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Abstract is modelled as a graph: Nodes represent the proces-
sors and two nodes can communicate if and only if
We give time lower bounds for the distributed approxthey share an edge in the graph.

imation of minimum vertex cover (MVC) and related \pje present lower bounds for traditional graph
problems such as minimum dominating set (MDS). iheory problems, starting out with minimum vertex
k communication rounds, MVC and MDS can only bggyer (MVC). A vertex cover for grapliy = (V, E)
approximated by factor&(n*/*"/k) andQ(A/%/k) for s a subset of nodes’ C V' such that, for each edge
some constant, wheren and A denote the number of(u,v) € E, atleast one of the two incident nodes
nodes and the largest degree in the graph. The nufgtongs td’. Finding a vertex cover with minimum
ber of rounds required in order to achieve a constag¥rdinality is known as the MVC problem.

or even only a polylogarithmic approximation ratio is at In local algorithms, nodes are only allowed to
least(y/logn/loglogn) and€(log A/loglog A). BY o mmunicate with their direct neighbors @ After

a simple reduction, the latter lower bounds also hold fgreveral rounds of communication they need to come
the construction of maximal matchings and maximal il’b—p with a global solution, e.g. a good approxima-
dependent sets. tion for MVC. Intuitively MVC could be considered

perfectly suited for a local algorithm: A node should

Keywords: |Oca|ity’ lower bounds’ local Computabe able to decide whether to jOin the vertex cover

tion, distributed algorithms, complexity by communicating with its neighbors a few times.
Very distant nodes seem to be superfluous for this

decision. The fact that there is a simple greedy al-
1 Introduction and Related Work gorithm which approximates MVC within a factor 2

in the global setting, additionally raises hope for an
What can be computed locally? Naor and StocRficient local algorithm.
mayer [15] raised this for the distributed comput- To our surprise, however, there is no such algo-
ing community vital question over a decade ago, arithm. In this paper, we show that ikh communi-
though the price of locality has puzzled researcheration rounds, MVC can only be approximated by a
ever since, results have been rare [12]. The impdactor Q(n</*’/k) for a constant: larger than1 /4.
tance of locality stems from the desire of achievingEhis implies a running time df(/log n/loglogn)
global goal based on local information only. This i, order to achieve a constant or even polylog-
not only one of the key challenges when developiragithmic approximation ratio. When making the
fast distributed algorithms, but it also improves faultesult dependent on the maximum degrAein-
tolerance and allows detecting illegal global configtead of the number of nodes, the approxima-
urations by checking local conditions [1]. In lightion ratio isQ(A*/k) and the time needed to ob-
of recent advances in networking and ever-growirigin a polylogarithmic or constant approximation is
distributed systems, the need for a thorough undérflog A/loglog A). The results for MVC can be
standing of locality-issues is urging. In the preseektended to minimum dominating set (MDS) and
paper, we study the impact of locality in the classmther distributed covering problems. Since these
message passingodel where the distributed systenower bounds hold even in the cases of unbounded



messages and complete synchrony, the lower bouedsr, in our example graphs, choosing the wrong

are a true consequence of locality limitations, and na¢ighbor will be ruinous.

merely a side-effect of congestion, asynchrony, orThe remainder of the paper is organized as fol-

limited message size. Moreover, some of our lowkws. Section 2 describes the model of computation.

bounds are almost tight [8]. The lower bound is constructed in Section 3. In Sec-
A pioneering and seminal lower bound by Linialion 4, we show how our MVC lower bound can be

[12] showed that the non-unifor@(log*n) coloring extended to minimum dominating set (MDS), max-
algorithm by Cole and Vishkin [2] is asymptoticallyimal matching (MM), and maximal independent set
optimal for the ring. This lower bound has been chefMIS). Section 5 concludes the paper.

ished by researchers as a fundamental advancement

in the theory of distributed computation. To the best

of our knowledge, it is the only general lower bound ~Model

for local computation [4]. _ _ _
We consider the classimessage passinghodel,

Linial's lower bound is based on thérosophila . . . . o
L . . which consists of a point-to-point communication
melanogastepf distributed computing, the ring net-

work. For MVC, highly symmetric graphs such anstvgork,ngscrlbed by ag tundlrected graﬁhd:d
rings often feature a straight-forward solution with™’ )- to es corres![c_)on ho prolcesstors anthe gTS
constant approximation ratio. In anyregular graph, represent communication channels between them. in

for example, the algorithm which includes all node%ne communication rou_nd, 9aCh node of the network
aph can send an arbitrarily long message to each

in the vertex cover is already a 2-approximation foq; i iahb Local tati for f d
MVC: Each node will cover at mosi edges, the 0 _tI_S”nelg dorsr; oca T(omp;Jg |onsbar(—itrc1>r rec:wank
graph hasné/2 edges, and therefore at least2 inftially, Nodes have no knowledge aboutthe hetwor

nodes need to be in the minimum vertex cover. faph. They only know their own unique identifier

the other extreme, asymmetric graphs often enj n k£ communication rounds, a nodanay collect the
' . I¥s and interconnections of all nodes up to distance

constant-time algorithms, too. In a tree, choosnLgfrom T is defined o be the tonoloay seen b
all inner nodes yields a 2-approximation. The same Ur Lok pology y

trade-off exists for node degrees. If the maximu after theset rounds, i.e7, . is the graph induced

node degree is low (constant), we can tolerate Xthek-nelghborhood of. The labelling (i.e. the

choose all nodes, and have by definition a good (Coa}]s_signment of IDs) of,,; is denoted by (T, ).

