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Abstract

We give a complete structure description of (Ps,gem)-free graphs. By the results of a
related paper, this implies bounded clique width for this graph class. Hereby, as usual,
the Ps5 is the induced path with five vertices a, b, ¢, d, e and four edges ab, be, cd, de, and
the gem consists of a Py a,b, ¢, d with edges ab, be, ed plus a universal vertex e adjacent
to a,b,c,d.

Keywords: (Ps,gem)-free graphs; modules and homogeneous sets in graphs; prime graphs;
modular decomposition; clique width.

1 Introduction

Recently, in connection with graph grammars, Courcelle, Engelfriet and Rozenberg in [6]
introduced the notion of clique width of a graph which is closely related to modular decom-
position. The concept of clique width of a graph has attracted much attention due to the
fact that, in [7], Courcelle, Makowsky and Rotics have shown that every graph problem de-
finable in LinEMSOL(7 1) (a variant of Monadic Second Order Logic) is linear-time solvable
on graphs with bounded clique width if a k-expression describing the input graph is given.
The problems Vertex Cover, Maximum Weight Stable Set (MWS), Maximum Weight Clique,
Steiner Tree and Domination are examples of LinEMSOL(ry 1) definable problems.

It is known that the class of Py-free graphs is exactly the class of graphs having clique width
at most 2, and a 2-expression can be found in linear time along the cotree of a cograph. Due
to the basic importance of cographs, it is of interest to consider classes defined by forbidden
one-vertex extensions of a Py - see Figure 1.

We follow this line of research by investigating the structure of (Fs,gem)-free graphs; in [1],
it is shown that these structure results imply that (Ps,gem)-free graphs (and thus also their
complements, the (house,co-gem)-free graphs) have bounded clique width.

Another motivation for studying the structure of (Fs,gem)-free graphs is the fact that for
Ps-free graphs, the complexity of the Maximum Stable Set Problem is unknown, and a
recent result of Mosca [14] shows that the Maximum Stable Set Problem can be solved
in polynomial time for (Ps,gem)-free graphs. Our structure results imply that the MWS
problem can be solved on (Fs,gem)-free graphs in a more efficient way, and moreover,
bounded clique width of this class implies polynomial time bounds for many other problems
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on this class.

This paper is organized as follows:

e In section 2, we give some basic graph notions and mention the concept of clique width
and some basic related results.

e In section 3, we describe the structure of prime (Ps,gem)-free graphs containing 2K,
(prime (house,co-gem)-free graphs containing Cly).

e In section 4, we describe the structure of prime (Cy,co-gem)-free graphs containing Cs.

e In section 5, we describe the structure of prime (C4,Cg,co-gem)-free graphs containing

Cs.

e In section 6, we summarize the obtained results in a structure theorem characterizing
the (Ps,gem)-free graphs.

2 Basic notions and preliminary results

Let G = (V, F) be a finite undirected graph, and let |V| =n and |F| = m. Let N(v) := {u:
u € V,u # v,uv € E} denote the open neighborhood of v and N[v]:= N(v)U{v} the closed
neighborhood of v. For U C V' let G(U) denote the subgraph of G induced by U. Throughout
this paper, all subgraph containments are understood as induced subgraph containments. If
for U C V, a vertex not in U is adjacent to exactly k vertices in U then it is called k-vertez
for U.

A vertexset U C V is a clique in GG if the vertices in U are pairwise adjacent. The complement
graph G = (V, E) of G is defined by F' = {uv : u,v € V,u # v and uv ¢ E}. G is also denoted
by co-G. A vertex set U C V is stable (independent) in G if U is a clique in G.

A vertex set V! C V' is a dominating set in G, if for all vertices u € V' \ V', there is a vertex
v € V' such that wv € F.

For k > 1, let Py denote a chordless path with k vertices and k — 1 edges, and for k > 3, let
C'y, denote a chordless cycle with k vertices and k edges. A hole is a Cy for k > 5.

Figure 1 describes all possible P, extensions by one vertex, such as Ps, chair, P, (5, bull,
gem and their complements. Let F denote a set of graphs. A graph G is F-free if none of its
induced subgraphs is in F.

For disjoint vertex sets X and Y, the join (co-join) operation between X and Y adds all
edges (non-edges) between all vertex pairs z € X and y € Y.

A vertex set M C V' is a module in G if for all vertices @ € V' \ M, z has either a join or a
co-join to M. The trivial modules of GG are 0,V and the singletons. A homogeneous set in ¢
is a nontrivial module in G. A graph containing no homogeneous set is called prime. Note
that the smallest prime graph with at least three vertices is the Pj.

A homogeneous set M is mazimal if no other homogeneous set properly contains M.
It is well-known that in a connected graph G = (V,E) with connected complement G,
the maximal homogeneous sets are pairwise disjoint (see e.g. [13]). This fact leads to
the uniquely determined modular decomposition tree since every vertex of G is contained
in a uniquely determined maximal homogeneous set if there is any such set containing
the vertex. The leaves of the tree are the vertices of G, and the internal nodes of the
tree are either join or co-join operations or prime nodes representing a prime subgraph
(see e.g. [13]) obtained in the following way: The graph G* obtained from graph G' by
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Figure 1: All one-vertex extensions of a Py

contracting every maximal homogeneous set of G to a single vertex is called the charac-
teristic graph of GG. It is well-known that if GG is connected and co-connected then G is prime.

The modular decomposition tree is of basic importance for many algorithmic applications,
and in [13, 8, 9], linear time algorithms are given for determining the modular decomposition
tree of an input graph.

