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where � is stationary and � = (�1;�2) : G �! D (where D stands forDeformedspace) is a bijective deformation. Equivalently, the correlation function r of Zis r(x; y; x0; y0) = R ��(x0; y0)� �(x; y)� ; (2)where R is a stationary correlation function in R2 .In this paper, we consider a reduced Gaussian random �eld Z indexed byG = [0; 1]2 satisfying (1)-(2) and we suppose that the stationary correlation Ris known. Our concern is the functional estimation of the space deformation �using a set of suitable linear and super�cial quadratic variations of Z.The quadratic variations are �rst introduced by Lévy [8] who shows thatif Z is the standard Wiener process on [0; 1], then almost surely its quadraticvariation on [0; 1] converges to 1. Baxter [2] and further Gladyshev [3] generalisethis result to a large class of Gaussian processes. Guyon and León [5] introducethe H-variations for stationary Gaussian processes, a generalisation of thesequadratic variations. They study the convergence in distribution of the H-variations, suitably normalised.For Gaussian process Z with stationary increments, Istas and Lang [6] de�negeneral quadratic variations, substituting a general discrete di�erence operatorto the simple di�erence Z(k=n) � Z((k � 1)=n). They use these quadraticvariations to estimate the Hölder index of a process.For non-stationary Gaussian processes, with increments stationary or not,Perrin [9] gives a general result concerning the functional asymptotic normalityof the process of the quadratic variations which corresponds to the linear inter-polation of the points (p=n; Vn(p=n)), p = 1; 2; : : : ; n, with Vn(p=n) the discretequadratic variations at points p=n. This result is applied to the estimation of atime deformation for non-stationary models of the form Z(x) = �(�(x)); x 2[0; 1].The generalisation of quadratic variations for stationary Gaussian �elds isstudied in Guyon [4] and León and Ortega [7]. Another generalisation for non-stationary Gaussian processes and quadratic variations along curves is done inAdler and Pyke [1]. Guyon [4] shows that some stationary random �elds can beidenti�ed in mean square sense using di�erent families of variations. Using someof these families allows us, in this paper, to generalise the result of [9] to theestimation of a space deformation for non-stationary models of the form (1)-(2).The paper is structured as follows. Section 2 sets up notations, assump-tions, de�nitions and describes the super�cial and the linear quadratic varia-tions. In Section 3, we study the pointwise mean square (L2) convergence ofthese quadratic variations. Finally in Section 4, we propose an estimator of� which converges in L2 to �. This estimator is de�ned with the help of thesuper�cial and the linear quadratic variations.2 Linear and Super�cial quadratic variationsLet Z = fZ(x; y); (x; y) 2 [0; 1]2g be a real-valued reduced Gaussian random�eld with correlation r satisfying (2). 2



