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aAbstra
tThe general quest of this paper is the sear
h for new 
lasses of square latti
e animals that are bothlarge and exa
tly enumerable.The starting point is a bije
tion between a sub
lass of animals, 
alled dire
ted animals, and 
ertainheaps of dimers, 
alled pyramids, whi
h was des
ribed by Viennot more than 10 years ago. The gener-ating fun
tion for dire
ted animals had been known sin
e 1982, but Viennot's bije
tion suggested a newapproa
h that greatly simpli�ed its derivation.We de�ne here two natural 
lasses of heaps that are supersets of pyramids and are in bije
tion with
ertain 
lasses of animals, and we enumerate them exa
tly. The �rst 
lass has an algebrai
 generatingfun
tion and growth 
onstant 3:5 (meaning that the number of n-
elled animals grows like 3:5n), while theother has a trans
endental non-holonomi
 generating fun
tion and growth 
onstant 3:58::: The generatingfun
tion for dire
ted animals is algebrai
, and has growth 
onstant 3. Hen
e both these new 
lasses areexponentially larger. We obtain similar results for triangular latti
e animals.1 Introdu
tion1.1 Counting animals: the state of the art in briefThe enumeration of animals (or polyominoes) is a longstanding \elementary" 
ombinatorial problem thathas some motivations in physi
s, for example in the study of bran
hed polymers [21℄ and per
olation [14℄.A polyomino of area n is a �nite 
onne
ted union of n 
ells on a latti
e. The polyominoes we 
onsider inthis paper have square or hexagonal 
ells. If we repla
e ea
h 
ell of a polyomino by a vertex at its 
entre,we obtain the 
orresponding animal , whi
h lives on the dual latti
e (Figure 1).
Figure 1: Polyominoes with square and hexagonal 
ells, and the 
orresponding animals on the square andtriangular latti
es.Although these obje
ts have been intensively studied for more than 40 years [22, 28, 39℄, exa
t results
on
erning general polyominoes have remained elusive. However, some asymptoti
 results are known: Letan denote the number of n-
elled polyominoes on the square latti
e. A 
on
atenation argument [29℄ showsthat there exists a 
onstant �, sometimes 
alled Klarner's 
onstant , or more generally growth 
onstant , su
hthat limn!1(an)1=n = �:1



The exa
t value of � is unknown, though numeri
al studies [14, 27℄ have shown that � ' 4:06. The bestpublished bounds1 for � [27, 30℄ are 3:9 < � < 4:65:Given the diÆ
ulty in solving this problem, what 
an we do to better understand polyominoes? Apossible approa
h is the investigation and solution of large sub
lasses of polyominoes.All the sub
lasses of polyominoes that have been solved to date have at least one of the following twoproperties: 
onvexity or dire
tedness. A polyomino is 
olumn-
onvex if its interse
tion with any verti
al lineis 
onne
ted (Figure 2.a); it is dire
ted if any 
ell 
an be rea
hed from a �xed 
ell, 
alled the sour
e, bya north-east dire
ted path that only visits 
ells of the animal (Figure 2.b). The most general polyominoeswith these properties have been solved exa
tly (
olumn-
onvex and dire
ted polyominoes respe
tively): thisshows that 
onvexity limits the growth 
onstant � to 3:2:::, while dire
tedness limits it to 3. Table 1 givesmore details, together with the nature of the asso
iated generating fun
tion Pn anqn.
source
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Figure 2: A 
olumn-
onvex polyomino and a dire
ted polyomino.Model � Nature of the GF Who solved it (�rst)Re
tangles 1 q-series obviousFerrers diagrams (Partitions) 1 q-series Euler [17℄Sta
ks 1 q-series Aulu
k [1℄, Wright [44℄Stair
ase (Parallelogram) 2.30... q-series Klarner & Rivest [31℄Dire
ted 
onvex 2.30... q-series Bousquet & Viennot [12℄Convex 2.30... q-series Bousquet & F�edou [11℄Bargraph (Compositions) 2 rational obviousDire
ted 
olumn 
onvex 2.62... rational Moser, Klarner [28℄Column 
onvex 3.20... rational Temperley [39℄Diagonally 
onvex dire
ted 2.66... q-series Privman & Svraki�
 [36℄Bousquet [8℄, Fereti�
 [18℄Dire
ted 3 algebrai
 Dhar [15℄Table 1: Some of the solved sub
lasses of square latti
e polyominoes and their growth 
onstants.1.2 Two new solvable 
lasses of animalsIn order to advan
e this line of polyomino enumeration one must now invent new exa
tly solvable 
lassesof animals. Sin
e the largest dire
ted and 
onvex 
lasses have been solved, if these new 
lasses are to belarger then they 
annot be restri
ted by dire
tedness or 
onvexity. In this paper we de�ne two new 
lassesof square latti
e animals that are neither dire
ted nor 
onvex. Ea
h of them is in one-to-one 
orresponden
ewith a natural 
lass of heaps of dimers . These obje
ts, de�ned in Se
tion 2.1, have already proved usefulin the enumeration of dire
ted animals, by suggesting a 
anoni
al way to re
ursively fa
tor them into twosmaller dire
ted animals (see Se
tion 2.2 for details). The same kind of fa
torisation allows us to enumerate1This topi
 is evolving rapidly; see Steve Fin
h's web page on mathemati
al 
onstants for an up-to-date informationhttp://www.mathsoft.
om/asolve/
onstant/
onstant.html 2



our �rst new 
lass of animals, 
alled sta
ked dire
ted animals : their generating fun
tion is algebrai
 (like fordire
ted animals), and their growth 
onstant is 3:5 (Se
tion 2.3). The se
ond and more general new 
lass(multi-dire
ted animals) is also related to heaps, but resists the fa
torisation method. To solve this se
ondmodel we use a di�erent approa
h based on a 
olumn-by-
olumn 
onstru
tion of animals (Se
tion 3). This
onstru
tion gives a fun
tional equation for their generating fun
tion whi
h we solve expli
itly in two steps.The �rst step yields an expression of the generating fun
tion in terms of the Fibona

i (or T
hebyt
he�)polynomials (Se
tion 3.2), whi
h we re-interpret in Se
tion 4 using Viennot's inversion lemma for heaps. Ase
ond step leads us to an expression that is easier to analyse (Se
tion 5): we prove that it is trans
endental(and even non-holonomi
, see below for de�nitions), and that its growth 
onstant is approximately 3:58.The 
olumn-by-
olumn 
onstru
tion also works for dire
ted animals, and allows us to take into a

ount theirwidth, whi
h we prove to be a trans
endental parameter (Se
tion 6).It is interesting to note that the enumeration of polyominoes having a 
onvexity property 
an also beatta
ked via two methods: a wasp-waist fa
torisation that 
onsists in splitting the polyomino into two smallerones, at a pla
e where it is espe
ially thin (see for instan
e [9, 35℄), and a 
olumn-by-
olumn 
onstru
tion,sometimes 
alled Temperley's method (see, e.g., [7, 39℄). This is somehow paralleled by the existen
e of two
onstru
tions for dire
ted animals.All our square latti
e results have analogues for triangular latti
e animals (polyominoes with hexagonal
ells). The growth 
onstants of the two new 
lasses we de�ne are respe
tively 4:5 and 4:58:::, whi
h surpass the
onstants 3:86::: and 4 obtained by 
ounting 
olumn-
onvex animals and dire
ted animals on the triangularlatti
e [29, 15℄. The largest 
lass we enumerate (multi-dire
ted animals) is equinumerous with a 
lass ofanimals introdu
ed by Klarner [29℄, for whi
h he simply gives a lower bound (Se
tion 3.1). Also, the 
olumn-by-
olumn 
onstru
tion suggests a third new 
lass of animals (on the triangular latti
e only). This 
lassshares many of the features of multi-dire
ted animals, and in parti
ular, is not holonomi
. However, itsgrowth 
onstant is smaller, being 2 +p5 = 4:23::: The number of n-
elled animals in ea
h family, for smallvalues of n, is given at the end of the paper in Tables 4 (square latti
e) and 5 (triangular latti
e).We are tempted to write that the 
lasses of animals we de�ne and 
ount in this paper are \the largest
lasses of animals ever 
ounted exa
tly". This senten
e has to be written with a few 
aveats: the lowerbound on Klarner's 
onstant � � 3:9 mentioned above suggests that one has been able to enumerate 
lassesof animals whose growth 
onstant is signi�
antly larger than our \re
ord" of 3:58::: The 
lasses of animalsthat provide su
h lower bounds have usually a rational generating fun
tion that 
ould be evaluated exa
tly;but the details of this rational fun
tion are less interesting than the value of its smallest singularity (theinverse of whi
h is the growth 
onstant). The des
ription of these 
lasses usually depends on a parameterk: a simple example is provided by polyominoes of width at most k, whose generating fun
tion 
an beevaluated by transfer matrix te
hniques [45℄; another example is based on a fa
torisation of polyominoesinto prime polyominoes: the generating fun
tion for polyominoes whose prime fa
tors have area less than k is(1�Pk(x))�1, where Pk(x) enumerates prime polyominoes of area less than k. We refer to [42℄ for variationson this fa
torisation. While 
ertainly interesting as approximants of the real problem, the dependen
e on k,and the obvious linear stru
ture of these 
lasses of polyominoes, make them not very interesting in themselves.1.3 Formal power series: some de�nitions and notationsThe (area) generating fun
tion for a 
lass A of animals isPn anxn; where an denotes the number of animalsof A having area n. We shall often enumerate animals a

ording to several parameters, like the area andwidth, whi
h will give rise to multivariate generating fun
tions, likeXn;k an;kxnuk;where an;k is the number of animals of A having area n and width k.Given a ring L and n indeterminates x1; : : : ; xn, we denote by L[x1 ; : : : ; xn℄ the ring of polynomials inx1; : : : ; xn with 
oeÆ
ients in L, and by L[[x1 ; : : : ; xn℄℄ the ring of formal power series in x1; : : : ; xn with
oeÆ
ients in L. If L is a �eld, we denote by L(x1 ; : : : ; xn) the �eld of rational fun
tions in x1; : : : ; xn with
oeÆ
ients in L. 3



