti-mator S, since this is a measure that is on the one hand,much stronger than commonly used measures such as meansquared error; and on the other hand, the resulting partialorder on estimators is not so weak as to preclude the exis-tence of a dominating estimator in the partial order.It is interesting that in seeking to answer our question,which arose very naturally from computional applications,we encountered an elementary, but unexplored, domain withinparametric statistics.(3) Consider the following \maximum likelihood" esti-mator for parameter �:S(X) = argmax� fZ �+"t=��" P (Xjt)dtg:Actually, this is a whole class of estimators { depending onhow ties are resolved. Is such an estimator always a ma-jorizing estimator? First notice that a maximum likelihoodestimator exists for any density f ; on the other hand, it iseasy to construct a density for which there is no majorizingestimator (any asymmetric density function su�ces).What if we were to restrict to density functions that doadmit a majorizing estimator? In a later version of this pa-per we will describe two density functions: one for whichthere is a majorizing estimator that is not a maximum like-lihood estimator, and another for which there is a maximumlikelihood estimator that is not a majorizing estimator. Aquestion that we have not answered is whether for densityfunctions that do admit a majorizing estimator, there is al-ways such an estimator that is also a maximum likelihoodestimator.(4) In the �nal version of this paper we will discuss thecase of estimation of the mean in the family of sphericallysymmetric multidimensional Gaussian distributions.2 The computational settingA counting problem, �, consists of:

� A set of instances,D�.� The size of instance I 2 D�, denoted by jIj, is de�nedas the number of bits needed to write I under theassumption that all numbers occurring in the instanceare written in binary.� A solution space SI , typically of size exponential in jIj,is associated with instance I. A parameter of SI , �I ,is de�ned.As an example, consider the problem of determining theprobability of satisfying a given DNF formula, given proba-bilities of each of its Boolean variables being true.The interesting case is when � 2 P, and when computing�I as a function of I is #P-complete. We will say that analgorithm A is a fully polynomial randomized approximationscheme for computing �I if for each instance I and errorparameter " > 0,P (jA(I)� �Ij=�I � ") � 34 ;and the running time of A is polynomially bounded in jIjand 1" . As stated in the introduction, once this is achieved,the probability of success can be ampli�ed using the \mediantrick".Typically, a FPRAS for computing �I is constructed asfollows: A polynomial time samplable probability distribu-tion is de�ned on SI , together with a random variable XI ,which is shown to be an unbiased estimator of �I , or nearlyso, the error being < ". A speci�ed number of sample pointsare picked from the probability distribution, the randomvariable is computed at these points, and the mean of thesevalues is output. Theorem 1 shows that in general, this isessentially all one can do.3 The mean is a majorizing estimator for the Gaussianvariable-location �xed-scale familyLet T be the mean estimator. Clearly, an arbitrary estima-tor S may be able to do better than T on certain speci�cvalues of �. We wish to show that even so, in the worstcase, T must be doing at least as well as S. An impor-tant observation is that T commutes with translation, i.e.,T [X + a] = T [X] + a, where X + a denotes the n samples(x1 + a; x2 + a; : : : ; xn + a). Therefore, its probability offalling within an " distance of �, P (jT � �j � "), is indepen-dent of �.Thus, the worst case performance of T is the same asits performance at any �. The worst case performance ofa general estimator S, however, is di�cult to characterize.Instead, we will show that in the limit, the average perfor-mance of T over a large range of �'s must be at least as goodas that of S. This will lead to the majorization result.Proof of theorem 3:Let G� denote the Gaussian density function with mean �and unit standard deviation, G�(x) = (2�)�1=2 exp(�(x��)2=2). Consider the following process: Let " > 0 be �xed.For �xed � > 0, � is picked uniformly at random from theinterval I� = [��;�], and then n samples X = (x1; : : : ; xn)are picked from the distribution G�. (We will call this the�nite-� experiment.) Let P (Xj�) = QG�(xi) denote theprobability (density) with which X is produced while sam-pling from G�.