stant) approximation. If there are nodes with high Because message size is unbounded, the best a

degree, the diameter of the graph is small, and a fgﬁter_mlrl:stlc_ a;:gorlt:hmdcanddobln t'm 'j tq _COl'
communication rounds suffice to inform all nodes (¢t 1S A-neighborhood and base its decision on

the entire graph. What we need is a construction %b’k’ﬁd(qf”k))_'hm othet: wordsaaddeterrplnlst_lc dis-
a not too symmetric and not too asymmetric gra H uted algorithm can be regarded as a function map-

with a variety of node degrees! Not many grapr@ng_(%vk’ﬁ(%’f)) to the possible outputs. qu ran-

with these “non-properties” are known in distributegOmlzeOI algquthms, we apply t_he standard trlc_k that

computing. all random bits can be determined at the beginning
of the algorithm. In this case, a nodeadditionally

. The pr.oof. OT our 'OW?T bounds is based on t khows about the random bif8(7, ;) of all nodes in
timeless indistinguishability argument [5, 9]. I ’

ounds of co nication. a network node can on?"“' Hence, a randomized algorithm is a determin-
rounds mmunication, wor ¢ |¥tic function which assigns a valid output value to

gather information about nodes which are at mo :
k hops away and hence, only this information ca%l(:h triple(Zo k, L(Tvk), RATo 1))

. . The model presented is in accordance with the one
be used to determine the computation’s outcome,

. ..~ used in [12] and textbooks [16]. It is the strongest
In particular, we show that aftegé communication . )
. . ossible model when proving lower bounds for local
rounds two neighboring nodes see exactly the same

graph topology; informally speaking, both neighbors 1oy results hold for any possible 1D space including the
are equally qualified to join the vertex cover. Howstandard case where IDs are the numbers. , n.
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computations because it focuses entirely on the loceldsters

ity of distributed problems and abstracts away otherWe define the structure @ using a directed tree

issues arising in the design of distributed algorithn@s7;, = (C,.A) with doubly labelled arcg : A —

(e.g. need for small messages, fast local computdx N. We refer toC'T}. as thecluster treg because

tions, etc.). This guarantees that our lower boundach vertexC' € C represents a cluster of nodes in

are true consequences of locality. Gy. Thesizeof a cluster|C| is the number of nodes
the cluster contains. An ac = (C,D) € A with
l(a) = (6¢,0p) denotes that the cluste€s and D

3 Lower Bound are linked as a bipartite graph, such that each node
u € C hasdc neighbors inD and each node € D

We first give an outline of the proof. The basic ideggs s, neighbors inC. It follows that|C| - 5¢ =

is to construct a graphy, = (V, E), for each pos- | p|.5,,. We call a clusteleaf-clusterif it is adjacent

S with node setCy U C; and edges ity x C1 as gtherwise.

shown in Figure 1. Sefy consists ofiy nodes each
of which hasjy, neighbors inC,. Each of then - g_tl) Definition 3.1. The cluster tree’'T}, is recursively
nodes inC; haséi, ; > &y, neighbors inCy. The defined as follows:
goal is to constructy;, in such a way that all nodes
inv € S see the same topolod, . within distance CT = (€1, A1), Ci = {Co,Ch,C, Cs}
k. In a globally optimal solution, all edges Sfmay Ay = {(Cy,C1),(Cy, Cs), (C1,C3)}
be covere_d _by nodes i, and hence, no node 'ﬂjo 0(Co, C) = (80,01), £(Co,Cy) = (61,0),
needs to join the_v_ertex cover. In a local algorlt_hnzgch Cy) == (60,61)
however, the decision of whether or not a node join
the vertex cover depends only on its local view, i.&jvenCT},_;, we obtainC'T}, in two steps:
the triple (7, 1, £(7,.%), R(7, x)). We show that be-
cause adjacent nodes fhsee the sam@, ;, every ~ ® For each inner-clusterC;, add a new leaf-
algorithm adds a large portion of nodesdh to its clusterC; with £(C;, C}) := (0k, Op41)-
vertex cover in order to end up with a feasible solu-
tion. In other words, we construct a graph in which ®
the symmetry between two adjacent nodes cannot be J AN
broken withink communication rounds. This yields k(; ;nevx; Ie"’_‘f'_CIUSte;fj with £(C;, Cj) T
suboptimal local decisions and hence, a suboptimal (05, 051) for j =0...k,j #p+1.
approximation ratio. Throughout the proof, we wilEyrther, we definéCy| = ng for all C'Ty,.
useCy and( to denote the two sets of the bipartite
subgraphs.

Our proof is organized as follows. The structure of

For each leaf-cluster C; of CTj_; with
(Cp, Ci) € Aand((Cy, C;) = (0p, 0pt1), add

Level 3

G|, is defined in Subsection 3.1. In Subsection 3.2, ., C ) I ]52[ B:D j "
we show howG), can be constructed without small a\\e &ffn 5\s af/n
cycles, ensuring that each node sees a tree within diseevel1( ) e ‘e )
tancek. Subsection 3.3 proves that adjacent nodes in alle, alle aff g
Cp andC have the same vied, ; and finally, Sub- ‘<o So

section 3.4 derives the lower bounds.
Figure 1: Cluster-Tre€'T5.