A formal power series F in L[[x1 ; : : : ; xn℄℄ is said to be algebrai
 if there exists a non-trivial polynomial P inn+1 variables, with 
oeÆ
ients in L, su
h that P (x1; : : : ; xn; F ) = 0. It is said to be holonomi
 (or D-�nite)if the partial derivatives of F with respe
t to the variables xi span a �nite dimensional ve
tor spa
e overL(x1 ; : : : ; xn) (see [33℄). In other words, for 1 � i � n, the series F satis�es a non-trivial partial di�erentialequation of the form diXk=0Pk;i(x1; : : : ; xn)�kF�xki = 0;where Pk;i(x1; : : : ; xn) is a polynomial in the xj .Any algebrai
 series is holonomi
. Any derivative of a holonomi
 series F is holonomi
, as is any (well-de�ned) spe
ialisation of F . The 
lassi
al theory of linear di�erential equations implies that a holonomi
series F (x) with 
omplex 
oeÆ
ients has only �nitely many singularities.2 Fa
torisation of heaps of dimers2.1 Heaps of dimers and animalsHeaps of pie
es are simple 
ombinatorial stru
tures that were �rst introdu
ed by Viennot [41℄. They providea 
onvenient geometri
 representation of the elements of a partially 
ommutative monoid (see Se
tion 4 formore details). Intuitively, a heap of dimers is obtained by dropping a �nite number of dimers towards ahorizontal axis. Ea
h dimer falls until it tou
hes the horizontal axis or another dimer; see Figure 3, in whi
hthe following elementary de�nitions are also demonstrated. A heap is stri
t if no dimer has another dimerdire
tly above it. It is 
onne
ted if its orthogonal proje
tion on the horizontal axis is 
onne
ted. The width ofa 
onne
ted heap is the number of non-empty 
olumns. The dimers that tou
h the axis are minimal . A heaphaving only one minimal dimer is 
alled a pyramid . If, moreover, this minimal dimer lies in the rightmostnon-empty 
olumn, the heap is a half-pyramid . The right width of a pyramid is the number of nonempty
olumns to the right of the minimal dimer (so that a single 
olumn of dimers has zero right width). The leftwidth is de�ned similarly. A pyramid with zero right width is hen
e a half-pyramid.For instan
e, the heap of Figure 3.a is neither stri
t nor 
onne
ted, while the heap of Figure 3.b is bothstri
t and 
onne
ted, and has width 8. Two examples of pyramids 
an be found on Figure 5; both have rightwidth and left width 2. A (s
hemati
) half-pyramid is shown on Figure 7.
(a) (b)Figure 3: Two heaps of dimers; ea
h has three minimal dimers.Take an animal A on the square or triangular latti
e, and rotate it by 45 degrees 
ounter
lo
kwise;repla
e ea
h 
ell by a dimer, and let the dimers fall. We 
all V (A) the resulting heap of dimers. Notethat V (A) is 
onne
ted (Figure 4). It was observed by Viennot [40℄ that this mapping indu
es a bije
tionbetween dire
ted animals on the square (resp. triangular) latti
e and stri
t (resp. general) pyramids of dimers(Figure 5). The 
orresponden
e V will be the leading thread of this paper: all the 
lasses of animals we aregoing to enumerate will be in bije
tion with natural families of heaps of dimers. We de�ne the width of ananimal to be the width of the 
orresponding heap.We 
an asso
iate with any stri
t heap H an in�nite set E(H) of general heaps by repla
ing ea
h dimerof H by a 
olumn of dimers of any positive height (Figure 6). Conversely, given an element H 0 of E(H), we
an re
over H by 
ompressing all 
olumns of H 0. Consequently, if F (x) is the generating fun
tion of a 
lassF of stri
t heaps (where x 
ounts the number of dimers), then the generating fun
tion for heaps of E(F) isF (x=(1�x)). Almost all the 
lasses A of animals we are going to 
ount will have a square latti
e version Asand a triangular latti
e version At (with one ex
eption). The animals of As will be in bije
tion with a set Fsof stri
t heaps, and the animals of At will be in bije
tion with heaps of the set E(Fs). Hen
e, the generating4



fun
tions of the 
orresponding animals will always be related by At(x) = As(x=(1 � x)), and their growth
onstants by �t = 1 + �s.

Figure 4: From animals to 
onne
ted heaps: the transformation V .
l.w. r.w. l.w. r.w.

Figure 5: From dire
ted animals to pyramids: the square latti
e and the triangular latti
e.
Figure 6: From stri
t heaps to general heaps.2.2 Dire
ted animalsDire
ted animals on the square and triangular latti
es were �rst enumerated by Dhar [15, 16℄, Hakim andNadal [25℄, followed by Gouyou-Beau
hamps and Viennot [23℄. However, all their proofs are 
ompli
atedwhen 
ompared to the simpli
ity of the generating fun
tions (see Proposition 1 below). Simpler proofs weregiven later [4, 5, 6, 34, 37℄: ea
h of them either 
onsiders expli
itly dire
ted animals as heaps of dimers, ordes
ribes a 
onstru
tion that is 
learly 
ompatible with the heap stru
ture. We present below the very dire
tproof of [6℄, whi
h uses the monoid stru
ture of the set of heaps (the produ
t of two heaps is obtained byputting one heap above the other and dropping its pie
es). From unambiguous fa
torisations of pyramids,one derives algebrai
 equations for their generating fun
tion.Proposition 1 (Dire
ted animals) The generating fun
tions Qs(x) and Qt(x) for stri
t (resp. general)half-pyramids are given by Qs(x) = 1� x�p(1 + x)(1� 3x)2xQt(x) = Qs� x1� x� = 1� 2x�p1� 4x2x :5



Denoting the generating fun
tion for stri
t (resp. general) half-pyramids by Q, the generating fun
tion forstri
t (resp. general) pyramids, 
ounted by their number of dimers (x) and their right width (v) isP (x; v) = Q(x)1� vQ(x) : (1)In parti
ular, the generating fun
tions Ps(x; 1) and Pt(x; 1) for dire
ted animals on the square (resp. trian-gular) latti
e are given by: Ps(x; 1) = 12  r 1 + x1� 3x � 1!Pt(x; 1) = Ps� x1� x ; 1� = 12 � 1p1� 4x � 1� :Consequently, the number of n-
elled dire
ted animals on the square (resp. triangular) latti
e is asymptoti
to 1p3� 3nn�1=2 �resp. 12p� 4nn�1=2� :Their average width is asymptoti
 to6p3� n1=2 �resp. 16p� n1=2� :Proof. These expressions are obtained by fa
toring pyramids in a 
anoni
al way; this fa
torisation isdepi
ted in Figure 7.

P

P

Q Q

r.w.

Q
Q

Q

Q

Figure 7: The fa
torisation of stri
t half-pyramids and pyramids.Let us begin with stri
t half-pyramids. Consider a stri
t half-pyramid H having several dimers. If thereis only one dimer (the minimal one) in the rightmost 
olumn, then H is the produ
t of its minimal dimerand a half-pyramid. Otherwise, by pushing upwards the lowest non-minimal dimer of the rightmost 
olumn,we fa
tor H into two half-pyramids and a minimal dimer. This gives Qs(x) = x + xQs(x) + xQs(x)2.This equation is readily solved, yielding the expression of Qs(x) given in the proposition. Observe that theexpansion operation of Figure 6 does not 
hange the right width and so preserves the property of beinga half-pyramid; this gives the announ
ed result for Qt(x). Alternatively, we 
ould dire
tly fa
tor generalhalf-pyramids to obtain an algebrai
 equation satis�ed by Qt(x); namely Qt(x) = x+ 2xQt(x) + xQt(x)2.6



A pyramid (be it stri
t or general) is either a half-pyramid, or the produ
t of a half-pyramid and apyramid. With the notations of the proposition, this implies that P (x; v) = Q(x)(1+ vP (x; v)), both for thestri
t and general pyramid model.The asymptoti
 results follow from the general 
orresponden
e between the position and nature of sin-gularities of a generating fun
tion and the asymptoti
 behaviour of its 
oeÆ
ients [20℄. The average rightwidth is obtained by di�erentiating (1) with respe
t to v, and the average width is twi
e the average rightwidth plus one.2.3 Multi-dire
ted animals and sta
ked dire
ted animalsEn
ouraged by the su

ess of the mapping between pyramids and dire
ted animals, it is natural to askwhether we 
an extend this mapping to larger 
lasses of heaps and animals. The map V , that transformsanimals into 
onne
ted heaps, 
an be shown to be surje
tive. We des
ribe below a natural 
lass of triangularlatti
e animals that are in bije
tion with 
onne
ted heaps of dimers.Let H be a 
onne
ted heap. We pro
eed by indu
tion on the number of minimal pie
es of H . If H is apyramid, let V (H) be the 
orresponding triangular latti
e dire
ted animal. If H has k minimal dimers, withk > 1, let us push upwards the (k � 1) leftmost minimal dimers: this yields a 
onne
ted heap H 0, pla
ed\far above" a remaining pyramid Pk. Repla
e H 0 and Pk by their 
orresponding animals V (H 0) and V (Pk),and push ba
k V (H 0) downwards until it 
onne
ts to V (Pk). Let V (H) be the resulting animal (Figure 8).In this way, we re
ursively de�ne a 
lass of triangular latti
e animals that is in one-to-one 
orresponden
ewith 
onne
ted heaps of dimers. For obvious reasons, we 
all these animals multi-dire
ted animals.P1
P3