A graph is a cograph if in its modular decomposition tree, all internal nodes are join or co-join
nodes i.e. the graph can be recursively constructed from single vertices by a sequence of join
and co-join operations.

Cographs are exactly the P,-free graphs, and their modular decomposition trees were called
cotrees. The cotree representation allows to solve various NP-hard problems in linear time
when restricted to cographs, among them the problems Maximum (Weight) Stable Set and
Maximum (Weight) Clique.

See [3, 4, 5] for more information on cographs and [2] for a survey on this graph class and
others as well as [5] for a linear time recognition of Py-free graphs (which is part of the linear
time algorithms in [13, 8]).

Subsequently we will make use of the following

Lemma 2.1 ([11]) If a prime graph contains a Cy then it contains a Ps (i.e. house) or A
or domino.

A domino co-A co-domino

Figure 2: The graphs A and domino with their complements

In its graph complement version, Lemma 2.1 means the following:

Corollary 2.1 If a prime graph contains a 2K, then it contains a Ps or A or co-domino.



Note that the graph A (i.e. double-gem) contains a gem (see Figure 2). Thus it follows that
the characteristic graphs of (Ps,gem)-free graphs either contain a co-domino (in which case
the structure turns out to be very simple - see Lemma 3.1) or are 2K ;-free.

Moreover, in a connected gem-free graph, homogeneous sets are Py-free. The same holds for
a co-connected co-gem-free graph.

Throughout this paper, we occasionally switch between the (Ps,gem)-free graphs and their
complements being the (house,co-gem)-free graphs. Note that homogeneous sets in GG are ho-
mogeneous in the complement graph G as well and the complement of a prime graph is prime.

Subsequently, we need the following classes of (prime) graphs:

o (G is matched co-bipartite if its vertex set is partitionable into two cliques C7, Cy with
|C1| = |C2| or |C1] = |C3| — 1 such that the edges between Cy and (' are a matching
and at most one vertex in €7 and C'5 is not covered by the matching.

o (G is co-matched bipartite if G is the complement graph of a matched co-bipartite graph.

e A bipartite graph B = (X,Y, F) is a chain graph [17] if for all vertices from X (Y),
their neighborhoods in Y (X') are linearly ordered. If moreover, | X| = |Y| and for all
vertices from X (Y'), their neighborhoods in Y (X)) have size 1,2,...,|Y| (1,2,...,|X])
then these graphs are prime.

o (G is a co-bipartite chain graph if it is the complement of a bipartite chain graph.

3 Prime (P;,gem)-free graphs containing 2K,

Lemma 3.1 If a prime graph G contains a 2Ky then G is (Ps,gem)-free if and only if G is
a matched co-bipartite graph.

Proof. It is easy to see that matched co-bipartite graphs are (Ps,gem)-free. Now assume
that GG is prime (Ps,gem)-free containing a 2K3. Then, according to Corollary 2.1, GG contains
a co-domino D (subsequently, we refer to its vertices 1,2,...,6 as in Figure 3); we call 1 and
6 the end-vertices of D and 2, 3, 4, 5 the inner vertices of D. We start with some adjacency
properties with respect to D.

3 5

Figure 3: A co-domino

A straightforward case analysis corresponding to Figure 4 (where boldface edges indicate
P5 or gem) shows that there are only five adjacency types of a vertex to a co-domino in a
(Ps,gem)-free graph:

Claim 3.1 Let G be a (Ps,gem)-free graph and let D be a co-domino in G with vertices
1,2,...,6 as in Figure 3. For vertices x ¢ {1,2,...,6} adjacent to D, there are only the
following possibilities:



(A1) @ is a2-vertex for D having the same neighbors as an end-vertex of D and is nonadjacent
to this end-vertex;

(Ag)  is a 3-vertex for D having the same neighbors as an end-vertex of D and is adjacent
to this end-vertex;

(As) @ is a 3-vertex having the same neighbors as an inner vertex in D and is nonadjacent
to this inner vertex;

(A4) = is a 4-vertex having the same neighbors as an inner vertex in D and is adjacent to
this inner vertex;

(As) @ is a 4-vertex having the same inner neighbors as one of the end-vertices and is adjacent
to both end-vertices.

(A1)

(A2) (A3)

(Ad) (A5)

Figure 4: Adjacency of one vertex to a co-domino in a (Ps,gem)-free graph

Claim 3.2 In a connected (Ps,gem)-free graph G = (V, E), every co-domino dominates G.

Proof. Let D be a co-domino in G. Assume that there is a vertex y € V in distance 2 to D.
Then a straightforward case analysis (see Figure 5) according to the adjacency cases given
in Claim 3.1 shows that in every case the vertex y together with a common neighbor 2 of
y and D and three suitable vertices in D induce a Ps (indicated by the boldface edges in
Figure 5) which is impossible. Thus, no vertex in GG has distance 2 to D. a

Next we will show that in prime graphs, the adjacency cases (As) and (A4) from Claim 3.1
(see Figure 4) are impossible. We consider all vertices having the same adjacency relation as
the inner vertex 2 of the co-domino D with the other vertices 1,3, ...,6 (labeling as in Figure
3). By symmetry, the arguments are the same for the other inner vertices 3, 4, 5 of D.