For any di�erentiable function f : (x; y) 2 [0; 1]2 7�! R, we denote usingf (p1;p2) the p1; p2-partial derivative of f with respect to x and y. Assume forthe stationary correlation function R(A1) R(u; v) satis�es when u! 0 and v ! 0 :R(u; v) = 1� �juj � �jvj +O(uv); where � > 0 and � > 0:(A2) R(2;0)(u; v); R(1;1)(u; v); R(0;2)(u; v) exist and are uniformly bounded inf(u; v) : u 6= 0g; f(u; v) : uv 6= 0g; f(u; v) : v 6= 0g:For instance, the stationary exponential model R(u; v) = exp(��juj � �jvj)satis�es (A1)-(A2).We consider the following smoothness assumption for the deformation �(B1) � has uniformly bounded second derivatives in [0; 1]2:We restrict to bijective deformations � = (�1;�2) such that �1 and �2 satisfythe following assumptions for all (x; y) 2 [0; 1]2(B2) �(1;0)1 (x; y) > 0;�(0;1)2 (x; y) > 0;�(0;1)1 (x; y) � 0;�(1;0)2 (x; y) � 0:Moreover, it is reasonable to assume that the Jacobian determinant of � isstrictly positive in [0; 1]2. In particular, it follows from (B2) that for all (x; y) 2[0; 1]2 we have �(0;1)1 (x; y)�(1;0)1 (x; y) < �(0;1)2 (x; y)�(1;0)2 (x; y) :We strengthen this condition by(B3) a = sup(x;y)2[0;1]2 �(0;1)1 (x; y)�(1;0)1 (x; y) < inf(x;y)2[0;1]2 �(0;1)2 (x; y)�(1;0)2 (x; y) = b:It is easy to see (cf. [10]) that if (�; R) is a solution to (2), then any othersolution (~�; ~R) is of the form ~�(x) = B�(x; y)+ b and ~R(u) = R(B�1u), whereB is a regular square matrix and b is a vector in R2 . Thus, without loss ofgenerality, we may impose that �(0) = 0: (3)Bijections � = (�1;�2) such that �1(x; y) = F (x) and �2(x; y) = G(y)for all (x; y) 2 [0; 1]2, where F and G are two twice continuously di�erentiablestrictly increasing functions in [0; 1], as are F�1 and G�1, satisfy (B1)-(B3)with a = 0 and b = 1. More generally, twice continuously di�erentiable bi-jections � = (�1;�2) in [0; 1]2, as are ��1, with strictly positive �rst partialderivatives and where �1 does not depend on y (respectively �2 does not de-pend on x) satisfy (B1)-(B3) with a = 0 (respectively b = 1). Bijections ofthe form � xy � 7�! � c1x+ c2y + c3xyd1x+ d2y + d3xy � ;3



where c1 > 0, c2 � 0, c3 � 0, d1 � 0, d2 > 0, d3 � 0 and (c2+c3)(d1+d3) < c1d2,satisfy (B1)-(B3). These deformations transform lines onto lines and reduce tolinear transformations when c3 = d3 = 0. In this case Z is already a stationaryprocess with correlation function ~R(u; v) = R((u; v)M) whereM = � c1 d1c2 d2 �.Let n and m be two positive integers, �n;m the product partition of [0; 1]2with mesh 1=n in x and mesh 1=m in y. We call � = mn the geometry of�n;m. Note that � is a parameter under our control. We de�ne the rectangularincrement Z(�) = Z(x0; y0) � Z(x0; y) � Z(x; y0) + Z(x; y) for the rectangle� = [(x; y); (x0; y0)[, with 0 � x < x0 � 1 and 0 � y < y0 � 1. Then we de�nefor k = 0; 1; : : : ; n� 1 and y 2 [0; 1]�k;y = [(k=n; bm(y ^ m� 1m )c=m); ((k + 1)=n; (bm(y ^ m� 1m )c+ 1)=m)[;where buc denotes the greatest integer smaller than or equal to u, and u ^ vdenotes the minimum of u and v. We de�ne �x;l in a symmetric way forl = 0; 1; : : : ;m� 1 and x 2 [0; 1]�x;l = [(bn(x ^ n� 1n )c=n; l=m); ((bn(x ^ n� 1n )c+ 1)=n; (l + 1)=m)[:We also consider the following one-dimensional Horizontal and V ertical incre-ments for k = 0; 1; : : : ; n� 1 and l = 0; 1; : : : ;m� 1Z(�Hk ) = Z �k + 1n ; 0�� Z �kn; 0� and Z(�Vl ) = Z �0; l + 1m �� Z �0; lm� :We de�ne for all (x; y) 2 [0; 1]2 two super�cial