H P2

Figure 8: From 
onne
ted heaps to multi-dire
ted animals: the transformation V .The 
ase of square latti
e animals is a bit more deli
ate. The transformation V maps some of them tonon-stri
t heaps (Figure 4). But, 
learly, not all 
onne
ted heaps 
an be obtained in this way: for instan
e,the 
olumn of height 2 has no preimage among square latti
e animals. It seems that the image of squarelatti
e animals under V has no simple des
ription. However all is not lost: if we apply V to a stri
t heap Hwe obtain a square latti
e animal: hen
e V indu
es a one-to-one 
orresponden
e between stri
t 
onne
tedheaps and square latti
e multi-dire
ted animals. 7



We now de�ne a sub
lass of multi-dire
ted animals that will be easy to enumerate. Take a 
onne
tedheap H with k minimal pie
es. The multi-dire
ted animal V (H) is formed by the 
on
atenation of k dire
tedanimals. Let us denote by P1; P2; : : : ; Pk, from left to right, the 
orresponding pyramidal fa
tors of H . Thefa
t that H is 
onne
ted means that for 1 < i � k, the proje
tion of Pi onto the horizontal axis interse
tsthe proje
tion of some Pj , for j < i. In the example of Figure 8, the proje
tion of P2 and P3 interse
tthe proje
tion of P1. Let us 
all sta
ked pyramids the 
onne
ted heaps su
h that for 1 < i � k, thehorizontal proje
tion of Pi interse
ts the horizontal proje
tion of Pi�1. Let us 
all sta
ked dire
ted animalsthe 
orresponding animals (Figure 9). We de�ne the right width of a sta
ked pyramid to be the right widthof its rightmost pyramidal fa
tor.These obje
ts are easier to enumerate than 
onne
ted heaps (but less general): the re
ursive des
riptionof sta
ked pyramids easily translates into algebrai
 equations for their generating fun
tion, whi
h againturns out to be quadrati
. In terms of growth 
onstants, this simple model is already larger than all previousexa
tly solved models. P1P2 P3 P4 P5 P6P1 P5P3P2 P4Figure 9: The stru
ture of sta
ked dire
ted animals (left) and multi-dire
ted animals (right). Ea
h trianglerepresents a dire
ted animal. In a sta
ked dire
ted animal ea
h dire
ted animal 
omponent, Pi lies belowPi�1, whereas in a multi-dire
ted animal Pi lies below Pj for some j < i.Proposition 2 (Sta
ked dire
ted animals) Let Q(x) � Q denote the generating fun
tion for stri
t(resp. general) half-pyramids. Let P (x; v) denote the generating fun
tion for stri
t (resp. general) pyramids,where the variable v enumerates the right width. Then the generating fun
tion for stri
t (resp. general)sta
ked pyramids, 
ounted by their number of dimers (x), right width (v) and number of minimal dimers (t),is S(x; v; t) = tP (x; v)1� tP (x; 1)2 = tQ(1�Q)2(1� vQ)[(1�Q)2 � tQ2℄ :In parti
ular, the generating fun
tion for stri
t (resp. general) sta
ked pyramids is:Ss(x) = (1� 2x)(1� 3x)� (1� 4x)p(1� 3x)(1 + x)2x(2� 7x) ;St(x) = Ss� x1� x� = (1� 3x)(1� 4x)� (1� 5x)p1� 4x2x(2� 9x) :Consequently, the number of n-
elled sta
ked dire
ted animals on the square (resp. triangular) latti
e isasymptoti
 to 328 3:5n �resp. 112 4:5n� :The number of minimal dimers in the 
orresponding sta
ked pyramids, whi
h is a lower bound on their width,is asymptoti
 to 328 n �resp. 112 n� :The width is trivially bounded above by n. 8



Proof. We follow the des
ription of V given above. Ea
h sta
ked pyramid H is:� either a single pyramid (if it has only one minimal pie
e),� or the produ
t of a pyramid P � Pk and a sta
ked pyramid H 0 pla
ed above P (see Figure 10). Thenumber of ways the pyramid P 
an be pla
ed is equal to the right width of H 0. The right width of His then the right width of P .This shows that S(x; v; t) = tP (x; v) (1 + S0v(x; 1; t)) :We di�erentiate this equation with respe
t to v and then set v to 1 in order to 
ompute the derivativeS0v(x; 1; t). We �nally obtain S(x; v; t) = tP (x; v)1� tP 0v(x; 1) ;and we use Proposition 1 to obtain the announ
ed expression of S(x; v; t). The asymptoti
 results follow asper the proof of Proposition 1.
Pk�1 Pk

r:w(Pk�1)
Figure 10: A re
ursive 
onstru
tion of sta
ked pyramids.An alternative 
onstru
tion 
onsists in adding a new pyramid P � P1 to the above left of a sta
kedpyramid H 0, rather than to its below right (see Figure 11). The pyramid P 
an be pla
ed in a number ofways equal to its right width. This yields dire
tlyS(x; v; t) = tP (x; v) + tS(x; v; t)P 0v(x; 1):

P1 r:w(P1)

Figure 11: Another re
ursive 
onstru
tion of sta
ked pyramids.For 
omparison, we state here the result for 
onne
ted heaps; the proof is given in Se
tion 5.9



Proposition 3 (Multi-dire
ted animals) Let Q(x) � Q denote the generating fun
tion for stri
t (resp. gen-eral) half-pyramids. Then the generating fun
tion for stri
t (resp. general) 
onne
ted heaps of dimers isC(x) = Q(1�Q)241�Xk�1 Qk+11�Qk(1 +Q)35 :This series is not algebrai
, nor even D-�nite. The number of n-
elled multi-dire
ted animals on the square(resp. triangular) latti
e is asymptoti
 to A�n for some positive 
onstant A, with � = 3:58789436::: (resp. � =4:58789436:::). Their average width is asymptoti
 to Bn, for some positive 
onstant B.On
e again, we note that it is suÆ
ient to prove this result for general 
onne
ted heaps: with obviousnotations, Cs(x) = Ct(x=(1 + x)) and Qs(x) = Qt(x=(1 + x)):Sin
e a 
onne
ted heap may also be 
onstru
ted re
ursively (by adding a new pyramid to the below rightof another 
onne
ted heap) the above result begs a number of questions: Why is the result for 
onne
tedheaps so mu
h more 
ompli
ated than the result for sta
ked pyramids? Why are we unable to apply themethod of Proposition 2? Let us explain why the approa
h of Proposition 2 fails for 
onne
ted heaps.Take a pyramid P � Pk, and a 
onne
ted heap H 0 having k � 1 minimal dimers. The number of wayswe 
an pla
e P to the below right of H 0 so as to form a new 
onne
ted heap H having k minimal dimers isthe modi�ed right width of H 0, whi
h we de�ne to be the number of nonempty 
olumns to the right of therightmost minimal dimer of H 0 (Figure 12); this is not simply the right width of Pk�1. If we are to pro
eedby the same 
onstru
tion then we have to take the modi�ed right width into a

ount in the enumeration.So the next question is: what is the modi�ed right width of the 
onne
ted heap H we have obtained? If Phas been pla
ed in ith position (the leftmost position 
orresponding to i = 1), then, with obvious notations,m:r:w(H) = r:w(P ) + max(0;m:r:w(H 0)� i� w(P ));and this rather 
ompli
ated formula, 
ombined with the fa
t that the width of pyramids is an inherently non-algebrai
 parameter (see Se
tion 6), explains why the �rst 
onstru
tion we used in the proof of Proposition 2fails for 
onne
ted heaps. H 0 m:r:w(H 0)
w(P )

m:r:w(H)i P
Figure 12: A re
ursive 
onstru
tion of 
onne
ted heaps.In the same proof, we des
ribed a se
ond 
onstru
tion of sta
ked pyramids, that 
onsisted of adding anew pyramid P � P1 to the above left of another sta
ked pyramid. The prin
iple of this 
onstru
tion alsoworks for 
onne
ted heaps, but, when we try to use it,10



� we a
tually have to 
ount all heaps, be
ause the 
onne
tivity is not ne
essarily preserved when removingthe leftmost pyramidal fa
tor from a 
onne
ted heap (Figure 8);� we have to take into a

ount a width-like parameter whose transformation during the 
onstru
tiondepends simultaneously on the right width and left width of the pyramid P .For these reasons, it is perhaps not too surprising that in order to prove Proposition 3 we will have to makea slight detour and examine heaps of �xed width.2.4 Pi
tures of typi
al animalsBefore moving onto the proofs of our results, we wish to give some sort of qualitative pi
ture of the 
lasses ofanimals dis
ussed in this paper. Using the re
ursive 
onstru
tions of animals des
ribed in Se
tions 2 and 3,it is easy to write, in the spirit of [19℄, algorithms that generate uniformly at random animals of a �xed sizein any of the main three above mentioned 
lasses.Below we give pi
tures of \typi
al" animals from the set of dire
ted animals and the two new 
lasses wehave 
onstru
ted; these give a good qualitative pi
ture of the results we have obtained on the average widthof the various animals under 
onsideration. In parti
ular, note how dire
ted animals are very elongated,while the animals in the two new 
lasses appear to have heights and widths roughly equal.The reader 
an identify \by hand" the dire
ted animal 
omponents in the animals of Figures 14 and 15,and thus observe that none of the multi-dire
ted animals of Figure 15 are sta
ked dire
ted animals.

0

20

40

60

80

20 40 60 80 100 120Figure 13: Three random dire
ted animal on the triangular latti
e with 100 
ells.
11



0

10

20

30

40

20 40 60 80 100 120 140Figure 14: Three random sta
ked dire
ted animal on the triangular latti
e with 100 
ells.

