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Abstract

The polytope model is a powerful framework to manipulaterapalize and optimize
nestedfor loops in compilers. This paper, based on an extension ofthieisry to the con-
cept of periodic polyhedra, shows precise methods anatysihods to achieve dead code
elimination in parameterized loop nests, and to computeiaet volume of data accessed
by loop nests through integer multidimensional affine refiee functions. We determine the
values of the parameters for which a considered loop nestimby executed, allowing dead
code elimination in loop nests. We also determine the nurabpoints with integer coordi-
nates belonging to the integer projection of a Z-polyhegwdrich indicates the exact number
of data accessed by a loop nest through (especially) nartible array access functions.
These methods integrate the formalism used in the polyhkioi@ry Polylib.

1 Motivation

For many years, compiler writers have focused on paramettrioop nests, mainly because of
their importance in scientific and multimedia programs. Ploé/stope mode(with e.g. [1, 18,

9, 16, 19]) allows to manipulate loop nests whose boundsffire dunctions of the loop indices
with integer-valued parameters in the constant part by finegi¢them as parameterized rational
polytopesP. As the considered loop indices are incremented by a canstieger value, the
values taken by the-vector of indices belong to a subsetZsf: an integer latticd.. So the values
taken by the index vectar € Z", wheren defines the number of nested loops, are given by the
so-calledZ-polytopeP N L.

Example 1 The iterations of the following Gaussian elimination code:

for(i=1;i<=n; i++)
for(j=i+1;j<=n;j++)
for (k=i +1; k<=n; k++)

alj][kl=a[j][k]-a[j][i]*a[i][k]/a[i][i];



are modeled by the parameterizéepolytope P N Z3, where
P={1<i<ni+1<j<mi+1<k<n}

andn is an integer parameter[]

This model has shown his power as a model for loop analysiser8eoptimization and paral-
lelization methods are also obtained by transforming pedyh (and thus their associated loop
nest) by affine functions. But a major weakness of the modalvstup when the transforming
function is non-invertible: the result is notZapolyhedron anymore. It is important to note that,
throughout the paper, we will considérpolyhedra whose lattice 8", as it is always possible to
transform aZ-polyhedron to this simpler form.

Example 2 The following example has been presented by Clauss [4]alparametric version of
an example initially presented by Ferraeteal [8] and also treated by Pugh [15].

for i =1to 8 do
for j =1to p do
a(6i+9j-7) = ...

The elements of the array a reached by this loop are defined by :
E={keZ|3i,jpeZ®:1<i<&1<j<pk=6i+9j—7}

Although these points are defined by a set of affine rationabiraints {.e., equalities and in-
equalities with integer coefficients), the sBtof integer values ok, which is the image of a
Z-polyhedron by a non-invertible affine function, cannot lesaibed by &-polyhedron. E' is
the Z-polyhedron{k = 3z + 2,8 < k < 9p + 41,z € Z} minusthe two points{k = 11} and
{k = 9p + 38}. These two points that are not accessed by the loop nestewlalbeddata holes
from now on. [J

This kind of problem occurs particularly when looking foteger values or value ranges taken by
some variables or parameters while having only rationaktraints. Several methods have been
proposed to deal with it, each of them being specialized solging some particular problems.
For instance, Pugh firstly focused on the existence of dgterdtences (by solving the integer
linear programming problem) with omega [14]. Feautried® Bomputes the integer lexicographic
extrema of a parametric polyhedron. This result was firsttyesl around computing dependence
functions and (re-)scheduling loop nests [7]. As solving fbroblem also implies solving the
parametric integer linear programming problem, it alsodther applications as for instance code
generation [5, 2]. The most general method for counting thraputation and data volumes of
a loop nest has been proposed by Clauss [4], which uses Elpbignomials [6]. But when
data is accessed through non-invertible affine functidms data holes are determined by integer
roots of some polynomials. So the feasibility of this tecjua is limited by the possibility of
finding these roots. Our global objective is to show thatladise problems with integer points in
rational polyhedra can be handled by using the periodichmalyon model, which derives from
the polytope model. It is shown in [13] that this model allotwscompute the integer hull of
a parametric polyhedro#?, and also its extrema w.r.t. a set of linear objective fuordi (these



function define an order among the integer pointsP)f Lexicographic extrema iP are just
given by considering a particular order. This model is pnésé in section 2. Then, we show in
section 3 how to determine the exact set of values accessatbbyp nest through a non-invertible
reference function, and discuss its use for eliminatingddszde. This result gives directly an
alternative method, developed in section 4, for computhmg number of integer points in the
image of aZ-polyhedron by a singular affine function. Some concludiegarks are made and
future works are discussed in section 5.