Claim 3.3 Let GG be a prime (Ps,gem)-free graph and let D denote a co-domino in G, D
having vertices 1,2,...,6 as in Figure 3. Then the set My := N (1)NN (3)NN (4)NN(5)NN(6)
is @ module and thus has size 1.
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Figure 5: Co-dominoes are dominating

Proof. Note that 2 € M, and every & € M, together with 1,3,4,5,6 induces a co-domino
D, in G. Assume that M5 is not a module i.e. there are z,y € My and z ¢ My U{1,3,4,5,6}
such that z is adjacent to 2 and nonadjacent to y. Note that z is a k-vertex for D, if and
only if z is a (k + 1)-vertex for D,. We first show that z is not a 2-vertex for Dy: If z is a
2-vertex for D, then z4 € I and 25 € E but then 2564 is a gem in G - contradiction. Thus,
z must be a 3-vertex for D, and a 4-vertex for D,.

If z is of type (Ag) for D, then z4 € F, 25 € F and 26 € I and z1 ¢ I, and since ylazz6 is
no Ps, zy € F but now yzz54 is a gem - contradiction.

If z is of type (As) for D, then, since z ¢ My, z has other D-neighbors than y ie. 23 € E,
z4 € IV and 26 € F but then 32462 is a gem - contradiction. Thus, M3 is a module and is of
size one in the prime graph G. a

By symmetry, Claim 3.3 holds as well for the sets

Ms;:= N(1)NN(2)N N(5)N N(4) N N(6),

N N
My :=N(@B)NNGB)NN((2)NN(3)NN(1), and
N NN (1).

Let D again be a co-domino with vertices 1,2,...,6 as in Figure 3. By Claim 3.2, every
vertex in GG\ D is adjacent to D, and by Claim 3.3, the adjacency types (As) and (A4) are
impossible for vertices outside D. Thus every vertex outside D and adjacent to D is adjacent
to 2 and 3 and is nonadjacent to 4 and 5 or vice versa. Let

=

Ms:=N(6)NNA)NNB)NN(2)

L:={v:v €V and vis adjacent to 2 and 3 and nonadjacent to 4 and 5} and

R:={v:v €V and v is nonadjacent to 2 and 3 and adjacent to 4 and 5}.
Note that 1 € L and 6 € R. Thus V = LU RU{2,3,4,5} is a partition of the vertex set.
Claim 3.4 I and R are cliques.

Proof. Assume to the contrary that L contains a pair x, 2" of nonadjacent vertices. We first
show that in this case z and 2’ have the same neighborhoods in R. Assume that there is a
vertex y € R with zy € F, 2’y ¢ E. Then 2'3zy4 is a Ps - contradiction.

This means that nonadjacent vertices in L have the same neighborhoods in R, but then the
co-connected component in L containing # and z’ is a homogeneous set contradicting the
assumption that GG is prime. Thus L and analogously R are cliques. a

Claim 3.5 The edges between I and R form a matching.



Proof. Assume that z,2’ € L have a common neighbor y € R. Then, since {z,2'} is no
homogeneous set, let 2 have another neighbor y’ in R for which z'y’ ¢ F. Then 32'yy’z is a
gem - contradiction. Thus the edges between L and R form a matching. O

Since G is prime, at most one vertex in each of the sets I and R is unmatched. Altogether,
this shows Lemma 3.1. a

In its complement version, Lemma 3.1 means the following:

Corollary 3.1 Assume that the prime graph G contains a Cy. Then G is (house,co-gem)-free
if and only if G is a co-matched bipartite graph.

From now on, we consider prime (2K3,gem)-free graphs and, switching to the complement,
prime (Cy,co-gem)-free graphs. Note that co-gem-free graphs contain no cycles Cy, k > 7.
4 Prime (Cy,co-gem)-free graphs containing Cj

We call a graph specific if it is one of the three graphs in Figure 6 or one of its prime induced
subgraphs.

Lemma 4.1 If G is a prime (Cy,co-gem)-free graph containing a Cg then G is a specific
graph.

Figure 6: Prime (C4,co-gem)-free graphs containing a Cg

Proof. Let G contain a Cg C' with vertices 1,2,...,6 and edges {i, i+ 1}, i € {1,2,...,6}.
Subsequently in this section, all index arithmetic is done modulo 6. Since G is co-gem-free,
C' dominates G. A straightforward case analysis shows that there are only three admissible
cases for a vertex being adjacent to C' in a (Cy,co-gem)-free graph:

e 3-vertices with consecutive neighbors in (',
e 4-vertices with consecutive neighbors in ', and
e (-vertices.

Claim 4.1 C has no 6-vertices.

Proof. Every 6-vertex for C' would be adjacent to all 3- and 4-vertices as well since GG is
Cy-free. Thus, C' has no 6-vertices since G is prime. a

Claim 4.2 C has no 3-vertices.



Proof. Assume that € has a 3-vertex v with neighbors 6, 1 and 2. Let
My := N2)N N(6) N N(3)N N(4) N N(5). Note that 1 € M;. We claim that M; is
a module which means that |M;| = 1. Assume not, i.e. there are z,y € My, 2y € F, and
z ¢ My U{2,3,4,5,6} such that 2z € F and yz ¢ E. Note that 2 and y together with
{2,3,4,5,6} form a Cg Cy, Cy respectively. Note that z is a (k 4 1)-vertex for C, if and
only if z is a k-vertex for C,. Thus, the only possibility is that z is a 3-vertex for Cy and a
4-vertex for C,. If z is adjacent to 3 then also to 2 and if z is adjacent to 5 then also to 6
since GG is Cy-free. Moreover, z cannot be adjacent to both of 2 and 6 since otherwise 2y6z
is a (4. Assume without loss of generality that the neighbors of z are 6,5 and 4. Then yxzz5
is a Py missing 3 i.e. yxzh3 is a co-gem - contradiction. ad

Note that if GG is Cs-free then 4-vertices are impossible as well, and in this case, if G is
containing a Cg C' then G = C' and thus, G is specific.