0

10

20

30

40

20 40 60 80 100 120Figure 15: Three random multi-dire
ted animal on the triangular latti
e with 100 
ells.12



3 A 
olumn-by-
olumn 
onstru
tion of heapsIn this se
tion we fo
us on general heaps and triangular latti
e animals. The expansion/
ontra
tion pro
edureof Figure 6 
an be used to provide analogous results for square latti
e animals. We atta
k the enumeration ofheaps via a re
ursive 
onstru
tion that is even more elementary than the fa
torisation des
ribed in Se
tion 2:it simply 
onsists of building a heap 
olumn-by-
olumn. This 
onstru
tion provides fun
tional equations forthe 
orresponding generating fun
tions and allows us to take into a

ount the width of heaps (Se
tion 3.1).This approa
h does not work for sta
ked pyramids but suggests a new 
lass of 
onne
ted heaps, whi
h we
all saw-tooth heaps . In Se
tion 3.2 we solve the fun
tional equations in terms of the Fibona

i polynomials.3.1 Establishing fun
tional equationsLet Q(x; y; u) be the generating fun
tion for half-pyramids, where u 
ounts the width, y the dimers in therightmost 
olumn, and x the other dimers. Similarly, let Q(x; y; u) be the generating fun
tion for half-pyramids, where y now 
ounts dimers of the leftmost 
olumn. Let P(x; y; u; v) be the generating fun
tionfor pyramids, where u 
ounts the left width, v the right width, y the dimers in the rightmost 
olumn, andx the other dimers (Figure 16). Finally, let C(x; y; u) 
ount 
onne
ted heaps by their width (u), number ofdimers in the rightmost 
olumn (y), and number of remaining dimers (x). For instan
e, the expansion ofC(x; y; u) starts withC(x; y; u) = uy + �uy2 + 2uxy�+ �uy3 + 3u2x2y + 3u2xy2 + 4u3x2y�+ � � �these terms 
orresponding to 
onne
ted heaps with at most three dimers.u u uv yyyyQ P Cu Q
Figure 16: The generating fun
tions Q;Q;P and C.Constru
ting these 
lasses of heaps 
olumn by 
olumn yields the following fun
tional equations. Forsimpli
ity, we denote Q(x; y; u) � Q(y), et
.Proposition 4 The heap generating fun
tions de�ned above are governed by the following fun
tional equa-tions: Q(y) = uy1� y + uy1� yQ� x1� y� ;Q(y) = uy1� y + uQ� x1� y�� uQ(x);P(y) = 1uQ(y) + vP� x1� y�� vP(x);C(y) = uy1� y + u1� yC� x1� y�� uC(x):Proof. Let us begin with the equation governing Q. Take a half-pyramid and delete the dimers in itsrightmost 
olumn; the remaining dimers (if any) form a new half-pyramid. Conversely, any half-pyramid Hof width m � 2 
an be grown from a half-pyramid H 0 of width m� 1 by 
reating a new 
olumn to the rightof H 0. More pre
isely: 13



1. we insert a (possibly empty) 
olumn of dimers to the above-right of ea
h dimer in the rightmost 
olumnof H 0. This 
orresponds to the substitution y 7�! x1�y in the generating fun
tion Q;2. we insert a nonempty 
olumn of dimers to the below right of the minimal dimer of H 0. The bottomdimer of this 
olumn will be the minimal pie
e of H . This operation is represented by multiplying byy1�y .This pro
edure, illustrated by Figure 17, generates all half-pyramids of width at least two. The termuy=(1� y) a

ounts for half-pyramids of width one.
1 2H 0 H

Figure 17: Constru
ting half-pyramids 
olumn by 
olumn.Let us now prove the equation governing Q. This time, we 
onstru
t half-pyramids of width m � 2 by
reating a new 
olumn to the left of a pyramid H 0 of width m � 1. More pre
isely, we insert a (possiblyempty) 
olumn of dimers to the above-left of ea
h dimer in the leftmost 
olumn of H 0. This 
orresponds tothe substitution y 7�! x1�y in the generating fun
tion Q. Sin
e ea
h of these 
olumns of dimers we have justadded 
an be empty, it is possible that we might not have added any dimers at all. To avoid this unwanted
ase, we simply subtra
t Q(x; x; u).The two other equations are proved in a similar manner.Remarks1. Saw-tooth heaps. By symmetry, the series C(x; y; u) also 
ounts 
onne
ted heaps by their width (u),leftmost dimers (y) and remaining dimers (x). Let us 
ompare the fun
tional equations de�ning the series Qand C. They re
e
t a re
ursive 
onstru
tion of half-pyramids (resp. 
onne
ted heaps) where a new 
olumnof dimers is 
reated at ea
h step to the left of the obje
t. The di�eren
e between the two equations 
omesfrom the fa
t that, in the 
onstru
tion of 
onne
ted heaps, we 
an 
reate a new minimal dimer by addinga new 
olumn of dimers to the below left of the lowest leftmost dimer, whereas this is forbidden when we
onstru
t half-pyramids. If we bound the height of this new 
olumn of dimers by h, we obtain a family ofheaps that interpolates between half-pyramids (h = 0) and 
onne
ted heaps (h = 1). In parti
ular, forh = 1, we obtain a 
lass of heaps whose generating fun
tion N(x; y; u) �N(y) satis�es:N(y) = uy1� y + u(1 + y)N� x1� y�� uN(x): (2)The lower edge of these heaps is 
onstrained so that (when drawn from left to right) it may only growupwards diagonally, but is able to grow straight down, something like the edge of a saw-tooth. Be
ause ofthis similarity, we 
all these heaps saw-tooth heaps (Figure 18).2. Conne
ted heaps and Klarner's animals. Let 
k(n; ak) denote the number of 
onne
ted heaps ofwidth k having n dimers, ak of whi
h lie in the rightmost 
olumn. The equation de�ning C(x; y; u), givenin Proposition 4, is equivalent to the following re
ursion:
k(n; ak) = 8>>><>>>: 1 if k = 1 and ak = n;n�akXak�1=1�ak�1 + akak�1 �
k�1(n� ak; ak�1) if k > 1 and ak < n;0 otherwise.14



Figure 18: A saw-tooth heap and the 
orresponding honey
omb latti
e polyomino.Equivalently, the number of 
onne
ted heaps of width k having ai dimers in the ith 
olumn, for 1 � i � k, is�a1 + a2a1 ��a2 + a3a2 � � � ��ak�1 + akak�1 �: (3)In [29, Se
tion 4℄, Klarner des
ribes a 
lass of square latti
e animals 
ounted by a sequen
eb(n) =X f(a1; a2)f(a2; a3) � � � f(ak�1; ak); (4)where the sum extends over all 
ompositions (a1; a2; : : : ; ak) of n in positive parts, and the generating fun
tionfor the numbers f(a; b) is given by Xa;b�0 f(a; b)xayb = 1� xy1� x� y + x2y2 :Then, he mentions the existen
e of an analogous 
lass of animals on the triangular latti
e, whi
h are enu-merated by (4) with f(a; b) = �a+ba �. The des
ription of these two families is a little ambiguous, and whilestudying them we realized that (i) the triangular latti
e model was equivalent to (general) 
onne
ted heapsof dimers and (ii) this model 
ould be solved \more exa
tly" than the treatment in Klarner's paper where heonly gives Eq. (3) and the lower bound of 4 on the growth 
onstant. These realisations were the starting pointof this paper. Let us underline that the 
lass of square latti
e animals des
ribed by Klarner is not equivalentto stri
t 
onne
ted heaps: its growth 
onstant is approximately 3:72 (instead of 3:58). Unfortunately, wehave so far not been able to solve the asso
iated fun
tional equation.3.2 Solving fun
tional equationsThe �rst idea that 
omes to mind to solve the equations of Proposition 4 { iteration { turns out to be theright one. Let us, for instan
e, start iterating the equation ruling Q:Q(y) = uy1� y �1 +Q� x1� y�� ;= uy1� y + u2xy(1� y)(1� x� y) �1 +Q� x(1� y)1� x� y�� ;= uy1� y + u2xy(1� y)(1� x� y) + u3x2y(1� x� y)(1� 2x� y(1� x)) �1 +Q� x(1� x� y)1� 2x� y(1� x)�� ;= uy1� y + u2xy(1� y)(1� x� y) + u3x2y(1� x� y)(1� 2x� y(1� x))+ u4x3y(1� 2x� y(1� x))(1� 3x+ x2 � y(1� 2x)) �1 +Q� x(1� 2x� y(1� x))1� 3x+ x2 � y(1� 2x)�� :After a few iterations, it be
omes 
lear that the sequen
e of polynomials involved here, whi
h starts with1; 1�x; 1�2x; 1�3x+x2, is the sequen
e of Fibona

i polynomials Fn, related to the T
hebyt
he� polynomialsof the se
ond kind, and de�ned by F0 = F1 = 1, and for n � 2,Fn = Fn�1 � xFn�2: (5)15



