
RATIONAL ROTATION NUMBERS FOR HOMEOMORPHISMSWITH TWO BREAK-TYPE SINGULARITIES�D.KHMELEV1. Introdu
tionThis work deals with the family of homeomorphisms of the 
ir
le Ta : S1 ! S1,where S1 = [0; 1), a 2 [0; 1℄. Ea
h Ta is defined by its lift fa : R ! R su
h thatffa(x)g = Tx. We 
onsider simpliest family fa = f + a, where 0 � f(0) < 1.Suppose that T = ffg has two break-type singularities at points x(1)
r 6= x(2)
r ,i.e., the following 
onditions hold:1) T 2 C2+"(S1 n fx(1)
r ; x(2)
r g),2) There exists T 0(x(i)
r �) and T 0(x(i)
r +), i = 1; 2, and
i =vuutT 0(x(i)
r �)T 0(x(i)
r +) 6= 1:Denote by �(Ta) = �(fa) = limn!1 fna (x0)=n the rotation number of the home-omorphism �(Ta).Theorem 1. Suppose 
1
2 6= 1 and 
1 6= 
2. Then the Lesbesgue measure of theset fa j �(Ta) 2 [0; 1℄ n Qg is zero.This theorem for one break-type singualrity was proven in [1℄.2. Notations and apriori estimatesLet us denote an interval with endpoints � and � as followsI(�; �) = ((�; �); if � � �;(�; �); if � > �:We also put I[�; �℄ = I(�; �). A good des
ription for Farey numbers is givenin [1℄. We shall need only the following properties of Farey intervalA = (p1=q1; p2=q2) �(0; 1):(1) p2q1 � p1q2 = 1.(2) All rationals inside A have the form (kp1 + lp2)=(kq1 + lq2). The rationalnumber with smallest denominator is (p1 + p2)=(q1 + q2).�ýòîò òåêñò ïîëó÷åí èç �àéëà 2.TEX 1



2 D.KHMELEVConsider homeomorphism T with two break-type singularities and 
orrespondinglifting f . Choose arbitrary point x0 on the 
ir
le and 
onsider the traje
toryfxi = T ix0; 0 � i � q1 + q2g. Denote by �(1)0 and �(2)0 the 
losed intervals[x0; xq1℄ and [xq2 ; x0℄, respe
tively. Denote by �(1)i and �(2)j the images of theseintervals under the a
tion of T :�(1)i = T i�(1)0 ; �(2)i = T j�(2)0 ;The following Preposition was proved in [1℄ and the proof works in our situationwithout any 
hange.Preposition 1. Suppose �(T ) 2 (p1=q1; p2=q2). The traje
tory fxi = T ix0; 0 �i � q1+ q2g forms a partition of the 
ir
le 
onsisting of intervals �(1)i , 0 � i � q2and �(2)j , 0 � j � q1.Denote this partition by �(A; x0). Denotev = jln 
21j+ jln 
22j+ VarS1 ln f 0:Consider now traje
tory yi = T iy0 of point y0, su
h that yi 6= x(1)
r and yi 6= x(2)
rfor any 0 � i � q2. Denote q = max(q1; q2) and p = max(p1; p2).Preposition 2. Suppose �(T ) 2 I((p1 + p2)=(q1 + q2); p=q) or �(T ) = p=q. Thene�v � q�1Yi=0 f 0(yi) � ev: (1)Proof. We follow the lines of proof given in [1℄ with 
orre
tions due to the se
ondsingularity point. To be definite, assume that q2 > q1. Then q = q2, p = p2.Let us 
onsider the 
ase �(T ) 6= p2=q2 (the same arguments apply to 
ase �(T ) =p2=q2 be
ause there exists a periodi
 traje
tory x0, . . . , xq2�1, su
h that x0, . . . ,xq2�1 form a proper partition of the 
ir
le). Consider partition �((p1 + p2)=(q1 +q2); p2=q2; x0), where the traje
tory xi = T ix0 of x0 do not tou
h 
riti
al points.Noti
e that xq1+q2 2 �(1)0 , sin
e �(T ) 2 ((p1 + p2)=(q1 + q2); p2=q2). Let us showthat �����q2�1Xi=0 ln f 0(yi)� q2�1Xi=0 ln f 0(xi)����� � VarS1 ln f 0: (2)Indeed, assume that y0 2 �(2)j , 0 � j � q1. Let xk+j 
orrespond to yk for0 � k < q1 � j and let xk+j�q1 
orrespond to yk for q1 � j � k < q2. We have[xk+j; yk℄ � �(2)k+j, 0 � k < q1 � j for 0 � k < q1 � j and [yk; xk+j�q1℄ � �(1)k+j�q1for q1 � j � k < q2, i.e., the intervals do not interse
t ea
h other. Hen
e, we getestimate (2). The same arguments apply to the 
ase y0 2 �(1)i , 0 � i � q2.
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1Figure 1Noti
e now thatZS1=[0;1) q2�1Yi=0 f 0(yi)dy0 = 1Z0 ��y0f q2(y0)dy0 = f q2(1)� f q2(0) = 1:Noti
e that g = �f q2=�y0 is not equal 1. It follows that g takes values above andbelow 1. Without loss of generality suppose that x(1)
r = 0 and x(2)
r 2 (0; 1). If gis arbitrary 
lose to 1 in neighbourhood of some point y0, then we are done (this
ase is shown on Figure 1).Hen
e, assume that g never approa
hes 1, as shown on Figure 2. Noti
e that g ispie
ewise-
ontinuous (and even of 
lass C1+" on ea
h interval of 
ontinuity). Alldis
oninuity points are formed by preimages T�ix(1)
r and T�jx(2)
r of singularitiesx(1)
r and x(2)
r for 0 � i; j � q2. For some i, j we 
an have T�ix(1)
r = T�jx(2)
r andthis imply that 
orresponding singularity of g has break 
1
2. Other singularitieshave break equal 
1 or 
2. Noti
e that no other breaks 
an happen. Indeed, if forsome 0 � i1, j1, i2, j2 � q2 we haveT�i1x(1)
r = T�j1x(2)
r and T�i2x(1)
r = T�j2x(2)
r ;then point y� = T�j2x(2)
r is periodi
 of period q� = j(j1 � j2) + (i1 � i2)j, sin
eT�j2 Æ T j1 Æ T�i1 Æ T i2y� = y�
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��
1y� Figure 2Hen
e �(T ) = p�=q� for some p�. But q� = j(j1 � j2) + (i1 � i2)j � 2q2, and this
ontradi
ts property (2) of Farey intervals, sin
ep�q� 2 (p1 + p2q1 + q2 ; p2q2 ) = Band the rational with smallest possible denominator in B is (p1+2p2)=(q1+2q2),but q1 + 2q2 � 1 + 2q2 > 2q2 � q�:Using the same arguments we arrive at 
ontradi
tion if T�i1x(1)
r = T�i2x(1)
r orT�i1x(1)
r = T�i2x(1)
r for some 0 � i1, i2 � q2.The 
ase �(T ) = p2=q2 is even easier. If for some i, j we have T�ix(1)
r = T�jx(2)
r ,then x(1)
r = T i�jx(2)
r and all q2 singularities have break 
1
2. If T�i1x(j)
r = T�i2x(j)
rfor some i1 < i2, i2 � i1 < q2, j = 1; 2, then we have �(T ) = p�=q�, whereq� = i2 � i1. But q� < q2 and we arrive at 
ontradi
tion with �(T ) = p2=q2,Hen
e the following inequality holds for every singular point y�:�����lnsg(y��)g(y�+) ����� � jln 
1j+ jln 
2j = C1;2: (3)
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e now that sin
e g take values above and below 1, one 
an 
hoose a singu-larity point y� su
h that one of the following 
onditions holds.1) g(y��) < 1, g(y�+) > 1,2) g(y��) > 1, g(y�+) < 1.Consider 
ase 1). Then, by (3)g(y��)g(y�+) � 1e2C1;2 : (4)Sin
e g(y�+) > 1, g(y��) > 1e2C1;2 ;and sin
e g(y��) < 1, e2C1;2 > g(y�+):The same argument works for 
ase 2). Hen
e,g(y��); g(y�+) 2 (e�2C1;2 ; e2C1;2):Hen
e given " > 0 we 
an 
hoose x0 su
h thatjln g(x0)j < 2C1;2 + " = jln 
21j+ jln 
22j+ ": (5)Estimates (2) and (5) imply�����q2�1Xi=0 ln f 0(yi)����� � VarS1 ln f 0 + jln 
21j+ jln 
22j+ ": (6)Sin
e " is arbitrary, inequality (6) holds for " = 0 and taking exponents of bothsides of (6) we obtain (1). �Now denote q = max(q1; q2); q0 = min(q1; q2)p = max(p1; p2); p0 = min(p1; p2):Preposition 2 gives a-priori estimate for derivative of f q for �(T ) 2 I((p1 +p2)=(q1 + q2); p=q) and �(T ) = p=q. The following prepositions provide esitmatesfor derivatives of T q0 and T q on the whole interval [p1=q1; p2=q2℄. Both preposi-tions are simple 
orollaries of Preposition 2. They are analogous to Prepositions3.3 and 3.4 in [1℄ and are proven in the same way.Preposition 3. Suppose one of the following 
onditions hold:1) �(T ) 2 (p1=q1; p2=q2);2) �(T ) = p0=q0;3) �(T ) = p=q, q � 2q0.Then e�v � q0�1Yi=0 f 0(yi) � ev:If the following 
ondition 3') holds



