RATIONAL ROTATION NUMBERS FOR HOMEOMORPHISMS
WITH TWO BREAK-TYPE SINGULARITIES*

D.KHMELEV

1. INTRODUCTION

This work deals with the family of homeomorphisms of the circle T, : St — S,
where S' = [0,1), a € [0,1]. Each T, is defined by its lift f, : R — R such that
{fu(x)} = Tz. We consider simpliest family f, = f 4+ a, where 0 < f(0) < 1.

Suppose that T = {f} has two break-type singularities at points 78) #* mg),
i.e., the following conditions hold:

1) T e C?(5"\ {zlt), 27}),

2) There exists T’(a:g)—) and T’(xé?+), i=1,2, and

Denote by p(T,) = p(f.) = lim,, . f7(x9)/n the rotation number of the home-
omorphism p(7}).
Theorem 1. Suppose cico # 1 and ¢y # co. Then the Lesbesgue measure of the
set {a | p(T,) € [0,1]\ Q} is zero.

This theorem for one break-type singualrity was proven in [1].

2. NOTATIONS AND APRIORI ESTIMATES

Let us denote an interval with endpoints o and 3 as follows

) (@ p), ifa<p,
I(a’ﬁ){(ﬁ,a), if a > f.

We also put I, ] = I(a, ). A good description for Farey numbers is given
in [1]. We shall need only the following properties of Farey interval A = (p1/q1, p2/q2) C
0,1):
(1) pogr — pr1ga = 1.
(2) All rationals inside A have the form (kp; + Ip2)/(kq: + lga). The rational
number with smallest denominator is (p; + p2) /(g1 + ¢2).
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Consider homeomorphism 7" with two break-type singularities and corresponding
lifting f. Choose arbitrary point zy on the circle and consider the trajectory

{z; = T'ry,0 < i < q; + q}. Denote by A[(]]) and A[(]Q) the closed intervals

xg, T, | and |x,,, xg], respectively. Denote b A" and A? the images of these
q1 q2 y y ) i g
intervals under the action of 7"

AD Z AP, AP Z 73AP),

The following Preposition was proved in [1| and the proof works in our situation
without any change.

Preposition 1. Suppose p(T) € (p1/q1,p2/q2)- The trajectory {x; = T'xy,0 <
i < q1+qao} forms a partition of the circle consisting of intervals AEI), 0<1<q
and A, 0 < j < q1.

Denote this partition by £(A, xg). Denote
v = |Inc?| + [Inc;| + Varg: In f.

Consider now trajectory y; = Ty, of point 1, such that y; # 2D and Y # 2
for any 0 < i < ¢gy. Denote ¢ = max(qi, ¢2) and p = max(p, p2).

Preposition 2. Suppose p(T) € I((pr + p2)/ (a1 +02),p/q) or p(T) = p/q. Then

<[ Fw) <o (1)

Proof. We follow the lines of proof given in |1]| with corrections due to the second
singularity point. To be definite, assume that ¢ > ¢;. Then ¢ = ¢2, p = po.
Let us consider the case p(T) # pa/go (the same arguments apply to case p(T) =
P2/qs because there exists a periodic trajectory x, ..., 241, such that xg, ...,
x4,—1 form a proper partition of the circle). Consider partition &((p; + p2)/(q1 +
42), P2/ qo; o), where the trajectory x; = Tz of 2o do not touch critical points.
Notice that x4, 14, € Aél), since p(T') € ((p1 +p2)/ (@1 + g2), p2/q2)- Let us show
that
g2—1 g2—1

Z In f'(y;) — Z In f'(x;)| < Varg, In f'. (2)
i=0 i=0

Indeed, assume that gy, € A_E-Z), 0 < j < qi. Let z44; correspond to y; for

0 <k <q —jand let x34; 4 correspond to y, for ¢ — j < k < g2. We have

2 : . 1
(k44 Yx] C Aélj; 0<k<q—jfor0<k<aq—jand [y, Tp1j o] C Aél_ﬂl
for g1 — 7 < k < @y, i.e., the intervals do not intersect each other. Hence, we get

estimate (2). The same arguments apply to the case y, € Agl), 0<1i<q.
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FIGURE 1
Notice now that
q2—1 1 )
/ 1T £ i)y = /a—yof‘”(yo)dyo = fe(1) - f2(0) =1.
si=[0,1) =0 0

Notice that g = 9f% /0y, is not equal 1. It follows that g takes values above and
below 1. Without loss of generality suppose that 2 =0 and 2 € (0,1). If g
is arbitrary close to 1 in neighbourhood of some point yg, then we are done (this
case is shown on Figure 1).

Hence, assume that g never approaches 1, as shown on Figure 2. Notice that g is
piecewise-continuous (and even of class C'** on each interval of continuity). All

disconinuity points are formed by preimages Tzl
TEP and TS?) for 0 <1i,7 < g9. For some 7, j we can have T*’:mgl) = T*jxg) and
this imply that corresponding singularity of ¢ has break ¢;¢y. Other singularities
have break equal ¢; or . Notice that no other breaks can happen. Indeed, if for

some 0 < 4y, j1, 72, Jo < g2 We have

and Tz of singularities

T=irg() = 7915@) and 7)) = 2@

C cr )
(2)
T

then point y* = T 72x¢’ is periodic of period ¢* = [(j1 — J2) + (i1 — i2)], since

T 20T o T o TRy* =y
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FIGURE 2

Hence p(T) = p*/q* for some p*. But ¢* = |(j1 — j2) + (i1 — i2)| < 2¢y, and this
contradicts property (2) of Farey intervals, since

p_*e Pt P2 p2
¢ Gt @

and the rational with smallest possible denominator in B is (p1 + 2p2)/(q1 + 2¢2),
but

=B

G +2¢ > 142q > 2¢, > q".

Using the same arguments we arrive at contradiction if T-11z{l) = 725! or
T*ilazg) = T*%EP for some 0 < iy, 19 < ¢o.

The case p(T') = pa/q is even easier. If for some i, j we have T izl) = T*jxg),
then rSl) = T’:’jmg? and all ¢, singularities have break ¢;c,. If T TSZ) = T*’:Q.?:g)
for some iy < 9, iy — i1 < @2, j = 1,2, then we have p(T) = p*/q*, where
q* =iy — i;. But ¢* < ¢ and we arrive at contradiction with p(T) = ps/qo,

Hence the following inequality holds for every singular point y*:

,(](?J*—)

9(yt)

S |1HC]‘ + ‘1HCQ| = 0172. (3)
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Notice now that since g take values above and below 1, one can choose a singu-
larity point y* such that one of the following conditions holds.