This is not surprising, sin
e these polynomials arise in the enumeration of Dy
k paths of bounded height[32, Se
tion 6℄, and a general bije
tion between walks on a graph and heaps of 
y
les [41, Se
tion 6℄ putsDy
k walks of height m in one-to-one 
orresponden
e with half-pyramids of width m. Another way ofunderstanding the role of these polynomials is based on general heap enumeration results and on the fa
tthat Fn 
ounts trivial heaps of dimers on a segment of n verti
es. This approa
h will be detailed in the nextse
tion. To state our results 
on
isely, it is 
onvenient to introdu
e the bivariate polynomials ~Fn(x; y) � ~Fnde�ned for n � 2 by ~Fn = Fn�1 � yFn�2; (6)with ~F0 = ~F1 = 1. By 
onvention, Fi = ~Fi = 0 if i < 0, so that (5) and (6) hold for n � 1. Observe that~Fn(x; x) = Fn.Proposition 5 The heap generating fun
tions Q;Q;P;C and N de�ned above are given by:Q(x; y; u) = Xn�1 yxn�1un~Fn ~Fn+1 ;Q(x; y; u) = Xn�1 yxn�1unFn ~Fn+1 ;P(x; y; u; v) = Xm�0Xn�0 yxnumvn � FmFm+1Fm+n+1 ~Fm+n+2 � Fm�1FmFm+n ~Fm+n+1 �= Xm�0 umxmy~Fm+1 ~Fm+2 + Xm�0Xn�1xm+1umvn " ~Fn ~Fn+1~Fm+n+1 ~Fm+n+2 � Fn�1FnFm+nFm+n+1# ;N(x; y; u) = Xn�1 xn�1yun~Fn+1 n�1Yi=1 �1 + FiFi+1� ;C(x; y; u) = Xn�0 un~Fn+1Xn�0 unFn � 1:Observe that the last expression de�nes C(x; y; u) as a power series in u with rational 
oeÆ
ients in x andy, but that it is not well-de�ned when we attempt to set u = 1.Proof. The easiest, but least illuminating way of proving this proposition is to 
he
k that the series de�nedby the above expressions satisfy the fun
tional equations of Proposition 4 and Eq. (2). This veri�
ation isstraightforward, all the identities resulting from the de�nition of the polynomials Fn and ~Fn, and from thefa
t that for n � 1, ~Fn�x; x1� y� = ~Fn+11� y :To prove that the �rst expression of P(x; y; u; v) satis�es the third equation of Proposition 4, we also needthe identity Fm ~Fm+1 � Fm�1 ~Fm+2 = F 2m � Fm�1Fm+1 = xm; m � 0; (7)whi
h is easily proved by indu
tion on m.This is, perhaps, a little dissatisfying and it is more interesting to des
ribe how one 
an dis
over theseidentities. Clearly, the �rst two 
an be 
onje
tured by inspe
tion: we iterate the 
orresponding equation afew times to obtain the 
oeÆ
ient of un, for small values of n, and the pattern soon be
omes 
lear. Thesame approa
h also works for N. Iterating the equation de�ning C, however, does not suggest at on
e anysimple pattern for the numerator:C(y) = uy1� y + u2xy(2� x� y)(1� x)(1� y)(1� x� y) + u3x2y(4� 9x+ 4x2 � 6y + 10xy + 2y2 � 2xy2 � 2x2y)(1� x)(1� 2x)(1� y)(1� x� y)(1� 2x� y + xy) +O(u4):16



Let us explain how to obtain the expression of C. It is more 
onvenient to start with the series C(x; y; u) �C(y) = 1 +C(x; y; u), whi
h satis�esC(y) = 1 + u1� yC� x1� y�� uC(x): (8)Let us introdu
e two operators � and 	 that a
t on power series of Q[[x; y; u℄℄:�(S(x; y; u)) = u1� yS�x; x1� y ; u� and 	(S(x; y; u)) = �uS(x; x; u):Observe that, if S does not depend on y, then�(S) = S�(1) and 	(S) = S	(1): (9)Using these operators, Eq. (8) 
an be rewritten asC(y) = 1 + (� +	)C(y):Iterating this equation provides C(y) =Xn�0(� +	)n(1) = 11���	(1): (10)Equivalently, we 
an 
onsider C(y) to be the sum of every word in the language f�;	g� a
ting on 1,C(y) = Xw2f�;	g�w(1):The language f�;	g� 
an be written as the disjoint union of �� and f�;	g�	��. It is easy to prove byindu
tion on n � 0 that �n(1) = un~Fn+1 and 	�n(1) = �un+1Fn+1 : (11)Observe that 	�n(1) is independent of y. Applying these fa
ts gives,C(y) = Xw2��w(1) + Xw2f�;	g�	�� w(1)= Xn�0�n(1) + 11���	 0�Xn�0	�n(1)1A= Xn�0 un~Fn+1 � 11���	 0�Xn�0 un+1Fn+11A (by (11))= Xn�0 un~Fn+1 �0�Xn�0 un+1Fn+11A 11���	(1) (by (9))= Xn�0 un~Fn+1 �Xn�0 un+1Fn+1 C(y) (by (10)):This provides the expression of C = C� 1 given in Proposition 5.We 
an pro
eed similarly for solving the fun
tional equation that de�nes the pyramid generating fun
tionP(x; y; u; v) � P(y). This equation 
an be writtenP(y) = Xm�0 umxmy~Fm+1 ~Fm+2 + (� +	)P(y)17



where the operators � and 	 are now de�ned by�(S(x; y; u; v)) = vS�x; x1� y ; u; v� and 	(S(x; y; u; v)) = �vS(x; x; u; v):Clearly, P(y) =Pm�0 umPm(y) wherePm(y) = xmy~Fm+1 ~Fm+2 + (� +	)Pm(y): (12)It is easy to prove by indu
tion on n that for n � 1 and m � 0,�n� xmy~Fm+1 ~Fm+2� = vnxm+1 ~Fn ~Fn+1~Fm+n+1 ~Fm+n+2and for n � 0 and m � 0, 	�n� xmy~Fm+1 ~Fm+2� = �vn+1xm+1FnFn+1Fm+n+1Fm+n+2 :Moreover, �(1) = v and 	(1) = �v, so that 11���	(1) = 1:The iteration of Eq. (12) providesPm(y) = 11���	 � xmy~Fm+1 ~Fm+2�= Xn�0�n� xmy~Fm+1 ~Fm+2�+ 11���	 0�Xn�0	�n� xmy~Fm+1 ~Fm+2�1A= xmy~Fm+1 ~Fm+2 +Xn�1 vnxm+1 ~Fn ~Fn+1~Fm+n+1 ~Fm+n+2 �Xn�0 vn+1xm+1FnFn+1Fm+n+1Fm+n+2 11���	(1)= xmy~Fm+1 ~Fm+2 +Xn�1 vnxm+1 ~Fn ~Fn+1~Fm+n+1 ~Fm+n+2 �Xn�1 vnxm+1Fn�1FnFm+nFm+n+1 ;= xmy~Fm+1 ~Fm+2 +Xn�1 vnxm+1 " ~Fn ~Fn+1~Fm+n+1 ~Fm+n+2 � Fn�1FnFm+nFm+n+1 # :This yields the se
ond expression of P(x; y; u; v) given in Proposition 5.4 Appli
ations of Viennot's inversion lemmaIn the previous se
tion we obtained 
losed form expressions for �ve heap generating fun
tions (Proposition 5).These expressions were obtained by solving the fun
tional equations of Proposition 4. In this se
tion we puta new light on four of these �ve expressions: a simple 
ombinatorial lemma, whi
h is sometimes 
alled theinversion lemma and a
tually applies to any kind of heaps, provides another explanation for them. We havenot yet been able to re-explain the generating fun
tion for saw-tooth heaps in this way.So far, we have impli
itly de�ned heaps and animals up to a translation. This will no longer be the 
asein this se
tion, and we will 
onsider the axis on whi
h the minimal dimers lie to be graded. In this 
ontext itis 
onvenient to 
onsider heaps as words of a partially 
ommutative monoid, as explained in [41℄. Let A � Z,and let A� be the free monoid on A, that is, the set of words a1 � � �ak on the alphabet A, equipped with the18




on
atenation produ
t: a1 � � � ak Æ b1 � � � b` = a1 � � � akb1 � � � b`. We 
onsider the 
ongruen
e on A� de�ned bythe following partial 
ommutations: for i; j in Z,ij � ji() ji� jj > 1:The elements of the quotient monoid A�= � 
an be represented graphi
ally by heaps of dimers above agraded axis: ea
h letter i 
orresponds to a dimer whose proje
tion on the horizontal axis is 
entred at i.Let x1; : : : ; xm be m formal variables, and let us endow the letters of A with a weightw : A �! R[x1 ; : : : ; xm℄:The weight of a word is de�ned to be the produ
t of the weights of its letters. We assume that the seriesPu2A� w(u) is a well-de�ned formal power series in the xi. We denote by juj the number of letters (dimers)of a word u.The results 
on
erning pyramids and half-pyramids stated in Proposition 5 are 
onsequen
es of a simpleinversion lemma, due to Viennot [41℄, whi
h a
tually holds in any partially 
ommutative monoid. We saythat a heap is trivial if all its dimers are minimal. Given B � A, we denote by T (B) the set of trivial heapswhose letters (or dimers) belong to B.Lemma 6 Let B � A. The generating fun
tion for heaps of A�= � having all their minimal dimers in B isXH2A�=�min(H)�B w(H) = XT2T (AnB)(�1)jT jw(T )XT2T (A)(�1)jT jw(T ) :4.1 Half-pyramids and pyramidsWe �rst review brie
y the derivation of the �rst three results of Proposition 5 based on the above lemma.To re
over the �rst one, we note that any half-pyramid of width at most n has its dimers in the alphabet[1 � n; 0℄, with its minimal dimer 
entred at 0, and so we take A = [1 � n; 0℄ and B = f0g. We 
hoosew(0) = y and w(i) = x for i < 0. Using the re
urren
e relation satis�ed by the Fibona

i polynomials, it iseasy to 
he
k by indu
tion on n that for n � 0,XT2T (A)(�1)jT jw(T ) = ~Fn+1and that XT2T (AnB)(�1)jT jw(T ) = Fn:By Lemma 6, the generating fun
tion for half-pyramids of minimal dimer 0 and width at most n is Fn= ~Fn+1.This series 
ounts, among others, the empty heap. The generating fun
tion for half-pyramids of minimaldimer 0 and width exa
tly n is thenFn~Fn+1 � Fn�1~Fn = Fn ~Fn � Fn�1 ~Fn+1~Fn ~Fn+1 = xn�1y~Fn ~Fn+1 ;where we have made use of (7).For the se
ond result of Proposition 5, we 
hange the weights, su
h that w(1 � n) = y and w(i) = xfor i > 1 � n. Then the generating fun
tion for half-pyramids of minimal dimer 0 and width at most n is~Fn= ~Fn+1, and the generating fun
tion for half-pyramids of minimal dimer 0 and width exa
tly n is~Fn~Fn+1 � Fn�1Fn = xn�1yFn ~Fn+1 :19