6 D.KHMELEV3') �(T ) = p=q and q < 2q0,then e�2v � q0�1Yi=0 f 0(yi) � e2v: (7)Proof. Take 0 < q3 = q � lq0 < q0, l 2 N , and, respe
tevely, p3 = p � lp0.Applying of Preposition 1 to Farey interval I(p3=q3; p0=q0) we obtain that thefollowing estimate e�v � q0�1Yi=0 f 0(yi) � ev (8)holds if �(T ) 2 ((p3 + p0)=(q3 + q0); p0=q0) or �(T ) = p0=q0. Hen
e, we immidiatelyobtain our statement in 
ase 2). Case 1) is also obtained from (8), sin
e(p1q1 ; p2q2 ) = I(p0q0 ; pq ) � I(p0q0 ; p3 + p0q3 + q0 ):Consider now 
ase 3). Noti
e that if q = 2q0, then by property (1) of Fareyintervals we have 1 = jpq0 � p0qj = jpq0 � 2p0q0j = jp� 2p0jq0;and sin
e q0 is integer, we have q0 = 1. Hen
e, our estimate is trivial. Therefore,assume that q > 2q0. Then q3 = q � lq0 with l � 2 and hen
epq 2 I(p0q0 ; p3 + p0q3 + q0 ):It stays to 
onisder 
ase 3'). We have q < 2q0: Apply our statement to Fareyinterval I((p � p0)=(q � q0); p0=q0). Sin
e q � q0 < q0 and �(T ) = p=q 2 I((p �p0)=(q � q0); p0=q0), we fall in 
ase 1) 
onsidered before. Hen
e, the followingestimate hold: e�v � q�q0�1Yi=0 f 0(zi) � ev:Applying Preposition 1 to Farey interval I(p0=q0; p=q), and remembering that�(T ) = p=q, we obtain e�v � q�1Yi=0 f 0(zi) � ev:Hen
e, e�2v � q�1Yi=0 f 0(zi), q�q0�1Yi=0 f 0(zi) � e2vor e�2v � q�1Yi=q�q0 f 0(zi) � e2v:



RATIONAL ROTATION NUMBERS (2.TEX) 7Choosing zq�q0 = y0 we obtain (7). �Preposition 4. Choose q3 = q � lq0 su
h that 0 < q3 < q0, l 2 N.1) If �(T ) 2 I(p0=q0; (p1 + p2)=(q1 + q2)), thene�(l+1)v � q�1Yi=0 f 0(yi) � e(l+1)v : (9)2) If �(T ) = p0=q0, thene�(l+2)v � q�1Yi=0 f 0(yi) � e(l+2)v : (10)3) Denote Yk = I((k + 1)p0 + p(k + 1)q0 + q ; kp0 + pkq0 + q ):If �(T ) 2 Yk or �(T ) = (kp0 + p)=(kq0 + q) for k � 1, thene�(k+1)v � q�1Yi=0 f 0(yi) � e(k+1)v (11)Proof. Consider Farey interval I(p3=q3; p0=q0). If �(T ) 2 I(p3=q3; p0=q0), then, by
ase 1) of Preposition 3 we have estimatee�v � q3�1Yi=0 f 0(zi) � ev: (12)Noti
e also, that q0 + q � 2q0. Hen
e Farey interval I(p0=q0; (p0 + p)=(q0 + q))and rotation number �(T ) 2 I[p0=q0; (p0 + p)=(q0 + q)℄ satisfy 
onditions 1)�3) ofPreposition 3. Therefore, e�v � q0�1Yi=0 f 0(zi) � ev: (13)Sin
e q = lq0 + q3, 
ombining (12) and (13) we obtain (9).If �(T ) = p0=q0, then for Farey interval I(p3=q3; p0=q0) 
onditions of 
ases 3) or3') of Preposition 3 holds. In worst 
ase 3') we have estimatee�v � q3�1Yi=0 f 0(zi) � ev:Combining the last inequality with (13), we get (10).Now 
onsider 
ase 3), i.e., �(T ) 2 Yk or �(Tf) = (kp0 + p)=(kq0 + q). ApplyPreposition 2 to Farey interval I(p0=q0; (kp0 + p)=(kq0 + q)). It follows thate�v � kq0+q�1Yi=0 f 0(zi) � ev for �(T ) 2 Yk or �(Tf) = kp0 + pkq0 + q : (14)



8 D.KHMELEVAppli
ation of Preposition 3 to Farey interval I(p0=q; (kp0 + p)=(kq0 + q)) yieldse�v � q0�1Yi=0 f 0(zi) � ev for �(T ) 2 Yk or �(Tf) = kp0 + pkq0 + q ; (15)sin
e kq0 + q � q0 + q � 2q0 and estimates for 
ases 1)�3) of Preposition 3 hold.Combining (14), (15) and q = lq0 + q3 we get (11). �As one 
an see, if q < lq0, then we have effe
tive estimates for derivatives ofT q and T q0. In fa
t, this is one of reasons for introdu
ing so-
alled �good� Fareyintervals used by G. �Swiatek [2℄ and K. Khanin [1℄ in similiar setting. A Fareyinterval A = (p1=q1; p2=q2) is 
alled �good� ifq = max(q1; q2) < 2q0 = max(q1; q2):It follows from statement 3) of Preposition 4 that if rotation number is nottoo 
lose to the ends of Farey interval (p1=q1; p2=q2), then we also have effe
tiveestimates for derivatives. In parti
ular, the following 
orollary holds.Corollary 1. Consider Farey interval (p1=q1; p2=q2). Suppose �(T ) = (p1 +p2)=(q1 + q2). Then e�v � q1+q2�1Yi=0 f 0(yi) � ev; (16)e�2v � q1�1Yi=0 f 0(yi); q2�1Yi=0 f 0(yi) � e2v (17)for any traje
tory yi = T iy0, i = 0, . . . , q1 + q2 � 1 su
h that yi 6= x(j)
r , j = 1; 2.Corollary 2. Consider Farey interval (p1=q1; p2=q2). Suppose�(T ) 2 [p1 + p2q1 + q2 ; p1 + 2q2q1 + 2q2 ℄:Then e�3v � q1�1Yi=0 f 0(yi); q2�1Yi=0 f 0(yi) � e3v (18)Proof. Let us prove an estimate for �f q1=�x. If q1 � q2, then Preposition 7, givesan estiamate e�2v � q1�1Yi=0 f 0(yi) � e2v:If q1 > q2, then q0 = min(q1; q2) = q2, q = max(q1; q2) = q1 and we 
an applyPreposition 4 for Y1 = I(2p0 + p2q0 + q ; p0 + pq0 + q ) = (p1 + p2q1 + q2 ; p1 + 2p2q1 + 2q2 );



