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tionFor a long time the obje
ts des
ribed by lin-guisti
 formalisms have been one-dimensional.Whether the grammar was about strings ortrees, if one took an obje
t that it generated,one 
ould always extra
t from that obje
t atotal order, whi
h would usually relate its min-imal (or \terminal") 
onstituents, saying thatthose 
onstituents were ordered along along aleft-right (or spee
h time) axis. But linguistshave always been aware of another impor-tant axis, whi
h we may 
all the surfa
e-depthaxis, and whi
h may roughly be des
ribed bya sequen
e like phoneti
s | phonology |morphology |syntax|predi
ate semanti
s|deep semanti
s|dis
ourse.So the �rst linguisti
 formalisms were geared�rst and for all for des
ribing a \horizontalsli
e" of a two-dimensional obje
t, the greatbenefa
tor being the synta
ti
 sli
e.Later there was a move towards integrat-ing two or more \parallel" sli
es. A lot of theresear
h (but by no means all of it) has been
on
entrated on the pair syntax|predi
ate se-manti
s. The literature is already enormous,and we 
an only give a very broad outlineof the di�erent philosophies. In many ap-proa
hes, whose 
ommon an
estor is Mon-tague semanti
s, it is posited that predi
atesemanti
s is a \homomorphi
 image" of syntax(in other words, that it does not in
lude morestru
tural, as opposed to typing, or 
ategorial,information than syntax). We would put the\glue language" approa
h to LFG semanti
sin this 
lass, as well as numerous re�nementsof Montague semanti
s.Another 
lass of formalisms generate a sin-gle large tree-like obje
t, from whi
h di�erent\sli
es" (and here more 
ases have been 
ov-ered than just the syntax|predi
ate seman-ti
s pair) 
an be extra
ted as substru
tures.In these formalisms the extra
tion pro
ess is

not ne
essarily immediate, the embeddings notbeing trivial at all some times; also, di�er-ent sli
es may be embedded in quite di�er-ent ways. The formalisms that we would putin this 
lass in
lude HPSG, the approa
hes toTAG semanti
s 
onsiders derivation tree (asopposed to the tree generated) as embody-ing the semanti
s, and the the various formal-izations of Chomsky's work, in parti
ular theones asso
iated to the minimalist program.This should be 
onstrasted with a third im-portant 
lass of approa
hes that aim insteadat \superposing", or \syn
hronizing" the dif-ferent tree stru
tures belonging to di�erentsli
es, using various te
hni
al devi
es. This
lass de�nitely 
omprises the multimodal 
at-egorial approa
hes that deal with more thanone representational sli
e, as well as the \syn-
hronous TAG" approa
h to semanti
s.1 Thedi�eren
e here is that the various sli
es havesome amount of independent existen
e, thatin
ludes in parti
ular their own sets of stru
-tural 
onstraints, and that the result of ananalysis is the integration of all these 
on-straints. Also, the pro
ess of extra
ting a sli
eis uniform, having to to simply with the 
hoi
eof a sli
e index. It is 
ertainly the approa
hthat best �ts the slogan \analysis is the as-sembly of a jigsaw puzzle".This paper addresse the question: what isthe best way to des
ribe the stru
ture whi
his generated by a grammar of this third 
lass?This being, naturally, a prior question to de�n-ing the grammar itself, and just as mu
h amatter of mathemati
al formalism than of lin-guisti
/
oginitive realism.We 
laim that a superposition of di�er-ent tree sli
es is best des
ribed as a singlestru
ture, that has tree-like properties, but1 The �nal version of this paper will 
ontain a de-
ent bibliography. Given the little time we hadto prepare this abstra
t, we would rather notquote at all than quote badly.