Finally, to evaluate the generating fun
tion of pyramids of left width m and right width n, we takeA = [�m;n℄ and B = f0g. We 
hoose w(n) = y and w(i) = x for i < n. Then the generating fun
tion forpyramids of minimal dimer 0, left width at most m and right width at most n isFm+1 ~Fn+1~Fm+n+2 ;and the generating fun
tion for pyramids of minimal dimer 0, left width exa
tly m and right width exa
tlyn is Fm+1 ~Fn+1~Fm+n+2 � Fm ~Fn+1~Fm+n+1 � Fm+1FnFm+n+1 + FmFnFm+n :If we separate the �rst two terms of this expression from the last two terms then simpli�
ation gives these
ond expression of P(x; y; u; v) given in Proposition 5, thanks to the following identity, valid for m � 0:Fm+1 ~Fm+n+1 � Fm ~Fm+n+2 = � yxm if n = 0;xm+1 ~Fn otherwise.Similarly, if we separate the �rst and third terms from the se
ond and fourth terms then we obtain the �rstexpression of P(x; y; u; v) given in Proposition 5, thanks to the following identity, valid for m � �1; n � 0:~Fn+1Fm+n+1 � Fn ~Fm+n+2 = xnyFm:4.2 Conne
ted heapsWe now give a 
ombinatorial explanation of the 
onne
ted heap result. Let C(x; y; u) = 1+C(x; y; u) denotethe generating fun
tion for (possibly empty) 
onne
ted heaps, 
onsidered up to a translation. Proposition 5states that Xn�0 un~Fn+1 = C(x; y; u)Xm�0 umFm : (13)If we s
an any general heap from left to right, we �nd that it is made up of several 
onne
ted heaps, withsome non-zero number of empty 
olumns between them. The above identity, roughly speaking, 
omes fromthe fa
t that any general heap 
an be split into its rightmost 
onne
ted 
omponent and a remaining smallerheap. More pre
isely, let us write C(x; y; u) =Xk�0Ck(x; y)uk;whereCk(x; y) 
ounts 
onne
ted heaps of dimers of width k (the variable y 
ounts the dimers in the rightmost
olumn, and the variable x 
ounts the remaining dimers). Extra
ting from (13) the 
oeÆ
ient of un yieldsthe identity 1~Fn+1(x; y) = Xm�0 1Fm(x) �Cn�m(x; y);whi
h we are going to explain 
ombinatorially.Take A = [0; n� 1℄, w(n� 1) = y and w(i) = x for i < n� 1. Then 1= ~Fn+1 is the generating fun
tion forall heaps on the alphabet A. Let H be su
h a heap. Let C be the 
onne
ted 
omponent of H that 
ontainsall the letters n � 1 o

urring in H (see Figure 19). If there is no su
h letter in H , then C is empty. Letn �m be the width of C, with 0 � m � n. Having deleted C from H , we are left with a heap H 0 on thealphabet [0;m� 2℄. By the inversion lemma, su
h heaps are 
ounted by 1=Fm. The result follows.5 The generating fun
tions for 
onne
ted heaps and saw-toothheapsThe expressions given in Proposition 5 for the �ve heap generating fun
tions raise two questions. Firstly,
an one re
over from the �rst three of them the simple algebrai
 results of Proposition 1? Se
ondly, 
an20
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Figure 19: The 
ombinatori
s of the 
onne
ted heaps generating fun
tion.one go further with the expressions obtained for 
onne
ted heaps and saw-tooth heaps? In parti
ular, weaim at proving Proposition 3, but the expression of the series C(x; y; u) we have obtained so far is not evenwell-de�ned when u = 1.This se
tion brings answers to these questions. The key tool is to express the Fibona

i polynomials interms of the generating fun
tion for Catalan numbers:Q = 1� 2x�p1� 4x2x =Xn�1 1n+ 1�2nn �xn; (14)whi
h is also the generating fun
tion for half-pyramids. The re
ursion de�ning the Fibona

i polynomials isequivalent to Xn�0Fnun = 11� u+ xu2 :Expanding this rational fun
tion in partial fra
tions of u and taking the 
oeÆ
ient of un yields, for n � 0,Fn = 1�Qn+1(1�Q)(1 +Q)n : (15)Moreover, x and Q are related by x = Q(1 +Q)2 : (16)Using these identities we 
an re
over from Proposition 5 the results of Proposition 1 about half-pyramidsand pyramids. For instan
e, the generating fun
tion for half-pyramids isQ(x; x; 1) = Xn�1 xnFnFn+1= (1�Q2)Xn�1 Qn(1�Q)(1�Qn+1)(1�Qn+2)= (1�Q2)Xn�1� Qn1�Qn+1 � Qn+11�Qn+2�= (1�Q2) Q1�Q2 = Q; (17)as stated in Proposition 1.More generally, all the series of Proposition 5 
an be expressed in terms of u; v; y and Q, using Eqs. (15)and (16). In parti
ular, we 
an now 
omplete the enumeration of 
onne
ted heaps.
21



Proposition 7 (Multi-dire
ted animals) Let Q(x) � Q denote the generating fun
tion for half-pyramids.Then the generating fun
tion for 
onne
ted heaps of dimers isC(x; x; 1) = Q(1�Q)241�Xk�1 Qk+11�Qk(1 +Q)35 ;as stated in Proposition 3. It is not D-�nite. The number of 
onne
ted heaps having n dimers (or multi-dire
ted animals having n 
ells) is asymptoti
 to A�n for some positive 
onstant A, with � = 4:58789436:::The average width of these heaps is asymptoti
 to Bn for some positive 
onstant B.Proof. Let us start from the following expression of C(x; x; u) derived from Proposition 5 (rememberingthat ~Fn(x; x) = Fn): C(x; x; u) = 1u � 1� 24Xn�0 un+1Fn 35�1= 1u � 1� 11�Q 24Xn�1 un(1 +Q)n�11�Qn 35�1 : (18)We 
annot repla
e u by 1 dire
tly; let us isolate the part that be
omes singular at u = 1:C(x; x; u) = 1u � 1� 11�Q 24Xn�1un(1 +Q)n�1�1 + Qn1�Qn�35�1= 1u � 1� 1� u(1 +Q)u(1�Q) 241 + (1� u(1 +Q))Xn�1 un�1Qn(1 +Q)n�11�Qn 35�1 :Hen
e, at u = 1, C(x; x; 1) = Q(1�Q) h1�Pn�1 Qn+1(1+Q)n�11�Qn i :Finally, to re
over the expression of Proposition 7, we observe thatXn�1 Qn+1(1 +Q)n�11�Qn = Xn�1Qn+1(1 +Q)n�1Xk�0Qnk (19)= Q1 +QXk�0Xn�1 �Qk+1(1 +Q)�n= Xk�1 Qk+11�Qk(1 +Q) : (20)Let us now prove that C(x; x; 1) is not D-�nite. Let f(q) = q=[(1� q)g(q)℄, whereg(q) = 1�Xk�1 qk+11� qk(1 + q) :Hen
e C(x; x; 1) = f(Q(x)), where Q(x) is the algebrai
 fun
tion of x given by (14). Conversely,f(q) = C(q=(1 + q)2; q=(1 + q)2; 1):22



These relations imply that C(x; x; 1) is D-�nite if and only if f(q) is D-�nite (substituting an algebrai
 seriesin a D-�nite one preserves holonomy, see [38, Theorem 2.7℄). We will show that this is not the 
ase.The series g(q) is meromorphi
 on fq : jqj < 1g, with simple poles at all values of q satisfyingqk(1 + q) = 1; jqj < 1:These values 
an be seen to a

umulate on P = fei�;�2�=3 � � � 2�=3g as k ! 1 (Figure 20). Hen
ef(q) is meromorphi
 on fq : jqj < 1g, and has an a

umulation of zeroes on P . Consequently, any pointof P is a singularity of f (an analyti
 
ontinuation of f would be zero on a segment of the unit 
ir
le,whi
h is impossible for a non-trivial holomorphi
 fun
tion). As a D-�nite fun
tion has only �nitely manysingularities, f(q) 
annot be D-�nite.
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Figure 20: The 21 zeroes of q20(1 + q)� 1.Let us write C(x; x; 1) = Pn 
nxn, so that 
n is the number of 
onne
ted heaps having n dimers.In order to determine the asymptoti
 behaviour of 
n, we need to study the dominant singularities ofC(x; x; 1) = f(Q(x)), that is, the singularities of smallest modulus. The singularities of C(x; x; 1) are to befound among the singularities of Q(x) and the values of x su
h that Q(x) is a singularity of f . The seriesQ(x) has a unique singularity at x = 1=4. What about f?The series f(q) is meromorphi
 on jqj < 1. Its singularities in this domain are isolated poles 
orrespondingto the zeroes of g. The series 1 � g(q) = Pk�1 qk+11�qk(1+q) has positive 
oeÆ
ients, is holomorphi
 onjqj < (p5 � 1)=2 and tends to in�nity as q tends to (p5 � 1)=2. This implies that g(q) has a unique zeroof minimal modulus, denoted q
, whi
h 
an be estimated numeri
ally: q
 = 0:4727898832::: Moreover, thiszero is simple: g0(q
) < 0. This zero is the unique dominant singularity of f . It is a simple pole.Now Q(x) has positive 
oeÆ
ients, Q(0) = 0 and Q(1=4) = 1. Therefore there exists x
 2 [0; 1=4℄su
h that Q(x
) = q
. This implies that C(x; x; 1) = f(Q(x)) has a unique dominant singularity, x
 =q
=(1+q
)2 = 0:2179649141:::, whi
h is a simple isolated pole. It follows that 
n � Ax�n
 = A(4:58789436:::)nas n!1.Finally, let us study the average width of 
onne
ted heaps. We di�erentiate the expression of C(x; x; u)given in Eq. (18) with respe
t to u. We apply to this series the same treatment that led to the expression ofC(x; x; 1). We obtain: C0u(x; x; 1) = 1 +Pn�1 nQn+2(1+Q)n�11�Qn(1�Q) h1�Pn�1 Qn+1(1+Q)n�11�Qn i2 � 1= 1 +Pk�1 Qk+2(1�Qk(1+Q))2(1�Q) h1�Pk�1 Qk+11�Qk(1+Q)i2 � 1: (21)We have seen that C(x; x; 1) has a unique dominant singularity, whi
h is a simple pole, at x
 = q
=(1+ q
)2,where q
 is the smallest positive solution of 1 = Pk�1 qk+11�qk(1+q) . Similarly, we derive from (21) that23