2 Periodic Polyhedra

Let P be a polyhedron defined by a minimal set of equalitteg 7, N) = 0 and inequalities
In(I,N) > 0, over a set of variable$ € Z" and parametersV € ZP. Focusing on a given
variableig, the inequalities define upper and lower rational boundsgfam function of the other
variables and parameters. The bound derived from a givequatéity /n,(I, N) > 0 is the

solution iniy, of the equationn, (I, N) = 0.

Example 3 Consider the polyhedron

3+2k—1>0
—3i—2k+8>0
—2i—k>0
2i+k+p—12>0

Py =

The inequality2: + k + p — 1 > 0 defines a rational lower bound fari,,,, = (—k —p+1)/2.
The values of: andp for which the value oi is bounded by this inequality is given by projecting
1 by using the latter equality, giving :

k—3p+1>0
—k+3p+13>0
p—12>0 U

The values”’ of the other variables and parameters for whigls actually bounded byn, (I, N) =
0 is given by projectingP alongi;, usingn, (I, N) = 0. The equation/n, (I, N) = 0 defines a
hyperplane: we will call isupporting hyperplanelts intersection with”’ is known to be dacet
of P. Thus, we can calP’ a projected facet
But we are interested in integer-valued variables. Siryiler rational bounds, it has been shown
in [13] that integer bounds of a variabig can be derived from the inequalities defining the poly-
hedron. The integer bound derived from the inequality.(, N') > 0 is the solution inj to the
equation

Ing(I,N)— (Ingz(I,N)) mod a, =0, (1)
whereay, is the coefficient fori;, in In,(I, N). (Iny(I, N)) mod a is a periodic function off
and N: the integer bound given by equation (1) has then a pericgfinition.

Example 4 The inequality3i + 2k — 1 > 0 of P, defines an integer bound fargiven by
3i+2k—1—(3i+2k—1)mod3=0=3i+2k —1— (2k — 1) mod 3,



which can also be written = (—2k + 1 + (2k — 1) mod 3)/3. (2k — 1) mod 3 is a periodic
function of k, with a period of 3:

e 2k —1)mod3 =2if kmod3 =0
e 2k—1)mod3=1if kmod3 =1
e (2k—1)mod3 =0if kmod3 =2
Then, the definition of the integer bound given by equatigrigalso periodic:
o i =(—2k+3)/3if kmod3 =0
o i=(—2k+2)/3if kmod3 =1
o i=(—2k+1)/3if kmod3 =2

It can be written in a short form by usingeriodic numberswhich represent periodic rational-
valued functions of integer variables by a multidimenslceraay: : = (—2k + [3 2 1]k)/3
Notice that here, asis periodic only in function of one variable, the periodicnmoer is one-
dimensional. 0O

The corresponding geometric object, defined by equatiarigihen gperiodic polyhedronSim-
ilarly to the rational case, the valudg® of the other variables and parameters for whighs
actually bounded by equation (1) is given by projectiRgalongi; using equation (1). Equa-
tion (1) defines a periodic hyperplane, which will be calsegbporting (pseudo-)hyperplan&he
periodic polyhedronP’ is calledprojected pseudo-facess its intersection with the supporting
pseudo-hyperplane is callechbaeudo-facetv.r.t. i.

Example 5 The projected pseudo-facet corresponding to the pseugerplanei = (—2k +
[3 2 l]k)/3 is given by projecting? alongi using this equation.

{ [5 6 7,>0

Py = k—[6 4 2], >0

~k+3p+[1 0 —1],>0

3i+2k—-[3 2 1],=0
[5 6 7] p =0
k—[6 4 2], >0

~k+3p+[1 0 —1],>0
More details on periodic polyhedra and some of their appboa can be found in [11, 13]. Here,
we just need to know that integer points in a rational polybed® are bounded by their pseudo-
facets, which are lower-dimensional periodic polyhedréhe Tnteger points of a pseudo-facet
are also bounded by their own pseudo-facets, and so onntp&ai0-dimensional pseudo-facets,
which are particular integer points. These integer poirdeatremalpoints of P, as all the integer
points of P belong to the convex hull of these points. These points dledctne pseudo-vertices
of P.

We see in next section how to use these extremal points tondiethe exact data accessed by a
loop nest.