that \bran
hes in more than one dimensionsat on
e", so the jigsaw puzzle is a multi-dimensional one. Consider the 
ase of a tran-sitive verb. The a
tive-passive duality 
an besummarized by the following distribution ofroles:a
t synt semsubje
t agentobje
t patient pas synt semsubje
t patientfa
 adj agentWe think that the lexi
al entry of su
h averb should have all these four2 roles present,but as independent bran
hes of a single node(that has potentially more bran
hes). Fittingthis entry inside an analysis would entail relat-ing it with other atoms in ways more generalthan the ordinary way nodes of a tree are re-lated (immediate dominan
e, et
). This atomwould \straddle" both the synta
ti
al and thesemanti
al sli
e, in su
h a way that its roleswould be distributed 
orre
tly in the end anal-ysis.Let us extend this example: suppose nowthat the verb is used in the a
tive voi
e, butthat one of its synta
ti
al roles (say the obje
t)is �lled by a pronoun, and that the analysisis 
omplete enough so that this pronoun hasfound its referent. Obviously, one of the pro-noun's fun
tions is to transfer the verb's agentrole to that referent. So we have an intera
tionbetween three 
omponents, whi
h 
an be seenfor simpli
ity as atomi
 nodes: the verb, thepronoun, and the referent. To formalize thatanalysis, we need the pronoun's rea
h to ex-tend in the semanti
 sli
e3, in order for it to
at
h its referent, and to intera
t in the se-manti
al sli
e with the verb's patient role,in a way whi
h is geometri
ally quite di�erentfrom what happens at the synta
ti
al level.In this paper we present the basi
 outlinesof a formalism that 
an 
onstru
t su
h gener-alized trees, and other even less familiar stru
-tures. The presentation will be 
loser to math-emati
s than to 
omputer s
ien
e or linguis-ti
s. One reason is that the mathemati
al for-malism has to be developed, and the 
orre
t2 A standard linguisti
 analysis would say thatin the passive voi
e, the obje
t role has beenkilled, and that the fa
ultative adjoint role isnot given out by the verb, but a
tually 
omesfrom outside of it; so in the table above it isbetter to repla
e that entry by a blank.3 exa
tly at whi
h representation level issues ofreferen
e is not important here

de�nitions be given, before eÆ
ient implemen-tation strategies and 
omplex linguisti
 exam-ples are given. So this preliminary paper isbest seen as the announ
ement of a resear
hprogram.So in our formalism a full linguisti
 analy-sis of say, a paragraph, should end up as is asingle stru
ture, but on whi
h 
an be \sli
ed"in many di�erent ways, ea
h sli
e providinga tree, of a stru
ture very 
lose to one. Ingeneral, as one goes towards the deep endthe stru
tures get larger and larger, so thedeeper tree sli
es look roughly like quotientsof more surfa
e ones4. But this is only par-tially true. Sometimes the bran
hing of di�er-ent sli
es truly disagree, as the pronoun ex-ample above shows. Also, 
onsider the age-oldproblem \does the verb bind 
loser to the sub-je
t or to the obje
t?". From a pra
ti
al pointof view, a good answer is: at the synta
ti
allevel it is the obje
t whi
h is 
loser to the verb(as is generally agreed), but at the morpholog-i
al level it is the subje
t, sin
e it has to agreewith the verb. The agreement 
ues being use-ful for analysis, we 
ontend that a good for-mal linguisti
 representation (from the pointof view of 
omputational linguisti
s at least)of a senten
e has an advantage if it 
an sli
edi�erently at the morphologi
al level and atthe synta
ti
al one.So far this looks like a two-dimensionalstru
ture, but nothing limits the number ofdimensions. And on
e it is available, multi-dimensionality 
an be put to good linguisti
uses. Consider for example the semanti
s oftime: a generalized tree 
an in
lude a time di-mension, where semanti
al events are relatedwith respe
t to their time of o

uren
e, andthe time of their enun
iation. This time di-menson is not related in any predi
table waywith the spee
h-time one, or the surfa
e-depthone. So it is better seen as a new dimension.So we may be seen as advo
ating a 
om-pletely integrated approa
h to linguisti
 rep-resentation: a single, very general way of 
om-bining atomi
 obje
ts that allows every pie
eof information that 
an be extra
ted from alinguisti
 analysis to be assembled in a singleuni�ed formal representation. One immediateadvantage of su
h an approa
h is the inherent4 and as is well-known, the spee
h-time dimensionhas very little importan
e for sli
es deeper thansyntax



robustness due to the redundan
ies present ina uni�ed representation. The basi
 ingredientsare atomi
 obje
ts of various arities, whi
h 
anbe thought of as basi
 nodes for trees, or fun
-tion or predi
ate (e.g., 
ategory) symbols. Butwe show that these atomi
 symbols 
an beassembled in very many more ways than ex-pe
ted, by the means of a large set of basi

ombination rules.An interesting aspe
t of this approa
h isthat it is naturally 
ompatible with issuesof underspe
i�
ation. A re
ent and importantarea of resear
h in 
omputational linguisti
 isthe development of grammars that manipulatenot trees, but tree spe
i�
ations | that is,trees that are not entirely de�ned as to theirstru
ture and 
ontents. And 
ombination rules
an be more or less stri
t, and this introdu
esa natural order stru
ture, whi
h has to do withthe 
onstraints the obje
ts are subje
t to. Ob-je
ts that are maximal with this order as thosethat are fully de�ned.So the formalism has an inherent \informa-tion ordering", of the kind used in domain the-ory [1℄. Part of the work that lies ahead is mak-ing the exa
t 
onne
tion with traditional do-main theory, whi
h some authors feel shouldhave growing importan
e in the �eld of natu-ral language pro
essing.2 Combining Atoms IntuitivelyLet us start with a slogan to summarize things:Symbols simultaneously de�ne and o

