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Abstract

We consider optimal control problems for a class of hybrid systems with switches depen-
dent on an external event process. In the case where all event times in this process are fully
known, the solution to such problems was obtained in prior work. When event times are
uncertain or unknown, we have proposed a Receding Horizon (RH) control scheme in which
only some future event information is available within a time window of length T" and have
obtained several properties of this scheme. In this paper, we provide a full set of properties
for this scheme, including the fact that the error due to lack of future event information
is monotonically decreasing under certain conditions and may be zero for segments of the
sample path, depending on the window length 7. This enables the use of a controller based
on rough estimates of future events with limited loss of optimality properties.
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1 Introduction

Hybrid Systems are characterized by the combination of time-driven and event-driven dynam-
ics. A simple way to think of a hybrid system is as one characterized by a set of operating
“modes”, each one evolving according to time-driven dynamics described by differential (or dif-
ference) equations. The system switches between modes through discrete events which may be
controlled or uncontrolled. Controlling the switching times, when possible, and choosing among
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several feasible modes, whenever such choices are available, gives rise to a rich class of optimal
control problems. This has motivated efforts to extend classical optimal control formulations
[1],]2],[3] and to apply dynamic programming techniques [4],[5] to hybrid systems. While in prin-
ciple this is possible, the computational complexity involved becomes prohibitive. Therefore, it
is often natural to hierarchically decompose a system into a lower-level component representing
physical processes characterized by time-driven dynamics and a higher-level component control-
ling discrete events related to these physical processes (see [6],[7]). The explicit solution of the
lower and higher-level problems depends on the specifics of the time-driven and event-driven
dynamics involved (see [6],[7],[8]).

To complicate matters, some of the most interesting problems one encounters in dealing with
hybrid systems involve some form of uncertainty, which generally calls for stochastic modeling
and solution techniques. In this paper, we attempt to deal with this issue for a class of optimal
control problems where the event-driven dynamics may be captured through ‘max-plus’ equa-
tions. In such cases, switching times are controllable, but they are dependent upon an external
event process in which the associated event times {a1,...,an} are generally unknown. If this
sequence is fully deterministic, optimization problems formulated as in [9],[10] can be efficiently
solved through the “Forward Algorithm” presented in [11]. If it is not, then one approach is
to model it as a stochastic process as in [12] where the structure of an optimal policy can be
determined, but explicit calculations are difficult.

In [13], we take a different approach in the way we view uncertainties in {a1,...,an}. In past
work, it was assumed that all future events following any time ¢ when a control decision needs
to be made are known. Thus, if we associate with ¢ an “information window” [t,t 4+ T7, it
was assumed that T = oco. A natural next step is to consider T' < oo and within a window
[t,t + T assume that event times (if any are present) are deterministically known. Event times
outside [t, ¢+ T] can only be described probabilistically, possibly estimated, or there may be no
information at all regarding events beyond time t 4+ 7. In short, the optimal control problem
we now tackle is defined over a “receding horizon” determined by the length T' of the window
at the controller’s disposal. The nature of this scheme lends itself to what we term a Receding
Horizon (RH) controller (commonly associated with optimal control problems for which feedback
solutions are extremely hard or impossible to obtain, e.g., [14], and it is usually encountered
in model predictive control). Our work explores the extent to which this way of dealing with
uncertainty is effective by analyzing the relationship between the optimal and the RH controller’s
cost/performance and the role that T plays. In [13], we initiated this study by establishing a
number of properties of the RH controller under the assumption that the optimal sample path
does not contain certain events termed “critical” (as defined in [10]). In [15], we developed some
further properties when critical events are allowed. In this paper, we complete this line of work
by developing some further properties and unifying them all for any arbitrary optimal sample
path. A key result we can now establish is a complete characterization of the conditions under
which the error introduced by the RH controller relative to the optimal one ismonotonically
decreasing and may become zero for parts of the sample path.

The paper is organized as follows. Section 2 reviews the framework we use for the class of
hybrid systems and related optimal control problems considered. In Section 3 we review the
proposed RH control scheme. In Section 4 we present several properties of the RH controls and



analyze the difference between the RH and the optimal controls as a function of the length of
the receding horizon window.

2 Optimal Control Problem and Solution

In the hybrid systems we consider, the state of the system consists of temporal and physical
components. The temporal components keep track of the time information for events that may
cause switches in the operating mode of the system. Let ¢ = 1,2,... index these events. We
denote the physical state of the system after the ith event by z;(t) with dynamics:
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where wu; is the control applied over an interval [x;_1, ;) defined by two event occurrences at
times ;1 and x;. In what follows, we shall write u; to denote a function wu;(t) defined over
[xi—1,x;); similarly for z;(¢). We shall assume that u;(t) is allowed to be piecewise continuous
and is in general an n-dimensional vector.

In the case of a single event process in the system, the event-driven dynamics characterizing the
temporal states x; are given by
v = 21 + 542, u;) (2)

for i =1,2,..., where s;(-) is the amount of time between switches, which generally depends on
the physical state z; and control u; over [x;_1, ;). This is a simple linear relationship in z; and
when the dynamics in (1) are also linear, one obtains the class of switched linear systems (e.g.,
see [8]). In this case, the complexity is concentrated in determining the optimal amount of time
spent in mode i, given by s;(2;,u;), whereas the event driven dynamics yielding the switching
time sequence {x1,z2,...} are extremely simple.

In the case of multiple asynchronous event processes in the system, indexed by 7 =1,..., M,
we need to introduce a Timed Automaton which determines which of the M events triggers the
next switch and at what precise time. The exact structure of a timed automaton is described
in [16]. We omit the details and simply represent the event-driven dynamics in the form

Ty = i1+ 5i(Yi1s- - - Yi, M Zir Ug) (3)

where y;1,...,Y;m are the event clocks of the timed automaton (through which the triggering
event and its occurrence time for the next switch are determined) after the (i — 1)th switch.
Looking at (1) and (3), note also that the choice of control u; affects both the physical state z; and
the temporal state ;. Thus, the switches at times x1, 25 ... are generally not exogenous events
that dictate changes in the state dynamics, but rather temporal states intricately connected to
the control of the system; this is one of the crucial elements of a “hybrid” system.

The class of problems we will now concentrate on involves event-driven switching time dynamics
described by
x; = max(x;_1,a;) + Si(u;) (4)



where {a;}, i =1,...,N, is a given sequence of event times corresponding to an asynchronous
event process operating independently of the physical processes {z;(t), t € [xi_1,2;)}. This
“max-plus” recursive equation is the well known Lindley equation in queueing theory [16]. In
comparing (4) to (2), note that the key difference is the presence of the max function, which
introduces a nondifferentiable component into the solution of the overall problem.

A typical application of this setting arises in a manufacturing system workstation, where the
mode switches correspond to jobs that we index by ¢ = 1,...,N. A job is associated with a
temporal state evolving according to (4) where x; is the departure time of the ith job when the
server processes one job at a time on a first-come first-served nonpreemptive basis. Jobs arriving
when the server is busy wait in an infinite-capacity queue and {a1,...,an} is a sequence of job
arrival times. The processing time of the ith job (which we will denote by C;) is s;(u;). A
job is also associated with a physical state evolving according to (1) and describing changes
the ¢th job undergoes while in process in such quantities as the temperature, size, weight or
some other measure of the “quality” of the job. Thus, the ith “mode” of a workcenter in
this context corresponds to the processing of the ith job. The interaction of the time-driven
and event-driven dynamics leads to a natural trade-off between temporal requirements on job
completion times and physical requirements on the quality of the completed jobs. One can,
therefore, formulate optimization problems as in [9], [10] where the control variables are either
the processing times of jobs or they affect the time-driven dynamics that ultimately control
processing times (and, hence, the mode switching times). By the nature of the event-driven
dynamics, these problems are inherently non-convex and non-differentiable. Moreover, their
dimension (number of independent variables) is identical to the number of jobs, which can easily
be in the hundreds or thousands; the resulting complexity defies general-purpose algorithms (like
dynamic programming). Recently, however, structural properties of the problem were exploited
to decompose the entire optimal control problem into a set of smaller convex optimization
subproblems with linear constraints. This has led to algorithms whose complexity (measured in
the number of convex constrained optimization problems required to solve) was reduced from
exponential in N (the number of jobs processed) to linear in N. In particular, the “Forward
Algorithm” presented in [11] identifies the unique optimal controls and has a complexity of
precisely N.

Let us briefly review the optimization problem introduced in [10] and solved through the Forward
Algorithm developed in [11]. When the processing of each job stops as soon as a given “quality
level” in its physical state z; is reached and the control is the amount of processing time, i.e.,
si(u;) = u; in (4), the problem has been shown to become

ULy, UN

N
min Z [0;(us;) + V()] (5)
i=1

subject to (4), with control variables u; assumed to be scalar and not time-dependent. Thus,
u; is the processing time of the ith job, chosen at the beginning of its processing cycle, i.e., at
time max(x;_1,a;). The cost function 6;(u;) penalizes poor physical quality, in the sense that
less processing time monotonically decreases quality and, hence, increases a cost 6;(u;), while
1;(x;) imposes a cost on the departure time x;. As in [10], we make the following assumptions:

Assumption Al. Foreachi=1,..., N, 0;(-) is strictly convex, twice continuously differentiable



and monotonically decreasing with lim,,, o+ 6;(u;) = —lim
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Assumption A2. For each i = 1 = 1,..., N, ¢,(-) is strictly convex, twice continuously
differentiable, and its minimum is obtained at a finite point ¢;.