Claims 4.1 and 4.2 imply that every vertex outside C' is adjacent to exactly four consecutive
vertices of C'. Let N; ;43 denote the set of 4-vertices adjacent to ¢, i+1, 742, :4+3,7 € {1,...,6}.
Obviously, for all 7 € {1,...,6}, N; ;43 is a clique.

Claim 4.3 Foralli e {1,...,6}, N; 43 is a module and thus, |N; ;13| < 1.

Proof. Assume without loss of generality that N4 is no module. Let z,y € N;4 and
z ¢ Nyg4 with zz € IV and zy ¢ E. Since the Py y165 must dominate z, 21 € F or 26 € IV or
zb € F. Since the P, y456 must dominate z, 24 € F or z5 € F or z6 € F. Since 1ydz is no
Cy, z1 € F implies z4 ¢ E and vice versa. Assume without loss of generality z4 ¢ E. Since
zx45 is no Cy, now z5 ¢ E. Thus 26 € F.

Now, since z is a 4-vertex for C, z1 € IV, 22 € F, 23 € I follows but now 1y3z is a Cy -
contradiction. Thus, for all ¢ € {1,...,6}, N; ;13 is a module. a

Claim 4.3 means that GG has at most 12 vertices. In the next step, we show that GG is specific
i.e., in particular, it has at most 9 vertices. For i € {1,...,6},let N; ;45 = {a;} if N; 435 # 0.

Claim 4.4 Forallie {1,...,6}, x;2;41 € E, 2;2;43 € E, and x;x;49 ¢ F holds.

Proof. We show Claim 4.4 for ¢« = 1. Since 2x14x5 is no C4, z129 € F holds. Since lzi4z4
is no Cy, x4 € E holds. Since z12361 is no Cy, 123 ¢ E holds. a

Assume now that z1, z9 exist and also z4 exists. Then z 29524 is a (4 - contradiction. The
same contradiction is obtained if 2, 23 and x5 exist. Thus, if Ny 4 # 0 and Ny5 # () then
Ny1 =0 and N5y = 0. This shows that, up to symmetry, there are three possibilities for the
existence of a maximal subset of {z1,..., 26} described in Figure 6:

1. 21 and z4 exist;
2. x1, x9, x3 exist;
3. x1, x3, T5 exist.

All these possibilities are specific graphs described in Figure 6. a



Note that there are specific graphs without Cs. However all specific graphs are (house,co-
gem )-free.

From now on, GG is a prime (C4,Cg,co-gem)-free graph, i.e. the only possible chordless cycle

in G is 5.

5 Prime (C4,Cg,co-gem)-free graphs containing Cj

Lemma 5.1 Let G = (V, E) be a prime (C4,Cg,co-gem)-free graph containing a Cs. Then
one of the following conditions holds:

(1) G is a specific graph;

(77) For every Cs C' = (1,2,3,4,5) in G, V has a partition into the vertex set {1,...,5} of
C, a clique U of 5-vertices for C' and a cograph of 2-vertices for C' being adjacent to
the same vertices i,1+ 1 € {1,...,5} of C.

Corollary 5.1 Let G = (V, E) be a prime (2K4,Cq,gem)-free graph containing a Cs. Then
one of the following conditions holds:

(i) G is a specific graph;

(77) For every Cs C' = (1,2,3,4,5) in G, V has a partition into the vertex set {1,...,5} of
C', a stable set A of 0-vertices for C' and a cograph B of 3-vertices for C being adjacent
to the same vertices 1,1+ 2,14+ 3 € {1,...,5} of C.

Proof of Lemma 5.1. Let C' be a C5 in (G with vertex set {1,...,5} and edges {i,7+ 1},
i € {1,...,5}. Since G is co-gem-free, C' dominates G. Thus, C' has no 0-vertices. A
straightforward case analysis shows that C' has also no 1- and no 4-vertices, and the only 2-
and 3-vertices have consecutive neighbors in C'.

Subsequently, all index arithmetic with respect to C' is done modulo 5. For i € {1,...,5}, let
N, it1 denote the set of 2-vertices adjacent to ¢,¢+ 1, let Q; = {z : 2 = ¢ or 2 is a 3-vertex
adjacent to i — 1,4,74 1}, and let U denote the set of 5-vertices.

Obviously, for all ¢ € {1,...,5}, Q; has a join to U since vertices from these sets are adjacent
to the nonadjacent vertices ¢ — 1 and ¢+ 1 and G is Cy-free, and for the same reason, U and
Q); are cliques and there are no edges between @; and Q; for |i—j| > 1,4,j € {1,...,5} since
G is Cy-free. Moreover, N; ;11 U {i,i+ 1} are (Cy-free) cographs since otherwise there would
be a Py missing ¢ + 3. We first show that at most one of the sets N;;41, ¢ € {1,...,5}, can
be nonempty.

Claim 5.1 If for some i € {1,...,5}, N; ;41 # 0 then forallj # 4, j € {1,...,5}, N; 41 =10
holds.