The corresponding pseudo-facet is then given >{ O



3 Domain of existence of an integer point in a polyhedron

In the polytope model, iterations are modeled by the intgents of aZ-polytope P(I,N) :

1
P. | N| > 0nz"P+! while data accessed through (multi-dimensional) acaasstibns are

1
the image of these points by the corresponding mapping. MAping can be represented by an
access matrix. It has been shown [4] that when this matriboisinvertible, the image is not a
Z-polyhedron in the general case, but a uniorZgbolyhedra. Consider & x (n + p) access
matrix A, through which a loop with: indices and» parameters accessesadimensional array.
Let X € Z™ be the coordinates of an accessed array element. The acda@sglementX by an

iteration of P is solution to:
I I
{P.IN]| >0;A. | N| =X}
1 1

Describing the accessed data reduces to look for the setudsvaf X for which the set of itera-
tions I accessingX through A is not empty. In other words, we seek the domain of existence i
P(I,N) of an integer point in the inverse image (also caleeimagg of X by A:

{X € 2™ | preimage(X,A) N P(I,N) # 0}
First, there must exist integer pointsgpneimage(X, A). Then, we must see for which values of
X these points are if? (I, N).
3.1 Existence of an integer point in the preimage

For simplicity, assume there is no equality in the definitdnP (we can always come to such a
case). We look for integer values &f such that there exists an integer solutioto

! V. R C !
AN = (0 0 1) .| N | = X, whereV (respectivelyR and () is the part ofA
1 1

corresponding td (respectivelyN and the constants).
It is known [17] that there is an integer solutidrio this equation for any integer value &f if and
only if

H ' (1, -0). (f) ez™, )

whereV = [H 0] - U is the left Hermite normal form o¥’, andL,,, is them-dimensional identity
matrix. H is an integer lower triangular matrix, so its inverse isoaél in the general case. Let
d, be the common denominator of the elements ofifhgow of 1, andH'~! the matrix !
whosert” row has been multiplied by,.. Equation (2) can then be written:

(H''. X — H™'.C) mod d = 0, 3)

whered = (d,) ,r € [1..m], and mod is element-wise.



Example 6 The polyhedron presented in example 2 has only one equafton+ 95 — 7 = k}
There is an integer solution i, j) for any value ofk if and only if 3.(k + 7) € Z, that is to say
k+7mod3=0. O

The general solution of this equation is found by considgtimat:

e H'1'.X —H'C=0= (H'.X — H71.C) mod d = 0. Afirst set of solutions is
then obtained by solving a linear equation (i.e., it is thda of integer points given by the
integer kernel offf’~1).

e Each row of (3) is of the formf(X) mod d, = 0, wheref(X) is an affine function ofX .
f(X) mod d, is a periodic function ofX = (x,) of periodS = (sx), k € [1..m]. Hence, if
X is a solution tof (X') mod d, =0, thenX + Y.S is also a solution for any” € Z™. So
the solutions reached by this way form a lattice of integen{so which is the intersection
of the lattices given by the differefft( X') mod d,.

All the solutions can be reached by these two lattices, sgémeral solution to (3) is given by a
particular integer solution to (3) and the combination & tio lattices:

X\ [ G X0\ (XN v m
<1>_<o...o 1>'<1>’X€Z’

where[G 0] is the left Hermite normal form of a matrix whose column-westare the basis vectors
of the two lattices, and is a particular solution to (3). Then, any integer palftis reached by
integer points through A:

X eZ"=Tez"

The interested reader will look for a more detailed and bédttestrated presentation in [12].

Example 7 The solution tdk+ 7 = 0 is unique: its integer kernel is the null vectér+ 7 mod 3 is

a periodic function of an integer variable: itis the pertod'umber[l 2 O]k, of period 3.k = 2

is a particular integer solution to + 7 mod 3 = 0. The necessary and sufficient condition over
k for the existence of an integer soluti¢n j) to 6i + 95 — 7 = k is thenk = 3k’ + 2,k € Z.
We can make explicit this change of variables fréno %/, giving: 6i + 95 — 7 =3k’ + 2 &
2i+3j—kK -3=0 O

The data accessed by the loop nest belong to the computee,lathich is a first information.
Changing the variables froo¥ to X’ corresponds to a compression of the data space: in the new
data space, each array eleméfitcan be accessed by an integer iteration péititrough A. But
this I does not necessarily belong to the iteration dorddtt/, N) > 0}. In next subsection, we
look for the array elementX’ actually accessed by the loop nest.