As an example 0;(u;) = u— and 9, (z;) = (z; — d;)? satisfy the assumptions above. In this case,
d; is the specified deadline of job Cj, therefore (z; — d;) measures earliness and tardiness of the
job.

A typical sample path of this system can be partitioned into “busy” and “idle” periods. During
a busy period the server is processing a job; after completing the processing of a job, if no other
job is available in the queue, an idle period starts and is terminated upon arrival of the next job.
Formally, we review the definitions made in [10]: An idle period is a time interval (xy,ag41)
such that xp < agyq for any k = 1,...., N — 1. A Busy Period (BP) is a set of contiguous jobs
{ky...on}, 1 <k < n < N such that: (i) xp_1 < ag, (it) x, < aps1, and (i) x; > a;q1
for every i = k,....,n — 1. A busy-period structure is a partition of the jobs 1,...., N into busy
periods. A job Cj is critical if it departs at the arrival time of the next job Ciy1, i.e. x; = a;41.
A contiguous job subset {k,...,n}, 1 <k <n < N, is said to be a block if: (i) xx_1 < a; and
xn < a, and (ii) the subset contains no critical jobs.

Obtaining an explicit solution to problem (5) is tantamount to identifying the BP structure of
the optimal state trajectory and then solving a nonlinear optimization problem within each BP.
Let us denote a BP that starts at a; and ends at x,, by the job indices (k,n). Then, we define
the problem Q(k,n):

Q(k,n): min Z{G u;) + Y, ak+2u] }rui >0 (6)
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s.t. ak+2uj >ajy1, t=k,...,n—1
Jj=k

Note that we have set ¥,(x;) = ¥;(ar + Z;:k u;) since, within a BP, 11 = xj + w41 for all
i =k,...,n—1. The constraint represents the requirement x; > a;y1 for any job i =k,...,n—1
belonging to the BP. Since the cost functional is continuously differentiable and strictly convex,
the problem Q(k,n) is also a convex optimization problem with linear constraints and has a
unique solution at a finite point. The solution of Q(k,n) is denoted by u}(k,n) for j =k,...,n,
and the corresponding departure times are :z:;k(k, n).

The optimal solution in (5) is denoted by «}, ¢ = 1,..., N and the corresponding departure
times are x7. It was shown in [10] that the optimal solution is unique. The Forward Algorithm
for obtaining this solution is based on the fact (proved in [11]) that =} = z}(k,n) for k,n
such that x}(k,n) < ant1: Letting K = n = 1, we first solve the linearly constrained convex
optimization problem Q(k,n) and obtain the control uj(k,n), j = k,...,n and departure times
xj(k,n), j = k,...,n. Then, the structure of BPs is identified by checking if 27, (k,n) < ap41. If
{k,---,n} is identified as a single BP, the optimal control is given by u} = uj(k,n), j =k,...,n



Then, the process is repeated for a new BP starting at a,.1. This algorithm requires N total
steps.

3 Receding Horizon Control

Throughout the discussion above we have assumed the sequence {a1,...,an} to be deterministic,
i.e., a schedule of all external events is known in advance. In what follows, we shall assume that
knowledge of the future at time ¢ is limited to a “window” [t,t + T for some given T. It is
then natural to solve a sequence of problems of the form (5) replacing (u1,...,uyn) by some
(W, ..., Uity) where C; is the next job whose processing time needs to be assigned and Cj,, is
the last job known to arrive at some time a;y, < t+7. The window is updated at every decision
instant, i.e., upon departure of a job.

We distinguish the optimal controls «; and corresponding departure times 7,7 =1,..., N, from
those obtained through a control scheme limited in future knowledge by denoting the latter by ;
and Z; respectively. We shall also use the index ¢ to represent the last job processed under such a
controller, so that the current information window is [Z;, Z; + 7] and the Receding Horizon (RH)
for the overall problem is Z; +7T. We will also assume that any arrival time information provided
at &, is “perfect” in the sense that both the optimal and the RH controller make decisions based
on the same {a;} such that Z; < a; < Z; + T (of course, the optimal controller has the entire
{a;} sequence available).

Assuming the current decision time to be &, the index of the last job contained within [Z, & +T
is given by
[ = arg mgtx{a,, car <3+ T} (7)
r>

where we note that [ = ¢ indicates that there are no arrival events in [Z¢, Z; + T).

Similar to Q(k,n) in (6), let us now consider a problem Q(t + 1,n) defined for a sample path
generated by the RH controller when a decision time for job Cyy1 comes up:

Q(t+1,n): min_ Z {0:(1;) + ¢;[max(Z¢, ar+1) + Z @]} ;>0 (8)

u sy U . .
AR F A j=t+1

1
s.t. max (T, ap1) + Z Uj > a1, t=t+1,...,n—1
j=t+1

Setting k =t + 1 in (6), the only difference between Q(t 4+ 1,n) and Q(t + 1,n) lies in replacing
at+1 by max(Z;,arq1). This is due to the fact that Q(t41,n) is always solved with the knowledge
that C;1; starts a BP. However, in the RH control scheme Cy,1 does not necessarily start a BP.
In particular, at time Z; the controller can determine whether a;11 < &4, in which case Cyq1
cannot start a BP. When this is true, Q(t + 1,n) above is solved with max(&;,as1) = & for
n=t+1,...,l as if &; were initiating a BP and there are only [ —t jobs left to process. Since in
this scheme all controls @;, j <t are already fixed at the time that @;; is evaluated, our goal is



to determine the “optimal” controls for the remainder of a BP or &; + T', whichever comes first.
The solution of Q(t + 1,n) is denoted by @;(t +1,n), i =t+1,...,n—1.

In view of the above, let us specify the RH controller operation at time Z; assuming that
[ >t. We begin by setting a; 11 = 0o, since the controller ignores any future job arrival beyond
C;. Then: (i) Solve Q(t + 1,n) starting with n = ¢ + 1, (ii) If Zp(t + 1,n) < Gny1, then
set U1 = Upr1(t + 1,n) and Ty = max(Zy, arr1) + ty1. Otherwise, repeat (i)-(i1) with
n=t+2,...,l until Z,(t + 1,n) < apy+1 for some n <.

In the case where [ = t, there is no decision to be made at Z;, since there is no further information
on any arriving job after Cy. The RH controller moves the decision time to &; + T and repeats
the process until a; 11 < Z;+mT for some m = 1,2, ..., at which point the decision time becomes
a1 and Q(t + 1,n) is solved with max(%;, a;+1) = a41-

Note that the function of the RH controller is to ultimately determine a single control ;1 for
the next job requiring a processing time assigned to it. This is done by taking into account all
past and future information in the form of a11,...,qa;, where [ clearly depends on 7" through
(7). The determination of ;41 is made by solving an optimal control problem of the form (5)
using the Forward Algorithm, except that we act as if the sample path starts at time &; (or a;y1)
and the complete sequence {a¢+1,...,an} is replaced by one with a; = oo for all i > [. The
process repeats at time &1 = max (%, at11) + U1 with a new RH window [Z441, Z¢41 + 7). As
already pointed out, it is of course possible that a window [Z;, ; + T'] contains no arrival time
information, including a;, 1.

4 Receding Horizon (RH) Controller Properties

Our analysis of the RH controller properties, compared to the behavior obtained under the
optimal control, is organized in two parts. First, we consider the last block of any optimal
path BP; if the BP does not contain any critical jobs, then, clearly, the last block coincides
with an entire such BP. Next, we consider all other blocks (if any) in a BP. In both cases, we
establish properties of the RH controlled system for jobs indexed by t such that £ —1 <t < n.
Before doing so, however, we begin with two simple properties of the RH controller, expressed as
Lemmas 4.1 and 4.2 below, which apply to all blocks in an optimal path BP. The first one states
that if the RH controller is applied before an optimal path block starts and the RH window
contains all arrival times in this block (see Fig. 1 illustrating this situation), then the blocks in
both sample paths are identical.

Lemma 4.1 Let (k,n) define a block on some optimal sample path BP and let 1 be the
current decision time on the RH sample path with Tx—1 +T > ay. If (k,n) is the first block in
the BP assume that Zp_1 < ai, otherwise assume Tp_1 = ap. Then

T, =x; and 4; =u; foralli=k,...,n

Proof. See Appendix m
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Figure 1: A sample path example with &, + T > a,,

The second lemma qualifies only the RH control 4y for the first job of an optimal path block,
asserting that it is lower bounded by the optimal control uj provided that a RH Block also
starts with Cj.

Lemma 4.2 Let (k,n) define a block on an optimal sample path. Let T_1 be the current
decision time on the RH sample path and suppose Ty_1 < aj and the RH window [Ty_1,Tx_1+T]
is such that ay < Tp—1 + T < an+1 where | = argmax;sk_1{a; : a; < Tp_1 +T}. Then

T > x), and T, > uy,

Proof. See Appendix m

It can be inferred from the above two lemmas that under the stated conditions C,, is also critical
in the RH path. Since we know C}, is the last job of an optimal path block, we have x} = an41
and, therefore, z,, = 2} = ap4+1. In addition, these lemmas can be readily extended to RH
windows that include multiple blocks. Let (k,n) be an optimal path BP with Cp, and Cp,
being the first two critical jobs in this BP. Suppose, Cj starts a new BP in the RH path as well
(i.e., Tx—1 < ag) and Tx—1 + 7T > ap,+1. Then, Lemmas 4.1 and 4.2 are applicable for both
blocks {Ck,...,Cp,} and {Cp,+1,...,Cp,}, i.e., T = af for all i = k, ..., By. In general, if at
time #_1 the RH window includes the arrival times of the first b blocks of an optimal path BP,
then these lemmas apply to all b blocks.