3.1 The Cluster Tree

The nodes of grapliz;, = (V, E) can be grouped Figure 1 shows 7. The shaded subgraph corre-
into disjoint sets which are linked to each other aponds taC'7T;. The labels of each arc € A are of
bipartite graphs. We call these disjoint sets of nod#®e form/¢(a) = (d;,;+1) for somel € {0,...,k}.
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Further, settingCy| = no uniquely determines the(for D(r, ¢), the vectors are projected onto the first
size of all other clusters. In order to simplify the upeoordinates):

coming study of the cluster tree, we need two addi-

tional definitions. Thdevel of a cluster is the dis- (P) = (P1,D1,1,P1,2,D2,1, 02,2, 5,9, P2,3:P3.2, - - -

tance toC; in the cluster tree (cf. Figure 1). The Disi> Dij» Pivit 15 Pis Lis - -) 1)
depthof a clusterC'is its distance to the furthest leaf [/] = [ll,lm,l172,l271,l272,l’2,2,l2,3,l3,2,...
in the subtree rooted at’. Hence, the depth of a li7i,l§,i,li,i+1,li+17i,...]. (2)

cluster plus one equals the height of the subtree cor-

responding toC. In the example of Figure 1, theNote that the somewhat confusing numbering of the

depths ofCy, C;, Cs, andC5 are3, 2, 1, and1, re- components ofp) and[l] is chosen in order to sim-

spectively. plify the following system of equations. There is
Note thatC'T}, describes the general structure ¢i" €dge between two nodés) and [I], exactly if

G, i.e. it defines for each node the number of neigH€ firstr — 1 of the following conditions hold (for

bors in each cluster. Howeve?T}, does not specify ¢ = 23, - -)-

the actual adjacencies. In the next subsection, we

show that(G;, can be constructed so that each node’s hap=pip = hp
view is a tree. ho=—pi2 = hap
log —p21 = lip1a
lig —pii = lpi—1, (3)
3.2 The Lower Bound Graph Gy, Ui—pii = liip
lijit1 —piiv1 = liipy

In Subsection 3.3, we will prove that the topologies
seen by nodes iy andC are identical. This task
is greatly simplified if each node’s topology is a trem [10], it is shown that for odd > 3, D(r,q) has
(rather than a general graph) because we do not hgiteh at leastr + 5. Further, if a node; and a co-
to worry about cycles. Theirth of a graphG, de- ordinate of a neighboo is fixed, the remaining co-
noted byg(G), is the length of the shortest cycle imrdinates ofy are uniquely determined. This is con-
G. We want to construat;, with girth at leask+1 cretized in the next lemma.

so that ink communication rounds, all nodes see a

tree. Given the structural complexity Gf, for large Lemma 3.2. For all (p) € P andl; € F, there
k, constructingG, with large girth is not a trivial iS €xactly ongl] € L such thatl, is the first coor-
task. The solution we present is based on the céfivate of[l] and such thatp) and [/] are connected
struction of the graph familyD(r, ¢) as proposed in Py an edge inD(r, ¢). Analogously, ifi] € L and
[10]. For givenr andgq, D(r,q) defines a bipartite P1 € I, are fixed, the neighbo(p) of [{] is uniquely
graph with2¢" nodes and girtly(D(r, q)) > r + 5. determined.

In particular, we show that for appropriateand g,

/
liv1i —pit1i = i,

. : _ Proof. The firstr — 1 equations of (3) define a lin-
we obtain an instance dfy, by gleletlng.some of ear system for the unknown coordinatedof If the
the edges oD(r g). In the f°'_'°W”?9' we introduce equations and variables are written in the given or-
D(r, q) up to the level of detall Wh'Ch IS necessary t8er, the matrix corresponding to the resulting linear
understand our results. For the interested reader, g{/%tem of equations is a lower triangular matrix with

refer to [1,0]' ) non-zero elements in the diagonal. Hence, the matrix
Foran integer > 1 and a prime poweq, D(r,q) nhag full rank and by the basic laws of (finite) fields,
defines a bipartite graph with node sétU L and the solution is unique. Exactly the same argumenta-

edgeskp C P x L. The nodes of” and L are jqn holds for the second claim of the lemma. [
labelled by ther-vectors over the finite field,,

i.e. P = L = . In accordance with [10], we de- We are now ready to construgt, with large girth.
note a vectop € P by (p) and a vectof € L by [I]. We start with an arbitrary instana&), of the cluster
The components dfp) and|l] are written as follows tree which may have the minimum possible gidth
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An elaboration of the construction 6f}, is deferred 3.3 Equality of Views

to Subsection 3.4. For now, we simply assume that hi b . h gi q
G, exists. BothG, and G, are bipartite graphs With_ln this subsection, we prove that tvyo & Jacef“ nodes
clustersCy andC; have the sameiew, i.e. within

odd-level clusters in one set and even-level clustérﬂs h v th |
in the other. Letm be the number of nodes in théj'StanCEk’ they see exactly the same topology;.

larger of the two partitions of.. We choosey to Consider a node € G). Given thatv’s view is a

be the smallest prime power greater than or equaltfge’ we can derive itsiew-treeby recursively fol-

m. In both partitionsV; (G,) andVa (G, ) of G, we lowing all neighpors of. The proof i_s largely based
uniquely label all nodes with elements:(v) € F, . on the observation that corresponding subtrees occur