1) g(y*—) <1, g(y"+) > 1,

2) g(y*=) > 1, g(y"+) < 1.

Consider case 1). Then, by (3)

g(y*_) 1 (4)
(](U*+) 6201’2
Since g(y*+) > 1,
1

9(y™—) > 2Cis
and since g(y*—) < 1,

e’ > g(y*+).
The same argument works for case 2). Hence,

gy =), g(y"+) € (€727, e2),
Hence given € > 0 we can choose xy such that
Ing(mp)| < 2C19+¢=|Inci| + [Incy| +&. (5)

Estimates (2) and (5) imply

Z In f'(y;)
i=0

Since ¢ is arbitrary, inequality (6) holds for £ = 0 and taking exponents of both
sides of (6) we obtain (1). 0

< Varg, In f'+ |Inc| + [Incs| +&. (6)

Now denote

¢ =max(qi,¢2); ¢ = min(q,¢)
p=max(pi,p2); P = min(pi,pa).

Preposition 2 gives a-priori estimate for derivative of f7 for p(T) € I((p1 +
p2)/ (1 +q2),p/q) and p(T) = p/q. The following prepositions provide esitmates
for derivatives of 7% and T on the whole interval [p;/qi, pa/qs]. Both preposi-
tions are simple corollaries of Preposition 2. They are analogous to Prepositions
3.3 and 3.4 in [1] and are proven in the same way.

Preposition 3. Suppose one of the following conditions hold:
1) p(T) € (p1/q1,p2/62);
2) p(T) =p'/dq;
3) p(T') = p/q, a> 24"

Then
q—1

e <[] Fw) <e
=0

If the following condition 3’°) holds
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3’) p(T) =p/q and q < 2¢,
then
q-1

6721) < H fi(%) < 627). (7)
=0

Proof. Take 0 < g3 = ¢ —I¢" < ¢', | € N, and, respectevely, p3 = p — Ip'.
Applying of Preposition 1 to Farey interval I(ps/qs,p’/q') we obtain that the
following estimate

q -1

e’ < H fly) < e’ (8)

holds if p(T) € ((ps+7')/(¢s+¢'),p'/q") or p(T) =p'/q'. Hence, we immidiately
obtain our statement in case 2). Case 1) is also obtained from (8), since
(b P2y 4 Ly ](g’ ps+p
0 7" q ¢ a3+ q

Consider now case 3). Notice that if ¢ = 2¢’, then by property (1) of Farey
intervals we have

1=|pq' —p'q| = |pq' —2p'q'| = |p — 2p'|{,
and since ¢’ is integer, we have ¢’ = 1. Hence, our estimate is trivial. Therefore,
assume that ¢ > 2¢'. Then g3 = ¢ — l¢’ with [ > 2 and hence

/ /
Do ity
q q q3+¢q
It stays to conisder case 3’). We have g < 2¢’. Apply our statement to Farey
interval I((p — p')/(¢ — ¢'),p'/q'). Since ¢ —¢' < ¢" and p(T') = p/q € I((p —
P)/(q — q'),p'/q), we fall in case 1) considered before. Hence, the following
estimate hold:

a—q' -1
e’ < [ Flz)<e.
=0

Applying Preposition 1 to Farey interval I(p’'/q',p/q), and remembering that
p(T) = p/q, we obtain

qg—1
e’ < Hf'(zl) <e’
i=0
Hence,
g1 q—q' —1
e < H.f’(zi)/ I] 7o) <e
1=0 1=0
or
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Choosing z, 4 = yo we obtain (7). O

Preposition 4. Choose g3 = q — lq' such that 0 < g3 < ¢', | € N.
1) If P(T) € I(pl/q,a (p1 +p2)/(Q1 + qg)), then

q—1
67(l+1)v < Hf,(yz) < Q(H])U. (9)
=0
2) If p(T) =p'/q', then
q—1
e < TT F/(y) < el (10)
1=0

3) Denote

(k+1)p' +p kp'+p
(k)¢ +q ke +q"
If o(T) € Yy, or p(T) = (kp' +p)/(kq' + q) for k > 1, then

Vi = I(

qg—1
67(k+])v S Hf,(yl) S e(k+])v (11)
i=0

Proof. Consider Farey interval I(ps/qs,p'/q’). If p(T) € I(p3/q3,0'/q'), then, by
case 1) of Preposition 3 we have estimate

g3—1

e’ < H F(z) < e (12)

Notice also, that ¢’ + ¢ > 2¢’. Hence Farey interval I(p'/¢',(p' + p)/(¢d + q))
and rotation number p(T') € I[p'/¢', (0" + p)/(¢' + ¢)] satisfy conditions 1) 3) of
Preposition 3. Therefore,

q-1
e’ <[] f(z) <e”. (13)
i=0
Since ¢ = l¢' + g3, combining (12) and (13) we obtain (9).

If p(T) = p'/q, then for Farey interval I(p3/qs,p'/q’) conditions of cases 3) or
3’) of Preposition 3 holds. In worst case 3’) we have estimate

q3—1

e’ < H f'(z) < e
i=0

Combining the last inequality with (13), we get (10).
Now consider case 3), i.e., p(T) € Yy or p(Tf) = (kp' + p)/(kq¢" + q). Apply

Preposition 2 to Farey interval I(p'/¢’, (kp' + p)/(kq' + q)). It follows that
kq'+q—1

k /
e " < H ['(z) < e for p(T) € Yy, or p(Tf) = Py
i=0

kq'+q

(14)
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Application of Preposition 3 to Farey interval I(p'/q, (kp' + p)/(kq' + q)) yields

q' -1

el < H f'(z) < e’ for p(T) € Yy or p(Tf) =

1=0

kp'+p
kq' +q’

(15)

since kq' +q > ¢ + q > 2¢' and estimates for cases 1)-3) of Preposition 3 hold.
Combining (14), (15) and ¢ = l¢" + q3 we get (11). O

As one can see, if ¢ < [¢’, then we have effective estimates for derivatives of
T9 and T7. In fact, this is one of reasons for introducing so-called “good” Farey
intervals used by G. Swiatek [2] and K. Khanin [1] in similiar setting. A Farey
interval A = (p1/q1,p2/q2) is called “good” if

q = max(qi, ¢2) < 2¢' = max(qi, g2)-

It follows from statement 3) of Preposition 4 that if rotation number is not
too close to the ends of Farey interval (p1/qi1,pa/q2), then we also have effective
estimates for derivatives. In particular, the following corollary holds.