4.1 Analysis of the Last Block in Optimal Path BPs

Let us consider an optimal path BP containing at least one critical job. We make a simple
observation that relates the last block of such a BP to a BP that has no critical jobs. In
particular, recall the definitions used in [10]:

§z - * *
duy Parrd) da;




where n() is the next job after ¢ that ends a BP, and

df; 1 ) dy;

= *
alui_H P da;j

&

where m(i) is the next job which is critical after C; within the BP containing Cj, if such a job
exists; otherwise m(i) = n(i). For a BP that contains no critical jobs, it follows from Theorem
3.1 and Lemma 5.1 in [10] that all ¢ in this BP satisfy the optimality condition

. . _ 40 dy;
Gr=¢"= - .

- *
alui_H P d:z:j

=0

Similarly, for any job i in the last block of a BP we have m(i) = n(i) and the exact same
optimality condition is satisfied. The implication of this observation is that all properties for an
optimal path BP without any critical job are identical to those of the last block of any optimal
path BP. For the remainder of this subsection, we will assume that (k,n) forms the last block of
any optimal path BP. Our first result is that the RH controlled system will also not have any
critical jobs over the range k,...,n — 1; regarding the nth job, it is possible that it becomes
critical, i.e., &, = a,y1. Based on this fact, we establish the following two key properties of
the RH controller: (i) &; > «f, k < i < n, and (%) The error ¢; = &; — 2] is monotonically
decreasing when the condition &; + T > a, holds (as seen in Fig. 1). The implication of these
properties is that the RH controller often incurs no error upon completion of some BPs and this
error remains bounded and starts monotonically decreasing under certain conditions.

In order to establish the main results mentioned above we need the following two auxiliary
technical lemmas that will facilitate our proofs.

Lemma 4.3 Let (k,n) define the last block on some optimal sample path BP. Let &y, k — 1 <
t < mn, be the current decision time on the RH sample path that ends with the job Cx. Suppose
this BP contains at least one critical job and B indezes the last such critical job with t +1 <
B <min{n,ii}. Foranyi€{t+1,...,B—1}, ifa} >&; forallj=1i+1,...,B, then x] > ;.

Proof. See Appendix m
Lemma 4.3 can easily be extended to the situation where there is no critical job in the RH BP

that contains job Ciy;. In this case, we may set B = min{n,n} and obtain the following.

Corollary 4.1 Let (k,n) define the last block on some optimal sample path BP. Let &y, k—1 <
t < mn, be the current decision time on some BP of the receding horizon sample path that ends with
the job Cy, and contains no critical jobs. For any i € {t +1,...,B — 1}, where B = min{n,n},
if xf > T forallj=1i+1,...,B, then x] > ;.

Proof. See Appendix m



Lemma 4.4 Let (k,n) define the last block on some optimal sample path BP. Let &, k — 1 <
t < n, be the current decision time on some BP of the RH sample path that ends with job Cj.
For anyi € {t+1,...,min(n,n)}, if xf > Z; and none of the jobs Ciy1,...,Cs_1 are critical in
the RH sample path then x> &; for all j =i+ 1,...,min(n,).

Proof. See Appendix m

At this point we need to establish one more result regarding a BP in the RH path relative to a
block (k,n) in the optimal path of some BP. Specifically, if the current point in time is #; with
k—1<t<mnand % +T > ay, then the RH BP that contains Cy11 ends at or after job C,.

Lemma 4.5 Let (k,n) define the last block on some optimal sample path BP. Let &, k — 1 <
t < n, be the current decision time on the RH sample path that ends with job Cy. If &3, +T > ay,
then

n>n

Proof. See Appendix m

Now we are in a position to state and prove a key property of jobs in the RH path contained
within the last BP block of an optimal path, i.e., that none of these jobs can be critical in the
RH path (whereas, it is possible for C,, to become critical in the RH path).

Lemma 4.6 Let (k,n) define the last block on some optimal sample path BP. Let &y, k — 1 <
t < n, be the current decision time on some BP of the RH sample path that ends with job Cf.
Then, none of the jobs Cii1, ..., Chinfan-1} can be critical in the RH path.

Proof. See Appendix m

Tt is easily seen from this lemma that the only possibility for a critical job in the RH path arises
for indices n corresponding to the end of the last BP block (k,n) of an optimal path. In this
case, it is possible that Z,, = an41.

At this point we are able to establish one of the main results of this section, i.e., the fact that
the RH controller is such that &; > z} for all ¢ = 1,2,... To do so, we prove two theorems
corresponding to the two cases that may arise when the current decision time on the RH path
is Z; and t is contained in some optimal path BP (k,n): (i) &+ T > a, (Theorem 4.1), and (i)
T+ T < ay, (Theorem 4.2). We first establish one additional auxiliary lemma which is useful in
case (1).

Lemma 4.7 Let (k,n) define the last block on some optimal sample path BP. Let &y, k — 1 <
t < n, be the current decision time on some BP of the RH sample path that ends with the job
Cy and assume that & +T > a,. If n = 1 and there exists some i € {t +1,...,n} for which
T <z, then Uiy1 > uj .

10



Proof. See Appendix m

Theorem 4.1 Let (k,n) define the last block on some optimal sample path BP. Let &y, k —1 <
t < n, be the current decision time on the RH sample path that ends with the job C; and assume
that Ty + T > a,. Then,

T, >x foralli=t+1,...,n

Proof. Assume that there exists some i € {t+1,...,n} such that #; < x} while Z;_1 > x}_;(note
that the last inequality is always satisfied for some i: for ¢ = k — 1, if 1 < ag then, by
Lemma 4.1 we have &}, = x}, otherwise we have Zj_1 > ar = x}_,). Next, we will establish
a contradiction. First, it follows from these two inequalities that «} > ;. In addition, since
Z+ T > a, we can apply Lemma 4.5, therefore 7 > n. We now consider the following two
possible cases.

Case 1: n = 7. From Lemma 4.6, none of the jobs Cyi1,...,Cy_1 can be critical. Therefore,
the optimality conditions for controls @; and u; (using Theorem 3.1 in [10]) give

dy; d@ " dip,
duZ Z dz; - d:z: =0
Jj=t j=t
Since w} > 1;, Assumption A1 implies that del du ,
d " d
P o )
= d:z:j

Similarly, the optimality conditions for controls ;1 and ], are

dfi 1 N i dib; _ digq "L dy; 0
dti;1q Parrd) dz;  duj Parrd) d:zc;f

Since n = 7 and we have assumed that Z; < xj, Lemma 4.7 implies that @; 11 > uj ;. Therefore,

by Assumption A1, 2%t > d0in1

and the equation above gives

Y dillip1 — du:f+1
n n
d@Z)J dy;
Z d:z:j - 4L~ dx*
j=i+1 j=i+1 J

. ~ : . dy, . .
Moreover, since &; < x}, Assumption A2 implies that d%_ < d—f}, SO we can write
i i

>

j =1

d;

dx]

*

which clearly contradicts (9) and completes the proof for Case 1.

Case 2: n > n. In this case, =}, < apy1, but &, > ap4+1, which implies that &, > z;,. On the
other hand, we have &; < ] for some ¢ < n. Therefore, there exists at least one index [ < n
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such that z; < a7} for all j € {i,...,l — 1} and & > zf. By Assumption A2 applied to all
jed{i,...,l — 1}, we have

d@z)] = d@z)]
1
g 7 < (10)
j =17
In addition, when n > n there may be one or more critical jobs in the RH BP, but, recalling
Lemma 4.6 and the Remark following it, the next possible one after C; is C},. Thus, C; and C;

are situated in the same block of the RH sample path. This allows us to use Lemma 5.2 in [10],
: s+t
which asserts that £, =¢; ,i.e.,

du; ]Z_: dajj dul ]Z; d:z:j
and cancelling common terms we obtain
d@l d@b]
= 11
dul duZ Z_: dz; (11)
On the other hand, the optimality conditions of the controls u] and u; give

A | ~dvy dli <~y

=0
duy - d:z: dui - da:
j=l j=i
and cancelling common terms we get
-1
do;  do; dy;
duf  du; p d:cj
Moreover, since u; > ;, it follows from Assumption A1 that gﬁ)l 531' In view of this
inequality and (10), it follows from (11) and (12) that
do; df
— <
di, — duf

which, by Assumption A1, implies that @; < uj. Since Z;_; < zj_,, this further implies that
Z; < xf which contradicts the fact that [ was defined so that #; > x}. This completes the proof
for Case 2. m

The second theorem states a similar result, but we now consider the case where at the current
decision time Z; the RH window is not large enough to include the arrival time of C,.

Theorem 4.2 Let (k,n) define the last block on some optimal sample path BP. Let &y, k —1 <
t < n, be the current decision time on the RH sample path that ends with the job C; and
assume that the receding horizon window [T¢, % + T] is such that ap < & + T < a, where
| = argmax;~¢{a; : a; < Ty +T}. Then,

T, >x; foralli=t+1,...,1

12



Proof. Clearly, the RH path BP seen at decision time #; is such that 7 <1 < n. It follows
from Lemma 4.6 that none of the jobs Ciy1,...,Cy are critical in the RH path. We now prove
the result using an inductive argument, starting with &, > x} (corresponding to t =k —1). We
consider two possible cases.

Case 1: C} starts a new BP in the RH path, i.e., Zx_1 < ar. In this case, we can use Lemma
4.2 to immediately obtain I > 7.