C0u(x; x; 1) has a unique dominant singularity, whi
h is a double pole, at x
. Hen
e the 
oeÆ
ient of xn inC0u(x; x; 1) is asymptoti
 to Bnx�n
 . The result follows.Let us now turn our attention to saw-tooth animals.Proposition 8 (Saw-tooth animals) Let Q(x) � Q denote the generating fun
tion for half-pyramids.Then the generating fun
tion N(x; x; 1) for saw-tooth heaps isN(x; x; 1) = (1�Q)Xn�1 Qn(1 +Q)n�1(1�Qn+2) n�1Yi=1 �1 + (1 +Q)(1�Qi+1)1�Qi+2 � :This series is not D-�nite. The number of n-
elled saw-tooth animals is asymptoti
 to A�n for some positive
onstant A, with � = p5 + 2 = 4:236:::. The average width of these animals is asymptoti
 to Bn for somepositive 
onstant B.Proof. We obtain the expression of N(x; x; 1) from Proposition 5 by repla
ing x and the Fibona

i poly-nomials Fi by their expressions in terms of Q (see Eqns. (15) and (16)). This leads us to introdu
e thefollowing power series in the formal variable q:f(q) = (1� q)Xn�1 qn(1 + q)n�1(1� qn+2) n�1Yi=1 �1 + (1 + q)(1� qi+1)1� qi+2 � ;= (1� q)Xn�1 qn(2 + q)n�1(1 + q)n�1(1� qn+2) n�1Yi=1 �1� (1� q2)qi+1(2 + q)(1� qi+2)� :Again, N(x; x; 1) is D-�nite if and only f(q) is D-�nite. We are going to prove that this is not the 
ase, asf(q) is meromorphi
 inside the unit 
ir
le, with in�nitely many poles.We �rst want to show that the produ
t in the expression of f(q) 
onverges inside the unit 
ir
le and sowe 
an ex
lude it from our analysis of the singularities. The equation (1� q2)qi+1 = (2 + q)(1 � qi+2) 
anbe rewritten qi = 1 + 2q�11 + 2q :It is not diÆ
ult to see that j1+2q�1j � j1+2qj if and only if jqj � 1. This implies that for i � 0, all roots ofthe above equation lie on the unit 
ir
le. Moreover, for jqj < 1, the series Pi qi+1=(1� qi+2) is 
onvergent.Consequently, as n goes to in�nity,limn!1 n�1Yi=1 �1� (1� q2)qi+1(2 + q)(1� qi+2)� =Yi�1 �1� (1� q2)qi+1(2 + q)(1� qi+2)� �W (q);and the fun
tion W (q) is an holomorphi
 fun
tion with no zero inside the unit 
ir
le. Hen
e, for jqj < 1, we
an write f(q) = (1� q)W (q)Xn�1 qn(2 + q)n�1(1 + q)n�1(1� qn+2)Yi�1 �1� (1� q2)qn+i(2 + q)(1� qn+i+1)��1 :In order to determine the poles of f(q) in the domain jqj < 1, we shall now perform a resummation that issimilar to the transformation of (19) into (20). We have:f(q) = (1� q)W (q)Xn�1 qn(2 + q)n�1(1 + q)n�1 g(qn; q); (22)where g(z; q) = 11� zq2 Yi�1 �1� (1� q2)zqi(2 + q)(1� zqi+1)��124



is an holomorphi
 fun
tion of z for jzj < 1. Let us expand g(z; q) in z:g(z; q) =Xk�0 zkgk(q);where gk(q) is a rational fun
tion of q, of denominator (2 + q)k , that remains positive on the interval (0; 1).In the expression (22) of f(q), we repla
e g(qn; q) by its expansion, ex
hange the summations on n and k,perform the summation on nand end up withf(q) = (1� q)W (q)Xk�0 gk(q)qk+11� qk+1(2+q)1+q :We 
an now work out the analyti
 stru
ture of f . The above expression shows that f(q) is meromorphi
inside the unit 
ir
le and has only simple poles, that are to be found among the roots of qk+1(2+ q) = 1+ q,k � 0. For k � 0, the solution of smallest modulus of the equation qk+1(2 + q) = 1 + q, denoted qk, belongsto [0; 1℄, and in
reases to 1 as k goes to in�nity. As gk(q) > 0 for q 2 (0; 1), we see that ea
h qk is indeed asimple pole of f . Hen
e f has in�nitely many singularities, and 
annot be D-�nite.The radius of f is given by its smallest pole, q0 = (p5 � 1)=2. As the only singularity of Q(x) is atx = 1=4, this implies that N(x; x; 1) has a unique dominant singularity, x
 = q0=(1 + q0)2 = p5� 2, whi
his a simple pole. Hen
e the number of n-
elled saw-tooth animals is asymptoti
 to A(p5 + 2)n.The study of the average width of saw-tooth heaps is extremely 
lose to what we have already done.With the notations used above, we haveN0u(x; x; 1) = (1�Q)Xn�1 nQn(2 +Q)n�1(1 +Q)n�1(1�Qn+2) n�1Yi=1 �1� (1�Q2)Qi+1(2 +Q)(1�Qi+2)�= (1�Q)W (Q)Xn�1 nQn(2 +Q)n�1(1 +Q)n�1 g(Qn; Q);= (1�Q)W (Q)Xk�0 gk(Q)Qk+1�1� Qk+1(2+Q)1+Q �2 :From this, we 
on
lude that N0u(x; x; 1) has a unique dominant singularity, whi
h is a double pole at x
 =p5� 2. The result follows.6 Half-pyramids and pyramids: what parameters are algebrai
?Using the results obtained in Se
tion 3 on the enumeration of heaps of given width we 
an show that
ertain series are trans
endental, and even non-D-�nite. For instan
e, 
ounting pyramids (or dire
ted ani-mals) by their width and number of dimers yields a non-D-�nite series. Re
all the de�nition of the seriesQ(x; y; u);Q(x; y; u) and P(x; y; u; v), illustrated in Figure 16. Our results are summarized in Table 2, inwhi
h the operator Du denotes the di�erentiation with respe
t to the variable u. These results are statedand proved for general heaps (triangular latti
e animals), but the 
ontra
tion/expansion operation impliesthat they also hold for square latti
e animals.To prove the �rst two results of the table, we use the fa
torisation of (general) half-pyramids and pyramidsdes
ribed in Se
tion 2. For half-pyramids, we have to add to the three 
ases of Figure 7 a fourth 
ase, wherethere is a dimer dire
tly above the minimal one. We obtain:Q(x; y; 1) = y + yQ(x; x; 1) + yQ(x; x; 1)Q(x; y; 1) + yQ(x; y; 1) = y(1 +Q(x; x; 1))(1 +Q(x; y; 1)):Then, Figure 7 gives the following equation for pyramids:P(x; y; 1; v) = Q(x; y; 1) + vQ(x; x; 1)P(x; y; 1; v):25



Type of heaps Parameters Series NatureHalf-pyramids area + dimers in the Q(x; y; 1) algebrai
rightmost 
olumnPyramids + right width P(x; y; 1; v) algebrai
Half-pyramids area + dimers in the non DFleftmost 
olumn Q(x; y; 1)Half-pyramids with area (DuQ)(x; x; 1) non DFa marked 
olumnPyramids with area Du(uP(x; x; u; u))ju=1 algebrai
a marked 
olumnHalf-pyramids area + width Q(x; x; u) non DFPyramids area + width uP(x; x; u; u) non DFTable 2: The nature of various generating fun
tions for pyramids and half-pyramids.From these two equations, we obtainQ(x; x; 1) = Q; Q(x; y; 1) = y(1 +Q)1� y(1 +Q) and P (x; y; 1; v) = y(1 +Q)[1� y(1 +Q)℄[1� vQ℄ :We 
ould also derive these results from the expressions of Proposition 5, as we have done at the beginningof Se
tion 5 for Q(x; x; 1), but this would be more tedious and less 
ombinatorial.Let us now fo
us on the trans
enden
e results. To prove the �rst one, it suÆ
es to prove that thegenerating fun
tion for half-pyramids having only one dimer in their leftmost 
olumn is not D-�nite. FromProposition 5, this series is [y℄Q(x; y; 1) =Xn�1 xn�1F 2n :We repla
e x and Fn by their expressions in terms of Q and obtain(DyQ)(x; 0; 1) = (1�Q2)2Xn�1 Qn�1(1�Qn+1)2 :Similarly, after a few redu
tions 
omparable to (17), we �nd:(DuQ)(x; x; 1) = (1�Q2)Xn�1 Qn1�Qn+1 :In order to prove that these series are not D-�nite, we have to prove that the divisor generating fun
tionsXn�1 qn1� qn = Xm�1 qmXdjm 1 and Xn�1 qn(1� qn)2 = Xm�1 qmXdjm dare not D-�nite. These series have integer 
oeÆ
ients, and have radius of 
onvergen
e 1. By a theorem ofP�olya-Carlson (a series with integer 
oeÆ
ients that 
onverges inside the unit disk is either rational or hasthe unit 
ir
le as a natural boundary [13℄), these series are either rational, or not D-�nite. But these twoseries are a
tually known to be irrational (this 
an be proven [2℄ by adapting an argument of [3℄). Hen
ethey are not D-�nite. As (DuQ)(x; x; 1) is not D-�nite, the series Q(x; x; u) 
annot be D-�nite either.There remains to prove the two results of Table 2 
on
erning the width of pyramids. The generatingfun
tion of pyramids a

ording to their number of dimers and width is P(x; u) := uP(x; x; u; u). Theseries DuP(x; 1) 
ounts pyramids where a 
olumn is marked, and is algebrai
. This 
an be derived from26



the expression of P(x; y; u; v) given in Proposition 5, but is more easily obtained via the fa
torisation ofpyramids des
ribed in Figure 21. This fa
torisation gives:DuP(x; 1) = P(x; 1) + 2P(x; 1)2= Q1�Q + 2 Q2(1�Q)2= Q(1 +Q)(1�Q)2 :
Marked pyramid