Corollary 1. Consider Farey interval (p1/qi,p2/q2). Suppose p(T) = (p1 +

p2)/(q1 + @2). Then
q1+q2—1

H Fys) < e, (16)

’2“<Hfu7 H () < ¢ (17)

for any trajectory v; = Tlyy, 1 =0, ..., q1 + q — 1 such that y; # :rg), j=1,2.

Corollary 2. Consider Farey interval (p1/q1,p2/q2). Suppose

P+ P2 p1+2¢

p(T) €
O+ g+ 2q

Then
q1—1 g2—1

””<Hf% IIFw)<e (18)

=0

Proof. Let us prove an estimate for df9 /0z. If ¢; < go, then Preposition 7, gives

an estiamate
q1—1

721)<Hf yz < 2'11

If ¢1 > qo, then ¢’ = miﬂ(fhafh) =4q2, 4 = maX(Q1=CI2) = ¢; and we can apply
Preposition 4 for

:](2p’+p P4p, _ prtpe pit2p
2¢'+q ¢ +q G +q g t2g"7
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and we obtain that
q1—1

e ¥ < H f'(y;) < €* for all p(T) € V1.
i=0

Application of case 3) of preposition 4 for p(T) = (p1 + 2p2)(q1 + 2¢o) yields

estimate
q1—1

e ™ <[] Fw) <& forall p(T)V,. O
=0

Notice that estimate (2) imply the following important Lemma about decay
of lengths of intervals AEU and A§2), that could be proven like Preposition 3.5
in [1].

Lemma 1. Take A = (1 +e7?)""2 < 1. Suppose that p(T) € [pi/q:,p2/q2] and
the expansion of p1/q: to the continuous fraction has length n:

1
Then
\Af;])|, |A§2)\ < const \"

Jor all 0 <i < qo, 0 <7 < gq.
3. PERIODIC ROTATION NUMBERS

Here and further we shall denote by const any universal constant that depends
on homeomorphism f only and do not depend on a. In this section we consider
fao for some a such that p(f,) = p/q = [k1,...,kn], kn > 2. For sake of shortness
we shall omit index a till the end of the section.

It is well-known that for f = f, there exists a periodic trajectory of period

q. Denote by Ay = [y1,y2] an interval of this trajectory, contaning point 2l

Denote A; = f'Ay. For some r we have A, 3 2. Let us introduce relative
coordinates of mEP, 22 and f*%&?) on intervals Ay, A, and Ay, resp. Clearly,

e —y 2l —y

d = = ,
' Y2 — U1 |A0\
g — o — B w5 —
2 — - )
fry2 — frun 1A,
s el —y el — vy
d2 p— p—
Y2 — U1 |A0|
Let us introduce
f(w) = (f'y1 +wlys —v1)) — 1),

_?JQ*?J]

where w € [0, 1]. Clearly, f(w) is a rescaled return map f9: Ag — A,.
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In order to study f(w) we need the following notations:

2
; B ccw
C,d(u}) - 1+ d(CQ _ 1)7
. _wAd(e® —1)
. c,d(w) - 1+ d(02 - 1) )
w
Fy(w) = M —w) 7w

One can see that function

() = { L), we0,d],

Je,d :,d(“))’ w e [da 1]7

is a continuous piecewise-linear map [0, 1] — [0, 1] such that

a Ir
/ 2 gt

This map will be used to approximate mapping f on intervals Ay and A, since
by Lemma 1 they are exponentially small.

As was shown in Preposition 4.3 in |1]| the mapping Fy/(w) is a very good
approximation for mapping f™ " : A, — A,, if intervals A; do not cover

critical points xg) and xg)

M (ry,75) = exp (Z éeA,— éff,((?;)) dy) .

i=ry "

0

. ézﬂd(o) =0, é,rd(l) =1, 9w é,rd(w) ?

=C.
w=d+

forv =1y, ..., 19— 1. Denote

Also, define

1

[ (w) = A, (7 —w) [y Fwfys) — [yn)

. ., . 1
Lemma 2. Suppose intervals A; do not cover critical points mgr)

1=711,...,79— 1. Then

2
and 72 for

| Friryws) — 7" [ e2(0,17) < const A™,

where X is a universal constant, given in Lemma 1.

This lemma is proved as Preposition 4.3 in [1]. The only prerequisite required
in proof of Preposition 4.3 [1] is an apriori estimates for geometrical decay of size
of intervals. In our setting, this estimate is provided with Lemma 1. Hence we
omit the proof for sake of saving space.
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Let us define

r—1 f”(i/)
M= =ep (3 [ Jdy ).
q—1
][‘II(U)
My = M(r+1,q) =exp / ———dy | .
i=r+1
Functions fclyd, fe.q and Fiy have the following useful properties:
FyoFy = Fun, (19)
ca(d) = fla(d) = Fyje2(d) (20)
for all M, N, ¢, d. Indeed,
M(1—
Far(w) = v 1~ Fyy(w) =~ = w) (21)

M1 —w)+w’ M(1—w)+w

and
w

M(1—w)+w

FNOFM(U)) =

M(1 —w) w
N +
MA1-w)4+w M1 -w)+w
v = FMN(’U)),

- MN(1 —w)+w

as required for (19). To see why (20) holds, one needs very simple algebra:

2d c2d
l d) = " (d) = ¢ —
,c,d( ) fc,d( ) 1+d(C2—1) (1—d)+C2d
d
= 1— :Fl/rz(d)
—(1—d)+d

Cc

Now let us introduce function
Gcl,d15027d~27M1,d2 (w) : [07 1] — [07 1]
by the following rules. If 0 < d; < Cig, then

F% o flay © Fary o fL 4 (w)  for 0 <w < d,
F{}/Iﬁofég,dgoFMl O';’dl(w) for d; §w<d2,
1

Gcl,dl,cz,dz,Ml,dz (w) =
r r
Fc]b[c]z o fr 4 ©Far 0 fl 4, (w) fordy <w < 1.
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If JQ < dy <1, we have
F% o fl gy © Fary o fl g (w) for0<w < dy,

. ~
Gcl,dl,cz,dz,Ml,dz (w) = F% © fcrz,dz © FMl © fc1,d1 (w) fOI‘ dQ S w < dl’

F%Ofr oFMlo';dl(w) fordlgwgl.
1 ™

c2,d2

Lemma 3.

| f(w) — Gcl,dl,cz,dz,]\/h,dg||CZ([0,1]\{d1,J2}) < const A™. (22)
Proof. Clearly,
f(’ll)) _ fr+1,q o fr,r+1 o fl,r o fO,]
We can use Lemma 1 to approximate f' with fI' —and fo*! with fl .