Case 2: Cf does not start a new BP in the RH path. This implies that Zx_1 > ag, while on the
optimal path we have x} | < ay (v;_; < a if (k,n) is the BP without any critical job on the
optimal path, and x}_; = ay if (k,n) isn’t the first Block of optimal paht BP). It follows that
Tp—1 > }_,. Now assume that ¥ < x} and we shall establish a contradiction. Since none of
the jobs Cy41,...,Cy are critical in the RH path, we may apply Lemma 4.4 (setting i = k) to
get a7 > &; for all j =k +1,...,7.. Thus, we get

Ty <ajforall j=k,... 7 (13)

Using Assumption A2 for all inequalities above gives

di; " dw
Z T LT (14

Next, the optimality condition for the controls u; and @y (using Theorem 3.1 in [10]) requires
that

delc Z ddj] o dgk = d%

diiy, d:c] du,~C = d:c

=0 (15)

Since Ij—1 > xj_; and we have assumed Zj < 7, it follows that uj, > @;. By Assumption A1,
we have 39’: > da’* . Thus, (15) implies

PR g
‘= dz; ‘= d:cj

Taking into account (14), the above inequality becomes

> —= <0 (16)
j=n+1 " J

The optimality condition for uj  is

d9i+1+ = d%zo

and in view of (16), we get




contradicting the property that ,,11(-) is monotonically decreasing under Assumption A1. This
completes the proof of T > x7.

Next, we assume the result holds for t =r < 7, i.e.,
Bt 2 3t an)

We then need to prove the same inequality applies for t = r + 1, i.e., Zr42 > x5, to complete
the induction argument. Again we assume the converse of this relationship, i.e. .12 < 2},
and will show a contradiction.

The optimalities of the controls i,y and u; 5 require that

d9r+2 g d9r+2 "L dy;
dty4-2 Z da;] j; ) d:z:;f (18)

Recalling (17) and Zr42 < 2,5 we get trq2 < uy, o, which, by Assumption A1, implies that

% %. Therefore, (18) implies that

LAYy s Y

dz; dx*
j=r+2 J j=r+2 J

(19)

Moreover, applying Lemma 4.4 once again, we have x7 > &; for all j =r+2,... 7. Thus, using
Assumption A2 for all these inequalities gives

> Wi > dw,{ (20)

T; dz?*
j=r+2 J j=r+2 J

Combining (20) with (19) we obtain

n
di.
dj:)i <0 (21)
j=nt+l

The optimality condition for the control u}_ ,is that

d9ﬁ+1+ "L dip;

*
duy 4 i da

=0

and, in view of (21), we get
b1

dug

>0 (22)
contradicting the property that 6,,11(-) is monotonically decreasing under Assumption A1. This

shows that Z,,2 > 27, and completes the inductive argument. Consequently, we have Z; > x}
foralli=t+1,...,n

14



Moreover, it is now easy to see that 7 = [. Suppose that 7 < [. Since we have just shown that
Zp > 2% and we know that on the optimal path x% > azy1, it follows that &7 > as41, which
contradicts the fact that Cj ends a BP. m

Combining Theorems 4.1 and 4.2, it is clear that the inequality Z; > ] applies foralli =k,...,n
in the last block of any optimal path BP. If ¢ = £ — 1 and the condition Z; + T > a, holds,
then by Theorem 4.1 &; > z for all ¢ = k,...,n. If, on the other hand, ; + T < a, and the
RH window is such that &; + 7T > a;, then Theorem 4.2 applies and we have &; > x] for all
i =k,...,l. Subsequently, for t > k, either Theorem 4.2 continues to apply so that &; > z for

alli =k+1,...,0' with I’ > [ or, at some point, Z; +T > a,, will be satisfied and we get Z; > =}
foralli=k,...,n.
It is also clear that the RH path cannot have any critical jobs for ¢ = k,...,n — 1, since

T; > xf > a;41. However, for i = n we have z;, < ay41; therefore, it is possible to have
Tp = Gpy1 > T,

We can now summarize the following properties of the BP structure on the RH sample path,
relative to the optimal sample path:

Property 1: Suppose (k,n) is the last block of some optimal path BP. Then the RH BP that
contains job C% cannot end before the optimal path BP ends with C,. This follows directly
from Theorems 4.1 and 4.2 since &; > x} for all ¢ = k,...,n.

Property 2: Suppose (k,n) and (n + 1,m) are two consecutive BPs on the optimal path
containing no critical jobs. If a BP on the RH path also starts with Cj, then, by Property 1
above, T, > z;. If Z, > ap+1, then this RH BP cannot end before Cy, 4, i.e., the two BPs
on the optimal path merge into one. If %, 1, > anima1, then the following BP on the optimal
path is also incorporated into the RH BP and so on. This merging process stops when an idle
period on the optimal path is sufficiently long to satisfy #; < a;41 for some 3.

Property 3: Suppose (k,n) is the last block of some optimal path BP. Then, all jobs Ck, ..., Cp_1
will also be non-critical jobs on the RH path. This was established in Lemma 4.6.

4.2 Analysis of All Other Blocks in Optimal Path BPs

We now consider any block of an optimal path BP, which, if it is not the last one in the BP,
ends with a critical event. As we will see, in the presence of a critical job, some of the properties
of the previous section are lost. We proceed by modifying Assumption A2 to consider functions
1,(+) that are monotonically increasing. This is in fact a reasonable condition to impose from a
practical standpoint, as discussed in [17]. Thus, we will replace Assumption A2 by the following:

Assumption A3. For each i = 1 = 1,..., N, 9¢,(+) is strictly convex, twice continuously
differentiable, and monotonically increasing.

As an example 1;(z;) = (7; — a;)? satisfies Assumption A3 above. In this case, (x; — a;) is the
system time of job Cj.
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As will become clear, this assumption is needed to establish some additional properties of the
RH controller. In the remainder of this subsection, unless otherwise specified, we will assume
(k,n) defines an optimal path BP (not a block as before) with at least one critical job.

Lemma 4.8 Let (k,n) define an optimal path BP with at least one critical job. Let T, k —1 <
t < n, be the current decision time on some BP of the RH sample path that ends with Cy. If
| =argmax;>¢—1{i:a; < T+ T}, then

n>n ifl>n and n=1 ifl<n

Proof. See Appendix m

The next lemma considers the case where Ty + 1 > a,, and asserts that in the RH path none
of the jobs which are not critical in the optimal path can become critical, with the possible
exception of the last job in the optimal path BP.

Lemma 4.9 Let (k,n) define an optimal path BP with at least one critical job. Let &y, k —
1 <t < mn, be the current decision time on some BP of the RH sample path and assume that
Ty + T > apn. Then, none of the non-critical jobs of the optimal path BP, can be critical in the
RH path with the exception of C,,.

Proof. See Appendix m

The next theorem is significant because it allows us to establish the fact that &; upper bounds
x} under certain conditions.

Theorem 4.3 Let (k,n) define an optimal path BP with at least one critical job. Let &y, k —
1 <t < mn, be the current decision time on some BP of the RH sample path and assume that
Tt +T > ay. If there are r critical jobs indexed by By < ... < By, in the optimal path between
Ci+1 and Cy, and none of these jobs is critical in the RH path, then

T, > x foralli=t+1,...,n
and &; > xj foralli= By,...,B,

Proof. If Cj; is the last job of the RH path that contains Ci11, then from Lemma 4.8 , i > n.
Further, note that this situation is exactly identical to Case 1 in the proof of of Lemma 4.9 (see
Appendix). Repeating the exact same argument leading to (71) we obtain

Zi>afforalli={t+1,....,B1—-1),....{Br-1+1,...,B, — 1}, {B, +1,...,n}

In addition, since n > n and Cp,,...,Cp, are critical in the optimal path but non-critical in

RH path, we have

[d

Z; > x) = a4 forall i = By,..., B,

which completes the proof. =
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4.3 Error Reducing Properties of the RH Controller

Let us define
Ei = :fi — II?;k (23)

to be the error in the ith departure time resulting from applying the RH controller instead of
the optimal controller. In what follows, we shall establish that the RH controller is characterized
by an error reducing property under certain conditions. To begin with, returning to Theorems
4.1 and 4.2, it is immediately obvious that ¢; > 0 for all ¢ = k,...,n, as long as we consider
an optimal path BP (k,n) with no critical jobs. Moreover, recalling Lemma 4.1, if the current
decision time on the RH path is @3, t < k, and &, + T > a,, thene; =0 for all ¢ = k,..., n.
In other words, if the RH window contains an entire optimal path BP, then the RH controller
yields the optimal controls. On the other hand, if the optimal path does contain one or more
critical jobs, it is no longer true that e; > 0; in fact, the error can become negative (note that
Theorem 4.3 only holds for #; + T > a,). However, as we show next, there are segments of a
RH path such that ;41 < ¢; for several ¢ in a row, and there are conditions under which we
can in fact get ; = 0 for several ¢ in a row.

Let us first concentrate again on the last block in an optimal path BP (or an entire BP with no
critical jobs). We will show that in such a block the above error reducing property holds when
T is sufficiently large. This property rests upon the following lemma.