3.2 [Exact data accessed by the loop nest

Considering the compressed data space, we want to computxdct set of array elemenis’
that are accessed by the loop nest through the access furtguch that:

I I
ANl =x=( ¢ Xo X' oA . |IN| =X
) 0...0 1 )



The problem defines a polyhedron withequalities:E(I, X', N) = {P(I,N) > 0; A/(I,N) =
X'}. Hence, considerind(’ and N as parameters, its geometric dimensiomis- m in the n-
dimensional variable space.

In the following, we compute particular integer points Bf/, X', N). When the definition of
E contains equalities, the values of the pointskbfire dependent on each other, which is not
suitable for our algorithm. We must then eliminate theseatiqus, transforming® from a non-
fully-dimensional polyhedron in a-dimensional spacé into a fully-dimensional polyhedron in
an (n — m)-dimensional spac8’. We can eliminaten equations by eliminating. variablesI,
from E. But we want that an integer point & corresponds to an integer pointdh that is to say:
I, € Z"™ = I, € Z™, wherel; are the remaining variables . This problem is exactly the
same as the one treated in the latter subsection, where wiedviratX € 72" — [ € Z". A

/
compression ovef; can then be computed in the same wé;‘%}) = <0 G 0 11170> . <Ill>
Example 8 The polyhedron{1 < i < 8;1 < j < p;2i + 35 — k¥’ — 3 = 0} has two variables
1 andj and one equality. Its geometric dimension is then 1. We wamdiminate the equation
by eliminating the variablg and obtain a fully-dimensional polyhedron in a space of disien
1. Thus,j has to be integer for each integer value of the variablesefrimsformed polyhedron.
It is the case when = 3i’ + 2k’. This defines a compression @fwhich gives the transformed
polyhedron:

1—2K <3¢/ <8—2k
l<j<p
2+ j+K-1=0

We can then eliminate the equality, as welljagiving:

po_ [1-2K <37 <8 2K
ST\ =K —p+1<2i < K

Notice that the compressions &f and of/; can be combined into a single compression. We look
for the values ofX’ such that there is an integer solutiénof E(I;, X', N). Obviously, there
exists an integer poinf; in a parametric polyhedrof' (3, X', N) if and only if the (parametric)
convex hull of its integer points, i.e., its integer hull,net empty. It is shown in [13] that the
(parametric) integer hull of a polyhedron is the convex lbfikome extremal integer points called
pseudo-verticespresented in section 2. The integer hull is non-empty if anly if there exists
such extremal points. So a straightforward way to obtainvidaes of X’ for which there exists
an integer poinf; in E(I;, X', N) would be to compute the values &F for which E(I;, X', N)

has pseudo-vertices. For a given pseudo-vertex, thesesvale given by the projection of the
pseudo-vertex into the parameters spgké N ). By construction, as pseudo-facets are expressed
as the intersection of a supporting pseudo-hyperplane gmjacted pseudo-facet, a pseudo-
vertex is then expressed as the intersectiom @qualities, that describe its coordinates in the
variable space, and some inequalities, that are its piojeatto the parameters space. We call
this projection thevalidity domainof the pseudo-vertex, as itis very similar to the validityrdns

of rational vertices of a parametric polyhedron, introdlibg Loechner in [10].



Example 9 The pseudo-facet w.r.f. of P; derived from the inequalit@i’ + &' +p —1 > 0 is:

20+ K +p— 21 mod 2 =0
I
2% +k +p—1—(K +p—1)mod2 =0 k,_3p+[4 3} -
P K—=3p+1+3(K+p—1)mod2>0 3 A4
BTV +3p+13-3(K +p—1)mod2>0 K aes 1013
p—1—(K+p—1)mod2>0 PT s o)
2 1
— >
b [1 2] =0
p,k

As the value of all its variables are determined by equalititis a pseudo-vertex. The values
of k' andp for which this pseudo-vertex belongs & (i.e., its validity domain) are given by the
inequalities. O

As there exists an integer point fii as soon as there exists a pseudo-vertex, the valu&sasfd

N such that there exists an integer palpin E can be given by the union of the validity domains
of the pseudo-vertices @f.

Computing all the pseudo-vertices is not necessary. Thetemde of an integer point il do
not reduce to the existence all its pseudo-vertices, but to the existenceabfeast ongpseudo-
vertex. Given a linear orde® on the variabled, there is always at least one integer point that is
the minimum (we could also take the maximum) w.r.t. this ar@@us, the existence of an integer
point in E reduces to the existence of a pseudo-vertex that is mininmal @.