As already mentioned;. is constructed as a sub-in both node’s view-tree.
y k Let C; and C; be adjacent clusters i6'7}, con-

graph ofD(r, q) for appropriater andg. We choose nected by/(C;, C;) = (81, 511), i.e. each node it}

q as described above and we set= 2k — 4 such ; . .
thatg(D(r,q)) > 2k + 1. Let (p) = (p1,...) and ha_sél nelghbors inC;, and eagh node @? ha_lsélﬂ
neighbors inC;. When traversing a node’s view-tree,

g]re:c gi\lﬁectgec? eb:/W: N neoddgees @?:)If(?;rq]c)j o(r]fli/ ?:‘niz]y we say that wenter clusterC; (resp.,C;) overlink
0; (resp.,d;+1) from clusterC; (resp.,C;). Further-

are connected irD(r,¢) and there is an edge be- o & meke the Tollowing definitione:
tween nodes: € V;(GY,) andv € V,(GY) forwhich Moo Wem offowing definitons:

c(u) = p1 ande(v) = li. Finally, nodes without pefinition 3.4. The following nomenclature refers to
incident edges are removed fraf.. subtrees in the view-tree of a nodedh.

Lemma 3.3. The graphGj, constructed as described e M/; is the subtree seen upon entering clusigr

above is a cluster tree with the same degr&ess in over a linkd;.

G}.. Gy, has at mosemgq?*~? nodes and girth at least

2%k + 1. e B; 4 is a subtree seen upon entering a cluster
C € C\{Cy} over alinks;, whereC'is on level

Proof. The girth directly follows from the construc- A @nd has deptta.

tion; removing edges cannot create cycles. . .
g edg y Definition 3.5. When entering subtreB; ;  from a

For the degrees between clusters, consider two ... o leveh—1 (A\+1), we write B!, , (B!, ,)
! 7’7 ’ 27 ’ )

nelghbqung clustersC; Vl_(G;f) and Cj The predicate- in B;, , denotes that instead of,
Va(G) in G In Gy, each node is replaced b9~ e japel of the link into this subtree s — 1.
new nodes. The clustexS; and C; consist of all
nodes(p) and [I] which have their first coordinates The predicate- is necessary when, after entering
equal to the labels of the nodesGf andC}, respec- C; from C;, we immediately return t¢; on link 6;.
tively. Let each node ii’; haved, neighbors inC%, In the view-tree, the edge used to enf&rconnects
and let each node i@; haved; neighbors inC;. By the current subtree to its parent. Thus, this edge is
Lemma 3.2, nodes i@; haved,, neighbors inC; and not available anymore and there are ofily- 1 edges
nodes inC'; haveds neighbors inCj;, too. O remaining to return t@;. The predicate$ and | de-
scribe from which “direction” a cluster has been en-
_ ~ tered. As the view-trees of nodesdly andC; have
Remark: In [11], it has been shownrt+hzm(r, 2)1S o pe absolutely identical for our proof to work, we
disconnected and consists of at legisti | isomor- must not neglect these admittedly tiresome details.
phic components which the authors célD(r,q).  The following example should clarify the various

Clearly, those components are valid cluster trees @initions. Additionally, you may refer to the exam-
well and we could use one of them for the analysisie of (35 in Figure 3 on page 14.

As our asymptotic results remain unaffected by this
observation, we continue to ugg, as constructed Example 3.6. ConsiderG;. LetV, andV, denote
above. the view-trees of nodes ity and C, respectively:



(subtrees) are created 7, ,. More precisely, a

Voo =DBy11UBig1 Voo =Bgs UM newcluster is created for all entry-links . . . ,, ex-
By11=DByoa UMy Bjoo =By, ceptd;. We call these subtredixed-depthsubtrees

Bl =My My =Bj;,;UBj,, F. If the subtree with root’; has depthi in C'T},,
the fixed-depth subtrees have degth- 1. In each

) . : ]
We start the proof by giving a set of rules whicr?TT’" ' €{r+2,....k}, C;isan inner-cluster and

. . o Pence, one new neighboring cluster with entry-link
describe the subtrees seen at a given point in (ye i created. We call these subtregiinishing-
view-tree. We call these rulederivation rulesbe- ' g

cause they allow us iderivethe view-tree of a no dedepthsubtreesD. In CTy, each of these subtrees has

by mechanically applying the matching rule for grown o deptk — 7",
_y y applying 9 We now turn our attention to the differences be-
given subtree.

tween the three rules. They stem from the excep-
Lemma 3.7. The following derivation rules hold intional treatment of level, as well as the predicates

Gy Tand]. In B;d’l, the link ;11 returns toCy, but
contains onlyd; 1 — 1 edges in the view-tree. In
M; = U B iV Bl i B 41, We have to consider two special cases. The
j=0...k firstone is the link ta”y. For a cluster on level with
: i#i=l ~ entry-link (from Cy) 4, the equalityk = d + i holds
Big1=Fumy VDU Mg, and therefore, the link t&y is 6,_q.1 and thus,

Bil,d,l = Fi1p—a+1y YDy U My_q1 U B;’_ﬁl,d_m My—g+1 folloyvs. Secondly, we writ_éBiT’_ﬁLd_m. be-
cause there is one edge less leading back to the clus-

B!\ =Fi1nUDgy UBH :
idA T LY S S P d a1 ter where we had come from. (Note that since we

whereF and D are defined as entered the current cluster from a higher level, the
link leading back to where we came fromdis 1, in-
Fy = U Blaiaa stead ofd;1). Finally in B;; ,, we again have to
j=0..k—d+1 treat the returning link;.; specially.
JEW Note that the general derivation rule f& , | is
Dy = U B]T.’k_mﬂ. missing as we will not need it for the proof. [
j=k—d+2..k _ ) _
jEW Next, we define the notion of-equality. Intu-