RATIONAL ROTATION NUMBERS (2.TEX) 9and we obtain that e�2v � q1�1Yi=0 f 0(yi) � e2v for all �(T ) 2 Y1:Appli
ation of 
ase 3) of preposition 4 for �(T ) = (p1 + 2p2)(q1 + 2q2) yieldsestimate e�3v � q1�1Yi=0 f 0(yi) � e3v for all �(T ) �Yk: �Noti
e that estimate (2) imply the following important Lemma about de
ayof lengths of intervals �(1)i and �(2)j , that 
ould be proven like Preposition 3.5in [1℄.Lemma 1. Take � = (1 + e�v)�1=2 < 1. Suppose that �(T ) 2 [p1=q1; p2=q2℄ andthe expansion of p1=q1 to the 
ontinuous fra
tion has length n:p1q1 = [k1; : : : ; kn℄; kn � 2:Then j�(1)i j; j�(2)j j � 
onst�nfor all 0 � i � q2, 0 � j � q1.3. Periodi
 rotation numbersHere and further we shall denote by 
onst any universal 
onstant that dependson homeomorphism f only and do not depend on a. In this se
tion we 
onsiderfa for some a su
h that �(fa) = p=q = [k1; : : : ; kn℄, kn � 2. For sake of shortnesswe shall omit index a till the end of the se
tion.It is well-known that for f = fa there exists a periodi
 traje
tory of periodq. Denote by �0 = [y1; y2℄ an interval of this traje
tory, 
ontaning point x(1)
r .Denote �i = f i�0. For some r we have �r 3 x(2)
r . Let us introdu
e relative
oordinates of x(1)
r , x(2)
r and f�rx(2)
r on intervals �0, �r and �0, resp. Clearly,d1 = x(1)
r � y1y2 � y1 = x(1)
r � y1j�0j ;d2 = x(2)
r � f ry1f ry2 � f ry1 = x(2)
r � f ry1j�rj ;~d2 = f�rx(2)
r � y1y2 � y1 = f�rx(2)
r � y1j�0j :Let us introdu
e �f(w) = 1y2 � y1 (f q(y1 + w(y2 � y1))� y1);where w 2 [0; 1℄. Clearly, �f(w) is a res
aled return map f q : �0 ! �0.



10 D.KHMELEVIn order to study �f(w) we need the following notations:f l
;d(w) = 
2w1 + d(
2 � 1) ;f r
;d(w) = w + d(
2 � 1)1 + d(
2 � 1) ;FM(w) = wM(1� w) + w:One 
an see that fun
tionf lr
;d(w) = (f l
;d(w); w 2 [0; d℄;f r
;d(w); w 2 [d; 1℄;is a 
ontinuous pie
ewise-linear map [0; 1℄! [0; 1℄ su
h thatf lr
;d(0) = 0; f lr
;d(1) = 1; ��wf lr
;d(w)����w=d�� ��wf lr
;d(w)����w=d+ = 
2:This map will be used to approximate mapping f on intervals �0 and �r, sin
eby Lemma 1 they are exponentially small.As was shown in Preposition 4.3 in [1℄ the mapping FM(w) is a very goodapproximation for mapping f r2�r1 : �r1 ! �r2 if intervals �i do not 
over
riti
al points x(1)
r and x(2)
r for i = r1, . . . , r2 � 1. DenoteM(r1; r2) = exp r2�1Xi=r1 Zy2�i f 00(y)2f 0(y)dy! :Also, definef r2;r1(w) = 1j�r2j(f r2�r1((1� w)f r1y1 + wf r1y2)� f r2y1)Lemma 2. Suppose intervals �i do not 
over 
riti
al points x(1)
r and x(2)
r fori = r1, . . . , r2 � 1. ThenkFM(r1;r2) � f r2;r1kC2([0;1℄) � 
onst �n;where � is a universal 
onstant, given in Lemma 1.This lemma is proved as Preposition 4.3 in [1℄. The only prerequisite requiredin proof of Preposition 4.3 [1℄ is an apriori estimates for geometri
al de
ay of sizeof intervals. In our setting, this estimate is provided with Lemma 1. Hen
e weomit the proof for sake of saving spa
e.



RATIONAL ROTATION NUMBERS (2.TEX) 11Let us defineM1 = M(1; r) = exp r�1Xi=1 Zy2�i f 00(y)2f 0(y)dy! ;M2 = M(r + 1; q) = exp q�1Xi=r+1 Zy2�i f 00(y)2f 0(y)dy! :Fun
tions f l
;d, f r
;d and FM have the following useful properties:FN Æ FM = FMN ; (19)f l
;d(d) = f r
;d(d) = F1=
2(d) (20)for all M , N , 
, d. Indeed,FM(w) = wM(1� w) + w; 1� FM(w) = M(1� w)M(1� w) + w (21)and FN Æ FM(w) = wM(1� w) + wN M(1� w)M(1� w) + w + wM(1� w) + w= wMN(1� w) + w = FMN(w);as required for (19). To see why (20) holds, one needs very simple algebra:f l
;d(d) = f r
;d(d) = 
2d1 + d(
2 � 1) = 
2d(1� d) + 
2d= d1
2 (1� d) + d = F1=
2(d):Now let us introdu
e fun
tionG
1;d1;
2; ~d2;M1;d2(w) : [0; 1℄! [0; 1℄by the following rules. If 0 � d1 � ~d2, thenG
1;d1;
2; ~d2;M1;d2(w) = 8>><>>:F 
1
2M1 Æ f l
2;d2 Æ FM1 Æ f l
1;d1(w) for 0 � w < d1;F 
1
2M1 Æ f l
2;d2 Æ FM1 Æ f r
1;d1(w) for d1 � w < ~d2;F 
1
2M1 Æ f r
2;d2 Æ FM1 Æ f r
1;d1(w) for ~d2 � w � 1:



12 D.KHMELEVIf ~d2 < d1 � 1, we haveG
1;d1;
2; ~d2;M1;d2(w) = 8>><>>:F 
1
2M1 Æ f l
2;d2 Æ FM1 Æ f l
1;d1(w) for 0 � w < ~d2;F 
1
2M1 Æ f r
2;d2 Æ FM1 Æ f l
1;d1(w) for ~d2 � w < d1;F 
1
2M1 Æ f r
2;d2 Æ FM1 Æ f r
1;d1(w) for d1 � w � 1:Lemma 3. k �f(w)�G
1;d1;
2; ~d2;M1;d2kC2([0;1℄nfd1; ~d2g) � 
onst�n": (22)Proof. Clearly, �f(w) = f r+1;q Æ f r;r+1 Æ f 1;r Æ f 0;1:We 
an use Lemma 1 to approximate f 0;1 with f lr
1;d1 and f r;r+1 with f lr
2;d2 .Lemma 2 imply that f 1;r is 
lose to FM1(w) and f r+1;q is 
lose to FM2(w). Toobtain formula for G we only need to noti
e that M1M2 � 
1
2. More pre
isely,lnM1 + lnM2 = q�1Xi=0 Z�i f 00(y)2f 0(y)dy � Z�0 f 00(y)2f 0(y)dy � Z�r f 00(y)2f 0(y)dy= ln 
1
2 � Z�0 f 00(y)2f 0(y)dy � Z�r f 00(y)2f 0(y)dy:By Lemma 1 ����Z�0 f 00(y)2f 0(y)dy + Z�r f 00(y)2f 0(y)dy���� � 
onst�n;as required. �Let us introdu
e d̂2( ~d2) = (FM1(f l
1;d1( ~d2)) 0 � ~d2 � d1;FM1(f r
1;d1( ~d2)) d1 � ~d2 � 1: (23)Lemma 4. We havekG
1;d1;
2; ~d2;M1;d2 �G
1;d1;
2; ~d2;M1;d̂2( ~d2)kC2([0;1℄nfd1; ~d2g) � 
onst �n" (24)Proof. Noti
e that jd̂2( ~d2)� d2j � C�n":Both fun
tions are 
ontinuous on the same intervals. On ea
h of them they arejust fra
tional-linear fun
tions with exponentially 
lose parameters. Moreover,all parameters are bounded away from 0 and infinity. Hen
e, these fun
tions are
lose with both derivatives. �Therefore, the following preposition holdsPreposition 5.kG
1;d1;
2; ~d2;M1;d̂2( ~d2) � �fkC2([0;1℄nfd1; ~d2g) � 
onst �n"



RATIONAL ROTATION NUMBERS (2.TEX) 13For any monotonous fun
tion g : [0; 1℄! [0; 1℄, satisfying g(0) = 0 and g(1) = 1let us introdu
e relation R(g; d), given by formulaR(g; d) = 1� g(d)g(d) : 1� dd :This relation satisfy the following important equality:R(FM ; d) = M: (25)Indeed, by (21) R(FM ; d) = M(1� d)M(1� d) + ddM(1� d) + d : 1� dd = M:Lemma 5. We have jR(G
1;d1;
2; ~d2;M1;d̂2( ~d2); d1)R( �f; d1) � 1j ! 0as n!1 for any fixed f (and hen
e fixed 
1, 
2).Proof. For sake of shortness let us denoteG(w) = G
1;d1;
2; ~d2;M1;d̂2( ~d2)(w):Noti
e now, that R(G; d1)R( �f; d1) = 1�G(d1)1� �f(d1) �f(d1)G(d1) :Fix some " > 0. There exists Æ > 0 su
h that for all d1 > " we have G(d1) >G(") > Æ > 0. Let us 
onsider fra
tion �f(d1)G(d1) . Clearly,j �f(d1)G(d1) � 1j = j �f(d1)�G(d1)G(d1) jSin
e k �f(d1)�G(d1)k � �n, we havej �f(d1)�G(d1)G(d1) j � �nÆ � "for all n large enough. Hen
e, the only �dangerous� 
ase is d1 < ".The following three situation 
an o

ur (
f 3):1) d1 < ~d2,2) d1 > ~d2 and ~d2 < d1 � ~d2,3) d1 > ~d2 and ~d2 > d1 � ~d2.In 
ase 1) we have�f(d1)�G(d1)G(d1) = �f(d1)=d1 �G(d1)=d1G(d1)=d1 = �f 0(�)�G0(�)G0(�) ;
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�������
�������

��
�������������

����������
d1

~d2 1) d1 < ~d2
2) d1 > ~d2

3) ~d2 < d1 < 2 ~d2

Figure 3where �, � 2 (0; d1). Noti
e that se
ond derivatives of �f and G are bounded byC2 and first derivatives are bounded away from 0 and1. Hen
e, G0(�) > C1 > 0andj �f 0(�)�G0(�)j = j �f 0(0)�G0(0) + �f 00(�1)� �G00(�1)�j � j �f 0(0)�G0(0)j+ 2C2":Hen
e, for all n large enough we have�f(d1)�G(d1)G(d1) � �f 0(0)�G0(0)C1 + 2C2"C1 � C4";where C4 > 1 is independent of " (here we used that jf 0(0)�G0(0)j < 
onst�n).Hen
e if d1 < ~d2, then for any fixed " for all n large enough we havej �f(d1)�G(d1)G(d1) j � C4":Therefore, this fra
tion 
onverges to 0 as n!1.If 
ase 2) or 3) holds we use Lagrange theorem twi
e for �f and for G:�f(d1) = �f( ~d2) + �f 0(�2)(d1 � ~d2) = �f 0(�1) ~d2 + �f(�2)(d1 � ~d2);G(d1) = G0(�1) ~d2 +G0(�2)(d1 � ~d2);where �1; �1 2 (0; ~d2), �2; �2 2 ( ~d2; d1). Again, it is enough to 
onsider 
ase d1 < "and show that the following inequality holds:j �f(d1)�G(d1)G(d1) j = j �f 0(�1) ~d2 + �f(�2)(d1 � ~d2)G0(�1) ~d2 +G0(�2)(d1 � ~d2) j = jPQ j � 
onst "
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1 d1

~d2 
2=
1


2=
1
1=(
1
2)
Figure 4Suppose ~d2 � d1� ~d2, i.e., 
ase 2) holds. Let us multiply P and Q by 1=(d1� ~d2).In this 
asej Pd1 � ~d2 j = j( �f 0(�1)�G0(�1)) ~d2d1 � ~d2 + �f 0(�2)�G0(�2)j� j �f 0(�1)�G0(�1)j+ j �f 0(�2)�G0(�2)j= j �f 0(0)�G0(0)j+ jf 00(�11)�1 �G00(�11)�1j+ j �f 0( ~d2)�G0( ~d2)j+ jf 00(�21)�2 �G00(�21)�2j� 2�n + 4C2";where �11 2 (0; �1), �11 2 (0; �1), �21 2 ( ~d2; �2) and �21 2 ( ~d2; �2). We also havej Qd1 � ~d2 j = G0(�1) ~d2d1 � ~d2 +G0(�2) � G0(�2) > C1:Hen
e, jPQ j � 2�n + 4C2"C1 � 4C4"for all n large enough.Case 3) is 
onsidered in the same way with multiplying P and Q by 1= ~d2. �Let us denote R(d1; ~d2) = R(G
1;d1;
2; ~d2;M1;d̂2( ~d2); d1):Lemma 6. We have R(d1; d1) = 1=(
1
2) and R(d1; 0) = R(d1; 1) = 
2=
1. Forany fixed d1 the fun
tion g( ~d2) = R(d1; ~d2) is monotonous for ~d2 2 [0; d1℄ and for