Lemma 4.10 Let (k,n) define the last block on some optimal sample path BP. Let &y, k <t < n,
be the current decision time on some RH sample path and assume that Z+T > a,. Then, under
Assumptions A1, A2,

u;y >u; foralli=t+1,...,n

Proof. See Appendix m

Combining Lemma 4.2 with the result above gives us a good insight into the error made by the
RH controller as the window rolls forward in time. Specifically, when an optimal path BP (k,n)
starts with some C} and the RH controller is at &; < ag with a window which is not large enough
to include ay,, then @y > uy. As we move forward in time, as long as Z; + T < a,, RH controls
may continue to satisfy this inequality, i.e., tg+1 > ug, ;. .., which increases the errors eg1, . ..
At some point, however, if & +T > a,, then the lemma above asserts that this inequality is
reversed for the remaining Cyi1,...,C, and this in turn reduces the errors. This property is
formally established in the following.

Theorem 4.4 Let (k,n) define the last block on some optimal sample path BP. Let &; be the
current decision time on some BP of the RH sample path and assume that &, +T > a,. Then,
under Assumptions A1, A2,

(2) If t < k and Cy, also starts a BP in the RH path: ¢; =0 for alli=Fk,...,n

(i3) If k <t < n:
cir1<¢g foralli=t+1,....n
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and if e; =0 for some j € {t+1,...,n}, thene; =0 foralli € {j +1,...,n}.

Proof. The first part is a direct consequence of Lemma 4.1. The second part follows from Lemma
4.10, where we established that under Z; + T > ap, we have t;41 < uj y fori =+¢,...,n—1,
hence ¥;41 — 2; < 7 | — x}. Using the definition of the error in (23), it follows that

€i+1 < &

The remainder of part (i¢) part of the lemma easily follows from Lemma 4.10. Since @41 < Ujiq,
either ;11 < ujiq or Ujp1 = ujy;y. Since ¢ = T — x = 0, the latter equality implies that
gj+1 = 0. It remains to show that the inequality @41 < uj,, is infeasible. Since ¢; = 0 implies
that Z; = a7, then u;41 <wj,, implies that Z;;; < l‘J_,’_lWthh contradicts Theorem 4.1. Thus,
€j+1 =10 and a similar argument applies for all remaining €;42,...,6,. ®

Regarding all other blocks, we can use the properties derived in the last two sections and, under
Assumption A3, we can establish a similar error reducing property.

Theorem 4.5 Let (k,n) define an optimal path BP with at least one critical job. Let &y, k —
1 <t < mn, be the current decision time on some BP of the RH sample path and assume that
Zy+ T > ayn. If there are v critical jobs indexed by By < ... < B, in the optimal path between
Ci11 and Cy, and none of these jobs is critical in the RH path, then, under Assumptions A1,
A3,

g1 <gjforalli=t+2,....n

Proof. Let us assume that the RH BP that contains Cyy1 ends at Cj. Since & +T > ay, ,
[ > n, we have min(n,[) = n, therefore Lemma 4.8 implies 72 > n. Also, assume C is the next
RH critical job after Cy11 in the same RH BP. As none of the jobs Cp,,...,Cp, is critical in
the RH path, then using Lemma 4.9 none of the jobs Cii1,...,Cp_1 is critical in the RH path,
which implies B > n.

Now considering the optimality condition of ;11(using Theorem 3.1 and Lemma 5.1 in [10]),
we have
o df d
1 v;

t+1 = A7 <O
J

du
ol S

while the optimality condition of uj, ; gives

€+ 1= * + * = 0
T dugy, =t+1 drj
Combining these two inequalities yields
dé d do "L dy;
Va1 | Z @Z’] < W1 1/’: (24)
diig 41 d:z:] aluH_1 ared] d:z:j
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However, since &; + T > a, and none of the jobs Cp,,...,Cp, is critical in the RH path, it

follows from Theorem 4.3 that

T

Ty >ajforalli=t+1,...,n

which, under Assumption A3, gives

" di; " dy;
P =D (25)
j=t+1 F  g=t+1 Y

Comparing (24) with (25) we get

dfiiq n i %< df 1
diig41 ) di‘j - du;ﬁrl

j=n+1
Using the monotonically increasing property of ;(-) under Assumption A3,Zf:n 41 % >0,

therefore
db 1 < dfi11

dat+1 - du;_l

which, under Assumption A1, yields uj, ; > @s11. This is a recursive relationship, and repeating
the same process for the remaining jobs Ciya,...,C), we get

uf >a; foralli=t+1,...,n (26)

Further, since &; > «f for all i =t 4 1,...,n, it follows that (26) for all i =t 4 2,...,n gives
xf — ] > & — X1 ie. Ty —x]_; > T; — . Then, using the definition of error, we get

gir1 <giforalli=t+2,...,n
completing the proof. m

An interesting observation resulting from the theorem above is that as long as no critical jobs
are observed on an unfolding RH sample path (under Assumptions A1, A3), we can conclude
that the error reducing property holds whenever T satisfies Z; + T > ay,.

Appendix

Proof of Lemma 4.1. The result is a consequence of Theorem 3 in Cho et. al. [11] which
states that the optimal controls of the block formed by jobs Ck,...,C, only depend on the
arrivals times ag,...,any1. If (k,n) is the first block in a BP, then the condition Zx_1 < ay,
confirms that Cj, starts a BP in both the RH and the optimal sample paths. Moreover, since
Tr_1+ T > apy1, the RH controller has knowledge of all ag,...,an+1 at time Tx_1. Therefore,
from Theorem 3 of [11] u} = i; = u;(k,n) and

(2

i
=17 :ak—&-Zu; foralli=Fk,...,n
j=k
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which completes the proof. On the other hand, if (k,n) is not the first block in a BP, then the
condition Zx_1 = aj ensures that C} starts a block in both the RH and the optimal sample
paths and the rest of the argument is the same as above. m

Proof of Lemma 4.2. Since (k,n) is an optimal path block, then the jobs Cy,...,C,_1 are
non-critical in the optimal path. Let us consider a fictitious problem of the form Q(k,n) in (6)
with arrival times ag,...,an, apty1 = 00, and corresponding optimal departure times z;(k,n)
for all ¢ = k,...,n. Clearly, the solution of this fictitious problem contains no critical jobs. It
follows from Theorem 5.4 of [10] that the optimal path departure times z} lower-bound those
obtained from Q(k,n), i.e.,

zi(k,n) >} foralli=k,...,n (27)

Next, we show that none of the jobs Cj,...,C; in the RH path can emerge as critical under
the given condition. Thus, assume that the RH BP evaluated at Zp_; ends at Cs, n < I,
and that there exists some Cp, kb < B <n< n, which happens to be critical. Further,
construct a fictitious RH path BP that starts with the same Cj and a window size T such that
Tp_1+ T > any1 with Zx_1 < ax. We denote the departure times in this fictitious RH path by
Z, for all i = k,...,n. Applying Lemma 4.1 we have

T=afforalli=k,....n (28)

Invoking Theorem 3 of [11] (as in the proof of Lemma 4.1) and considering the fact that both
the original RH path block (with window size T") and the fictitious RH path block (with window
size T' > T') start with job C, we can immediately write

i =& =ii(k,B) foralli=k,...,B

Again, since Cj is a critical job in the RH path, Tz = i’é = ag,,- Comparing this with (28)

implies that :E*B =7 = ap. 1, i-e., Cp is critical in the optimal path BP with B < n. However,

B
we know that C,, is the last job of the current block in the optimal path with n > { > B. Thus,
B being critical in the optimal path contradicts our assumption. Therefore we conclude that
none of the jobs Ck,...,C; can be critical. Given this fact, we can apply Theorem 5.2 of [10]
for the RH BP (k,n) and the fictitious one (k,n) considered earlier, where 72 < n and neither

one of these BPs contains critical jobs. Thus, we obtain

Z; > xi(k,n) foralli=Fk,....n (29)
Then, combining (27) and (29) we get
Ty > foralli=k,...,n

Finally, since Ty > x} we get ag + @y > ar + uj, i.e., Uy, > uj which completes the proof. =

Proof of Lemma 4.3.  We prove this lemma by assuming that =7 < Z; and showing a
contradiction. Since there is at least one critical job in the RH path BP between any job
ie€{t+1,...,B—1} and the end of the BP, then, using Theorem 3.1 and Lemma 5.1 in [10],
the optimality condition for the control ;11 requires that

2+ d9i+1+ - %>

A 0
i+1 di’fj

du;
(e m]
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Since none of the jobs Ck,...,C, are critical in the optimal sample path , the optimality con-

dition for w},  is
TR T
i+l i1
and we get ~
%i % % + > ZZ)] =0 (30)
v j=i+t1 (R B )

By assumption, x}, | > &1, therefore max(z}, a;y1) +uj ;> max(Z;, ajr1) + Uip1 > Ti + Uig1.
Moreover, since there are no critical jobs in the optimal path BP, 7 > a;+1, and we have
x; +uj,q > T + @ir1. Under the assumption zj < &, it follows that uj,; > @;11. Then, by

Assumption A1,
b1

*
du; iy

so that (30) implies
dip

dz;

S

j=i+1

df; 1
diij11

n

dy,

*
d:z:j

(31)
j=it+1

By assumption, x7 > Z; for all j =44 1,..., B, therefore, using Assumption A2,

B ey
Zal:zc]<

j=i+1

J

*
d:cj

(32)

j=i+1

and since B < min{n,n}, it follows from (31) that

n

>

j=B+1

dy; -

Lj

Since none of the jobs Cpyq, ..