upy a
ertain kind of spa
e. Naturally we have to givea useable formalization of this.De�nition 1. An atom type a of arity n isde�ned by a set ea = fa0; a1; : : : ; ang, whoseelements are 
alled its roles.This 
an be pi
tured in an obvious way:a1 RRRRRRRRR : : : ai : : :anlllllllllaa0So at �rst glan
e ea
h role ai 
an be thoughtof as a name for a port, a way of 
onne
tinga symbol with others. . . but we will see thatthis is only part of the pi
ture. Noti
e thatbe
ause of the zeroth port a0 a symbol a ofarity n = Ar(a) a
tually has n + 1 ports. We

say that it has valen
e n+1, so we always haveVal(a) = Ar(a) + 1.We use the term \role", but naturally otherpeople would 
all them \fun
tions". We em-phasize that it is a very general notion, that
overs the more standard 
ases, like semanti-
al and synta
ti
al role, as well as things likebefore/after at the spee
h-time sli
e, or, be-fore/after at the semanti
al-time sli
e.Another way of thinking of roles is as �eldsfor re
ord data stru
tures, but stru
tures thathave an additional �eld for the querying pro-
ess5.An atom should be thought of as a unitof stru
tured information. Indeed, the exist-ing work we know about whi
h we �nd 
los-est to our philosophy is Barwise and Perry'ssituation theory [2℄, developed for natural lan-guage semanti
s. There, a unit of informationis 
alled an infon, and 
orresponds roughly toour atoms. Infons are 
ombined in a rather dif-ferent way than we do here.It will be useful to 
onsider atom types, andtheir o

uren
es (i.e., atoms) as linear (degreeone) polynomials:a = a0 + a1 + � � �+ an (1)This is why we make a notational di�eren
ebetween ea (
onsidered as a set) and a (
onsid-ered as a polynomial).So we assume that we are given a set T ofatomi
 types; in this paper we will always as-sume that di�erent types have disjoint roles,in other words that a;b 2 T ; a 6= b impliesea \ eb = ?.In pra
ti
e symbols and symbol types willbe denoted in a way that tries to avoid orgiesof indi
es. For illustration let us �rst give our-selves a small sto
k of atom types:� = s� + l + r� = s� + u+ dm = sm +mB = sB + b5 Although none of the te
hniques of linear logi
is used in this paper, its spirit it present ev-erywhere, be
ause of J.-Y. Girard's slogan \aformula is a spa
e", and the idea of re
ipro
ity,embodied by linear negation, whi
h shows thatthe di�eren
e between input and output is rel-ative, not absolute. This idea of re
ipro
ity isrepresented here by the that extra (stem) re
ord�eld a0.



One important 
onvention is that given anatom type a we often denote its zeroth rolea0 by sa. We 
all it the stem role. It repre-sents the \business end" of the symbol, the\
hannel through whi
h the information givenby the symbol 
omes out". For example if ais meant to be a fun
tion/operation symbol,its stem represents the result of the opera-tion. This spe
ial notation for stems allowsthem to be more easily identi�ed than theother roles. The index denoting the symboltype 
an be dropped when 
onfusion is impos-sible: � = l + r + s.The point of our approa
h is that symbols
an be 
ombined in many more ways than isusual, but let us start by showing how we rep-resent the most standard way there is, namelyplugging two symbols by wiring one port toanother:Example 2. if we take one o

uren
e of � andone of �, and de
ide to 
onne
t r to s�, we�nd that a good informal way of representingit is as a homogeneous6 quadrati
 polynomial��r:s��� = ls� + ru+ rd+ s�s� : (2)ruu ??
??

? rdd��
��ls� l IIIII

�s�
lllllllllll�s� rs�s�So we imagine that roles are broad
ast on theirport wires away from the symbol that they orig-inate from. When they \enter" a symbol via aport they 
ome out through all the other portsof that symbol.So a 
ombination of k symbols 
reates a newset of roles, whi
h 
an be thought of as mono-mials, all of power k; the role that de
oratesa free wire/port of a 
ombination is the prod-u
t of all the atomi
 roles that proje
ted awayfrom their respe
tive symbols. In parti
ularthis means that an atomi
 role (like r here)proje
ted by a symbol 
an be split by anothersymbol, resulting in its representation in morethan one role of the �nal 
ombination. For ex-ample the unique o

uren
e of r here resultsin ru+ rd; it has been split in two.6 i.e., all monomials have the same degree.