Lemma 2 imply that f'" is close to Fy;, (w) and fr“’q is close to Fy,(w). To
obtain formula for G we only need to notice that M; My = ¢ics. More precisely,

q—1
f” )
My In M = Z/ /A 27 ()™ /A 27 ()™

f”(y) /()
=lIncicy — =" dy — d
e Jag 2f'(y) Y Ja, 2f'(y) Y
By Lemma 1
" n
[ L0y [ L) e
a0 21'(y) A, 2f'(y)
as required. O

Let us introduce

- F dy)) 0<dy,<d
d2(d2) M1( c1 dl(,.,)) — 2~— 1 (23)
FMI(f(’],d] (d )) d] S d2 S ]'
Lemma 4. We have
||Gc1,d1,02,J2,M1,d2 = Gy endo My ,(12((1'2)||c2([o,1}\{d1,d2}) < const A™ (24)

Proof. Notice that
|da(dy) — dy| < CA™ .
Both functions are continuous on the same intervals. On each of them they are
just fractional-linear functions with exponentially close parameters. Moreover,
all parameters are bounded away from 0 and infinity. Hence, these functions are
close with both derivatives. 0
Therefore, the following preposition holds
Preposition 5.

||Gc1,d1,CZ,d2,M1,d2(dz) - f||02([0,1]\{d1,c12}) < const A"
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For any monotonous function g : [0, 1] — [0, 1], satisfying ¢(0) = 0 and ¢g(1) =1
let us introduce relation R(g,d), given by formula

1—g(d) 1-4d
R(g,d) = ;
(9:4) g(d) d
This relation satisfy the following important equality:
R(Fy,d) = M. (25)
Indeed, by (21)
M(1—d)
M(1—-d)+d 1-d
R(Fy, d) = ({ﬂ+ ; — M.
4 d
M(1—d)+d

Lemma 5. We have

| R(Gm Jd1,c2,d2, M ,(22((22)’ dl)
R(f,dy)

as n — oo for any fized f (and hence fized ¢v, c3).

-1 =0

Proof. For sake of shortness let us denote

G(w) = Gcl,dl,cZ,dz,Ml,dz(dz)(w)'

Notice now, that

R(G.d) _1-G(d) f(dy)
R(f,di) 1= f(di) G(d)
Fix some ¢ > 0. There exists ¢ > 0 such that for all d; > & we have G(d;) >

G(g) > § > 0. Let us consider fraction é((zll)) Clearly,
G () G (dy)

Since ||f(d1) — G(dy)|| < A", we have

J) Gl
G(d)
for all n large enough. Hence, the only “dangerous” case is d; < €.
The following three situation can occur (cf 3):
1) dy < do,
2) dy > dy and dy < dy — do,
3) d; > d~2 and dNQ >d; — d~2.

In case 1) we have

fld) — G(dr) _ f(dy)/di — G(dr)/d _ ['(€) — G'(¢)
G(dy) G(dy)/d G'(¢
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1) dy < dy

3) dy < dy < 2d,

2) dy > dy

=y

FIGURE 3

where &, ¢ € (0,d;). Notice that second derivatives of f and G are bounded by
Cy and first derivatives are bounded away from 0 and oco. Hence, G'(¢) > C; > 0
and

1F(€) = G'(O] = 1F'(0) = G"(0) + f"(&)€ — G"(C)¢| < [/(0) — G'(0)] + 2Cte.

Hence, for all n large enough we have

fldy) —G(dy) _ f'(0) —G'(0) 20
Gy = o o

where Cy > 1 is independent of e (here we used that |f'(0) — G'(0)| < const A").
Hence if d; < dy, then for any fixed ¢ for all n large enough we have

S 04‘(':’

|f(d1) — G(dy)
G (dy)

Therefore, this fraction converges to 0 as n — oo. B
If case 2) or 3) holds we use Lagrange theorem twice for f and for G:

Fldy) = fda) + F(&)(di — do) = f'(&1)da + (&) (dy — do),
G(dy) = G'(G)da + G'(G2) (dy — dy),

‘S 048.

where &, € (0,dy), &,y € (da, dy). Again, it is enough to consider case dy < &
and show that the following inequality holds:
f1(€1)dy + f(&)(dy — d. P
| f (51)~2+f(52)( 1 g) = |2 < const e
G'(G)dy + G'(G)(dr — dy)

fld) — G(dy)

a@y |~

O
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ngh

CQ/C]

1/(c1c)”

CQ/C]

FIGURE 4

Suppose dy < d; —ds, i.e., case 2) holds. Let us multiply P and @ by 1/(d; — JQ).
In this case

/ d I
| = ()~ G T + )~ (G

< |f(&) = G"(E&)|+ (&) — G'()
= 1f'(0) = G"(0)| + [ f"(&1)& — G"(Cn)|

+1f'(ds) — G'(d)| + | f"(€x1) €2 — G (Can) Go
S 2\" + 4028,

where &1 € (0,&), 1 € (0,(), &€ € ((Zg,fg) and Cy; € (dy, ¢2). We also have
Q

- —+ G’ > G > (C
\d] — dg‘ (Cl)d] s (C2) (C2) 1-
Hence,
P 2\" + 4
‘_| < ﬂ < 4045
Cy

for all n large enough. .
Case 3) is considered in the same way with multiplying P and @ by 1/dy. O

Let us denote

R(d] ’ dQ) = ( ¢1,d1,¢2,d2, My ,da (d2)? d])
Lemma 6. We have R(di,di) = 1/(cic2) and R(dy,0) = R(dy,1) = ca/cy. For
any fized dy the function g(dy) = R(dy,dy) is monotonous for dy € [0, dy] and for
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dy € [dy,1]. Hence the ratio R(dy,ds) takes values between 1/(cico) and ¢3/cy
(cf 4)-
Proof. Notice that by (19)-(20) and (23),
Gcl d1,c2,d1, My ,d2(d1) (d1) = F,b—f © fim,ja(d]) o F, 0 fil,d] (dy)
= Fues 0 Fiyz 0 Fag, 0 Fyya(dh) = Fy ey (dh)-