.,Cﬁ and CB_H,..

n

d;

*
d:zcj

(33)
j=B+1

., C, are critical in the RH and optimal path

respectively, the optimality condition for the controls u};_ | and @ip 11 (again, using Theorem 3.1

in [10]) gives

dfp11 . Zn: dib; _ 49 dy; —0
diip41 j=B+1 dzj  dujy, j=B+1 i
In view of (33), this yields
dfpy1  dipia
daB—&—l du*B+1

Therefore, by Assumption A1, ipy1 < up, . Since, by assumption, 3 > Zp, it follows that

*
Ty >

Tpi1

We can use this inequality and recursively repeat the process above starting with (32) and

replacing B with B + 1 to obtain

x; >&; foralli=RB
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and using Assumption A2 for all i above results in

min{n,n} d"lp] min{n,n} d"lp]

> & < Azt (35)

j=B+1 7 j=B+1 J

There are now two cases to consider:

Case 1: If n > n, (34) becomes x} > &; for all i = B+ 1,...,n. But since C,, is the last job of
the BP (since it is the last Block) in the optimal path, we have x} < an+1, and it follows that
Zp < x), < ap41. This implies that C), is the last job of the current RH BP, which contradicts
the condition 7 > n. This case is, therefore, infeasible.

Case 2: If i < n, then (35) becomes

Poody; s di;
> ipf < i) (36)
j=B+1 j=B+1 "I
In view of (33), this implies
Wy 37
2. g < (37)
J:n+1 J

*

Using the optimality condition for the control uj_ ;:

dBz i1 n — dy;

* *
aluﬁJrl i d:cj

=0

along with (37) we get
dfz 1

*
duf

>0

This is a contradiction of the property of 8;.11(+) to be monotonically decreasing under Assump-
tion A1 and the proof is complete. m

Proof of Corollary 4.1. In the proof of Lemma 4.3, the optimality condition éj > 0 can be

replaced by éj > 0 which does not affect any of the remaining arguments. ®

Proof of Lemma 4.4. Consider j =i+ 1 and assume z},; < &;;1. We shall then establish
a contradiction. Since job Cj;1 is non-critical in the RH as well as the optimal path, using
Theorem 3.1 in [10], the optimality conditions for the controls uj,; and ;1 give

d6; Todys de; " dy,
Oy~ 0 i Wiy (38)
dti; 11 Parrd) dz;  duj Parrd) dxj

Under the assumption xj,; < #;41, we have max(x},a;1) +uj; < max(Z;,a;11) + Uiy1. Since
there are no critical jobs in the optimal path BP, 7 > a;4i. On the other hand, for any job ¢
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within the RH BP we have &; > a;11. Thus, 27 +uj | < &; + @;41. By assumption, x} > ;,
therefore u}, | < ;1. Then, by Assumption A1,
dfiy dbiq
* <=
dui +1 dui+1

so that (38) implies

n n
dy j dy j
> < I
j=i+l I =i+l I

In addition, since x| < Z;y1, using Assumption A2 implies that

J J
T )
j=it2 dz; j=i+2 d}

Now since job Cjt2 is also non-critical in the RH as well as the optimal path, the optimality

conditions for the controls uf, , and ;2 (using Theorem 3.1 in [10]) give

db;yo . Zﬁ: dip; _ df;y 2 " dy; —0
dﬂi+2 —— dfij du;‘+2 e dl’;k
and using (39) we obtain

b2 - df; 2

dui+2 duf+2

Therefore, by Assumption A1, @;12 > uj,,. Since we are assuming x;, ; < ¥;y1, it follows that
Tiyo > 49
We can now use this inequality and recursively repeat the process above starting with (39) and
replacing ¢ + 2 with ¢ + 3 to obtain
Ty > forall j=i+2,... ,min(n,f) (40)

There are now two cases to consider:

Case 1: If i <n, (40) becomes &; > z7 for all j =i+ 2,...,7. But since Cj is the last job of
the BP in the RH path, we have Z5 < as41, and it follows that x} < T < ap41. This implies
that Cj is the last job of the optimal path BP, which contradicts the condition 7 < n. This case
is, therefore, infeasible.

Case 2: If n <7, then (40) becomes &; > x; for all j =i42,...,n. Using Assumption A2, we
get

j j
Yo =) - (41)
j=it2 dz; j=it2 dz

In view of (39), this implies

dy,
42
iz, =Y (42)

n
j=n+1
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Using the optimality condition for ,,1 (again, using Theorem 3.1 in [10]), since none of the
jobs Cp1,...,Cr_1 are critical in the RH sample path:

i Z dv; _
dan—l—l 1 di’]

along with (42), we obtain

d9n+1
— >0 43
diip 41 ( )

This is a contradiction of the property of 6,,1(:) to be monotonically decreasing under Assump-

tion A1. Therefore, assuming x}, ; < Z;11 has led to a contradiction, thus establishing the fact
that ZC;:_l > Tig1.

The same argument can now be repeated by replacing ¢ by ¢ + 1 to prove that =, , > #; 2 and
the process repeats for all j = ¢+ 1,....,min(n, 7). This completes the proof. m

Proof of Lemma 4.5. We shall assume that 77 < n and establish a contradiction. Since Cj is
the last job in the RH path we have Z5 < aj41. However, the optimal path Block (as well as BP)
does not end at Cj, therefore ¥ > aj4;. It follows that «f > ;. Set B = min{f,n} = 7 and
since Cf, is clearly not critical we may apply Corollary 4.1 with ¢ = B —1 to obtain x}_; > Z5_1.
Next, consider job Cy_1. If it is not critical, we can again apply Corollary 4.1 with i = i1 — 2,
otherwise we apply Lemma 4.3 with i = 72 —2 and B = 71 — 1 to obtain 2}_, > Z5_2. Following
the same process recursively we establish that

x; >y foralli=t+1,....,70 (44)
forany t =k —1,...,n — 1. Setting t = k — 1 above gives
x;y > foralli=Fk,...,n (45)
There are now two cases to consider, as follows.

Case 1: If C}, starts a new RH BP, i.e., Tp_1 < ag, then we can invoke Lemma 4.1 which asserts
that &, = x7. This directly contradicts the inequality Z) < xj that we obtain from (45) by
setting ¢ = k. We must conclude that 7 > n.

Case 2: If Cy does not start a new RH BP, we have Z;_; > ag, while on the optimal path we
have x} _; < ay.. Therefore, T_1 > x;_,. In addition, we have x} > %} from (45) and it follows
that 4y, < ug.

Using Theorem 3.1 and lemma 5.1 in [10], the optimality condition for @y requires that

r_dly O dyy
= >
3 diiy +;k 7 2 0

while the optimality for control uj, (recalling that there are no critical jobs in the optimal path
BP) gives

O = d;

=0
duy, pr d:c;f
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Combining these two relationships we get

dek Z ddj] dak = d%
dak dz; — du dxr*
7 —k J

Under the condition i < uj, established above, we can use Assumption A1l to get

Podp; s dy

- >
; d:L’j L~ dx*
]:]C ]:]C J

In addition, using (45) and Assumption A2 for all i = k, ..., 7, we get

A _ d%
Z d:z:l

i=k

Comparing the last two inequalities we obtain

n

dwj
L~ dx*
j=n+1 J

Using the optimality condition of the control uj  ; on the optimal path:

d9ﬁ+1_Jr "L dip; _ 0

1=
aluﬁJrl i d:cj

it follows that
dB 11

duf

>0 (46)

which contradicts the property that 6,1(-) is monotonically decreasing under Assumption Al.
We must, therefore, conclude that i > n, which completes the proof. m

Proof of Lemma 4.6. We shall assume that there exists at least one critical job and
establish a contradiction. Let B index the last critical job (if there are more than one) with
t+1 < B < min{n,n}. Since Cp is a critical job in the RH path but not the optimal path,
we have 2 > Ip = apyi. Therefore we can apply Lemma 4.3 with ¢ = B — 1 to obtain
xp_; > Zp—1. Repeating this process with i = B —2,...,¢t+ 1 we then get

;> Fjforall j=t+1,...,B (47)
We now proceed by considering two mutually exclusive cases, as follows.

Case 1: & +T > ay. In this case, Lemma 4.5 implies that 7 > n. If C} starts a new RH BP,
i.e., T < ag41, then we can invoke Lemma 4.1 stating that 2, = x} which directly contradicts
(47) with t = k—1. If, on the other hand, Cy does not start a new RH BP, then ;1 > ay, while
x;_; < ay since C}, starts a Block in the optimal path (x}_; < ay if (k,n) is the BP without
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any critical job on the optimal path, and x}_; = ay, if (k,n) isn’t the first Block of optimal paht
BP). It follows that Z;_y > xj_,. In addition, setting t = k — 1 in (47), we obtain

x; > foralli=Fk,...,B (48)

Since none of the jobs following Cp is critical in the RH BP and we have x; > Zp, we can apply
Lemma 4.4 with ¢ = B and min{n,n} = n to get

;> Fjforallj=B+1,...,n (49)
Combining (48) and (49) yields
xf >F;foralli=k,...,n (50)

Now since C}, is the last job of the optimal path BP, we have x} < a1, whereas setting ¢ = n
in (50) gives x} > Iy, therefore, ¥, < x} < a,41 which contradicts the condition n < 7. It
follows that under this case C'p cannot be a critical job in the RH path.

Case 2: & + T < ap. In this case, if Cy starts a new busy period in the RH path, i.e.,
Z_1 < ag, then we can invoke Lemma 4.2 stating that Z;, > x, which directly contradicts (47)
with t = k — 1. Thus, we only need to consider the case where Cy does not start a new RH
BP. Then, Z,_1 > ay, while 27, < ay, since Cj, starts a Block in the optimal path (z}_; < ag
if (k,n) is the BP without any critical job on the optimal path, and x}_; = a if (k,n) isn’t
the first Block of optimal paht BP). It follows that Zj_; > x7_;. In addition, the fact that
Tt + T < ay implies that the current RH BP must end with some Cj such that 1 < n.