It is not really 
orre
t after all to 
onsiderroles as names for \ports", or \wires". The\stu�" these wires is made of is a kind ofspa
e, whi
h 
an be split ad libidum. Thereis a \symboli
 spa
e", where the atoms live,and there is a \role spa
e", whi
h is split indi�erent ways by the atoms that inhabit theatom spa
eAs a matter of fa
t, the role spa
e shouldand will be formalized as a Boolean algebra;in the example above this algebra is the set ofsubsets of the set fls�; ru; rd; s�s�g. The stemof an atomi
 symbol symbol o

uren
e shouldbe seen as the Boolean 
omplement of the rolespa
e that the symbol 
ontrols, or owns (itmay have to share this pie
e of role spa
e withother symbols). For example here symbol �
ontrols ru+ rd and for it the outside world isls� + s�s�g.What we mean by \polynomial" has to bede�ned 
arefully, though, be
ause problemsarise when two symbols of the same type are
ombined. A useful te
hnique is to use posi-tional notation in the monomials. If we 
on-stru
t��r:s��� = ls� + rl + rr + s�s� (3)this is to be read with the understanding thatin every monomial uv at the right of (3), theatomi
 role u has been sent by (belongs to)the �rst o

uren
e of � to the left of the equa-tion, and the atomi
 role v belongs to the righto

uren
e of �. But, for this paper at least,this will only be a notational tri
k, and wehave to be 
areful. The idea of using a non-
ommutative semiring of polynomial to repre-sent 
ombinations of symbols is very appeal-ing, but gives rise to te
hni
al problems dueto the need to express what happens when theorder of symbols is permuted. In reality, whatis meant is that (in this paper at least) bothatoms should be distinguished by di�erent in-di
es, e.g.,�1�r1:s�2��2 = l1s�2+r1l2+r1r2+s�1s�2 ;whi
h is heavier, but will allow a 
ompletelyairtight formalization, as we will see. Nat-urally, if the set of indi
es is of the formf 1; 2; : : : ; k g, they 
an be dropped at the rightof an equation if we assume that everything iswritten in order, and positional notation 
anbe used, whi
h simpli�es life.So in general, given two of our polynomi-als A = A0 + A1 + � � � + An and B = B0 +



B1+� � �Bm we 
an de�ne (positional notation,and subtra
tion used only as notational aid):A�Ai:Bj�B = (ABj�AiBj)+(AiB�AiBj).Given the parti
ular status given to thestem role, in any 
ombination of atoms wewill always want the monomial whi
h is theprodu
t of all the atomi
 stems to appear; itwill be the 
ombination's stem. So for examplethe 
ombination A�A0:B0�B should be 
on-sidered illegal.Now that we have got rid of these bureau-
rati
 details, let us give examples that showthe power of our approa
h.Example 3. Another way of 
ombining �; � isthe following, whi
h adds one monomial:��rjs��� = ls� + ru+ rd+ rs� + s�s� :ru u EE
EE

EE
rdd��

���s�ls� l IIIII
rs��s� r xxxxxxxs�s�The atoms have been 
ombined in su
h a waythat a new \port" has appeared, whi
h is 
om-pletely determined by the 
ombination. It isperfe
tly legal to think of ��rjs��� as a legit-imate 
ombination by itself; but this dependson the grammar to whi
h the 
ombination rulebelongs. It may also be that the grammar hasbeen de�ned in su
h a way that ��rjs��� 
an-not appear \free" and that it has to be a sub-
ombination of a larger one, for example�1�r:s�2s�3�(�2�s�:l��3) =lss+ rul + rdl + rsr + sssrul u II

II
II

rdld}}
}}

}�s� ??
??