quadratic variations, Hn;�(x; y)(in x at �xed level y) and Vm;�(x; y) (in y at �xed level x) as followsHn;�(x; y) = bnxc�1Xk=0 (Z(�k;y))2 and Vm;�(x; y) = bmyc�1Xl=0 (Z(�x;l))2 :We also de�ne two linear quadratic variations hn(x), x 2 [0; 1], and vm(y),y 2 [0; 1], as followshn(x) = bnxc�1Xk=0 �Z(�Hk )�2 and vm(y) = bmyc�1Xl=0 �Z(�Vl )�2 :When bnxc = 0 (respectively bmyc = 0) we set Hn;�(x; y) = 0 and hn(x) = 0(respectively Vm;�(x; y) = 0 and vm(y) = 0).3 Asymptotic propertiesIn this section, we are concerned with asymptotic properties of the quadraticvariations de�ned in the previous section. Because of the symmetry in thede�nitions of Hn;�(x; y) and Vm;�(x; y) (respectively hn(x) and vm(y)), we focusour attention on Hn;�(x; y) and hn(x). 4



3.1 Convergence of the means3.1.1 Super�cial quadratic variationsDenote using Q+ the set of the strictly positive rational numbers. De�ne for all(x; y) 2 [0; 1]2 and any � 2 Q+H�(x; y) = 4��(�2(x; y)� �2(0; y)) + �� Z x0 �(0;1)1 (u; y)du� ;V�(x; y) = 4���Z y0 �(1;0)2 (x; v)dv + �(�1(x; y)� �1(x; 0))� :We �rst establish the following lemmaLemma 3.1 Assume (B1)-(B3). Then for all (x; y) 2 [0; 1]2 such that(x+ 1=n; y + 1=m) 2 [0; 1]2 and any � 2]a; b[\Q+�1(x+ 1=n; y) � �1(x; y + 1=m) and �2(x; y + 1=m) � �2(x+ 1=n; y);as n!1 and m!1.Proof. Under assumption (B1), a Taylor expansion of order one with Lagrangeremainder gives for all (x; y) 2 [0; 1]2 such that (x+ 1=n; y + 1=m) 2 [0; 1]2�1(x+ 1=n; y)� �1(x; y + 1=m) = 1n�(1;0)1 (x; y)� 1m�(0;1)1 (x; y) +O� 1m2� ;where O(:) is uniform in both x and y. Then from (B2) and (B3) we obtain�1(x+ 1=n; y)� �1(x; y + 1=m) � 1m�(1;0)1 (x; y)(�� a) +O� 1m2� :Thus, for any � 2]a; b[\Q+ , �1(x+ 1=n; y)� �1(x; y + 1=m) � 0 as m!1.Under assumptions (B1)-(B3), we obtain for all (x; y) 2 [0; 1]2 such that(x+ 1=n; y + 1=m) 2 [0; 1]2�2(x; y + 1=m)� �2(x+ 1=n; y) � 1n�(0;1)2 (x; y)� 1� � 1b�+O� 1n2� ;where O(:) is uniform in both x and y. Thus, for any � 2]a; b[\Q+ , �2(x; y +1=m)� �2(x+ 1=n; y) � 0 as n!1. �Theorem 3.1 Assume (A1) and (B1)-(B3). Then for all (x; y) 2 [0; 1]2and any � 2]a; b[\Q+(i) limn!1E (Hn;�(x; y)) = H�(x; y) and (ii) limm!1E (Vm;�(x; y)) = V�(x; y):
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Proof.(i) We set y0 = y ^ m� 1m for all y 2 [0; 1] andA = �k=n; bmy0c=m� ; B = �(k + 1)=n; bmy0c=m� ;C = �k=n; (bmy0c+ 1)=m� ; D = �(k + 1)=n; (bmy0c+ 1)=m� ;for k = 0; 1; : : : ; n � 1. We have for all (x; y) 2 [0; 1]2: E (Hn;�(x; y)) =bnxc�1Xk=0 E (Z(�k;y))2 withE (Z(�k;y))2 = 4+2 fR (�(D)� �(A)) +R (�(B)� �(C))�R (�(B)� �(A))�R (�(C)� �(A))�R (�(D)� �(B))�R (�(D)� �(C))g :From (A1), (B2) and Lemma (3.1) we get as n!1 and m!1E (Z(�k;y))2 = 2� (�1(D)� �1(A)� �1(B) + �1(C))+ 2� (�2(D)� �2(A) + �2(B)��2(C))+ O ((�1(D)��1(A))(�2(D)� �2(A))) :Under assumption (B1), a Taylor expansion of order one with Lagrange re-mainder for both �1 and �2 givesE (Z(�k;y))2= 4n ���(1;0)2 �kn; bmy0cm �+ ���(0;1)1 �kn; bmy0cm ��+O� 1nm� ; (4)where O(:) is uniform in both k and y. In addition, a Taylor expansion of order0 gives �(0;1)1 �kn; bmy0cm � = �(0;1)1 �kn; y�+O� 1m� ;�(1;0)2 �kn; bmy0cm � = �(1;0)2 �kn; y�+O� 1m� :ThusE (Hn;�(x; y)) = 4n bnxc�1Xk=0 ���(1;0)2 �kn; y�+ ���(0;1)1 �kn; y��+O� 1n� : (5)Since �(1;0)2 (:; y) and �(0;1)1 (:; y) are Riemann integrable in [0; 1] for all y 2 [0; 1],we get for all (x; y) 2 [0; 1]2 and for any � 2]a; b[\Q+limn!1E (Hn;�(x; y)) = 4��(�2(x; y)� �2(0; y)) + �� Z x0 �(0;1)1 (u; y)du� : (6)(ii) We get for all (x; y) 2 [0; 1]2E (Vm;�(x; y)) = 4m bmyc�1Xl=0 ����(1;0)2 �x; lm�+ ��(0;1)1 �x; lm��+O� 1m� ;6