Figure 21: The generating fun
tion for pyramids with a marked 
olumn is algebrai
.From the �rst expression of P(x; y; u; v) given in Proposition 5, we �nd that the generating fun
tion PNfor pyramids of width N isPN = [uN ℄P(x; u) = Xm+n=N�1 Qn+1(1�Qm+1)1�QN+1 �1�Qm+21�QN+2 � 1�Qm1�QN � :This sum 
an be easily evaluated:PN = (1�Q2)QN(1�QN)(1�QN+1)(1�QN+2) �N(1 +QN+1)� 2Q1�QN1�Q �= QN (1 +Q)1�Q � N1�QN � 2Q(N + 1)1�QN+1 + Q2(N + 2)1�QN+2 � :The series P(x; u) 
an be seen as a formal power series in u with rational 
oeÆ
ients in x. If it were D-�nite,so would be the following series:S(q; u) := P� q(1 + q)2 ; u� = XN�1SN (q)uNwith SN (q) = qN (1 + q)1� q � N1� qN � 2 q(N + 1)1� qN+1 + q2(N + 2)1� qN+2 � :For N � 3, any Nth primitive root of 1 is a pole of SN (q). This property, 
ombined with the followinglemma, shows that S(q; u), and hen
e P(x; u), 
annot be D-�nite.Lemma 9 Let S(q; u) =Pn Sn(q)un be a formal power series in u with 
oeÆ
ients in C (q). Assume thatS(q; u) is D-�nite in u. For n � 0, let Pn be the set of poles of Sn(q), and let P = [nPn. Then P has onlya �nite number of limit points.Proof. By assumption, the sequen
e Sn(q) satis�es a linear re
urren
e relation with 
oeÆ
ients in C [q; n℄(obtained by extra
ting the 
oeÆ
ient of un in the di�erential equation satis�ed by S(q; u)):a0(q; n)Sn(q) = a1(q; n)Sn�1(q) + � � �+ ak(q; n)Sn�k(q);27



for n � n0, with ai(q; n) 2 C [q; n℄, and a0(q; n) 6� 0. Consequently, Sn(q) 
an be written as a rationalfun
tion of denominator Dn(q) = I(q) nYm=1 a0(q;m);where I(q) is a polynomial a

ounting for the denominators of the Sm(q), m < n0. Let ` 2 C be a limitpoint of the set P : there exists a sequen
e (qi; ni) su
h that qi ! `, ni !1 and a0(qi; ni) = 0 for all i. Letthe degree of a0(q; n) in n be d, and let us writea0(q; n) = dXk=0 bk(q)nk:Then 0 = a0(qi; ni)ndi = dXk=0 bk(qi)nk�di ;and this 
onverges to bd(`) as i goes to in�nity. Hen
e all limit points of P are roots of the polynomial bd(q).This 
on
ludes the proof.7 Summary of the results, and tablesWe have enumerated exa
tly two new families of square latti
e animals: sta
ked dire
ted animals and multi-dire
ted animals. Both in
lude dire
ted animals. Ea
h of these families is in one-to-one 
orresponden
ewith a natural set of (stri
t) heaps of dimers. The 
orresponding growth 
onstants are 3:5 and 3:58:::respe
tively, improving on the growth 
onstants of dire
ted animals and 
olumn-
onvex animals (3 and3:20::: respe
tively).By removing the 
ondition that heaps should be stri
t, we have enumerated exa
tly two analogous familiesof triangular latti
e animals. The growth 
onstants are 4:5 and 4:58::: respe
tively, whi
h should be 
omparedto the growth 
onstant 4 of dire
ted animals on the triangular latti
e. On the triangular latti
e, we havealso enumerated a third new 
lass of animals, 
alled saw-tooth animals, whi
h have a growth 
onstant of2 +p5 = 4:2:::. They have no simple square latti
e 
ounterpart and are perhaps more \arti�
ial" that theother two 
lasses.We have used two kinds of re
ursive 
onstru
tions for heaps of dimers: the �rst one 
on
atenates twoheaps, and is well-suited to the enumeration of dire
ted animals and sta
ked dire
ted animals. The se
ondone adds a new 
olumn to a heap, is well-suited to the enumeration of dire
ted animals and multi-dire
tedanimals.We have highlighted the analyti
 stru
ture of the generating fun
tions and the nature of their singularities.The generating fun
tion for sta
ked dire
ted animals is algebrai
, while the generating fun
tion for multi-dire
ted animals is not D-�nite. Both have a simple pole as their dominant singularity. We have also provedthat 
ertain series, su
h as the generating fun
tion for dire
ted animals 
ounted by their area and width, arenot D-�nite.Our results are summarised in Table 3 below. The data in the last line of this table are estimates: see[14℄ for the square latti
e growth 
onstant, [26℄ for the average width, and [24, 43℄ for the triangular latti
egrowth 
onstant. The number of n-
elled animals in ea
h family, for small values of n, is given in Tables 4(square latti
e) and 5 (triangular latti
e).Let us 
on
lude by mentioning a parameter, de�ned on dire
ted animals, that seems to resist the two
onstru
tions we have used in this paper but still yields an algebrai
 generating fun
tion. Let A be adire
ted animal on the square latti
e. We say that a 
ell 
 of A is only supported on the right if the south-east neighbour of 
 belongs to A, but not its south-west neighbour. Similarly, in a triangular latti
e dire
tedanimal A, we say that a 
ell 
 is only supported on the right if, in addition to the above two 
onditions,the south neighbour of 
 does not belong to A. For instan
e, the �rst animal of Figure 5 has 3 
ells onlysupported on the right, while the se
ond animal has 2 su
h 
ells.28



Model Growth 
onstant Average width Nature of the GFColumn 
onvex 3:20::: 2 n rational (Temperley [39℄)polyominoes 3:86::: 4 rational (Klarner [29℄)Dire
ted animals 3 2 pn quadrati
 (Dhar [15℄)(pyramids) 4 4 (Gouyou-Viennot [23℄)Sta
ked dire
ted animals 3:5 2 O(n) quadrati
(sta
ked pyramids) 4:5 4 (Proposition 2)Saw-tooth animals n not D-�nite(saw-tooth heaps) 4:23::: 4 (Proposition 7)Multi-dire
ted animals 3:58::: 2 n not D-�nite(
onne
ted heaps) 4:58::: 4 (Proposition 8)All animals 4:06::: 2 n0:64::: ?5.18... 4Table 3: Comparison of the various models.Using a formal 
onne
tion between one-dimensional gas models and dire
ted animals on the square andtriangular latti
es it has been proved that the generating fun
tion of dire
ted animals, 
ounted by their areaand number of 
ells only supported on the right, is algebrai
 [10℄. So far, this result has resisted heap-basedapproa
hes. Moreover, its seems that the 
olumn-by-
olumn 
onstru
tion of Se
tion 3 is not well-suitedeither. We hope that a more transparent and 
ombinatorial proof will be found for this apparently simpleresult. The 
onstru
tion re
ently given by Shapiro [37℄ is elegant and simple, but it does not seem well-adapted to this parameter either, at least at �rst sight.A
knowledgements: We are grateful to Jean-Paul Allou
he for his explanations on the irrationality ofthe divisors generating fun
tion o

urring in Se
tion 6, and for valuable 
omments on the manus
ript. MBMthanks the Department of Mathemati
s of the University of Melbourne, where part of this work was 
arriedout, for their hospitality. AR thanks LaBRI for their hospitality and assistan
e with the Fren
h language,and also the OÆ
e of Resear
h at the University of Melbourne for making it possible to visit LaBRI.
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ells dire
ted 
olumn� 
onvex sta
ked dir: multi� dire
ted all1 1 1 1 1 12 2 2 2 2 23 5 6 6 6 64 13 19 19 19 195 35 61 63 63 636 96 196 213 214 2167 267 629 729 738 7608 750 2017 2513 2571 27259 2123 6466 8703 9020 991010 6046 20727 30232 31806 3644611 17303 66441 105236 112572 13526812 49721 212980 366849 399548 50586113 143365 682721 1280131 1421145 190389014 414584 2188509 4470354 5063254 720487415 1201917 7015418 15619386 18062902 2739466616 3492117 22488411 54595869 64505148 10459293717 10165779 72088165 190891131 230547424 40079584418 29643870 231083620 667590414 824547052 154082054219 86574831 740754589 2335121082 2950565215 594073867620 253188111 2374540265 8168950665 10562978104 22964779660Table 4: Square latti
e data
ells dire
ted 
olumn� 
onvex sta
ked dire
ted multi� dire
ted all1 1 1 1 1 12 3 3 3 3 33 10 11 11 11 114 35 42 44 44 445 126 162 184 184 1866 462 626 789 790 8147 1716 2419 3435 3450 36528 6435 9346 15100 15242 166899 24310 36106 66806 67895 7735910 92378 139483 296870 304267 36267111 352716 538841 1323318 1369761 171603312 1352078 2081612 5911972 6188002 818221313 5200300 8041537 26455294 28031111 3926708614 20058300 31065506 118528793 127253141 18949279515 77558760 120010109 531540891 578694237 91883737416 300540195 463614741 2385375732 2635356807 447408084417 1166803110 1791004361 10710619014 12015117401 2186615374818 4537567650 6918884013 48112492938 54831125131 10721729897719 17672631900 26728553546 216195753066 250418753498 52726667313420 68923264410 103255896932 971744791032 1144434017309 2599804551168Table 5: Triangular latti
e data (even though dire
ted animals have a larger 
onne
tive 
onstant than
olumn-
onvex animals, there are more n-
elled 
olumn-
onvex animals than n-
elled dire
ted animals upuntil n = 42). 30
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