Proof. Assume that Ny, # () and let a be a 2-vertex adjacent to 1 and 2. If there is a
2-vertex b with neighbors 2 and 3 then ab € I, otherwise a154 is a P4 missing b but now
ab3451 is a (s - contradiction. A similar argument holds for 2-vertices adjacent to 5,1. Now
assume that b is a 2-vertex adjacent to 4 and 5. If ab € E then ab51 is a Cy, and if ab ¢ F
then albbis a Py missing 3 - contradiction. A similar argument holds for 2-vertices adjacent
to 3 and 4. a

Claim 5.2 For all i € {1,...,5}, at least one of the edge sets between Q;, Qix+1 and Qiy1,
Qiv2 s a join.



Proof. Assume without loss of generality that there are nonedges xo23 ¢ F and ahay ¢ F
for z; € Q4, 1 € {2,3,4} and 2§ € Q3. If 3 = 2% then 231524 is a Py missing z3 -
contradiction. Assume now that x5 and z4 have no common nonneighbor in 3. Then
x3 # x5 and lagabesrsd is a Cg - contradiction. O

Claim 5.3 At most one of the edge sets between Q;, Qixr1, i € {1,...,5}, is no join.

Proof. Assume without loss of generality that there are nonedges zy22 ¢ F and z425 ¢ F
for x; € Q;, 1 € {1,2,4,5}. Then z322 25 is a P; missing x4 - contradiction. O

Claim 5.4 Leti € {1,...,5}. If the edge set between @QQ; and Qi1 is no join then C' has no
2- and no 5-vertices, and |Q;| =1 for j & {i,i+ 1}.

Proof. We first show that C' has no 2-vertices. Assume without loss of generality that there
is a nonedge zy24 ¢ F for z; € Q;, i € {1,2}. This defines C5’s C;, with vertices z1,2,3,4,5
and Cy, with vertices 1, z3,3,4,5. First assume that a is a 2-vertex for (' adjacent to 1 and
2. Then, since a is not a 1-vertex for Cy,, ax; € I, and since a is not a 1-vertex for C,,
axy € E but now zqa22345 is a Cs - contradiction. Thus Ny, = 0.

Assume now that a is a 2-vertex for C' adjacent to 5 and 1. Then, since a is not a 1-vertex
for C;,, az; € I, and since az2z; is no Py missing 4, azy € E but now az2zy is a Cy -
contradiction. Thus N5, = (). With a similar argument one shows that Ny 35 = 0.

Assume finally that a is a 2-vertex for C' adjacent to 4 and 5. Then, since a43x5 is no Cy,
ary ¢ E, and since the Py a43z5 is not missing zy, axy € E but now lag34ax, is a Cg -
contradiction. Thus Ny 5 = (). With a similar argument one shows that N34 = 0.

Now, C' has no 2-vertices. Since u has a join to each ();, 5-vertices are universal. Thus, since
G is prime, C' has no 5-vertices. Note that @)z, Q4 and Q)5 are modules since only the edge
set between ()1 and ()3 is not a join; thus, |Q;| =1 for j € {3,4,5}. O

Since G is Cy-free, Q1 U Q3 induces a co-bipartite chain graph. If |Qy| > 3 or |Q2] > 3 then
(21 U Q@ contains a Py which, together with the vertex 4 of €' it would induce a co-gem in
G. Thus, |Q| < 2 and |Q2| < 2, and it is easy to see that in this case, G is a specific graph
of the third type in Figure 6.

From now on, assume that for all i € {1,...,5}, Q; has a join to Q;+1. Assume first that at
least one of the sets @Q;, ¢ € {1,...,5}, has more than one vertex. This requires that one of
the 2-vertex sets, say N5 i, is nonempty.

Claim 5.5 If N571 75 @ then
(2) 1Qil =1 fori € {1,3,5} and moreover,
(11) |Qi| =1 fori=2o0ri=4.

Proof. 7o (i): Let @ € N5 ;. Since a is not a 1-vertex for the C5 212345, 21 € )1, N5, has
a join to )1, and for the same reason, N5 ; has a join to (J5. Since for 3 € ()3, al2z3 is no
C'4, Ns,1 has a co-join to Q3. Thus, ()1, @3 and ()5 are modules and have size 1.

To (1i): If @ € N5, is adjacent to a vertex zy € ()9 then, since for 24 € Q4, az2324 is no

Cy, azy ¢ F i.e. a has a co-join to Q4 and vice versa. Thus, the sets Dy (Dy) of vertices in
N5, distinguishing (g (Q4) vertices are disjoint: Dy N Dy = (). Assume now that a € Dy
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with neighbor @ € @2 and nonneighbor 2’ € @y and b € D, with neighbor y € @4 and
nonneighbor 3y’ € Q4. Since a € D3, a has a co-join to ()4, and now ax3y’5 is a Cs. Since
b € Dy, b has a co-join to (). Since b is not a 1-vertex for the Cs az3y’5, ab € E but now
the Py 2’zab is missing y’ - contradiction. Thus at most one of the sets Dy, D4 is nonempty,

and (i¢) follows. ]
From now on, assume that for at most one ¢ € {1,...,5}, |Q;] > 1, say |@;| = 1 for
j€e{1,3,4,5}.

Claim 5.6 If|Q2]| > 1 then U = 0.