1

Using (25), we obtain

1
R(d]’d]) = R(Gcl,dl,CQ,dl,Ml,dAQ(dl)’ d]) - R(F]/(ClcQ)’ d]) =

C1Co

as re(luired.
If do > dl, then

Gm Jd1,c2,do, M ,(172((22)((11) = Fij © fle,,gQ(,iz) o Fy, o c1 d (dy).
Suppose 0 < d; < 1. Notice that d}(d}) =1if dy, = 1 and hence
Gy iy en.do, My o (d) = Glerdies, M1
when dy, = 1. Using (19) and (20), we obtain
Gcl,dl,CQ,l,Ml,l(dl) = F% o fé2,1 o FM1 O Jei, dl(dl)
= Fon o Fyy o fe,, 'y (d1)

- FF1(’2 © fr[1 dq (dl) = (’1F2 © Fl/r (dl) =

= ey (dl)
Using (25) we obtain
c
R(dla 1) = R( ca/ers dl) =
Cl
If dy < d;, then
Gcl,dl,cg,JQ,Mhdz(JQ)(dl) Fr]rlz 0] fr ~2 o) FM] 9) (il ,dq (dl)

For dy = 0 we have
GC] ,d1,c2,0,M, 70(d1) = F% © fgz,O © FM1 © 01 dy (dl)
= F% © FM] © (’1 ,dq (dl) (’1(’2 (‘1 ,dq (dl) = FCZ/Cl (d1)7

1

and hence,
R(d:,0) = R(dy,1) = 2

C

Finally, let us study the derivative of R(dy,dy) w.r.t. dy. Using chain rule we

obtain p p . p
—R(dy,dy) = —
oa, ) = T o,

—=G(dh).
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Now notice that if d; < d~2,
0 0 I

—G(d > Lerea/My ©, i iy (. 19 e d
ad2 ( 1) adg /M (:Q,dg(dg)( M 1 d1( 1))
0
o ! l l
- FC]CQ/M]( o d2(d2)(w))8d o,do dQ)(U)),

where w = Fy, (f! 4, (d1)). Notice now that

2 2 2
f 5 -~ ] o
/ =T, iy (W) = 9 ( L ) o ewle ) 955,

Ody ddy \ 1+ dy(dy)(c2 — 1) (1 + dy(dz)(c5 — 1))2 Ody

Hence the sign of the derivative 012(d;, dy)/ddy conicide with the sign of —(c5—1)
when dy > d. Proceeding in t~he same way we obtain that for dy < d; the sign
of the derivative OR(d, dy)/0ds is the same as the sign of derivative

0 . E-Dl-w) 9 ;5

r i _dy(dy),
ad ea,do(da) (1 —F(]g((]g)((}% . 1))2 adg 2( 2)

i.e., the sign of 8R(d1,d2)/8d2 is the same as the sign of (¢ — 1).
Hence if ¢, < 1, then g(dy) = R(dy, d) is an increasing function for dy € [0, dy]

and g(JQ) is a decreasing function for dy € [dy, 1]. Finally, ¢(0) = co/c1, g(dy) =
1/ciez, g(1) = 2/ ~ ~ ~

If ¢o > 1, then g(dy) = R(dy,ds) is a decreasing function for dy € [0,d;] and
g(dy) is an increasing function for dy € [dy,1]. Again, ¢g(0) = ¢y/cr, g(dy) =
1/cica, g(1) = ca/cy. O

4. CRITICAL PERIODIC TRAJECTORY

Suppose now that d; = 0 or d; = 1. One can easily check that

GC1,0,82,JQ,M1,riz(JQ) = Gm,l,@,d‘/z,MndAz(d}) =G
and

G(U}) _ F(‘](’2/M1 o ({2 do © FM1 (’UJ), 0~§ w < d~27
F(‘](’Q/M1 o (,2 dy © FMI(’U)), dQ <w< ]_,

Notice that
! ]‘ !
(Fa(w))w:o = g and (Ffl(w))wzl =a.
Let us introduce m_ = G'(1) and m, = G'(0). Since

Fea (0) = f1, 1.(0) = Far,(0) = 0 and Fos (1) = f1, (1) = Fa, (1) = 1,

c2,d2
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FIGURE 5
FIGURE 6
we have
°1C 1 1
m_ = Gl(l) = ae = M] — C1C9 r— s
My 1+ dy(dy)(c3 — 1) 1+ dy(dy)(c3 — 1)
M 2 1 1
my = G'(0) = — © @

12 1 + dy(dy) (2 — 1) M al+ dy(dy)(c3 — 1)
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FIGURE 7

FIGURE 8

Notice that, as one could expect
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Let us also consider G(ds). Using (19) and (20), we obtain
G(d~2) = sz[—f © fiQ’d”Q(de) o F, (d~2) = F]b—f © f(l:2,(22((i2)((i2(&2))
= Fepe2 0 F1 (da(dy)) = Fee o Fy o Fur, (ds) = Foy e, (ds),

ie., .

: d

G(dy) = 2 (28)
(C] /CQ)(]. — dg) + dQ
It follows from Lemma 6 and (26),(27) that

R(dl, dNQ) € I[L 2]

) )
C1Coy Cq

Now we would like to enumerate critical points in such a way, that segment
I[Cl]CQ’ 2—?] have not touched point 1. As one can see, only the following two cases
are possible.
A) If ¢1¢o > 1, then we have to enumerate xy;) in such a way, that ¢3/c; < 1.
B) If ¢ic3 < 1, then we have to enumerate xg) in such a way, that ¢3/c; > 1.
Let us study the graph of G(w). In both cases it would be a graph of piecwise-
fractional-linear function.
In case A) m_ = G'(1) > const > 1 and m; = G'(0) < const < 1. Using (28),

we obtain that for d € [§,1 — 6] we have

"2

=¥

G(dy) <

1

+

3

for some ¢, since
€1 7 7 €1
—(1—-d dy € [1,—].
62( 2) +dy €1, 62]
Hence, the graph of G(w) is completely below the diagonal (cf Figures 5, 6).
In case B) m_ = G'(1) < const < 1 and m; = G'(1) > const > 1. Using (28),

we obtain that for d € [5,1 — 8] we have

2
1—¢

QL

G(dy) >

for some ¢, since
Cq ~ ~ Cq
D0 dy) 4 dye [
02( 2) +dz € | o ]
Hence, the graph of G(w) is completly above the diagonal (cf Figures 7, 8).