) o itively, if two view-trees arer-equal, they have the
Proof. We first show the derivation rule fak/;. It same topology within distanoe

can be seen in Example 3.6 that the rule holds for

k = 1. For the induction step, we build@'T}, Definition 3.8. Let Vi = J,_q ;b and V5 =
from C'Ty, as defined in Definition 3.1M*) is an |J,_, , b: be view-treesp; and b are subtrees en-
inner cluster and therefore, one new clusi&r, ;o ; tered on linkd;. Then,V; and V; are r-equal if all
is added. The depth of all other subtrees increasesdayresponding subtrees afte — 1)-equal,

LandM ™) .=,y 41y Bj,_,, follows. If we ) R
enterM (*t1) over link §;, there will be onlyd;_; — 1 VitVp <= bi"="b;, ¥ie{0,... k}.

edges left to return to the cluste_:r from which we h%rther, all subtrees ar@-equal: B; 4, ° By
entereqco. Consequently, the link; _; features the and B, 4, & My foralli,7.d,d’, )\, and ).

— predicate. ”

The remaining rules follow along the same lines. Using the notion ofr-equality, it is now easy to
Let C; be a cluster with entry-link; which was first define what we actually have to prove. We will show
created inCT,., r < k (Note that inCT}, r = k —d thatinGy, Ve, £ Ve, holds. This is equivalent to
holds because each subtree increases its depth bysimving that each node 0, sees exactly the same
in each “round”). According to the second buildingopology within distancé: as its neighbor i, . We
rule of Definition 3.1, new neighboring clusterswill now establish several helper lemmas.
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Lemma 3.9. Let 8 and 3’ be sets of subtrees, and
letV,, = B],, U andV,, = B, U bewo a3+52+;/T
view-trees. Then, for alt andy ~

Vo Ve = 87214

Proof. Assume that the roots of the subtreelgf
andV,,, areC; andC';. The subtrees have equal depth
and entry-link and they have thus grown identica”}t.igure 2: The view-tree§/c, and V¢, in G3 seen
Hence, all paths which do not return to clustéfs upon using linkd; .

andC; must be identical. Further, consider all paths

which, afters hops, return toC; and C; over link
0;11. After theses hops, they return to the origi-
nal cluster and see viewg, andV,, differing from
Vi, andV,, only in the placement of the predicate.
This does not affect and/3’ and therefore,

following lemma shows that the subtre€s and 75
(T} andT%) are equal up to the required distance and
hence, nodes are unable to distinguish them. It is this
crucial property of our cluster tree, which allows us

Vig LV <=V, "= VL A B 720 3 s>1. 1O “move” the— predicate between link andd; »

and enables us to derive the main theorem.

The same argument can be repeated untils = 0
and becaus®’ 2 V', the lemma follows. ] Lemma 3.11. Let 3 and ' be sets of subtrees and

letV,, andV,, be defined as
Lemma 3.10. Let 8 and 3’ be sets of subtrees, and

letV,, = B} ,,UpandV,, = B/, Up betwo Vo = MjUB]_,, .,Up
view-trees. Then, for alt and y, and for all r < o
min (d,d") Vi, = My UB[5, ;,Up"

Vo LV, = B 4. Then, foralli € {2,...,k},

Proof. W.l.0.g, we assumé’ < d. In the construc- Vi, =7 Vo = gt gl

tion process of5y, the root clusters o¥,, andV,,

have been created in steps— d andk — d’, re- Proof. Again, we make use of Lemma 3.7 to show

spectively. By Definition 3.1, all subtrees with deptfhat M; and B] ,, ,, are (k —i—1)-equal. The
d* < d have grown identically in both views. Theclaim then follows from the fact that the two subtrees
remaining subtrees of,, were all created in stepare not distinguishable and the placement of the
k —d + 1 and have deptld’ — 1. The correspond- predicate is irrelevant.

ing subtrees inV,, have at least the same depth

and hence, each pair of corresponding subtrees are M, = U B]k _j1Y B! Lk—it11
(d'—1)-equal. It follows that for- < min (d,d’), the j=0...k
subtreesB; , , and B ,,  are identical within dis- j
tancer. Usmg the same argument as in Lemma 3.8,_ 2k—i2 — U B]k, i-13Y U B]k, —i3
concludes the proof. O j=0...i+1 j=it2..k
J#Fi—1
Figure 2 shows a part of the view-trees of nodes U Bil’_ﬁl,k_iﬂ,l
in Cyp andCy in GG3. The figure shows that the sub-
trees with linksd, andd, cannot be matched directlyForj = {0,...,i—2,4,...,k}, all subtrees are equal

to one another because of the different placementagicording to Lemmas 3.9 and 3.10. It remains to be
the —1. It tums out that this inherent difference apshowntha®; ,, ., “<*B; , ;.. Forthat
pears in every step of our theorem. However, tipeirpose, we plud3]_, .., ,andB;_, , ., into
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Lemma 3.7 and show their equality using the derivBy Lemmas 3.9 and 3.10, all subtree dfe— 2)-
tion rules. Letd be defined ag := Fy;_»;; U Dyy.  equal, excepB, ,_, ; andMo.