Proof. Assume that |@2] > 1 and U # (. Then, since Q)3 is no homogeneous set, there
are z,y € (2 and a € Ns; such that ez € EF and ay ¢ E. Let u € U. Since azub is no
C4, au € E. Since u is not a universal vertex in G, there is ¢’ € N5 such that ¢'u ¢ F; in
particular, @ # ' holds. Since zuba’ is no Cy4, @’z ¢ F, and since yuba’ is no Cy, 'y ¢ E.
Since a’azy is no Py missing 4, a’a ¢ E holds but now ax34 is a Py missing a’ - contradiction.
Thus, the claim holds. a

Claim 5.7 If Q2| > 1 then Ns; is a clique.

Proof. Assume not; let a,b € N5 with ab ¢ E. If for v € 9, av € IV and bv ¢ I then
av34 is a Py missing b - contradiction. Thus, ¢ and b have the same neighborhoods in (9
which means that the co-connected component in N5 ; containing a and b is a homogeneous
set. Thus, the claim follows. a

Note that again, as for the argument after Claim 5.4, G is a specific graph since |@Q3] < 2
and |{1} U N571| S 2.

From now on, assume that for any Cs C' in G with vertex set {1,...,5} and edges {i,i+ 1},
i€ {l,...,5}, |Qi] = 1 for all i € {1,...,5} holds. Then, if one of the 2-vertex sets is
nonempty, GG corresponds to Case (i¢) in Lemma 5.1.

Finally, if C' has no 2-vertices then C' has no 5-vertices as well, and G is a Cs. a

Figure 7: Two C5’s in a graph without 3-vertices

Note that in Case (i7) of Lemma 5.1, G’ may contain more than one C's. Lemma 5.2 describes
the relationship of them, and in particular shows that they are vertex-disjoint. To this
purpose, we switch again to the complement graph.

Lemma 5.2 Let G = (V, E) be a graph in which for every Cs C = (v1,v2,vs3,04,05), V
has a partition into {vy,ve, vs, v4,vs}, the set A of O-vertices for C' and the set B = V' \
({v1, v2,v3,v4, 05 }UA) of 3-vertices for C' having the same neighborhoods in C, say, vz, v4, vs.
Then the following properties hold:
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(1) The vertices vy and vs have degree 2, and the vertices in {vs,vs,v5} U B have degree
larger than 2 (unless G is a Cs plus possible isolated vertices).

(12) The C5’s in G are pairwise vertez-disjoint.

(vit) IfC and C" are distinct Cs5’s in G, A’ is the set of 0-vertices for C' and B = V\ (A'UC")
is the set of corresponding 3-vertices then the vertices of C' of degree 2 are in A’ and
the other three vertices of C' are in B’.

Proof. To (i): This is obviously fulfilled.

To (i1): Let C'= (vy,...,v5) be a C5 in G, A its set of 0-vertices and B =V \ (AU (') such
that v; and v3 have degree 2 and vy, v4 and vs have a join to B.

Assume first that there is another Cs5 C” containing vy i.e. C' = (v1,a,b, ¢, d) with O-vertices
A" and B' =V \ (A"UC"). Then, since the degree of v; is two, {a,d} = {ve,vs}, say, a = vy
and d = vs. The vertex vs has degree two and is adjacent to wvy; thus, vs ¢ B’ since B’
vertices have degree at least three, i.e. b = v3. Since vyvy ¢ F, the vertex vy, being adjacent
to v, is not in B’ i.e. ¢ = vy, and now C' = C.

Assume now that there is another Cs C’ containing vy i.e. C' = (vg,a,b,¢,d) and sets A’,
B’ as before. Then, since the degree of vy is larger than two, vy has a join to B’. Since
the B’ vertices have degree larger than two, the neighbors v; and v of vy are not in B’ i.e.
{a,d} = {vy,vs}, say, « = v and d = vy. Since vy and vz have degree two, they have a
co-join to B’. Now b, as a neighbor of @ = v3, and ¢, as a neighbor of d = vy, are not in B’
ie. b=wv4and ¢ =vs ie. C'=C.

Assume finally that there is another C5 C' containing vs i.e. C' = (vs,a,b,c,d) and sets
A’, B' as before. Again, since the degree of vs is larger than two, vs has a join to B’.
Since the B’ vertices have degree larger than two, the neighbor vy of vs is not in B’ i.e.
vy € {a,d}, say, « = vy. The vertex vy, having degree two, has a co-join to B’. Then vy,
as a neighbor of vy, is not in B’ i.e. b = vy. Now the neighbor vs of vy, having degree
two, is not in B’ i.e. ¢ = vs, and now the neighbor v, of v3 is notin B’ i.e. d = vy and C' = C.

To (wit): This is obviously fulfilled. ]

6 Structure of (P;,gem)-free graphs

A graph is chordal if it contains no induced cycles C, k > 4. See e.g. [15, 16, 10, 2] for
properties of chordal graphs. A graph is co-chordal if its complement graph is chordal. A
vertex v is simplicial in G if its neighborhood N (v) in GG is a clique. A vertex is co-simplicial
in G if it is simplicial in G.

Clearly co-chordal gem-free graphs are a subclass of (Ps,gem)-free graphs. In fact every
(C4,Cs,co-gem)-free graph without a Cj is chordal, and thus co-chordal gem-free graphs are
a subclass of (2K,,Ce,gem)-free graphs. Their structure is described in more detail in [1],
and based on this structure, it is shown in [1] that the clique-width of co-chordal gem-free
graphs is at most 4.