Let us denote by I(p/q) = [ao(p/q), a1(p/q)] a closed interval of values a such
that p(fa) = p/q.
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Theorem 2. Suppose that critical points a:S? are enumerated 1n such a way that
A) for cieo <1 we have ¢y < ¢; and
B) for c¢ico > 1 we have ¢y > ¢;.
In case A) for all n > const there exists a unique critical periodic trajectory
for a = ag(p/q). This is a trajectory of the critical point ol

In case B) for all n > const there exists a unique critical periodic trajectory

for a =ay(p/q). This is a trajectory of the critical point ol

Proof. Without loss of generality, consider case A). If dy is bounded away from 0
and 1, then the result follows from Preposition 5, since the whole graph of f would
lie below the diagonal. If dy is close to 0, then f(di) = G'(0)d; + o(d;) < dy,
since G'(0) = m, < const < 1. The same argument works for dy close to 1.
Using estimates of Preposition 5, we obtain that the whole graph of f lie below

the diagonal. 0

5. NON-LINEARITY OF f?

Notice that it is enough to consider the case ¢ica < 1, ¢3/¢; < 1. Consider

interval I(p/q) = (ag,a1). Suppose that p/q is obtained from Farey interval
(1)

(p1/q1,p2/q2). Tt follows from Theorem 2 that T{foa?g) = 2 and
T! i < i for any point & € (T2z(), z(M). (29)

Denote now by R the ratio

1 ~

~ q,.(1)
T — Thy Tex

= R.

It follows from the following lemma that there exists a unique a € I(p/q) such
that T/ = 7.

Lemma 7. Suppose p(fa,) < p/q < p(fa,)- Then for any x € [0,1] there exists
a unique a(x) € [ay, as| such that p(fo@)) =p/q and f%(z) =z + p.

Proof. Note that there exists K such that for all £ > K we have
f(f]q(:c) — a2 —kp <0 and ff;’(x) —x—kp>0.

Since f*4(x) is a strictly monotonous function of a, there exists a unique a = a(z),
a(x) € [ay, as) such that we have f*(z) — 2 — kp = 0.

Now note that if f/(z) —p > z for all x € R then, by f,(z) — 1 = f,(z — 1),
we have

fal(x) = 2p = fi(fi(x) =p) —p > fi(z) —p> =
and by induction we obtain that fY(x) — Ip > x for all [ > 1. Therefore, we

arrive to contradiction with f*(z) — kp = x. The same arguments works for
f4(z) — p < z. Therefore, f(z) —p = . O
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Let us show that at moment a the relative coordinate of xg) on critical trajec-
tory passing through z is bounded away from 0 and 1 by constant.

Preposition 6.

1 e* R o) — 7 R
— < — < .
214+ e R+1 - T2 —& ~ R+e®

(30)

Proof. Notice that p/q is obtained from some Farey interval A = (p1/q1,p2/2),
i.e., p/q = (p1 + p2)/(q1 + g2). Preposition 1, monotonicity of 7, and (29) imply
that the following order of points takes place:

Tez) < T3 <7 <al) <T8s < T8zl

ap*v'cr C ap “'cr
and
Thy < Tz,
Since p(Ty,) = p/q, it follows from (17) that

0 0
e < (ST ), (AT (20) < (31)
for each a € [ag,a;] and for each point z, such that the derivative of T w.r.t.
o 1s well-defined.

Let us prove upper bound in (30). Notice that

1 ~ ~ 1 ~
-’E((:r) — T Term — X 37((:r) — X

q1 7, ~ = q1 5, o 1 ~ ~ 1)°
172 —2 = Tat — T ﬂ?gr) fm+Tg§m—m£r)

Using (31), we obtain

¢ 0
To5 — all) = / — T (x)dx
792 (0 Ox ™

aqpber

> e (3 — Tez0)).

ag ' cr
But .
- 1
P T = ) -
Hence
o) — 7 2y 7
(1) 5 q1 5 (1) — /721}
Ty — T+ Crlag-’lj Ler .’17((;1) — T4+ € (.Z'g) _ .i')
R
R
o R+ 6721)’

as required.
In order to prove the lower bound in (30) we need an estimate

=~ =~ 20 =~ =,
Tz —Thz < e (Tjz —T] 1). (32)
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To see why it is true, notice that by (49) (proven in Appendix),

ET"x — ETq q T‘“a: H f T‘“ + (2

T(l*lil T(l1~
9a "~ Ba aala "I,

J=q

where Z;(a) = T/%. Since the second summund in r.h.s. is non-negative,
q—
—T i> H T‘“

or

S

) - )
— T4 > ", —Tn
8U, al Z ch (Z](a’))aa a ’

where z;(a) = TV zy(a), z0(a) = T4 (a). But (31) imply that

g2—1

6721) < H f'(zj(a)) < 6211
=0

for all @ € I(p/q) such that z;(a) # 29 for all 0 < i < g—1,7=0,1. Therefore
0 0
%Tglj S EQUB_T‘;‘]'% (33)
for almost all a € I[p/q]. To prove (32) it stays to notice that

THG — Thi =
a xr a()T / a

2”/ —TH(i)da =Tz — TS .

Notice that
TG 5 =T TOG:+TOF — & (34)
It follows from (32) that
TPz~ The < e™(Tii — TL7) =e™ (T — T2 T).
Notice that
ToTS 3, %) C (2, T2 3) C (3, T8 7).
Using (31), we obtain

e (T3, )] < |8, Tha)| < |(2,Th)|.
To sum up

T9E —The < e"(T17 — ).
Hence, (34) yields

TPz — 3 < (1+e")(Ti — &)

a
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Yy
A(b+c,a+a)
C(c,a) J
" B(b,a)
@) T
FIGURE 9
Therefore,
o 5 . e 5 (35)
Tgliz -2 14+e"Thi—x
Now notice that
x(l) — T 3:(1) —x
Cr Cr

— > :
Tt =3 = 7o) — 1ol
The r.h.s. fraction could be estimated by the following lemma.

Lemma 8. Given a, b, ¢ > 0 such that

2 >0 and 2 >,

b c
the following inequality holds:

1
Cbl_—::z > min(d, ), i.e., % > Emin(é, Y). (36)

Proof. Consider points B = (b,a), C = (¢,a), and A = (b+ ¢,a+ a) on the plain
xOy (cf Figure 9). The slope of ray OA lies between slopes of rays OB and OC.
Hence,

a—+a a a
> min(—, —) > min(d
> min(}, ) > min(,)

as required.