It is becoming clear that we can continue to re-
duceVg, £ V¢, step by step in the same fashion
= Bg_z,k_m UM,;,"Up until we reach 0. For the induction step, we assume

BiT—l,lc—i-i-l,l = Fyp UDp UM

! 1= Voo £ Vo, < B! *=" M, for r < k and
B, i k—iv11 Fi 0y UD UM;UB; 5y s o Clk T’k_?’l ' ere1
= Bl ;,UMUS proveVo, = Vo, <= Briyppo1a” = Mria-
1—24,R—1,
L , M, = B!, ..U B!~
Again, if M; and B, ,, ., are (k—1i—3)-equal, " . LOJ . Jk—=3,1 r—1,k—r+1,1
we can move the- predicate because the subtrees g
are kg?gsﬂrzgmshable. Hence, we have to sho Tk o= U BTk 12uD{}U M2,
M; "= B, _,,_, . Inthe proof, we have reduced ""~" T
) ) J=v...r
Vi, '=" V4, stepwise to an expression of diminishing N U B LB
equality conditions, i.e. Lem. 3.11 Jok—r—12 r—1,k—r—12
7=0...r
. ) i£r—1
Voo '=' Vo, = MV BiT—Q k—i,2 o
s ! M,
— B k-i-2 gl U U Bl U M
i—1,k—i+1,1 = i—1,k—i+1,1 G=r12..k

i i—2,k—i,2 Apart from M, ;1 (resp,.B] ., ,_,._,), all subtrees

This process can be continued until eith@e(k—r—1)-equal by Lemmas 3.9 and 3.10. Since

1 0 ! 0 7 T -
Bl iinn Y By i O0M; & Bl M,+iandB, ., ., arethe only subtrees not be
which is always true. ] ingimmediately matched, the induction step follows.

Forr = k—1,wegetVg, £ Vo, <= B, 2 My,

Finally, we are ready to prove the main theoremWhich concludes the proof becaus o1 L My is

Theorem 3.12. Consider graphG.. LetV, and true. 0
Ve, be the view-trees of two adjacent nodes in clus-
tersCy and C1, respectively. Therl/-, £ V¢, . Remark: As a side-effect, the proof of Theorem

. . 3.12 has highlighted the fundamental significance of
Proof. Initially, each node ity sees subtre&/, and the critical path P — (51, 6s,...,64) in CTy. After

each node ity seesB, . ( denotes that the subsqing path P, the view of a noder € C; ends
tree has not been entered on any link):

up in the leaf-cluster neighboringy, and see9,.
Ve, M, = U B]T',k—j,l neighbors. Following the s?me path, a_nodee
C1 ends up inCy and seegjzo 0; — 1 neighbors.

j=0...k
. There is no way to match these views. This inherent

Vo, B = _ U Bjj—jo UM inequality is the underlying reason for the way is
37704"“ defined: It must be ensured that the critical path is at

leastk hops long.
Itfollows Vg, £ Ve, < B],_,, "=' M; because
all other subtrees argt — 1)-equal by Lemma 3.9.3 4 Analysis

Having reduced/c, £ V¢, to Bf ,_,, *=' M, we

; - : In this subsection, we derive the lower bounds on
can further reduce ittdf, *=* B, , , ;: SELH _ :
the approximation ratio of-local MVC algorithms.
M, = U Bl, . U B, Let OPT be an optimal solution for MVC and let
i 7 " ALG be the solution computed by any algorithm.
-~ The main observation is that adjacent nodes in the
Bl 11 By 02UDB], 9,UDy U M, )

. clustersCy and C; have the same view and there-
UBj_0oUDy U Ma. fore, every algorithm treats nodes in both of the two

k—2 1,
Lem. 3.11 0:k—22

8



clusters the same way. Consequently,G contains Lemma 3.14. If £ + 1 < 4, the number of nodes
a significant portion of the nodes 6%, whereas the of Gy, is
optimal solution covers the edges betwégrandC
entirely by nodes ir;. n < no (1 + &) )
- 0—(k+1)

Lemma 3.13. Let ALG be the solution of any dis- _
ll?lroof. There areny nodes inCy. By (4), the num-

tributed, possibly randomized vertex cover algorithb f nod I P ‘ h additi |
which runs for at mosk rounds. When applied to erofnodes per cluster decreases for each additiona
vel by a factord. Hence, a cluster on levélcon-

(), as constructed in Subsection 3.2, in expectaticlﬁ, ) e
ALG contains at least half of the nodes(@#. tainsng/d" nodes. By the _def|n|t!on of'Ty, each
cluster has at most + 1 neighboring clusters on a

Proof. Let vy € Cy andv, € C; be two arbitrary, higher level. Thus, the number of nodeson levell
adjacent nodes fror6y andC;. Further, letpy and is upper bounded by
p1 denote the probabilities (as computed by the algo- no
rithm) thatv, andv;, respectively, end up in the ver- n < (k+1)- 5
tex cover. The decision whether a given nedmters
the vertex cover depends solely on the topol@gy., Summing up over gll levelsand i_nterpreting the sum
the labelling £(7,, ) and the randomnesg(7, ), &S ageometric series, we obtain
whichv can collect during: communication rounds. ftl : o }
By Theorem 3.12y, andv, see the same topologies,,, < . Z (@) < ng- Z (E)
i.e.7,, » = T,, x- Imagine an adversary choosing the =\ 0 =\ 9
labelling of Gi; one possible strategy is to choose i