so that for any � 2]a; b[\Q+limm!1E (Vm;�(x; y)) = 4���Z y0 �(1;0)2 (x; v)dv + �(�1(x; y)� �1(x; 0))� : �3.1.2 Linear quadratic variationsDe�ne for all (x; y) 2 [0; 1]2h(x) = 2 (��1(x; 0) + ��2(x; 0)) and v(y) = 2 (��1(0; y) + ��2(0; y)) :Theorem 3.2 Assume (A1) and (B1)-(B2). Then for all (x; y) 2 [0; 1]2(i) limn!1E (hn(x)) = h(x) and (ii) limm!1E (vm(y)) = v(y):Proof.(i) For all x 2 [0; 1]: E (hn(x)) = bnxc�1Xk=0 E �Z(�Hk )�2. From (A1) and (B1)-(B2) we have as n!1E �Z(�Hk )�2 = 2��1 ��Hk �+ 2��2 ��Hk �+O ��1 ��Hk ��2 ��Hk �� :A Taylor expansion of order one for both �1 and �2 givesE �Z(�Hk )�2 = 2n ���(1;0)1 �kn; 0�+ ��(1;0)2 �kn; 0��+O� 1n2� ; (7)where O(:) is uniform in k. Therefore, we get for all x 2 [0; 1]E (hn(x)) = 2n bnxc�1Xk=0 ���(1;0)1 �kn; 0�+ ��(1;0)2 �kn; 0��+O� 1n� : (8)�(1;0)1 (:; 0) and �(1;0)2 (:; 0) being Riemann integrable in [0; 1], it follows from 3that the right-hand side on (8) converges to 2 (��1(x; 0) + ��2(x; 0)) as n!1.A similar treatment holds for (ii). �3.2 L2 convergence of the variations3.2.1 Super�cial quadratic variationsTheorem 3.3 Assume (A1)-(A2) and (B1)-(B3). Then for all (x; y) 2[0; 1]2 and any � 2]a; b[\Q+(i) limn!1Hn;�(x; y) L2= H�(x; y) and (ii) limm!1Vm;�(x; y) L2= V�(x; y):7



Proof. We have to prove that the variance var (Hn;�(x; y)) converges to 0 asn!1. For (k; k0) 2 f0; 1; : : : ; n� 1g2 and y 2 [0; 1] setck;k0(y) = E �Z(�k;y)Z(�k0;y)� : (9)Then var (Hn;�(x; y)) = 2 bnxc�1Xk=0 bnxc�1Xk0=0 ck;k0(y), this equality coming from, for(�1; �2; �3; �4) a centred Gaussian vectorE(�1�2�3�4) = E(�1�2)E(�3�4) +E(�1�3)E(�2�4) +E(�1�4)E(�2�3): (10)Therefore var (Hn;�(x; y)) = 2 bnxc�1Xk=0 c2k;k(y) + 4 bnxc�1Xk=0 Xk0>k c2k;k0(y): (11)Since the derivatives of � are uniformly bounded in [0; 1]2, we get from (4)ck;k(y) = O �n�1�, where O(:) is uniform in both k and y. It follows that the�rst term on the right-hand side of (11) converges to 0 as n ! 1. It remainsto prove that the second term converges to 0 as well. We have for any y in [0; 1]ck;k0(y) = Xi;j;i0j02f0;1g(�1)i+j+i0+j0r�k + in ; bmyc+ jm ; k0 + i0n ; bmyc+ j0m � :For any di�erentiable function g : (x; y; x0; y0) 2 [0; 1]4 7�! R, we denote usingg(p1;p2;p3;p4) the p1; p2; p3; p4-partial derivative of g with respect to x, y, x0 and y0.Let A be a bound for all the quantities jr(p1;p2;p3;p4)(x; y; x0; y0)j, p1+p2+p3+p4 =2, in the range (x; y) 6= (x0; y0). Under assumption (A2), using for r(x; y; x0; y0)a Taylor series expansion of order 1, it can easily be shown that k0 6= k impliesjck;k0(y)j � 4An2 �3 + 3�2 + 4�� :It follows that the second term on the right-hand side of (11) converges to 0 asn!1. Therefore, the left-hand side of (11) converges to 0. �3.2.2 Linear quadratic variationsTheorem 3.4 Assume (A1)-(A2) and (B1)-(B2). Then for all (x; y) 2[0; 1]2 (i) limn!1hn(x) L2= h(x) and (ii) limn!1 vm(y) L2= v(y):Proof. We have to prove that var (hn(x)), converges to 0 as n ! 1. For(k; k0) 2 f0; 1; : : : ; n� 1g2 setdk;k0 = E �Z(�Hk )Z(�Hk0 )� ; (12)8