Let us use (36) with a = 2y

O
have l

—z,b="T] 25 — 28 and ¢ = 2l — ngxﬁl). We
)

a Tor — T B R
¢ of) —TE)  R+1
and
a TEP —x
b T x((;l) . x((})'
agq r r
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ig Te T jrl‘
UIU I /Ull I I yf I UI? -
w =10 w=1

FIGURE 10. Intervals AY = 22 2], AP = [z.z], AP =
[T, z}), where 22 =T f®x,, . =T flx., and T, = T fI x,

Since
T’“(T‘” (1) (1)) ( (1) a,. ())7

ag Ley's Ty Ley's ag Ly

we can apply (31) to obtain

o B a3 <ew B
BT = 7,0 0 = Re
Therefore,
Tﬂl)—% e R

>
That — Tial) — 2 R+1
Combining our estimates, we obtain

xg) -z 1 e R

T — ¢ 2 14+et 2 R+1’

as required. O

Now take
o Teal) 42l
=
2
By Lemma 7 there exists a unique a, corresponding to passing of periodic trajec-
tory through x:

P(Ta) =

Q3

0~ -~
, 1772 = .

Denote yo = Ty, 11 = &, ys = Ty, ys = Ty, Clearly, 25 € (yo. y1).

It follows from (30), that relative coordinate d;(a) of 28 is bounded away
from 0 and 1 for all n large enough:

1 e 2 1 p (f]) B TEP — y] 1

- Z<d —
21 +etv2 — Y2 — Y 1—|—P '

Denote 7! = Tfoz,), 22 = Tf2(z.), 1. = TfI""?(z,). Evidently, 7
(yo, 1), Ze € (y2.y1), Z1 € (y1,y0). Notice that 7, > z&t). Indeed, TqTEr
Taqnxci — .Z‘((zi)

(37)

=2
. €
)
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1.(A)
= I /) I(p2/q2)
ao(p1/q1) 8 a(pi/q1)  ar(pi/am) ao(p2/q2) ai(p2/q2)
(8]

FIGURE 11. Intervals I(p1/q1), I(p2/q2) and I.(A)

Points 22, 2\, Z,., z! form three successive intervals. Denote this intervals
by Agl), AEQ), A@, respectively. We have AY = [f%,xg)], AP = [xg),a’:c],

A® = [z,,2!] (see Figure 10). We shall show that the length of each of these

c

intervals is of the same order.

Preposition 7. There exists a constant Cy such that for all n large enough
max(I(AM), 1(AP), 1(AP))
min(l(Agl)), l(A?)), l(A?)))

Proof. Notice that (37) and Lemmas 5 and 6 imply that Ag)/(a:g) — yo) and

AE;Q)/(,% — Z.) are bounded away from 0 and 1 by universal constants. Hence it
is sufficient to show that

(y2 — y1) < const (y1 — ya), (Yo —v1) < (v1 — Ya).

But [ys, y2] = Tf2[y2, v1], [y1,y0] = Tf?[y2, y1] and these estimates follow from
Corollary 1. 0

6. PROOF OF THE THEOREM 1

Let A = (p1/q1,p2/q2) be a “good” Farey interval of rank n , i.e. a Farey
interval such that ¢ = max(q,q) < 2¢" = 2min(q;,g). Denote by a(V) =
ao(pr/q1), a® = ag(pa/qs) those ends of the intervals I(pi/q1), I(p2/q2) which
correspond to the passage of the periodic trajectory through the singular point.
By Theorem 2, these ends are left. Let I,(A) be the interval (a(V),a®) and let
I.(A) = [aD, a®)] be its closure (see Figure 11). Denote 2™ (a) = T f™(z.) where
r. = 0 is a critical point and m > 0.

Preposition 8. There exists 0 < v < 1 such that for all n large enough
I(1
(I(p1/q)) >1 -~
[(1c(A))

This statement implies theorem 1.

(38)
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w (Y u

: B —— e T,
& (a(pr/q1)) s z& (a(p1/q)) 2 (ao(p2/q2))

FIGURE 12. Intevals w, v, u

Proof of Theorem 1. Suppose that p = p(a) is irrational and «a is a condensation
point for set {a | p(a) € [0,1) \ @Q}. Then there exists an infinite sequence of
“good” Farey intervals A;, containing p. Since a € I.(A4;) and [(I.(A4;)) — 0
as i — oo, using (38) we arrive at contradiction with assumption that a is a
condensation point. [

Let us denote

M, 5 = max <§xq1’2(a)>

a€l.(A) a

0
mio = min [ —z%%(a
12 a€l,(A) <6a ( )>

Proof of Preposition 8. First notice, that the we have the following ordering:

ao <Zﬂ> < a(ﬂ) < a <Z£> < ag <&> < ay <ZQ> (see Figure 11).
Uil 41 Uil 42 a2

Let us denote

<p2> ~<p1> ~<p1> <P1>
a=a|—|—al— ), b=a|l— ) —ay| —].
q2 q1 q1 q1

For any function f(z) such that f’(z) > 0 we have the following estimates for
any z; < 2o:
f(z) = f(=1) <zp—2z < f(z2) = f(=1)

maxze[zl,zg} fI(Z) N minze[zl,zz} fI(Z) .

v I o) "

e i

P
" (ag| — |) = x.,
(0<Q1>)

v=x" (5(12)) — 1z, (see Figure 6)
Al

It follows that

Using the equality

and notation



28 D.KHMELEV

we can rewrite (39) as follows:

./L:(“ (f]; (&) ) — '/I"C
q 0
8> nj'] = (40)

Also, we have

iz mu(z) ez n(z)

Ml my ’

and after notation

u = 12" (aq <%)) — 2" (@ (%)) (see Figure 6),

we obtain
U U
— <a< —. (41)
1 my
Now, let us write
792 (ao (&) ) _ 2 (5 (&) )
o < q2 41 .
mgy

Since

this estimate with notation
w =z — 2% (aq <12>) (see Figure 6)
q2
yields
a < — (42)

Now let us notice that the following ordering takes place:

7% (@ <ﬂ>) <z < mfh(a<72>) < 2% (aq <72> ).
0 1 q2

Suppose that p; /¢ is obtained from some Farey interval (pa/q2, po/qo), i-e. ¢1 =
go + ¢q1, p1 = po + p2. In this case we can use Lemma 7, where

~ [P
a = a’(q_]>7 p/q :pl/(h; AS‘I) = w, AE’Q) = .