Let S(x1; : : : ; xn) be an estimator of �. In general, Smay use the 
ips of a fair coin, i.e., it may be randomized;P (S(X) = y) denotes the probability (density) with whichthe estimator T outputs y on input X. Let " > 0 be �xed.We will say that S succeeds if � 2 [S(X)�"; S(X)+"]. Theprobability of success of S over the entire �nite-� experimentis given by Z Z S(X)+"S(X)�" P (�)P (Xj�)d�dXif S is deterministic, and byZ Z 1�1 P (S(X) = y) Z y+"y�" P (�)P (Xj�)d�dydXif S is randomized.Let X denote the arithmetic mean of the n sample pointsx1; : : : ; xn.Lemma 5 For given X de�ne the function g(�) = P (Xj�).For X such that X 2 I�:� g(�) is maximized for � = X,� g(�) is symmetric around � = X, i.e., g(X � �) =g(X + �), and� g(X � �) is monotonically decreasing with j�j.Proof: Since G� is a Gaussian density function with mean� and unit standard deviation,P (Xj�) = (2�)�n=2e� 12 Pni=1 (xi��)2 :Let yi = xi �X, for 1 � i � n. Substituting,P (Xj�) = (2�)�n=2e� 12 Pni=1 (yi+X��)2= (2�)�n=2e�12 (Pi y2i+n(X��)2+2(Pi yi)(X��)):Since Pi yi = 0, we getP (Xj�) = (2�)�n=2e� 12 (Pi y2i+n(X��)2)which is maximized for � = X.Finally,P (XjX � �) = P (XjX + �) = e� 12 (Pi y2i+n�2);which makes it clear that g is symmetric around � = X, andthat g(X � �) is monotonically decreasing with j�j.Let I 0� denote the interval [�(�� "); (�� ")].Lemma 6 For X such that X 2 I 0�,Z 1�1 P (T (X) = y) Z y+"y�" P (�)P (Xj�)d�dyis uniquely maximized for the mean estimator, i.e., the esti-mator that deterministically outputs T (X) = X.

Proof: By the fact that � is picked uniformly at randomfrom the interval I�, and by Lemma 5,Z y+"y�" P (�)P (Xj�)d�is uniquely maximized at y = X. The lemma follows. 2For an estimator S, let P�;"S denote the probability ofsuccess of S in the �nite-� experiment. Since the meanestimator commutes with translation, we �nd:Observation 7 Q"T = P�;"T :Let M(�; ") denote the supremum over all estimators Sof P�;"S . Let B(�; ") be the event that, after picking � atrandom from I� and X at random using the distributionG�, X =2 I 0�. By Lemma 6, we get:Corollary 8 P�;"T �M(�;")� P (B(�; ")): 2Finally, let Q(") = supSQ"S . We wish to show that Q"T =Q("), thus proving the theorem.By Observation 7 and Corollary 8,Q"T = P�;"T � lim inf� M(�; ")� lim sup� P (B(�; ")):Since any estimator can be employed without modi�cationin the �nite-� experiment, M(�; ") � Q("). Therefore,Q"T � Q(")� lim sup� P (B(�;")):Now, lim sup� P (B(�;"))� lim sup� [P (j�j> �� �1=2) + P (X =2 I 0� j j�j � �� �1=2)]� 0 + lim sup� P (jX � �j > �1=2 � "):Since X is normally distributed, this is bounded above bylim sup� exp(�n(�1=2 � ")2=2) = 0:Hence Q"T � Q("). 23.1 Discrete distributionsOften in an algorithmic problem some extra information isavailable about the underlying distribution. It is worth look-ing at some of the most common kinds of extra informationavailable, and ruling out the possibility that they might dra-matically change the situation and render theorem 1 irrele-vant.A frequent kind of extra information is that � is an inte-ger, and the estimator takes on only integer values.In the same situations, however, it is also the case thatthe range of these integers is superpolynomial as a functionof the complexity parameter n. Thus the following reductiontypically eliminates the possibility of a substantive di�erencebetween the general and integer cases.