From the list of all minimal forbidden subgraphs for interval graphs given by Lekkerkerker
and Boland in [12] (see Figure 8) it easily follows that a chordal co-gem-free graph G is either
an interval graph or contains a 3-sun. Except the cycles Cy, C5, Cg and the 3-sun, all other
forbidden subgraphs in Figure 8 contain a co-gem.
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Figure 8: List of all minimal forbidden subgraphs of interval graphs

To characterize all prime (2K,,Cs,gem)-free graphs satisfying Case (ii) of Corollary 5.1, we
define the following kind of substituting a C5 into a vertex: For a graph GG and a vertex v
in G, let the result of the extension operation ext(G, v) denote the graph G’ resulting from
G by replacing v with a C5 (vq, vs, vs, v4, v5) of new vertices such that vy, vs and vs have the
same neighborhood in G as v and vy, v3 have only their C's neighbors i.e. have degree 2 in
G'. For a vertex set U C V of GG, let ext(G,U) denote the result of applying repeatedly the
extension operation to all vertices of U. Note that the resulting graph does not depend on
the order of replacing U vertices.

Lemma 6.1 If G is prime then ext(G,v) is prime.

Proof. Assume that G’ = ext(G,v) contains a homogeneous set H’. Then, since G is
prime, H' contains either one of the degree 2 vertices vy, v3 or at least two of vq, vy, vs. Let
A= Ng(v) and B := Ng(v).

Assume first that vy € H'. If vy ¢ H' then, since v, is adjacent to vy, vy has a join to H’
i.e. (AU{vs,vs5})N H' = 0. Now, since vy and vy are nonadjacent, vy has a co-join to H' i.e.
(BU{vs})NH' = 0 but now H' = {v} - contradiction. Thus, vy € H’. Since vs distinguishes
vy and vy, also vs € H' and similarly for vs and vy. Now, since H' is a proper subset of
V(G"), (H'\ {v1,v2,v3,v4,05}) U {v} is a homogeneous set in G - contradiction. Thus, the
degree 2 vertices vy and v3 are not in H'.

Now assume that vy is in H’. Then also one of vy, vs is in H', say v4. Since vy distinguishes
vy and vy4, vy must be in H' - contradiction. The same contradiction is obtained for vs in
H'. Now assume that H’ contains vy and vs but not ve. Then again, since vy distinguishes
v4 and vs, vy is in H' - contradiction. This shows that G’ is prime. a

Note that the other direction of Lemma 6.1 does not hold as the example of extending an
end-vertex of a P53 shows: the Ps P = (v,b,a) is not prime but ext(P,v) is prime.

Now, based on the operation ext(G,v), we define the following graph classes Cx, k > 0, k
being the number of C'5’s contained in a graph G € Cy.

e for k > 0, let Cr be the class of prime graphs G' = ext(G, Q) resulting from a (not
necessarily prime) co-chordal gem-free graph G by extending a clique @ of exactly &
co-simplicial vertices of G.
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Thus, Cp is the class of prime co-chordal gem-free graphs.

Lemma 6.2 Let G be a co-chordal gem-free graph and let @ be a clique of k co-simplicial
vertices in G. Then G' = ext(G, Q) is a (2K3,Ce,gem)-free graph containing evactly k vertea-
disjoint C'5’s satisfying condition (it) of Corollary 5.1.

Proof. We first show that extending one co-simplicial vertex z to a C5 C, maintains the
required properties in the resulting graph G’. Then the same argument can be applied repeat-
edly. Let  be a co-simplicial vertex of G which is extended to a C5 C, = (21, 22, T3, T4, T5)
with degree 2 vertices z; and x3 and z9, 24, x5 having the same neighborhoods in G as z.
Let B := Ng(z) and A := Ng(z). Since z is co-simplicial and G is gem-free, we obtain that
((B) is a cograph and A is stable. First, we show that G/ is (2K4,Cq,gem)-free.

Claim 1. G’ is 2K,-free.

Assume that G’ contains a 2K, H with edges ab and cd. Since G is 2K-free, H contains
either one of the degree 2 vertices @1, x3 or at least two of the vertices x4, x4, @5.

If the 2K5 is 21b, c¢d then b € {xy, x5} but then ¢ and d are in the stable set A - contradiction.
The same contradiction is obtained if zs is in H. Thus, H contains none of the degree 2
vertices x1,x3 i.e. H contains at least two of the vertices z9, 24, 5. Assume first that x5 is
in H; let the 2K5 be z9b,cd. Then H contains another vertex from x4, x5, say ¢ = x4. Thus
b € B but b is also adjacent to x4 - contradiction. Now assume that x5 is not in H i.e. x4
and x5 are in H, say H = {x425,cd}. Then ¢ and d are in A - contradiction. This shows
that G’ is 2K 5-[ree.

Claim 2. G’ is gem-free.

Assume that G’ contains a gem H with Py abed and universal vertex e. Again, since G is
gem-free, H contains either one of the degree 2 vertices z1, 23 or at least two of the vertices
xq, x4, xs5. Note first that the degree 2 vertices zy and x5 are impossible in H since be and ce
are edges.

If @ = a9 then e ¢ {ay,25}. Now, {c,d} N {4, 25} # 0 but in either case, there is a gem
vertex u ¢ {x4, x5} distinguishing 5 and 24 or x5 and z5 - contradiction. The same problem
occurs if b = x5. Note that e # x5 since B is a cograph. Now x5 is not in H, and thus 24 and
x5 is in H. In either case, there is a vertex in H distinguishing x4 and x5 - contradiction.

Claim 3. (' is Cs-free.