1

It follows from Lemma 7, that for some C' we have

c<%<10 (43)
v
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Combining estimates (40), (41), (42) and (43), we get the following inequalities

/) o B 1
(L) ~Bra Ttafp
R
TiyeMo Muw
my, v my w v
> ! = ! > ! <1l-—79y
71+%QMIE 1 M Myw =140 ’
my Mo U my Mo U

where we assumed that

M, M,
—, — < const < oo.
my Mo

These inequalities are proven in the following Preposition 9. ]
Preposition 9. Let A be a “good ” Farey interval. Then
miy Mo M1 My

— —, —,—— > const > 0.
M, My, M, M, —

Proof. We use the following preposition (see 2| and |3, Preposition 6.3]). Denote
A= (Tfly(@e), T fleo(2c)).

Preposition 10. The system of intervals A;, 1 < i < ¢ = max(qq,q2), covers
any point of the circle at most twice.

Corollary 3. Y7 1(A;) < 2.

Let ¢ < ¢ = max(qi,q2), a € I(A). It follows from (52) that

5r'@ =3 ] i@ (44)

where
v/(a) = Tfi(xe).

Consider one of the summands in (44),
g1
Bi(a)= [] fi(’(a)
j=i+1

Lemma 9. There exists constant C' such that for any a,, as € 1(A) we have

q
l S Biﬁ(a‘]) S C
C ™ Bi(a)
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Proof. It is easy to see that x. ¢ A;, 1 < j <gq. Hence,

-1
0 B (ar) —In Bf (az)] < 1Y (I f(j(ar)) — In f'(;(az)))
j=i
< const max ) l Aj) < 2max f (y)‘ =InC.
vest | f'(y) vest | f'(y)
Here we used Corollary 3 and (In f)(y)) = fé’(y)/f(;(y) O

Therefore, Lemma 9 implies that my/M;, my/Ms > 1/C. Now let us compare

dz" (a 0z% (a
v (a) with 2 (a) Assume that ¢ = max(qi, ¢2) = ¢o. Using (49) for f(a) =
a a
@1 (x,), g(a) = fI*(x.), we obtain

8 q2—1 0
— 112 —a EW o
.’E (]]iq[ f ) X ( ) + 80Tfa (:EU) zo=1(a) . (45)

Applying Corollary 1 to the Farey interval (pi/q1, (pa — p1)/(q2 — ¢1)), we get

g2—1
e < [ fila’(a) <€, aeI(A).

j=q
It follows from (45), that
0z%(a)/da [ i -y
qua/8a<HfT =
J=mn

and my /M, > 6*2”/0. The following estimates could be obtained like Lemma 9.
L _ (00018 (@)

c - (0/0a)ze 0 (a) <G acI(4). (46)
As one can see, in order to prove (46), one have to consider
g—1
Bi(a) = [] F'h(a),
J=it+1

where 27 (a) = T 27 (a).

Lemma 10. There ezists constant C' such that for any a,,ay € I(A) we have

R4
l S ?77(01) S C
C qu(ﬂg)
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Proof.

In B (a) — In Bl (az)] < > (In f'(@) (1)) — In /(27 (a2)))]

j=i

< \Z (In f quJ?] (a1)) — lnfl(l"j(al)”

+ |Z (In f'(27 (a1)) — In f'(27 (a2)))].

The second sum in r.h.s is estimated as in Lemma 9, and the first sum is bounded
by constant, since the total length of intervals [27(a;), 7927 (a1)], j = 0,...q, do

Y al

not exceed 1, i.e., the finite length of the circle. (]

Using (49) for f(a,-) = f29-%(.), g(a) = f2 % (x.), we obtain

0 q1—1 P
9 ’I“‘ZI < H f > e q1(a)_|_ %ngqrm(mo) . (47)
J=a2—a To=x92"91(a)
We have
0/0a)x" (a o o .
(ég/é))(()) > [ fi@) = e, ae1(a), (48)

where we applied [3, Preposition 3.4, p. 65| to the Farey interval ((2p1—p2)/(2¢1 —
q2), (p2 — p1)/(q2 — q1)). Using (46) and (48) we obtain

0

T [ ()

0 0
< (O 22— < 3v_7 . ]
5 < Caax (a) < Ce 50" (a)

a

ro=191(a)
Substituting last estimate to (45) we obtain

0
_./qg D) < /21) /311
BaT (a) < (e’ +eC)

—z%(a).

da
0z" (a)

a

Let a be the value such that

is minimal. Combining our estimates,

a=a

we obtain

my  (0/0a)x®(a) (0/0a)x®(a) 1 1
M,  (8/9a)z(a) M, = <e%+063v>5 =
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APPENDIX
Consider function f(z,y) € C'(R x R) and g(y) € C*(R). Denote
0 0
falw,y) = 5-f(zy)]  and fy(v,y) = 5-f(z.q)
Note that, |
0
%ﬂﬂmwthMwWM+h@Mw) (49)

Denote by f™(z,y) the nth iteration of function f with respect to variable z:
fi@y) = FUFC fU (), 9) - 9), ).

Lemma 11. For anyn € N

51 §:@x7 ) T Ao )+ W) [ faleiw).0). (50

J=i+1

where z;(y) = 7~ (g(y), ), z1(y) = g(y).
Here and later the product with low limit higher than upper limit is equal to 1.

Proof. 1t follows from (49) that the statement is true for n = 1. By induction,
suppose that (50) is true for n = k — 1. To obtain this formula for n = k we
substitute ¢g(y) — f(9(v),y), zj(y) — z;+1(y) in (50) for n =k — 1.

aﬁm@»wz—aﬁ*um@»ww>

Ay
k—1 6
= Z $1+1 H fr 33]+1 U (H fr 33]+1 )
i=1
k

Jj=i+1

) H fT('Z‘](U)JU)

+Kh@@%wdwthW@LMWiIh@AwwO
PRI | RACGTORIERAN) | FACAORY
Here we use (49). O
Lemma 12. For any k € N
SILCRIED SEATTORIN | FACHORY 51
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Proof. Fix = and put g(y) = f(z,y), n =k — 1 in (50).
It follows from (51) that

n—1 n—1

Do)=Y T fatasta))

i=0 j=i+1
where

zj(a) = fl(z).
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