Theorem 9 Let S be an estimator that, for any family ofdistributions fF�g on the integers, with standard deviationbounded by s and integer means �, has the following property:given n iid samples from a distribution F�, with probabilityat least q, S falls in the interval [� � r; � + r].Then there is an estimator T that, for any family of dis-tributions ff�g with standard deviation bounded by s�1 andmeans �, has the following property: given n iid samplesfrom a distribution f�, with probability at least q � O(n=s),T falls in the interval [� � r � 1=2; � + r + 1=2].Proof: Take ff�g to be the Gaussian family with standarddeviation s� 1.For any � form F� by setting F�(x) = R x+1=2x�1=2 f�(y)dy forinteger x.We reduce inference of ff�g to inference of the family ofdistributions fF`g (` integer).A particular f� is an instance of the original inferenceproblem; it is reduced to the inference problem F�0 where �0is the integer in [�� 1=2; � + 1=2).If A is an r.v. distributed according to f�, and B is an r.v.distributed according to F�0 , then jE(B)�E(A)j � 1=2 (or0 in the special case that � is an integer), and jStDev(B)�StDev(A)j � 1.The reduction proceeds by rounding each sample point xto the integer in [x�1=2; x+1=2). First suppose � is integer:the hypothesis in conjunction with the previous paragraphimplies that the probability of S falling in the interval [� �r; �+r] is at least q. If � is not integer, we relate F� to F�0 bysampling from a coupled distribution, and introducing onlyan additional error term for the possibility that a samplefalls on the uncoupled portion of the distribution: hence theprobability of S falling in the interval [��r�1=2; �+r+1=2]is at least q�L1(F�; F�0) � (# samples) � q�O(n=s). (HereL1 is the variation distance.)3.2 The next questionIn the de�nition of a FPRAS, once the probability of fallingin an " interval is ensured to be at least 3=4 (perhaps bytaking the mean ofm samples), then it can also be enhancedto 1 � � for any � > 0 as follows: repeat this experimentk = O(log( 1� )) times, and take the median of these values.This process involves using km sample points.Here is an alternative method: obtain km sample points,and for every subset of m of these points, compute theirmean. Output the median of these values. Is the probabilityof this median lying in the \"-window" about the true value,higher than for the disjoint-subsets scheme?This is not an improvement in all situations: Bruce Reedand Peter Winkler have observed that in some cases in whichthe probability of the mean ofm samples falling in the " win-dow is less than 1=2, this method performs worse than thestandard (disjoint subsets) method. However, the importantcase for approximation algorithms is when the probabilityof the mean falling in the desired window is large.If this proposal is successful, it will also be important todetermine whether it su�ces to examine only polynomiallymany subsets instead of all �mkm �.4 Uniqueness of the mean estimatorWe now strengthen Theorem 3 by showing that the mean isthe unique majorizing estimator for the family fG�g. This

requires a more delicate argument than the earlier theorem.In the earlier case we did not have to rule out an estimatorwhich improved its odds of success at some values of �, solong as we could rule out its doing better, by an amountbounded away from 0, everywhere; for this purpose it wassu�cient to look at a long enough segment of �'s, show thatnot much bene�t could be contributed to this interval bysamples from outside of it, and then average uniformly theprobability of success within the interval, showing that thisaverage could improve over the mean estimator only by aquantity tending to zero in the length of the interval. Therewas nothing to prevent the estimator di�ering from the meanestimator, and indeed improving on the mean estimator lo-cally, so long as it compensated for that change by \import-ing" estimates toward the values of � that were \neglected".Now, however, we have to show that if the estimator di�ersfrom the mean estimator anywhere, then such a compensa-tion mechanism, while easy to construct in the neighborhoodof a small di�erence, must ultimately fail. The reason forthis failure is that the needed compensations in the esti-mator themselves require compounding compensations, andthat this process \diverges".We begin with some notation: L is the set of Lebesguemeasurable sets in Rj and � is the usual Lebesgue mea-sure on Rj (we write L and � regardless of j). For aninterval B � R we also write jBj = �(B). Let G(y) =(2�)�1=2 exp(�y2=2), and let N (y) = R y�1G(z)dz. Theuniqueness theorem is proven in the following generality: anestimator S is a measure on (Rn+1;L) (arguments 2; :::;n+1are the samples x1; :::; xn, the �rst argument is the estimatefor �), that satis�es the following condition: for all measur-able sets A �Rn, S(R�A) = �(A).Theorem 10 If there is a measurable set A such that S(A) 6=T (A) then for every ", Q"S < Q"T .Proof: We begin with a simple fact that substantially sim-pli�es the matter.Lemma 11 It su�ces to consider the single-sample case.Proof: The mean estimator is a su�cient statistic for thefamily fG�g. Consequently the performance of any esti-mator will be unchanged if, given x1; :::; xn, we �rst com-pute the mean �x = 1nP xi, then choose a list of di�erences(x0i � �x)n1 from the same distribution as for the Gaussian(note in particular that the distribution is supported onlyon lists whose sum is 0), then supply the estimator withthe list x01; :::; x0n. The distribution of such lists is the sameas that of the lists x1; :::; xn, whence the conclustion thatthe performance is una�ected. Now, the process of sub-stitution followed by application of the estimator, may beviewed jointly as a (randomized) estimator that takes as itsinput only the mean �x. 2Let T be the deterministic estimator which, given x,guesses that � = x. More precisely T is the diagonal mea-sure: if J = f(t; x) : t = xg and �2 is the projection of R2on its second coordinate then T (A) = �(�2(A \ J)).De�ne the "-quality of estimator S at � to beQ"S(�) = Zx2RG(x� �)Z �+"t=��" dS(t; x):For any � 2 R, the "-quality of T at � is N (")�N (�") =2N (")� 1. For the rest of the discussion, assume that " > 0is �xed.