Setting t = k — 1 in (47), we have
x; >Z; foralli=~Fk,...,B (51)

Moreover, since none of the jobs Cpy1,...,C5 are critical in the RH path and 27 > ¥, we can
apply Lemma 4.4 with ¢ = B and min{n,n} = 7 to get

x; >F;foralli=B+1,...,7n (52)
Combining (51) and (52) gives
x; >F;foralli=k,...,n

Thus, using Assumption A2, we have

Z d% < Z d¢2 (53)

Using Theorem 3.1 and Lemma 5.1 in [10], the optimality condition for the control @ requires
that

”+_d0k ¢y>0

dajj
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whereas the optimality of u} (recalling that there are no critical jobs in the optimal path BP) is

Ay, |~ A

* * = 0
duy, = d:cj

Combining these two conditions implies

b, Zdw] Wy | g~

diiy, d:z:j - duk, d:z:
—k
Now, recalling that Z;_; > x;_; and &) < o}, we get ), < uy. By Assumption Al, %I’z < 53’5
k
so that the inequality above reduces to
z AN
d:z:]
and, in light of (53), we further obtain
J
<0 54
2 G (54)
j=n+1 J

The optimality condition for the control u}  ,is

d9ﬁ+1+ "L dy;

du
n+1 j=h—+

*=O
1da:j

which, using (54), implies
b1

dug

>0

contradicting the property that 6,1(-) is monotonically decreasing under Assumption A1.

Therefore, we have shown that assuming there exists at least one critical job in the RH BP leads
to a contradiction and the presumed last critical job, indexed by B, cannot be critical. Repeating
the exact same process for any other presumed last critical job B’, with t + 1 < B’ < B, leads
to a similar contradiction and the proof is complete.

Proof of Lemma 4.7. First, using Lemma 4.6 with n = 7, none of the jobs Cy11,...,Cph_1
can be critical in the RH sample path. Next, we will assume that when ¥; < z for some
i€ {t+1,...,n} then ;1 < wuj_;, which implies Z;11 < 2} ;. We will show that this leads to
a contradiction.

The optimality condition for %;1; and u}, ; (using Theorem 3.1 in [10]) requires that

=0

dfi1 . i i dfia - dip;

~ ~ . - * *
dti;1q = dz; duiJrl P dxj
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d91+1

Since ;41 < uj, ¢, Assumption A1 implies that < du*, therefore

n n
dy j dy j
D e D
j=i+l =i+l

dy ayp

In addition, #;41 < xj,; and Assumption A2 implies that di?il < d$’+1 therefore the above

inequality becomes
n n
dy); - dy);

dz;
j=i+2 Jj=t

¥ (55)
+2 dxj

Further, the optimality conditions for the controls @; 2 and uj, , give

d9i+2 Z d9z+2 + Zn: dy; _0

dii; da: dx?*
2 S j=it2 T d

and, in view of (55), we get
dfi o dOiio
= <
dii;y o du;‘+2

which, by Assumption A1, implies that uj, , > ;2. Recalling that z7, ; > %;11 it follows that
Tj, 5 > Tit2. Thus, we obtain a recursive relationship for all 7 +1,....,n from which it follows
that

uy > Uy and x, > Ty,

Therefore, using assumptions A1 and A2,

df,  db, . dwn dwn
duy, =~ diy, d:z:* da:n

Finally, writing the optimality conditions for the controls w;, and 4, we get

b, dip, db, diy,
diy, - di,  dut - drr

which clearly contradicts (56), and the proof is complete. m

Proof of Lemma 4.8. 1If Cyy1 is in the last block of an optimal path BP, then from Theorem
?? we have &; > af for all ¢ = t + 1,...,min(n,l). Since the current optimal path BP ends
at Cp, we have 27 > a;41 for all i = t +1,.....,mn — 1 and it follows that Z; > a;41 for all
i =t+1,..,min(n — 1,1). Thus the RH path BP cannot end before Cyin(p3- On the other
hand, if Cyy1 is not in the last block of an optimal path BP, then let us assume that the RH
path BP ends with Cj; such that 7 < min(n,l) and we shall establish a contradiction which
completes the proof.

Since Cj is the last job in the RH path BP, we have a;11 > Z5. But since Cj, is not the last job
in the optimal path BP, we have az4+1 < x7, therefore

xt > @ (57)



Now using Theorem 3.1 and Lemma 5.1 in [10], the optimality condition for @5 requires that

dbs dwn
dan dis; 0 (58)
whereas on the optimal path the optimality condition for u} requires that
*— db dy;
S = du? +Zd:c* -
where Cp is the first critical job following Cy. Combining these two conditions implies
B
dbs dy, dfn  diy
< oy TR
Since x} > T from (57), it follows from Assumption A3 that dw” < dw" Therefore, from (59)
we get
B
dbs dyp;  dbj
dur T 2 d < (60)
o i=n+l H
In addition, since 1;(-) is monotonically increasing by Assumption A3, we have ZZ Al Z;b’ >0

and (60) gives
db;
du},
which implies that «} < @ from Assumption Al. Then, recalling (57), we have x} = x}_ | +
ul > Tp = Tp—1 + Un, therefore

a0y
dip

l‘;:z—l > Tp_1 (61)

. the optimality condition for @; requires that (see Theorem 3.1 and

dez 2 ddj]
— >
3 +;da§j >0

instead of (58) which applies to i = 7. We can then replace (59) by

z z e

d:cj
and repeat the argument above recursively to obtain

Next, fori =n—1,n—2,..
Lemma 5.1 in [10])

d:c* - duz

x; >F;foralli=B1+1,...,7 (62)

where Bj is the first critical job preceding B in the optimal path BP, if such a job is present;
otherwise, set By =t, k — 1 <t < n. Thus, there are two cases to consider.

Case 1: There is no critical job in the optimal path BP between Ci11 and Cj; (i.e., Cp is the

next critical job after Cy41 in the optimal path). In this case, (62) becomes
x; >F;foralli=t+1,....,70 (63)

29



where kK — 1 <t < 7. Next, consider two possible subcases as follows.
Case 1.1: If C, starts a new BP on the RH path, then setting ¢ = k — 1 in (63) we get
x; >F; foralli =k,..,n

which contradicts the result of Lemma 4.1 stating that ; = 2} and completes the proof for this
subcase.

Case 1.2: On the other hand, if Cj does not start a new BP on the RH path, then
g <ap < Tp_q
since C}, starts a BP on the optimal path. Setting ¢ = k — 1 in (63) we obtain
x; >Z;foralli=k,..,n (64)

Combining these last two inequalities implies that uj, > @ and, using Assumption A1, we

obtain
db;. dby.

du;; dﬂk

(65)

Now once again recalling Theorem 3.1 and Lemma 5.1 in [10], the optimality condition for u}

requires that

dek 5

*_

and the optimality condition for i requires that

~+ d9k di;
Z da:2

i=k

Therefore,

B

Ay | by _ Oy Ny
duz—i_i_kda: — du k+zZ:
Using (65) we then get

1/}.

*
ml

VMUJ
QX

©
I
B

g
=
32

(66)

Further, using (64) and Assumption A3, and recalhng that B > 11 we get

B

dy;
> T <0

i=n-+1 g

which contradicts the monotonicity of ¥,(-) in Assumption A3, thus completing the proof for
this subcase as well.

Case 2: There is at least one critical job on the optimal path between Cyi1 and Cj. Let us
index this by Bj, which gives precisely (62). We shall show that this case is in fact infeasible.
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First, we show that :z:*Bl > Ip, by establishing a contradiction. Assume that a:*Bl < Zp,. This
inequality, together with 2% | > ¥p, 41 from (62), implies that up | > ip,+1. Therefore,
from Assumption A1l we obtain

dbp 1 d0p+1

= 67
du*Bl+1 dUB1+1 ( )

As done earlier, recalling Theorem 3.1 and Lemma 5.1 in [10], the optimality condition for (O

requires that

B
e v, _
Bi+1 — du* ox

0
y S
Bi+l =By 41 dx;]

and the optimality condition for @p, 1 requires that

7

~+ d031+1 dwz
=+ —— =0
€B1+1 duBl—l—l i:;—i-l df]?z

Therefore,
B 7

* — ~
duBl+1 A dx; dup, +1

. T
i=B1+1
Using (67) we get
B
di; dip;
2w < 2 @

’L=Bl+1 1 ’L=Bl+1

Further, using (62) and Assumption A3 we have

oA s dyy
Zdﬁ>zd—ji

i=B1+1 ¢ i=B1+1

Comparing the last two inequalities in view of the fact that B > 7 gives

B
dip;
2 <O
i=n+1 ?

which contradicts the monotonicity of ¢;(+) in Assumption A3. Thus, we have established that
xrp, > Tp,. Since Cp, is a critical job on the optimal path, we have 23 = ap,+1, therefore
Zp, < ap,+1. This asserts that the RH path BP ends with job Cp, which contradicts the Case
2 assumption that Cp, is a critical job between Cy1; and the end of this BP with Cj. Therefore,
Case 2 is indeed infeasible. This completes the proof of the lemma. =

Proof of Lemma 4.9. Let us assume there are r critical jobs (r > 1) in the optimal path BP
(k,n) after C¢y1 and without any loss of generality we index these critical jobs t + 1 < By <
... < B, < n. Clearly, Cp, is the last critical job of the optimal path BP (k,n). If Cj is the
last job of the RH BP that contains the job Ci;1 then from Lemma 4.8, 7 > n. Further, from
Theorem ??, &; > «f for all ¢ = B, +1,...,n since (r + 1,n) is the last block of the optimal
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path BP. Therefore, clearly, none of the jobs Cp,41,...,Cph_1 can be critical in the RH path.
Thus, we concentrate next on jobs prior to Cp,+;. There are two cases to consider :

Case 1: None of the jobs Cp,,...,Cp, is critical in the RH path. In this case, we have

Tp, >xp, =ap,q1foralli=1,...,r (68)

Setting ¢ = r we have g > Ty = ap,.+1. We will now show that Zp,_1 > 2} | by assuming
that £p,—1 < 2 _; and establishing a contradiction. Since Tp,—1 < xp | and Tp, > zp , it
follows that

iin, > i, (69)

Recall that 72 > n and that none of the jobs Cp,, ..., Cp_1 is critical in the RH path. Therefore,
if C'y is the next critical job after Cp, in the RH path, then clearly B > n.