16 D.KHMELEV~d2 2 [d1; 1℄. Hen
e the ratio R(d1; ~d2) takes values between 1=(
1
2) and 
2=
1(
f 4).Proof. Noti
e that by (19)�(20) and (23),G
1;d1;
2;d1;M1;d̂2(d1)(d1) = F 
1
2M1 Æ f l
2;d̂2(d1) Æ FM1 Æ f l
1;d1(d1)= F 
1
2M1 Æ F1=
22 Æ FM1 Æ F1=
21(d1) = F1=(
1
2)(d1):Using (25), we obtainR(d1; d1) = R(G
1;d1;
2;d1;M1;d̂2(d1); d1) = R(F1=(
1
2); d1) = 1
1
2as required.If ~d2 > d1, thenG
1;d1;
2; ~d2;M1;d̂2( ~d2)(d1) = F 
1
2M1 Æ f l
2;d̂2( ~d2) Æ FM1 Æ f l
1;d1(d1):Suppose 0 < d1 < 1. Noti
e that d̂2( ~d2) = 1 if ~d2 = 1 and hen
eG
1;d1;
2; ~d2;M1;d̂2( ~d2) = G
1;d1;
2;1;M1;1when ~d2 = 1. Using (19) and (20), we obtainG
1;d1;
2;1;M1;1(d1) = F 
1
2M1 Æ f l
2;1 Æ FM1 Æ f l
1;d1(d1)= F 
1
2M1 Æ FM1 Æ f l
1;d1(d1)= F
1
2 Æ f l
1;d1(d1) = F
1
2 Æ F1=
21(d1) == F
2=
1(d1):Using (25) we obtain R(d1; 1) = R(F
2=
1 ; d1) = 
2
1 :If ~d2 < d1, thenG
1;d1;
2; ~d2;M1;d̂2( ~d2)(d1) = F 
1
2M1 Æ f r
2;d̂2( ~d2) Æ FM1 Æ f l
1;d1(d1):For ~d2 = 0 we haveG
1;d1;
2;0;M1;0(d1) = F 
1
2M1 Æ f r
2;0 Æ FM1 Æ f l
1;d1(d1)= F 
1
2M1 Æ FM1 Æ f l
1;d1(d1) = F
1
2f l
1;d1(d1) = F
2=
1(d1);and hen
e, R(d1; 0) = R(d1; 1) = 
2
1Finally, let us study the derivative of R(d1; ~d2) w.r.t. ~d2. Using 
hain rule weobtain �� ~d2R(d1; ~d2) = d11� d1 1(G(d1))2 �� ~d2G(d1):
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e that if d1 < ~d2,�� ~d2G(d1) = �� ~d2F
1
2=M1 Æ f l
2;d̂2( ~d2)(FM1 Æ f l
1;d1(d1)) == F 0
1
2=M1(f l
2;d̂2( ~d2)(w)) �� ~d2f l
2;d̂2( ~d2)(w);where w = FM1(f l
1;d1(d1)). Noti
e now that�� ~d2 f l
2;d̂2( ~d2)(w) = �� ~d2  
22w1 + d̂2( ~d2)(
22 � 1)! = � 
22w(
22 � 1)(1 + d̂2( ~d2)(
22 � 1))2 �� ~d2 d̂2( ~d2):Hen
e the sign of the derivative �R(d1; ~d2)=� ~d2 
oni
ide with the sign of �(
22�1)when ~d2 > d1. Pro
eeding in the same way we obtain that for ~d2 < d1 the signof the derivative �R(d1; ~d2)=� ~d2 is the same as the sign of derivative�� ~d2 f r
2;d̂2( ~d2) = (
22 � 1)(1� w)(1 + d̂2( ~d2)(
22 � 1))2 �� ~d2 d̂2( ~d2);i.e., the sign of �R(d1; ~d2)=� ~d2 is the same as the sign of (
22 � 1).Hen
e, if 
2 < 1, then g( ~d2) = R(d1; ~d2) is an in
reasing fun
tion for ~d2 2 [0; d1℄and g( ~d2) is a de
reasing fun
tion for ~d2 2 [d1; 1℄. Finally, g(0) = 
2=
1, g(d1) =1=
1
2, g(1) = 
2=
1.If 
2 > 1, then g( ~d2) = R(d1; ~d2) is a de
reasing fun
tion for ~d2 2 [0; d1℄ andg( ~d2) is an in
reasing fun
tion for ~d2 2 [d1; 1℄. Again, g(0) = 
2=
1, g(d1) =1=
1
2, g(1) = 
2=
1. �4. Criti
al periodi
 traje
torySuppose now that d1 = 0 or d1 = 1. One 
an easily 
he
k thatG
1;0;
2; ~d2;M1;d̂2( ~d2) = G
1;1;
2; ~d2;M1;d̂2( ~d2) = Gand G(w) = (F
1
2=M1 Æ f l
2;d2 Æ FM1(w); 0 � w < ~d2;F
1
2=M1 Æ f r
2;d2 Æ FM1(w); ~d2 � w < 1;Noti
e that (Fa(w))0w=0 = 1a and (Fa(w))0w=1 = a:Let us introdu
e m� = G0(1) and m+ = G0(0). Sin
eF 
1
2M1 (0) = f l
2;d̂2(0) = FM1(0) = 0 and F 
1
2M1 (1) = f l
2;d̂2(1) = FM1(1) = 1;
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Figure 5

Figure 6we havem� = G0(1) = 
1
2M1 11 + d̂2( ~d2)(
22 � 1)M1 = 
1
2 11 + d̂2( ~d2)(
22 � 1) ; (26)m+ = G0(0) = M1
1
2 
221 + d̂2( ~d2)(
22 � 1) 1M1 = 
2
1 11 + d̂2( ~d2)(
22 � 1) : (27)
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Figure 7

Figure 8Noti
e that, as one 
ould expe
t m�m+ = 
21:



20 D.KHMELEVLet us also 
onsider G( ~d2). Using (19) and (20), we obtainG( ~d2) = F 
1
2M1 Æ f l
2;d̂2( ~d2) Æ FM1( ~d2) = F 
1
2M1 Æ f l
2;d̂2( ~d2)(d̂2( ~d2))= F 
1
2M1 Æ F 1
22 (d̂2( ~d2)) = F 
1
2M1 Æ F 1
22 Æ FM1( ~d2) = F
1=
2( ~d2);i.e., G( ~d2) = ~d2(
1=
2)(1� ~d2) + ~d2 : (28)It follows from Lemma 6 and (26),(27) thatR(d1; ~d2) 2 I[ 1
1
2 ; 
2
1 ℄;m+ 2 I[ 1
1
2 ; 
2
1 ℄;m� 2 I[
1
2; 
1
2 ℄:Now we would like to enumerate 
riti
al points in su
h a way, that segmentI[ 1
1
2 ; 
2
1 ℄ have not tou
hed point 1. As one 
an see, only the following two 
asesare possible.A) If 
1
2 > 1, then we have to enumerate x(i)
r in su
h a way, that 
2=
1 < 1.B) If 
1
2 < 1, then we have to enumerate x(i)
r in su
h a way, that 
2=
1 > 1.Let us study the graph of G(w). In both 
ases it would be a graph of pie
wise-fra
tional-linear fun
tion.In 
ase A) m� = G0(1) > 
onst > 1 and m+ = G0(0) < 
onst < 1. Using (28),we obtain that for ~d 2 [Æ; 1� Æ℄ we haveG( ~d2) � ~d21 + "for some ", sin
e 
1
2 (1� ~d2) + ~d2 2 [1; 
1
2 ℄:Hen
e, the graph of G(w) is 
ompletely below the diagonal (
f Figures 5, 6).In 
ase B) m� = G0(1) < 
onst < 1 and m+ = G0(1) > 
onst > 1. Using (28),we obtain that for ~d 2 [Æ; 1� Æ℄ we haveG( ~d2) � ~d21� "for some ", sin
e 
1
2 (1� ~d2) + ~d2 2 [
1
2 ; 1℄:Hen
e, the graph of G(w) is 
ompletly above the diagonal (
f Figures 7, 8).Let us denote by �I(p=q) = [a0(p=q); a1(p=q)℄ a 
losed interval of values a su
hthat �(fa) = p=q.
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riti
al points x(i)
r are enumerated in su
h a way thatA) for 
1
2 < 1 we have 
2 < 
1 andB) for 
1
2 > 1 we have 
2 > 
1.In 
ase A) for all n > 
onst there exists a unique 
riti
al periodi
 traje
toryfor a = a0(p=q). This is a traje
tory of the 
riti
al point x(1)
r .In 
ase B) for all n > 
onst there exists a unique 
riti
al periodi
 traje
toryfor a = a1(p=q). This is a traje
tory of the 
riti
al point x(1)
r .Proof. Without loss of generality, 
onsider 
ase A). If d2 is bounded away from 0and 1, then the result follows from Preposition 5, sin
e the whole graph of �f wouldlie below the diagonal. If d2 is 
lose to 0, then �f(d1) = G0(0)d1 + o(d1) < d1,sin
e G0(0) = m+ < 
onst < 1. The same argument works for d2 
lose to 1.Using estimates of Preposition 5, we obtain that the whole graph of �f lie belowthe diagonal. �5. Non-linearity of f qNoti
e that it is enough to 
onsider the 
ase 
1
2 < 1, 
2=
1 < 1. Considerinterval I(p=q) = (a0; a1). Suppose that p=q is obtained from Farey interval(p1=q1; p2=q2). It follows from Theorem 2 that T qa0x(1)
r = x(1)
r andT qa0 ~x < ~x for any point ~x 2 (T q2a0 x(1)
r ; x(1)
r ): (29)Denote now by R the ratio x(1)
r � ~x~x� T q1a0 x(1)
r = R:It follows from the following lemma that there exists a unique ~a 2 I(p=q) su
hthat T q~a ~x = ~x.Lemma 7. Suppose �(fa1) < p=q < �(fa2). Then for any x 2 [0; 1℄ there existsa unique a(x) 2 [a1; a2℄ su
h that �(fa(x)) = p=q and f q(x) = x + p.Proof. Note that there exists K su
h that for all k > K we havefkqa1 (x)� x� kp < 0 and fkqa2 (x)� x� kp > 0:Sin
e fkqa (x) is a stri
tly monotonous fun
tion of a, there exists a unique a = a(x),a(x) 2 [a1; a2℄ su
h that we have fkqa (x)� x� kp = 0.Now note that if f qa(x) � p > x for all x 2 R then, by fa(x) � 1 = fa(x � 1),we have f 2qa (x)� 2p = f qa(f qa (x)� p)� p > f qa (x)� p > xand by indu
tion we obtain that f lqa (x) � lp > x for all l � 1. Therefore, wearrive to 
ontradi
tion with fkqa (x) � kp = x. The same arguments works forf qa (x)� p < x. Therefore, f qa(x)� p = x. �



22 D.KHMELEVLet us show that at moment ~a the relative 
oordinate of x(1)
r on 
riti
al traje
-tory passing through ~x is bounded away from 0 and 1 by 
onstant.Preposition 6. 12 e�2v1 + e4v RR + 1 � x(1)
r � ~xT q1~a ~x� ~x � RR + e�2v : (30)Proof. Noti
e that p=q is obtained from some Farey interval A = (p1=q1; p2=q2),i.e., p=q = (p1 + p2)=(q1 + q2). Preposition 1, monotoni
ity of Ta and (29) implythat the following order of points takes pla
e:T q2a0 x(1)
r < T qa0 ~x < ~x < x(1)
r < T q1a0 ~x < T q1a0 x(1)
rand T q1a0 ~x < T q1~a ~x:Sin
e �(Ta0) = p=q, it follows from (17) thate�2v � ( ��xT q1a )(x0); ( ��xT q2a )(x0) � e2v (31)for ea
h a 2 [a0; a1℄ and for ea
h point x0, su
h that the derivative of T qa w.r.t.x0 is well-defined.Let us prove upper bound in (30). Noti
e thatx(1)
r � ~xT q1~a ~x� ~x � x(1)
r � ~xT q1a0 ~x� ~x = x(1)
r � ~xx(1)
r � ~x + T q1a0 ~x� x(1)
r :Using (31), we obtain T q1a0 ~x� x(1)
r = Z ~xT q2a0 x(1)
r ��xT q1a0 (x)dx� e�2v(~x� T q2a0 x(1)
r ):But ~x� T q2a0 = 1R(x(1)
r � ~x):Hen
e x(1)
r � ~xx(1)
r � ~x+ T q1a0 ~x� x(1)
r � x(1)
r � ~xx(1)
r � ~x + e�2vR (x(1)
r � ~x)= RR + e�2v ;as required.In order to prove the lower bound in (30) we need an estimateT q1~a ~x� T q1a0 ~x � e2v(T q~a ~x� T qa0 ~x): (32)



RATIONAL ROTATION NUMBERS (2.TEX) 23To see why it is true, noti
e that by (49) (proven in Appendix),��aT qa ~x = ��aT q�q1a Æ T q1a ~x q�1Yj=q1 f 0(~xj(a)) ��aT q1a ~x+ ( ��aT q�q1a )(T q1a ~x);where ~xj(a) = T ja ~x. Sin
e the se
ond summund in r.h.s. is non-negative,��aT qa ~x � q�1Yj=q1 f 0(~xj(a)) ��aT q1a ~xor ��aT qa ~x � q2�1Yj=0 f 0(zj(a)) ��aT q1a ~x;where zj(a) = T jaz0(a), z0(a) = ~xq1(a). But (31) imply thate�2v � q2�1Yj=0 f 0(zj(a)) � e2vfor all a 2 I(p=q) su
h that ~xi(a) 6= x(j)
r for all 0 � i � q � 1, j = 0; 1. Therefore��aT q1a ~x � e2v ��aT qa ~x (33)for almost all a 2 I[p=q℄. To prove (32) it stays to noti
e thatT q1~a ~x� T q1a0 ~x = Z ~aa0 ��aT q1a (~x)da� e2v Z ~aa0 ��aT qa (~x)da = T q~a ~x� T qa0 :Noti
e that T q1~a ~x� ~x = T q1~a ~x� T q1a0 ~x + T q1a0 ~x� ~x (34)It follows from (32) thatT q1~a ~x� T q1a0 ~x � e2v(T q~a ~x� T qa0 ~x) = e2v(~x� T qa0 ~x):Noti
e that T q1a0 (T qa0 ~x; ~x) � (x(1)
r ; T q1a0 ~x) � (~x; T q1a0 ~x):Using (31), we obtaine�2vj(T qa0 ~x; ~x)j � j(x(1)
r ; T q1a0 ~x)j � j(~x; T q1a0 ~x)j:To sum up T q1~a ~x� T q1a0 ~x � e4v(T q1a0 ~x� ~x):Hen
e, (34) yields T q1~a ~x� ~x � (1 + e4v)(T q1a0 ~x� ~x)
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####B(b; a)C(
; a) A(b+ 
; a+ a)
O x
y