) . . +1 1
the labelling uniformly at random. In this case, the = ng+ng ( 5 > (1 k+1>
labelling £(7, 1) of 7, , is chosen uniformly at ran- T

dom, as well. Becaus€,,, , = 7,, , the distribu- ~ g <1 n k+1 >
tions of the random variable$(7,, ;) and £(7,, x) b—(k+1))"
are equal. ClearlyR(7,, ) andR(7,, ;) have the

same distribution, too. Hence, the viewsugfanduv,

are equally distributed and thysy = p:. It remains to determine the relationship betwéen
We have chosen, andv; such that they are neigh-andn, such thatG), can be realized as described in

bors inG,. In order to obtain a feasible vertex covekpsection 3.2. There, the construction(f with

at least one of the two nodes has to be in it. Thﬁrge girth is based on a smaller instar@g where

impliespy + p1 > 1 and thereforey = p1 > 1/2. girth does not matter. Using (4) (i.&.:= &), we can

In other words, for all nodes 6%, the probability to now tie up this loose end and describe how to obtain

end up in the vertex cover is at least2. By the lin- ¢ - The number of nodes per cluster decreases by

earity of expectation, at least half of the node€@f 3 factors on each level ofT},. Including Cy, CT},

are in the final vertex coved LG on average. [ consists ofk + 2 levels. The maximum number of

Lemma 3.13 gives a lower bound on the number Bﬁgtzbor? |n5|d$t<';11 Ieall‘—c[[usterdé.thHencS, we (E[aln |
nodes chosen by arylocal MVC algorithm. In par- set the sizes of the clusters on the outermost leve

ticular, we have thak [[ALG|] > [Co|/2 = no)/2 k + 1 to bed*. This implies that the size of a cluster
We dc; not knowOPT, but since_the nodes of cluste n levell is 62171, Particularly, the size ot at

H /B I S2k+1 . .
Cy are not necessary to obtain a feasible vertex co gg’_el 0 |r; Cl;k Its "o _'t 0 C é_l‘e_t C(’Sia;i?ﬂ t()je twg
the optimal solution is bounded BYPT| < n—ny. zéljacen cusl er‘s WIth(C, t]él_b( ’ ). Cian let
In the following, we define j can simply be connected by as many complete
bipartite graphs<s: 5i+1 as necessary.

O

§i=26 ,Vief{0,...  k+1} (4) If we assume that + 1 < /2, we haven <
2ng by Lemma 3.14. Applying the construction of
for some value. Subsection 3.2, we gety < n - (n)?=5 where



(n’) denotes the smallest prime power larger than and therefore
equal tor’, i.e. (n’) < 4ny. Putting all together, we (L_l)
get a € Q<10g(n) gz 2 > .
no < (4n6)2k—4 < 421@—454162' (5)

By choosing an appropriate, we can determine the
Theorem 3.15. There are graphsx, such that ink  exponent of the above expression. For every poly-
communication rounds, every distributed algorithigygarithmic term(n), there is a constartt such that
for the minimum vertex cover problem Ghhas ap- the above expression is at least:) and hence, the

proximation ratios at least first lower bound of the theorem follows.
o/k? ALk The second lower bound follows from an analo-
Q (n ) and € (T) gous computation by settirig= (log A/ loglog A.
U

for some constant > 1/4, wheren and A denote

the number of nodes and the highest degreg:jn Remark: By definingd; := ¢*, i € {0,...,k}

respectively. and d,4; = 0Ft1/2 (instead ofs*+!), we obtain
, slightly stronger approximation lower bounds of

Proof. We can choosé > 41/ (2k)n(1)/ “5%) due to 2 ”

Inequality (5). Finally, using Lemmas 3.13 and 3.14, Q("c/ - k) and Q(Ac/ - /f) . (6)

the approximation ratia is at least The bounds of (6) clearly do not suffice to improve

- no/2 - no/2-6/2 5 the results of Theorem 3.16.
“ o= n—nyg  mno-(k+1)  4(k+1)

(n/2)1/ (4k) N nt/(4k%) 4 Reductions
T (k1) © T

Using the lower bound for vertex cover, we can ob-

The second lower bound follows frold = &%+, tain lower bounds for several other classical graph
OO problems. In this section, we give time lower bounds

for the construction of maximal matchings and max-

Theorem 3.16. In order to obtain a polylogarith- jmal independent sets as well as for the approxima-
mic or even constant approximation ratio, every digon of minimum dominating set.

tributed algorithm for the MVC problem requires at A maximal matching (MM) of a grapti' is a max-
IeastQ( bg’ign) and Q(log)iga) communica- imal set of edges which do not share common end-
tion rounds. points. Hence, a MM is a set of non-adjacent edges

. of G such that all edges iB(G) \ MM have a com-
Proof. We setk = §/logn/loglogn for an arbi- 14h engd-point with an edge in MM. A maximal in-

t.rary constant > 0. When plugging this into thedependent set (MIS) is a maximal set of non-adjacent
first lower bound of ThepreTm 3.15, we get the foly54eq je. all nodes not in the MIS are adjacent to
lowing approximation ratiax: some node of the MIS. The best known lower bound

cogiosn 1 o loa n for the distributed computation of a MM or a MIS
a > yn APlogn . —, | 0808 is Q(log*n) which holds for rings [12]. Based on
B logn Theorem 3.16, we get the following stronger lower

where~ is the hidden constant in tif&-notation. For Pounds.
the logarithm ofo, we get Theorem 4.1. There are graphgs on which every