Recalling Theorem 3.1 and Lemma 5.1 in [10], the optimality condition for @p, requires that

= _dip, | <~ Y
Br = dig d:z:

T ]_

<0

and the optimality condition for u} requires that

_dd “L dy;
f B + ddji Z 0
uB'r ]:Br .'L']

Therefore,

B n
g, |~ Wy _ dbp, d,

~ ~k — *
dup, . diy = dup, = da:

Using (69) and Assumption A1, this reduces to

dqp] dzpj
70
Z d:zcy - d:c (70)
] By ]— r
where B > n. Since Tp, > xp and & > xf for all ¢ = B, +1,...,n, if B = n then (70)
contradicts Assumption A3. Therefore, let us consider B > n. By Assumption A3, we have

Z dw] dw]
dx] ; d:c
Jj=Br Jj=Br
so that (70) yields
<0
) dajj
j=n+1

which contradicts the monotonicity of 1,(-) in Assumption A3. Thus, we have shown that
Tp,—1 > xp ;. Since Cp,_1 is not critical in the optimal path, i.e., T | >ap,, it follows that
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it is also not critical in the RH path. Clearly this is a recursive relation, which can be repeated
backwards to show that #; > z7 for all t = B, —2,..., B,_1 + 1. Therefore, none of these jobs is
critical in the RH path. Further, we also know that Zp, , > a3 = =apg, ,+1. Thus, we repeat
the exact same procedure for the previous block of the optimal path and obtain the same set of
inequalities. Continuing over all previous blocks until we reach Cyy; we obtain

i >afforalli={t+1,....,B1—1},....{Br-1+1,...,B, — 1}, {B, +1,...,n} (71)
Therefore, none of these jobs are critical in the RH path.

Case 2: At least one of the jobs Cp,,...,Cp, is critical in the RH path. Let us assume that
Cp, is such that it is critical in the RH path (as well as the optimal path) but none of Cp,,
it =1,...,c—1 are critical in the RH path, ¢+ < ¢ < r. Immediately applying Lemma 4.1 we
have

Z;=uaf foralli= B,...,n (72)

i.e., the optimal and RH path coincide starting with C'g, up to C,. Thus, only Cp, i =c,...,r
are critical in the RH path but no other jobs can be.

It remains to show that none of the jobs Ciy1,...,Cp, 1 is critical in the RH path. Let us
assume that there exists at least one of Cp, ,4+1,...,Cp.—1 which is critical in the RH path
and let us index by B the last of all such critical jobs which is critical in the RH path with
B._1+1< B <.B,—1. Since C' is critical in the RH path but non-critical in the optimal path,
we have ap | = T < a%;. On the other hand, setting i = Bc in (72) we get Zp. = & = ap.+1.
Therefore, there must be some i, B < i < By, such that

T; < azjforallj=B,...i
T; > ajforallj=i+1,...,B.—1 (73)

Now since &p, = 2_but Zp,-1 > xp_;, we get tp, < up . Applying Assumption A1, we have

dbp, n dg, < dfp, n dg,

4
dﬂBc diZBC - du*Bc dZL’*BC (7 )
Recalling the definitions of £, from [10], we have
;- _ dip,  dip __dip,  dip
— c c d * — c c
8. = Gap, T ary, BT Guy, T,
and it follows from (74) that
{p. < €5, (75)

Further since Cj41 and Cp, are on the same block in the optimal and in the RH path as well,
using Lemma 5.2 of [10] we can write

Ep. =&y and € =&,
It follows from (75) that
§iv1 <& (76)
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Since Cp, is the nearest critical job to Cjy; in both the optimal and the RH path, we have

B
. db; < Ay
Siv1 = = 4+ Z 2

dui_H =it diL’j
. Ay o dy;
i+l *
* duz+1 j=i+1 dmj
Then, from (76) we can write
B B
d0i+1 < d% dfiy1 S dy,
= < + 7
dti; 1 Z dx] dqu j;rl dx;f (77)

Looking at (73), we have ¥; > 2 for all j = i+1,..., B.—1. In addition, Zp, = 23 . Therefore,
using Assumption A3, we have

B B,
$5 vy S5 Ay

dfl:’j - dx*

j=it+1 j=itl d

It then follows from (77) that

dfi . dbiq

= < 55

dui_H duiH
Using Assumption A1, this implies that ;1 < uj ;. Moreover, setting j =i+ 1 in (73) we get
Tip1 > @), be, Ty + U1 > @) +uiy . In view of 4;41 < uj,;, we obtain

which directly contradicts (73) for j = i. Therefore, C'5 cannot be critical in the RH path.
Repeating the exact same process for any other presumed last critical job B’ , with B._1 +1 <
B < B, leads to a similar contradiction and proves that none of the jobs Cp, ,11,...,Cp.—1
can be critical in the RH path.

Similarly, we can repeat the exact same process for all remaining blocks to show none of the
jobs {Cit1,...,Cp1}, {CBy+1,---,CBy),---,{CB,_,+1,---,Cp.} can be critical and the proof is
complete. =

Proof of Lemma 4.10. We proceed by assuming that v} < @; for some j € {t+1,...,n}

and establish a contradiction. From Theorems 4.1 and 4.2 we have 27_; < Z;_1 which 1mphes

We now consider the following two possible cases.

Case 1: The RH BP that contains C} does not contain any critical job after job ;. Suppose
this RH BP ends with C;. Then, from Lemma 4.5, we have i > n. Applying the optimality
condition for controls @; and uj (using Theorem 3.1 in [10]), we get

) dl/)
0;
duj Z d:zcz u ‘ d:L’ =0 (79)

2_
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Since uy < j, it follows from Assumption A1l that—L > #, therefore (79) implies

Z d% d%
al:zcZ
Moreover, from (78) and using Assumption A2 we have %J? > %% and the inequality above
J
yields
n n
dip; dip;
2 @< 2 G (80)
i=j+1 i=j+1 ?
However, in view of Theorems 4.1 and 4.2, we have o} < Z; for all « = 5 4+ 1,...,n, and using
Assumption A2 again we get
~ Ay N Y
> _r°
Z dz; — “—~ dz} (81)
i=j+1 i=j+1 !
Comparing (80) and (81), we conclude that
g 0,
1 < 2
LT )

i=n

Using the optimality condition for @, we have

d;
dun Z di;

which in the light of (82) gives
b,

dity, —

This directly contradicts the property that 6,(+) is monotonically decreasing under Assumption
A1 and the proof for this case is complete.

Case 2: The RH BP that contains the job C; does contain at least one critical job after C;. Let
the first job after C; which is critical be Cp. It follows from Lemma 4.6, that B > n and, in
particular, B = n or B = ny, where (), is the last job of the bth optimal path BP that follows
(k,n), b =1,2,... Using the optimality condition for @; (see Theorem 3.1 and Lemma 5.1 in
[10]), we have

—dfy |~y
G =gt am <0
i=j

whereas for u;, which we know belongs to a BP with no critical jobs,

df; ~dv;
du;+z =0



Combining the above two relationships we get

du ; da:Z ; da:

Since we have assumed uj < @, it follows from Assumption A1 that LSS ﬁi, so that (83)

di du;f

implies

B n

dy; dip;

2. T <2 &

=7 =7
Using Theorems 4.1 and 4.2 we have &; > z for all ¢ = j,..., B, therefore, using Assumption
A2, we obtain

B B

=7 i=j

Now, as argued above, B = n or B = ny, where (), is the last job of the bth optimal path BP
that follows (k,n), b =1,2,...If B = n, then (84) and (85) immediately contradict each other.
Otherwise, if B = n, > n for some b, comparing (84) and (85) we conclude that

o~ vy

ot < 0 (36)

1=n+1

Let us assume there are b complete optimal path BPs between Cy, 41 and Cy,: (n+1,n1),..., (np_1+
1,...mp). Considering the optimality condition of each uy, q,...,up, .1 we have

ny

n1

d9n+1 dl/)z - _ danb_l—&-l ddjz _

du} * der — du’ * o
n+1 i=n—+1 i np—1+1 i=np_1+1 i

dbny_y +1
© dut

Again, from Assumption A1 we have gfl’i—“ <0,.. < 0, which in turn gives
n+1

ny_1+1

ni ny

dy;
%>0,...,

i=n+1 g i=ny_1+1

dy;
d—{172<>0

np

therefore, summing up yields » 11 dm

L > (0 which contradicts (86). This completes the proof
under Case 2 as well. ®
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