Assume that G’ contains a Cy H with vertices a,b,c,d, e, f. Again, since G is Cg-free, H
contains either one of the degree 2 vertices x1, 23 or at least two of the vertices zq, 24, 5.
Note first that the degree 2 vertices z; and x5 are impossible in H. If x5 is in H then H
contains at least one of x4, z5. Now, if H contains only one of them, say x4, then H contains
a vertex distinguishing x5 and x4, and if H contains both of them then H contains a vertex
distinguishing x4 and 5 - contradiction.

It is easy to see that G' = ext(G,Q) contains exactly k vertex-disjoint C5’s having the
partition property of Corollary 5.1 (i17). O
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The inverse operation to extending co-simplicial vertices by a C is contracting every C5 C' to
a single vertex z¢ representing the C5 C'. Assume that C' has exactly two vertices, say 1 and
x3, of degree 2, and the other three vertices x5, 24, 5 inducing a Ky + K5 are a homogeneous
set in G(V\{x1, 23}). Then pick one of the vertices x4, x4, ¢5, say x2, as representative vertex
z¢ for C'. Let contr(G) denote the graph resulting from contraction of all C5’s in G.

Lemma 6.3 Let G be a (2K,,Cs,gem)-free graph containing exactly k vertex-disjoint Cs’s
having the partition property of Corollary 5.1 (ii). Then contr(G) is a co-chordal gem-free
graph and for every Cs C in G, the representative vertex x¢ is co-simplicial in contr(G') and
forms a clique with the other k — 1 representative vertices of all other Cy’s.

Proof. Note first that contr(G) is an induced subgraph of G and thus, contr(G) is
(2[(2,0_6,gem)—free. Moreover, it is Cs-free and thus co-chordal since C'5’s in G are vertex-
disjoint. The fact that for every Cs C in G, the representative vertex x¢ is co-simplicial in
contr((), is obvious since the set A of nonneighbors of z¢ in contr(G) is stable. The set of
representative vertices forms a clique in contr(G) since by Lemma 5.2, (ii1), for C5’s C' and
(', the representative vertices ¢ and x¢/ are adjacent. a

Lemma 6.4 Let G be a prime graph. Then
(1) G is co-chordal gem-free if and only if G € Cy, and

(i) fork > 1, G is a (2K,,Cs,gem)-free graph with evactly k vertez-disjoint Cs’s satisfying
condition (it) of Corollary 5.1 if and only if G € Cy.

Proof. To (i): By definition, a prime graph G is co-chordal gem-free if and only if G € Co.

To (i7): First, let G be a prime (2K, Cg,gem)-free graph satisfying condition (i) of Corollary
5.1. Then all the C5’s of GG are vertex-disjoint. By Lemma 6.3, the graph contr(G) is co-
chordal gem-free and moreover, for every Cs C in G, the representative vertex z¢ is co-
simplicial in contr(GG) and forms a clique () with all other representative vertices. Now by
Lemma 6.2, G is the extension ext(contr(G), Q) of the co-chordal gem-free graph contr(G)
and thus, as a prime graph, belongs to C.

Now let G € C. Then by definition, G = ext(G’, Q) for a co-chordal gem-free graph G’ by
extending a clique @) of k co-simplicial vertices of G. This means by Lemma 6.2 that G is
(2K, Cs,gem)-free satisfying condition (i) of Corollary 5.1. o

Recall that a graph is specific if it is one of the graphs in Figure 6 or one of its induced
subgraphs. Lemma 3.1, 4.1, 5.1 and 6.4 imply the following:

Theorem 1 (Structure Theorem) A connected and co-connected graph G is (Ps,gem)-
free if and only if the following conditions hold:

(1) The homogeneous sets of G are Py-free;
(2) For the characteristic graph G* of (i, one of the following conditions holds:

(2.1) G* is a matched co-bipartite graph;
(2.2) G* is a specific graph;
(2.3) there is a k > 0 such that G* is in Cy.
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Proof. 1. = If the graph G is connected and gem-free then obviously the homogeneous
sets are Py-free. Moreover, due to Lemma 3.1, if G* contains a 2K, then G* is a matched
co-bipartite graph. Due to Lemma 4.1, if G* is (C4,co-gem)-free containing a Cp then it is a
specific graph. Due to Lemma 5.1 and 6.4, if G* is (Cy4,Cg,co-gem)-free containing a Cs then
it fulfills condition (2.2) or (2.3). In the final case, G* is a co-gem-free chordal graph and
thus G* fulfills (2.3).

2. <=: Assume now that the homogeneous sets of G are cographs, and G* is of one of the
types (2.1), (2.2), (2.3). In case (2.1) the graph G* is (F5,gem)-free by Lemma 3.1. In case
(2.2) each of the graphs in Figure 6 is (house,co-gem)-free, and thus each complement of
a specific graph is (Ps,gem)-free. In case (2.3), Lemma 6.4 implies that each prime graph
G* € U2y Cr is (2K3,Cs,gem)-free, and thus it is (Ps,gem)-free.

Thus it remains to show that by substituting vertices by cographs, no P5 or gem is created.
To this purpose we need the fact that for a homogeneous set H and a P, abed, at most
one of the vertices a,b, ¢, d is in H. Now assume that G contains a Fs. This means that
after shrinking H to one vertex, the Ps in GG is still a P5 in G™ - contradiction. Analogously,
a contradiction is obtained if G’ contains a gem. This means that ¢ is indeed (Ps,gem)-free. O

In [1], it is shown that the clique-width of co-chordal gem-free graphs is at most 4. Now,
based on Theorem 1, it is not hard to show that the clique-width of (Ps,gem)-free graphs is
at most 5.
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