?
rs�rrxx

xx
xxls�s� l NNNNNN

�s�l�s� r kkkkkkkkkkkks�s�s�Noti
e that at the right of the equationwe have dropped the indi
es that asso
iate

stems with their atoms, as well as the in-di
es that distinguish o

uren
es of atoms; allthis is allowed by positional notation. Nat-urally there is another way to des
ribe thesame 
ombination, by asso
iating to the left:(�1�r:s���3)�rl:s���3 ; and there is a third,more informal way (to be formalized) thatdrops the parentheses: �1�r:s���3�l:s���2 :So in general, given two polynomials A =A0+A1+� � �+An andB = B0+B1+� � �Bm we
an de�ne A�AijBj�B = ABj +AiB�AiBj .Example 4. Another way of 
ombining atomsof valen
e three is as follows�1 � �2 = ll+ rl + rr + ss : (4)Something new happens here: simultane-ously the �rst o

uren
e gets one role (its r)split by the se
ond o

uren
e: rl + rr, whilethe se
ond o

uren
e gets its l-role split by the�rst one: ll+rl. The symbols are 
ombined in atighter way than is the 
ase in ordinary syntax.But this 
ombination makes perfe
t intuitivesense: think of � as a symbol whi
h is used toseparate a line in two. This line 
ould be time,and � would be an pun
tual event, like a statetransition, for example, or it 
ould be a wordin a free monoid, in whi
h 
ase � would be the
on
atenation operator. An observer lookingup the stem of � sees the whole of that linearspa
e, and sees that it is split in two: a leftl-part and a right r-part. So if our observerlooks up the stem of � � �, what is seen is aline whi
h is split in three, by two o

uren
esof the separator; the de�ning equation meansthat separation �1 is to the left of separation�2 in that spa
e (in the following pi
ture, oneshould think that the stem role is behind theobserver's head.l1 r1�1 �2l2 r2So this formalism allows us to deal with stringsas well as trees, if we want to.Example 5. Also, two symbols 
an be 
om-bined in an orthogonal fashion:� � � = lu+ ld+ ru+ rd + ss : (5)



If we think of � as an up/down separator,then this 
ombination 
reates a \square", two-dimensional obje
t. So this is the basi
 wayto 
reate a stru
ture that in
ludes both left-right, and surfa
e-depth axes as mentionedin the introdu
tion. Another natural use forthis way of 
ombining symbols is to 
reate in-formation databases: given a set of symbolsthat ea
h represents some (let us say binary)means of dis
rimination, like 
old/hot, mar-ried/single, extrovert/introvert. . . then theirorthogonal 
ombination is a way of 
reatinga 
lassifying spa
e, with lo
ations for puttingobje
ts a

ording to the features 7 (seen asatomi
 roles) they possess. Here roles are sim-ply a means of using re
ord notation.In general, we 
an always 
ombine twoatoms (or polynomials for that matter) orthog-onally (subtra
tion poses no problem):A�B =AB�A0B�AB0 +A0B0.Example 6. Another way of 
ombinining sym-bols is by superposition:lu+ rd+ ss :Here the 
ombination of symbols does notadd any stru
tural information to that givenby the individual 
omponents: the resultingspa
e's stru
ture is not a re�nement of its 
on-stituents, but only \role isomorphi
". But itis a pretty 
ommon situation, whi
h meanswe are not adding stru
ture, only information.For example, if m is an atom that representsa marble, and B the 
olor blue, then a bluemarble 
an be written mb + smsB. Complexobje
ts 
an be 
onstru
ted by mixing 
ombi-nation rules. If B is now thought of as a bag,then \two marbles in a bag" 
an be writtenmsmB + smmB + smsmsB (they �t snugly),ormsmB+smmB+smsmB+smsmsB (there'sroom left in the bag).Example 7. Let � be thought of as a binaryoperator (�) � (�), with the l role representingits left argument. So ��r:s��� = ls� + rl +rr+s�s� represents the term x1 �(x2 �x3), with-out the need to 
hoose variables, sin
e the roles7 Here we are using the word feature in a verybroad sense. But naturally it raises an unavoid-able question: how 
onventional feature stru
-tures and feature logi
 are best implementedin our formalism, whi
h we think is powerfulenough to in
orporate them naturally.

determine their positions. Let � play the partof a binding operator. The role u will apply tothe bound lo
ations, and the role d to the onesthat the binder leaves free. So for instan
e aterm like (�x)(x � (x2 � x)) is represented byls�u+ rld+ rru+ s�s�s�.3 Formalizing ThingsWe do not have the spa
e here to detail themathemati
al formalism that makes the poly-nomial approa
h absolutely rigorous. We willjust say that the basi
 approa
hes uses ten-sors of Boolean algebras and sets of quotientsof these.Referen
es1. S. Abramsky and A. Jung. Domain the-ory. In S. Abramsky, D. M. Gabbay, andT. S. E. Maibaum, editors, Handbook of Logi
in Computer S
ien
e, volume 3. ClarendonPress, 1994.2. J. Barwise and J. Perry. Situations and Atti-tudes. MIT Press, 1983.