Figure 9Therefore, x(1)
r � ~xT q1~a ~x� ~x � 11 + e4v x(1)
r � ~xT q1a0 ~x� ~x (35)Now noti
e that x(1)
r � ~xT q1a0 ~x� ~x � x(1)
r � ~xT q1a0 x(1)
r � T q2a0x(1)
r :The r.h.s. fra
tion 
ould be estimated by the following lemma.Lemma 8. Given a, b, 
 > 0 su
h thatab � Æ and a
 � 
;the following inequality holds:a + ab + 
 � min(Æ; 
), i.e., ab + 
 � 12 min(Æ; 
): (36)Proof. Consider points B = (b; a), C = (
; a), and A = (b+ 
; a+ a) on the plainxOy (
f Figure 9). The slope of ray OA lies between slopes of rays OB and OC.Hen
e, a+ ab + 
 � min(ab ; a
 ) � min(Æ; 
)as required. �Let us use (36) with a = x(1)
r � ~x, b = T q1a0 x(1)
r � x(1)
r and 
 = x(1)
r �T q2a0 x(1)
r . Wehave a
 = x(1)
r � ~xx(1)
r � T q2a0 x(1)
r = RR + 1and ab = x(1)
r � ~xT q1a0 x(1)
r � x(1)
r :
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 x
 �x
 �x1
y0 y1 y2 y3���w = 0 6w = 1Figure 10. Intervals �(1)
 = [�x2
 ; x
℄, �(2)
 = [x
; �x
℄, �(3)
 =[�x
; �x1
 ℄, where �x2
 = Tf q2a1x
, �x1
 = Tf q1a1x
, and �x
 = Tf qa1x
Sin
e T q1a0 (T q2a0 x(1)
r ; x(1)
r ) = (x(1)
r ; T q1a0 x(1)
r );we 
an apply (31) to obtaine�2v RR + 1 � x(1)
r � ~xT q1a0 x(1)
r � x(1)
r � e2v RR + 1Therefore, x(1)
r � ~xT q1a0 x(1)
r � T q2a0 x(1)
r � e�2v2 RR + 1Combining our estimates, we obtainx(1)
r � ~xT q1~a � ~x � 11 + e4v e�2v2 RR + 1 ;as required. �Now take ~x = T q2a0 x(1)
r + x(1)
r2 :By Lemma 7 there exists a unique ~a, 
orresponding to passing of periodi
 traje
-tory through ~x: �(T~a) = pq ; T q~a ~x = ~x:Denote y0 = T q2~a y1, y1 = ~x, y2 = T q1~a y1, y3 = T q1~a y2. Clearly, x(1)
r 2 (y0; y1).It follows from (30), that relative 
oordinate d1(~a) of x(1)
r is bounded awayfrom 0 and 1 for all n large enough:12 e�2v1 + e4v 12 � da(~a) = x(1)
r � y1y2 � y1 � 11 + e�2v : (37)Denote �x1
 = Tf q1~a x
), �x2
 = Tf q2~a (x
), �x
 = Tf q=q1+q2~a (x
). Evidently, �x2
 2(y0; y1), �x
 2 (y2; y1), �x1
 2 (y1; y0). Noti
e that �x
 > x(1)
r . Indeed, T q~ax(1)
r >T qa0x(1)
r = x(1)
r .
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-a0(p1=q1) ~a(p1=q1) a1(p1=q1) a0(p2=q2) a1(p2=q2)I(p1=q1) I(p2=q2)

I
(A)
-� �-� �Figure 11. Intervals I(p1=q1), I(p2=q2) and I
(A)Points �x2
 , x(1)
r , �x
, �x1
 form three su

essive intervals. Denote this intervalsby �(1)
 , �(2)
 , �(3)
 , respe
tively. We have �(1)
 = [�x2
 ; x(1)
r ℄, �(2)
 = [x(1)
r ; �x
℄,�(3)
 = [�x
; x1
℄ (see Figure 10). We shall show that the length of ea
h of theseintervals is of the same order.Preposition 7. There exists a 
onstant C4 su
h that for all n large enoughmax(l(�(1)
 ); l(�(2)
 ); l(�(3)
 ))min(l(�(1)
 ); l(�(2)
 ); l(�(3)
 )) � C4:Proof. Noti
e that (37) and Lemmas 5 and 6 imply that �(2)
 =(x(1)
r � y0) and�(2)
 =(y1 � �x
) are bounded away from 0 and 1 by universal 
onstants. Hen
e itis suffi
ient to show that(y2 � y1) � 
onst (y1 � y2); (y0 � y1) � (y1 � y2):But [y3; y2℄ = Tf q2[y2; y1℄, [y1; y0℄ = Tf q1[y2; y1℄ and these estimates follow fromCorollary 1. �6. Proof of the theorem 1Let A = (p1=q1; p2=q2) be a �good� Farey interval of rank n , i.e. a Fareyinterval su
h that q = max(q1; q2) < 2q0 = 2min(q1; q2). Denote by a(1) =a0(p1=q1), a(2) = a0(p2=q2) those ends of the intervals I(p1=q1), I(p2=q2) whi
h
orrespond to the passage of the periodi
 traje
tory through the singular point.By Theorem 2, these ends are left. Let I
(A) be the interval (a(1); a(2)) and let�I
(A) = [a(1); a(2)℄ be its 
losure (see Figure 11). Denote xm(a) = Tfma (x
) wherex
 = 0 is a 
riti
al point and m � 0.Preposition 8. There exists 0 < 
 < 1 su
h that for all n large enoughl(I(p1=q1))l(I
(A)) � 1� 
 (38)This statement implies theorem 1.
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 (~a(p1=q1)) x(1)
r xq1
 (~a(p1=q1)) xq1
 (a0(p2=q2))w v u
Figure 12. Intevals w, v, uProof of Theorem 1. Suppose that � = �(a) is irrational and a is a 
ondensationpoint for set fa j �(a) 2 [0; 1) n Qg. Then there exists an infinite sequen
e of�good� Farey intervals Ai, 
ontaining �. Sin
e a 2 I
(Ai) and l(I
(Ai)) ! 0as i ! 1, using (38) we arrive at 
ontradi
tion with assumption that a is a
ondensation point. �Let us denote M1;2 = maxa2�I
(A)� ��axq1;2(a)�m1;2 = mina2�I
(A)� ��axq1;2(a)�Proof of Preposition 8. First noti
e, that the we have the following ordering:a0�p1q1� < ~a�p1q1� < a1�p1q1� < a0�p2q2� < a1�p2q2� (see Figure 11).Let us denote � = a0�p2q2�� ~a�p1q1�; � = ~a�p1q1�� a0�p1q1�:For any fun
tion f(z) su
h that f 0(z) > 0 we have the following estimates forany z1 < z2: f(z2)� f(z1)maxz2[z1;z2℄ f 0(z) � z2 � z1 � f(z2)� f(z1)minz2[z1;z2℄ f 0(z) :It follows that � � xq1(~a�p1q1�)� xq1(a0�p1q1�)M1 : (39)Using the equality xq1(a0�p1q1�) = x
;and notation v = xq1(~a�p1q1�)� x
 (see Figure 6)



28 D.KHMELEVwe 
an rewrite (39) as follows:� � xq1(~a�p1q1�)� x
m1 = vM1 : (40)Also, we havexq1(a0�p2q2�)� xq1(~a�p1q1�)M1 � � � xq1(a0�p2q2�)� xq1(~a�p1q1�)m1 ;and after notationu = xq1(a0�p2q2�)� xq1(~a�p1q1�) (see Figure 6);we obtain uM1 � � � um1 : (41)Now, let us write � � xq2(a0�p2q2�)� xq2(~a�p1q1�)m2 :Sin
e xq2(a0�p2q2�) = x
;this estimate with notationw = x(1)
r � xq2(a0�p2q2�) (see Figure 6)yields � � wm2 (42)Now let us noti
e that the following ordering takes pla
e:xq2(~a�p1q1�) < x
 < xq1(~a�p1q1�) < xq1(a0�p2q2�):Suppose that p1=q1 is obtained from some Farey interval (p2=q2; p0=q0), i.e. q1 =q0 + q1, p1 = p0 + p2. In this 
ase we 
an use Lemma 7, where~a = ~a�p1q1�; p=q = p1=q1; �(1)
 = w; �(2)
 = v:It follows from Lemma 7, that for some C we haveC � wv � 1=C: (43)