then due to (10)var (hn(x)) = 2 bnxc�1Xk=0 bnxc�1Xk0=0 dk;k0 = 2 bnxc�1Xk=0 d2k;k + 4 bnxc�1Xk=0 Xk0>k d2k;k0 : (13)Since the derivatives of � are uniformly bounded in [0; 1]2, we get from (7)dk;k = O �n�1�, where O(:) is uniform in k. It follows that the �rst term on theright-hand side of (13) converges to 0 as n ! 1. It remains to prove that thesecond term converges to 0 as well. We havedk;k0 = Xi;j2f0;1g(�1)i+jr�k + in ; 0; k0 + jn ; 0� :Under assumption (A2), a Taylor series expansion or order 1 gives for k0 6= kjdk;k0 j � 3An2 :It follows that the second term on the right-hand side of (13) converges to 0 asn!1. Therefore, the left-hand side of (13) converges to 0. �4 Estimator of the space deformationUsing the fact that �, the geometry of the rectangular partition �n;m, is aparameter under our control, the super�cial quadratic variations, Hn;�(x; y)and Vn;�(x; y), for two distinct �'s, together with the linear quadratic variations,hn(x) and vn(x), provide a useful tool for identifying the space deformation �in model (1)-(2). Let us de�ne for all (x; y) 2 [0; 1]2 and any two distinct values�1 and �2 of � in ]a; b[\Q+�̂1;n(x; y) = �1V�2n;�2(x; y) � �2V�1n;�1(x; y) + 2(�1 � �2)hn(x)4�(�1 � �2)� (�1Hn;�1(x; 0)� �2Hn;�2(x; 0))4�(�1 � �2) ;�̂2;n(x; y) = �1Hn;�1(x; y)� �2Hn;�2(x; y) + 2(�1 � �2)vn(y)4�(�1 � �2)� (�1V�2n;�2(0; y)� �2V�1n;�1(0; y))4�(�1 � �2) :Here is our main theoremTheorem 4.1 Assume (A1)-(A2) and (B1)-(B3). Then �̂n = (�̂1;n; �̂2;n)converges in L2 to � as n!1.
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Proof. In the sequel, all the convergences are in L2. It follows from Theorem3.3-(i) that for any (�1; �2) 2]a; b[2\Q+limn!1 (�1Hn;�1(x; y)� �2Hn;�2(x; y)) = 4�(�1 � �2)(�2(x; y)� �2(0; y)): (14)Due to (3) we deduce by setting y = 0limn!1 (�1Hn;�1(x; 0) � �2Hn;�2(x; 0)) = 4�(�1 � �2)�2(x; 0):Using Theorem 3.4-(i) we then havelimn!1 (2(�1 � �2)hn(x)� (�1Hn;�1(x; 0)� �2Hn;�2(x; 0)))= 4�(�1 � �2)�1(x; 0): (15)Similarly, we have from Theorem 3.3-(ii)limm!1 (Vm;�1(x; y)=�1 � Vm;�2(x; y)=�2)= 4�(1=�1 � 1=�2)(�1(x; y)� �1(x; 0)): (16)Due to (3) we deduce by setting x = 0limm!1 (Vm;�1(0; y)=�1 � Vm;�2(0; y)=�2) = 4�(1=�1 � 1=�2)�1(0; y):Using Theorem 3.4-(ii) we then havelimm!1 (2(1=�1 � 1=�2)vm(y)� (Vm;�1(0; y)=�1 � Vm;�2(0; y)=�2))= 4�(1=�1 � 1=�2)�2(0; y): (17)Therefore, from (15) and (16) and from (14) and (17) we obtain �̂n = (�̂1;n; �̂2;n)as an estimator which converges to � in L2 as n!1. �AcknowledgementsPart of this work was done while the second author was visiting the departmentof Mathematical Statistics at Chalmers University of Technology and GöteborgUniversity in Sweden. We thank this University for its heartfelt hospitality.References[1] Adler, R.J. and Pyke, R. (1993). Uniform quadratic variation of Gaussianprocesses, Stochastic Processes and their Applications 48, 191-209.[2] Baxter, G. (1956). A strong limit theorem for Gaussian processes, Proceed-ings of the American Mathematical Society 7, 522-527.10
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