Example 10 for P3, we can for instance minimize Two pseudo-vertices minimiz& P ; and

3i' + 2k —1— (2K — 1) mod 3 =0 Ji+2k—[3 2 1], =
Puo— 7—(2k' —1) mod 3 >0 _ [5 6 ] >0
32~ K —2—-2(2k' —=1)mod3) >0 —[6 ]k >0

—K +3p—1+2(2K' —1) mod 3 >0 —k+3p+[3 1], k>0

The values ofc andp such that there is an integer point 3 are then given by the union of the
validity domains ofPs ; and Ps »:

k:’—3p—|—[4 3} >0
D,k

34 7
10 13 K—6 4 2],,>0
A _kl 3 >0 [ k! =
Fsa * er{13 10Lk,— U Fss {_k/+3p+[3 1 -1, >0

2 1
— >
p [1 2] 20
Dk

The fact that the union of; ; and P; , describe the exact set of integer valuestbbuch that
there exists an integer solution it is not obvious. To convince the reader, let us show how, for
instance, we can compute the data holes introduced in sektidhe periodic numbers used in the
definition of these validity domains are a short notationeSénperiodic polyhedra can be written



more explicitly as:

{83p—4 <K <3p+10;p>2}if k¥ mod2=0andpmod2=0
{3p—3<K <3p+13;p>1}if K mod2=1andpmod2 =0
{3p—3<K <3p+13;p>1}if K mod2=0andpmod2 =1
{B8p—4 <K <3p+10;p>2}if K mod2=1andpmod2 =1

/o
P3,1_

{6 <k <3p+3}if k" mod3 =0
Pyo={4<K <3p+1}if K mod3=1
{2<K <3p—1}if k' mod3 =2

Each element of this decompoaosition is the intersection aflgh@dron and an integer lattice (de-
fined, for instance, byt mod 2 = 0 andp mod 2 = 0), i.e., a Z-polyhedron. So the data
holes can be found in the following way: I, be the projection ofP; on the space of’:

P = {2 < K < 3p + 13}. The data holes can be determined for each validity domain by
scanning the different lattices defined by the periodic nemsb For a given latticd., the holes
generated by thg-polyhedronP; whose lattice id. is given by(P N L) \ P; = (P \ R) N L.
Here, the holes generated byp — 4 < k' < 3p+ 10;p > 2,k' mod 2 = 0,p mod 2 = 0} are:
Po\{3p—4 <K <3p+10;p > 2} N{k' mod2 = 0,pmod2 =0} = {3p+11 <k <

3p + 13} N {k' mod 2 = 0,p mod 2 = 0} = {k’ = 3p + 12}, which is one of the data holes we
were looking for ¢ = 3k’ +2 =9p +38). O

Identifying the data holes determine the data computed by hest more precisely that just by
projecting along the access function the polyhedron definethe loop bounds. In the example
developed here, if a program analysis tells that the onlgyagtements that are used after the loop
nest execution are the elemenfd1] anda[3p + 12], the whole loop nest is useless and can be
eliminated. This analysis can be considered costly whesidering a single loop nest whose
volume of accessed data is large. In this case, the ratiodeetshe number of data accessed and
the number of holes shall tend to zero, as well as the chamrdsafiing to eliminate a whole
loop nest. But dead code elimination based on the analydigeniess of array elements have to
propagate along the whole analyzed program. The error e¢edco an approximate analysis
propagates as well, and the final error may disallow a powddad code elimination.

Identifying the exact set of integer points in the projectas aZ-polytope also allows to enumerate
this set. Among many applications (the interested readerefar to [3] where several applications
are shown), this allows for instance to determine the exawter of data accessed by a loop nest
through a non-invertible array access function. Next sacthows how the number of integer
points in such a projection can be derived from the domainxidtence of an integer point in a
polyhedron.

4 Number of integer pointsin the projection of a Z-polyhedron

Counting the number of integer points in the image @FpolyhedronP by a non-singular integer
affine transformatiorf” is trivial, as it equals the number of integer pointdinWe have seen that
when the transformation is singular, i.e., it can be represkby a non-invertible matriX, some

holesappear in the image. After some adequate transformatioadiawve obtained the definition



of a set of pointsX’ such that there exists an integer painin the projection of a polyhedron
P(I,N), depending on parameteié. These integer pointX’ are the image of the integer points
of P. So counting the number of existing’ gives the number of points in the projection of the
polyhedronP along A. Ehrhart polynomials [3, 6] give the number of integer psimt a rational
polyhedron. Thus, the operation is almost straightfory#rd only difficulty coming from the fact
that the set of pointX’ are defined by a periodic polyhedron.