cloglogn 1 distributed, possibly randomized algorithm requires
1 > —=——1 — —-logl —1 : 1 log A
BY = Tglogn BT 0B8N og tlmeQ( bg‘)ﬁ)gn) and Q(%) to compute a
c maximal matching. The same lower bounds hold for
-2 2) loglogn —log 5. the construction of maximal independent sets.
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Proof. It is well known that the set of all end-Proof. We show that every MVC instance can be
points of the edges of a MM form a 2-approximatiogeen as a MDS instance with the same locality. Let
for MVC. This simple 2-approximation algorithm isG’ = (V’, E’) be a graph for which we want to solve
commonly attributed to Gavril and Yannakakis. ThelVC. We construct the corresponding dominating
lower bound for the construction of a MM thereforset graphG = (V, E) as follows. For every node
directly follows from Theorem 3.16. and for every edge id’, there is a node iit7. We
For the MIS problem, consider the line graphall nodesv,, € V corresponding to nodes € V'
L(Gy) of Gx. The nodes of a line graph(G) of n-nodes and nodes. € V corresponding to edges
G are the edges aff. Two nodes inL(G) are con- ¢ € E’ e-nodes Two n-nodes are connected by an
nected by an edge whenever the two correspondiedge if and only if they are adjacent &. An n-
edges inGG are incident to the same node. The MModewv,, and ane-nodew, are connected exactly if
problem on a grapli’ is equivalent to the MIS prob-the corresponding node and edge are incider¥'in
lem onL(G). Further, if the real network graph@s, There are no edges between temodes. Clearly,
k communication rounds oh(G) can be simulated the localities ofG" and G are the same, i.é: com-
in & + O(1) communication rounds of. There- munication rounds on one of the two graphs can be
fore, the timeg to compute a MIS ori.(G},) andt’ simulated byt +O(1) rounds on the other graph. Let
to compute a MM on5;, can only differ by a con- C be a feasible vertex cover f6¥'. We claim that all
stant,t > t' — O(1). Letn’ and A’ denote the nodes ofG' corresponding to nodes (i form a valid
number of nodes and the maximum degreeGyf dominating set oriz. By definition, alle-nodes are
respectively. The number of nodesof L(G}) is covered. The remaining nodes Gfare covered be-
less thann?/2, the maximum degre@\ of G}, is cause for a given graph, a valid vertex cover is a valid
less than2A’. Becausen’ only appears asogn’, dominating set as well. Therefore, the optimal domi-
the power of2 does not hurt and the theorem holdsating set or is at most as big as the optimal vertex
(logn = O(logn’)). O coveronG’. There also exists a transformation in the
other direction. LetD be a valid dominating set on

We conclude this section by considering the prob#. If D contains are-nodev,., we can replace. by
lem of approximating the minimum dominating se@ne of its two neighbors. The size 6f remains the
(MDS) problem. A dominating sef is a subset of Same and all three nodes covered (dominated).by
the nodes of a grapty’ such that all nodes aff are are still covered. By this, we get a dominating set
either in S or they have a neighbor if. In a non- D’ which has the same size &sand which consists
distributed setting, MDS in equivalent to the gener@nhly of n-nodes. Becaus®’ dominates alk-nodes,
minimum set cover problefwhereas MVC is a spe-the nodes ofG’ corresponding taD’ form a valid
cial case of set cover which can be approximat&@rtex cover. Thus, MDS o is exactly as hard as
much better. It is therefore not surprising that in MVC on G’ and the theorem follows from Theorem
distributed environment, MDS s strictly harder thag.15. 0
MVC, too. In the following, we show that this intu-

itive fact can be formalized. Corollary 4.3. To obtain a polylogarithmic (or con-

stant) approximation ratio for minimum dominating

Theorem 4.2. There are graphs, such that in set, there are graphs on which every distributed al-
T ' logn log A

k communication rounds, every distributed algd@orithm needs tim@( 10g10gn) and9<1og10gA)-
rithm for the minimum dominating set problem o
G has approximation ratios at least(n/**/k) and
Q(AY*/k) for some constant, wheren and A de-
note the number of nodes and the highest degreeRin ,
. emark:
G, respectively.

Broof. The corollary is a direct consequence of The-
orem 4.2 and the proof of Theorem 3.16. O

Note that in the above corollary, we give

a time lower bound for constant MDS approxima-
2There exist approximation preserving reductions in both dion although it has been shown that MDS can-

rections. not be approximated better thamA unlessNP C
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DTIME (nCoglogn)) [3]. Because local computa-
tion is for free in our model, however, it is theoreti-
cally possible to get a constant-factor approximation
for MDS.

5 Conclusions

As distributed systems grow larger, it is becoming
increasingly vital to design algorithms which do not
need to maintain full information about the network.
We have shown locality-imposed restrictions on the
approximability and computability of a number of
distributed problems. Comparing with the respective
upper bounds, some of our lower bounds are near
tight. In k& rounds, MVC can be approximated by a
factor O(A!/¥); MDS can be approximated by fac-
tors O(A</V*) and O(n</*), respectively [8]. The
best known algorithms for maximal matching and
maximal independent set need ti@¢€log n) [6, 13].
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Figure 3: The Cluster Tre€'T; and the corresponding view-trees of nodeg§’jnandC. The cluster trees
C'Ty andC'T; are shaded dark and light, respectively. The labels of tbe @frthe cluster tree represent the
number of neighbors of nodes of the lower-level cluster mrlighboring higher-level cluster. The labels
of the reverse links are omitted. In the view-trees, an dvellad withJ; stands for); edges, all connecting

to identical subtrees.
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