RATIONAL ROTATION NUMBERS (2.TEX) 29Combining estimates (40), (41), (42) and (43), we get the following inequalitiesl(I(p1=q1))l(I
(A)) � �� + � = 11 + �=�� 11 + um1 M1v = 11 + M1m1 uw wv� 11 + M1m1 �M1�m2 wv = 11 + M1m1 M1m2 wv � 11 + C1 < 1� 
;where we assumed that M1m1 ; M1m2 � 
onst <1:These inequalities are proven in the following Preposition 9. �Preposition 9. Let A be a �good � Farey interval. Thenm1M1 ; m2M2 ; m1M2 ; m2M1 � 
onst > 0:Proof. We use the following preposition (see [2℄ and [3, Preposition 6.3℄). Denote�i = �Tf ia(1)(x
); T f ia(2)(x
)�:Preposition 10. The system of intervals �i, 1 � i � q = max(q1; q2), 
oversany point of the 
ir
le at most twi
e.Corollary 3. Pqi=1 l(�i) � 2.Let �q � q = max(q1; q2), a 2 I(A). It follows from (52) that��ax�q(a) = �q�1Xi=0 �q�1Yj=i+1 f 0a(xj(a)); (44)where xj(a) = Tf ja(x
):Consider one of the summands in (44),Bqi (a) = �q�1Yj=i+1 f 0a(xj(a))Lemma 9. There exists 
onstant C su
h that for any a1, a2 2 �I(A) we have1C � B�qi (a1)B�qi (a2) � C



30 D.KHMELEVProof. It is easy to see that x
 =2 �j, 1 � j � q. Hen
e,��lnB�qi (a1)� lnB�qi (a2)�� � ����� �q�1Xj=i (ln f 0(xj(a1))� ln f 0(xj(a2)))������ 
onst maxy2S1 ����f 00(y)f 0(y) ���� �qXj=i l(�j) � 2maxy2S1 ����f 00(y)f 0(y) ���� = lnC:Here we used Corollary 3 and (ln f 0a(y))0 = f 00a (y)=f 0a(y). �Therefore, Lemma 9 implies that m1=M1, m2=M2 � 1=C. Now let us 
ompare�xq1(a)�a with �xq2(a)�a . Assume that q = max(q1; q2) = q2. Using (49) for f(a) =f q2�q1a (x
), g(a) = f q1a (x
), we obtain��axq2(a) = �q2�1Yj=q1 f 0a(xj(a))� ��axq1(a) + ��aTf q2�q1a (x0)����x0=xq1 (a) : (45)Applying Corollary 1 to the Farey interval (p1=q1; (p2 � p1)=(q2 � q1)), we gete�2v � q2�1Yj=q1 f 0a(xj(a)) � e2v; a 2 I(A):It follows from (45), that�xq2(a)=�a�xq1(a)=�a � �q2�1Yj=q1 f 0a(xj(a))� � e�2vand m2=M1 � e�2v=C. The following estimates 
ould be obtained like Lemma 9.1C � (�=�a)Tf q2�q1a (x0)jx0=xq1 (a)(�=�a)xq2�q1(a) � C; a 2 I(A): (46)As one 
an see, in order to prove (46), one have to 
onsider�B�qi (a) = �q�1Yj=i+1 f 0(xj0(a));where xj0(a) = T q1a xj(a).Lemma 10. There exists 
onstant C su
h that for any a1,a2 2 �I(A) we have1C � �B�qi (a1)�B�qi (a2) � C:



RATIONAL ROTATION NUMBERS (2.TEX) 31Proof. jln �B�qi (a1)� ln �B�qi (a2)j � j �qXj=i (ln f 0(xj0(a1))� ln f 0(xj(a2)))j� j �qXj=i (ln f 0(T q1a1xj(a1))� ln f 0(xj(a1))j+ j �qXj=i (ln f 0(xj(a1))� ln f 0(xj(a2)))j:The se
ond sum in r.h.s is estimated as in Lemma 9, and the first sum is boundedby 
onstant, sin
e the total length of intervals [xj(a1); T q1a1xj(a1)℄, j = 0; : : : �q, donot ex
eed 1, i.e., the finite length of the 
ir
le. �Using (49) for f(a; �) = f 2q1�q2a (�), g(a) = f q2�q1a (x
), we obtain��axq1(a) = � q1�1Yj=q2�q1 f 0a(xj(a))� ��axq2�q1(a) + ��aTf 2q2�q1a (x0)����x0=xq2�q1 (a) : (47)We have (�=�a)xq1(a)(�=�a)xq2�q1(a) � q1�1Yj=q2�q1 f 0a(xj(a)) � e�3v; a 2 I(A); (48)where we applied [3, Preposition 3.4, p. 65℄ to the Farey interval ((2p1�p2)=(2q1�q2); (p2 � p1)=(q2 � q1)). Using (46) and (48) we obtain��aTf q2�q1a (x0)����x0=xq1 (a) � C ��axq2�q1(a) � Ce3v ��axq1(a):Substituting last estimate to (45) we obtain��axq2(a) � (e2v + e3vC) ��axq1(a):Let �a be the value su
h that �xq1(a)�a ����a=�a is minimal. Combining our estimates,we obtain m1M2 = (�=�a)xq1(�a)(�=�a)xq2(�a) � (�=�a)xq2(�a)M2 � � 1e2v + Ce3v� 1C �



32 D.KHMELEVAppendixConsider fun
tion f(x; y) 2 C1(R � R) and g(y) 2 C1(R). Denotefx(x; y) = ��z f(z; y)����z=x and fy(x; y) = ��af(x; a)����a=y :Note that, ��yf(g(y); y) = fx(g(y); y)g0(y) + fy(g(y); y): (49)Denote by fn(x; y) the nth iteration of fun
tion f with respe
t to variable x:fn(x; y) = f(f(: : : f(f(x; y); y); : : : ; y); y)).Lemma 11. For any n 2 N��yfn(g(y); y) = nXi=1 fy(xi(y); y) nYj=i+1fx(xj(y); y) + g0(y) nYj=1 fx(xj(y); y); (50)where xj(y) = f j�1(g(y); y), x1(y) = g(y).Here and later the produ
t with low limit higher than upper limit is equal to 1.Proof. It follows from (49) that the statement is true for n = 1. By indu
tion,suppose that (50) is true for n = k � 1. To obtain this formula for n = k wesubstitute g(y) 7! f(g(y); y), xj(y) 7! xj+1(y) in (50) for n = k � 1.��yfk(g(y); y) = ��yfk�1(f(g(y); y); y)= k�1Xi=1 fy(xi+1(y); y) k�1Yj=i+1fx(xj+1(y); y) + ��yf(g(y); y)�k�1Yj=1 fx(xj+1(y); y)�= kXi=2 fy(xi(y); y) kYj=i+1fx(xj(y); y)+ �fx(g(y); y)g0(y) + fy(g(y); y)�� kYj=2 fx(xj(y); y)�= kXi=1 fy(xi(y); y) kYj=i+1fx(xj(y); y) + g0(y) kYj=1 fx(xj(y); y):Here we use (49). �Lemma 12. For any k 2 N��yfk(x; y) = k�1Xi=0 fy(xi(y); y) k�1Yj=i+1fx(xj(y); y): (51)where xj(y) = f j(x; y), x0(y) = x.
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