Example 11 The set of integer points iR, that is to say inPs, is defined in section 3 byé,luPég.
P | is periodic in function oft’, with a period of 2, and?; , is also periodic along’ but with a
period of 3. The coupl¢P; ,, P ,) is then also periodic along with a period of 6. Similarly, it
is periodic along with a period of 2. We can then writg; ; U P; , as:

43 43 4 3 10 13 10 13 10 13
— <k <
3p [343434} ,—k—3p+[13 10 13 10 13 10],
p;k p.k
pu 212121
12121 2 ,
D,k

6 4 2 6 4 2 31 -1 3 1 -1
<k <
U{[642642} /—k—3p+[31—131—1} /
D,k pk
This system defines twelg-polyhedra, each of them having its own Ehrhart polynomiake

can transform the system by considering thlatan always be writted’ = 6k” + k' mod 6 =

E'+[0 1 2 3 4 5], andsimilarlyp = 2p' + p mod 2 = 2p/ + [0 1]p:

16 12 14 10 12 8

oy |42 2 0 0
P~ 1o 0 —2 —2 —4

—2] §6k,,§6p,+[10 12 8 10 6 8]
Ak .k’
2 1 21 21

/>
zp—[010101}/
p,k

)

3 0 -3 0 -3 —
_ < 1 < /
U{[ﬁ 3030 8, <6 <6+ [6 3.0 3 0 —3Lk/
In this form, the variables over which the polyhedron is ertated, namely” andyp’, are inde-
pendent fromk’ mod 6 andp mod 2. Then, the number of distinct values bfin P;; U P , is
the sum of the six Ehrhart polynomials given by the distirminbinations ofi’ mod 6, for each
value ofp mod 2. Let us see what is the Ehrhart Polynomig) for p mod 2 = 0 :

{6p" —4 < 6k" <6p' +10;2p' > 2} U {6 <6k <6p'+3} ,k' mod6 =0
{6p" —2 <6k <6p’+12;2p' > 1} U{3 <6K" <6p'} k' mod 6 =1
{6p" —2 <6kK" <6p' +8;2p >2}U{0<6K" <6p —3} k' mod6=2
{69/ < 6k < 6p/ +10;2p' > 1} U {3 < 6k" < 6/} K mod 6 = 3
{6p’ <6K" <6p +6;2p" >2}U{0 <6k <6p' — 3} k' mod 6 = 4
{6p' +2 <6k <6p’ +8;2p >1}U{-3<6K"<6p —6} ,k"mod6=5




{2 <6k <6p' +10;p =1} U {6 < 6K <6p +10;p" > 2} k' mod 6 =
{3<6k" <6p’ +12;2p > 1} k" mod 6 =1
B {0 <6k <6p' +8p >1} k' mod 6 = 2
N {3 <6k’ <6p’ +10;2p > 1} k" mod 6 = 3
{0 <6k <6p' +6;p >1} k' mod 6 =4
{=3<6K"<6p —6;2p >1}U{6p +2<6k" <6p +8;2p >1} k' mod6=5

Their number of integer points are then:

2ifp =19 +2ifp >2 ,Kmod6=0; p+2ifp’>1 ,k"mod6=1
p+2ifp >1 Jk'mod6=2; p+1ifp>1 ,kmod6=23
p+2ifp >1 Jk'mod6=4; p+1ifp’>1 k" mod6=5

Summing all these possible values okemod 6 gives the number of integer points it ; U P ,

o 16ifp =1 [ 16ifp=2
Whenpm0d2_0'E(p)_{6p'+10ifp’22_ 120+ 10ifp >4

5 Conclusion

We have shown a new use of periodic polyhedra theory, as aavdgfine the exact set of integer
points in the image of a parameti#epolyhedron by a singular function. This allows to deterenin
the exact data accessed by a loop nest through a singulgrrafesience, which occurs when the
dimension of the array is lower than the number of loop inslicd method for computing the
number of such points is derived, allowing to compute reléwata such as the exact volume of
data accessed or communicated by a loop nest without havisgite polynomial roots as in [4].
The periodic polyhedron model is an improvement of the mggtmodel, meaning that it allows
more precision. The methods for solving problems with thp béthe periodic polyhedron model
are being implemented using the polyhedral librRolylib. We intend to go further in showing
the relevance of this model for loop nest analysis.
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