The quantity of interest for us is Q"S = inf�Q"S(�). Asin the proof of Theorem 3, we will need to consider theaverage performance of S in order to characterize its worstcase performance. Thus, for a measurable set B, we will beinterested inFS(B) = Z�2B Zx2RG(x� �) Z �+"t=��" dS(t; x)d�:Let us de�ne this to be the estimation total for � in B. Forconvenience, let us �rst express this as a double integral:Let uB be the characteristic function for B. For x; t 2 R,de�ne �(x; t;B) = Z t+"t�" G(s� x)uB(s)ds;For instance, if B = R, then this is simply N (�x+ t+ ")�N (�x+ t� "). The reader can now verify thatFS(B) = Zx2RZt2R�(x; t;B)dS(t; x):More generally, for two measurable sets B and D, let usde�ne the estimation total for � in B due to x in D to beFS(B;D) = Zx2D Zt2R�(x; t;B)dS(t; x):A quantity of special interest is the total amount accrueddue to x in D, FS(R;D). Notice that this is maximized bythe mean estimator; in particular,FT (R;D) = �(D)(2N (")� 1):Finally, de�ne the de�cit of estimator S on set B,�S(B) = Zx2B Zt2R�(x; t;R)(dT (t;x)� dS(t; x)):For the special case of �nite measure B this is the same as�S(B) = FT (R;B)� FS(R;B):Lemma 12 If S(A) 6= T (A) for a measurable set A, thenthere is a �nite interval B for which �S(B) > 0.Proof: By countable additivity, we may assume that thereis a �nite interval B such that A � R� B. We �rst claimthat S((R�B)�J)> T ((R�B)�J). Clearly, S(A\J) �T (A \ J). If S(A \ J) < T (A \ J), the claim follows sinceS(R� B) = S(R� B) = �(B). On the other hand, ifS(A\J) = T (A\J), then S(A�J) > T (A�J) = 0. SinceT ((R� B)� J) = 0, the claim follows again.Partition (R� B) � J into regions Kj = f(t; x) : 2j �jt� xj < 2j+1g \ (R� B), for each integer j. Again, usingcountable additivity, there is a j such that S(Kj) > 0. Then�S(B) � S(Kj)[(N (")� N (�")) � (N (" + 2j) � N (�" +2j))] > 0. 2Let B0 denote the interval obtained by extending intervalB by " on each side. The next lemma shows that de�cit mustlead to a smaller estimation total for S (as compared to T ).Lemma 13 For a �nite intervalB, FT (B0;B)�FS(B0;B) ��S(B).

Proof: Observe that FT (R;B) = FT (B0;B). Furthermore,since �(x; t;R) � �(x; t;B0) for any x; t 2 R, FS(R;B) �FS(B0;B). Therefore,�S(B) = FT (R;B)� FS(R;B) � FT (B0;B)� FS(B0;B):2Lemma 14 If �S(R)> 0 then there is set D of �nite mea-sure such that FS(D) < FT (D).Proof: There are two cases:Case (i): �S(R) is in�nite.Let B be a �nite interval such that �S(B) > ". By Lemma13, FS(B0;B) � FT (B0;B)��S(B) < FT (B0;B)�". Clearly,FS(B0;R�B) is maximized by the estimator that, for eachx 2 R� B, guesses the closest endpoint of B. It is easyto verify that for such an estimator, FS(B0;R� B) � ".Therefore,FS(B0) � FS(B0;B) + " < FT (B0;B) < FT (B0):Case (ii): �S(R) is �nite.Let B be a �nite interval such that g(�S(R�B))� �S(B)=2,where g, to be de�ned below, is a monotone increasing con-tinuous function on the nonnegative reals, with g(0) = 0.De�ne B0 as above.By Lemma 13,FS(B0;B) � FT (B0;B)��S(B) � jBj(2N (")�1)��S(B);we get FS(B0) = FS(B0;B) + FS(B0;R� B) �jBj(2N (")� 1)��S(B) + FS(B0;R�B):In the simplest case, that S is identical to T on R�B, the last term equals 2"(2N (") � 1) and so FS(B0) �jB0j(2N (")�1)��S(B) < jB0j(2N (")�1) = FT (B0). How-ever, �S(R�B) may be nonzero. This allows estimates tobe shifted so as to increase FS(B0). The remainder of theargument is devoted to showing that this increase, which wecall DFS(B0), is less than �S(B), provided �S(R� B) issu�ciently small as speci�ed above.If, at distance y from B, the estimator is shifted by dis-tance r toward B, then the contribution toward �S(R�B)is proportional to R r0 (G(�"+ s) � G(" + s))ds = �N ("+r) + N (") + N (�"+ r) � N (�"). Meanwhile, DFS(B0) isN (" + r) � N (") for y � 2", provided 0 � r � y (greatervalues of r contribute less to FS(B0)); while for y � 2"DFS(B0) is 0 for 0 � r � y � 2", and N ("+ r)�N (y � ")for y� 2" � r � y (again, greater values of r contribute lessto FS(B0)).First, we claim that the best gain in FS(B0) (greatestvalue of DFS(B0)) given the limit on �S(R�B) is achievedby a \deterministic" estimator, i.e. one which for any y,places the entire measure on a particular value of r. This isfor the following reason. Let the equation�N ("+ r) +N (") +N (�"+ r)�N (�") = zimplicitly de�ne r as a function of z, and let h denote thefunction such that h(z) equals N ("+r)�N (") for the r corre-sponding to z. Then calculation shows that for y � 2", h is aconvex cap, increasing function, hence a convex combinationPpi h(zi) is maximized, given an upper bound on Ppi zi



(the local de�cit), by choosing a singular distribution, i.e. adeterministic estimator. A similar argument yields the sameconclusion for y � 2".Moreover, the ratio of \gain" to \cost"N ("+ r)�N (")�N ("+ r) +N (") +N (�"+ r)�N (�") (1)does not depend on y, for y � 2"; hence it is optimal to usethe same shift r for all y � 2". Moreover since the ratio isonly worse for y � 2", where it is given by the equationN ("+ r)�N (y � ")�N ("+ r) +N (") +N (�"+ r)�N (�") (2)it follows that in an optimal estimator the shift used atthat range can be no greater. We therefore obtain an upperbound on DFS(B0) in the following way: considering onlyy � 2", �nd the shift r0 such that DFS(B0) is maximizedwithout the de�cit exceeding �S(R�B). Observe that r0 isat least as great as the shift used by the optimal estimator fory � 2" (the optimal estimator may not use all of the de�citon these values of y, and so may not be able to \a�ord" asgreat a shift.) Now since r0 can be at most 2", and sincethe optimal estimator uses a shift of at most r0 for y � 2",it follows that the optimal estimator does not introduce anyshift at all for any y > 4". So we can upper bound DFS(B0)by 8"(N ("+r0)�N (")). (A factor of 2 has been introducedto account for both sides of B.)The equation de�ning r0 is �S(R�B) = 4"[�N ("+r0)+N (")+N (�"+r0)�N (�")]. Let g1 denote the implicitly de-�ned function on R�0 giving r0 as a function of �S(R�B);note that g1 is monotone increasing, continuous and thatlimx!0 g1(x) = 0. Next, let g2(x) = 8"(N (" + x) �N ("));note that g2 is monotone increasing, continuous and thatlimx!0 g2(x) = 0. The composite function g(x) = g2(g1(x))is an upper bound on DFS(B0) as a function of �S(R�B);note that g is monotone increasing, continuous and thatlimx!0 g(x) = 0. This is the function g required at the out-set of the proof in the selection of B; and now, using theassumption that g(�S(R� B)) � �S(B)=2, we �nd thatDFS(B0) � �S(B)=2 and therefore (by comparing withthe estimator which is equal to the mean outside B), we�nd that FS(B0) � jB0j(2N (")� 1)��S(B) +DFS(B0) �jB0j(2N (")�1)��S(B)=2 < jB0j(2N (")�1) = FT (B0). 25 Open issuesOne of the contributions of this paper is the introduction ofthe notion of a majorizing estimator { this notion deservesfurther study. For instance, does every distribution possess-ing a majoring estimator have a deterministic majorizingestimator? Another issue worth resolving is clarifying therelationship of this notion to that of a maximum likelihoodestimator (see end of Section 1). Finally, the alternative tothe \median trick" suggested in Section 3.2 is also worthstudying.6 AcknowledgmentsWe wish to thank Prof. D. Blackwell and Prof. C. R. Raofor helping us con�rm the status of Theorem 3.
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