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Noncoherent Decorrelative Detection for
Nonorthogonal Multipulse Modulation
over the Multiuser Gaussian Channel

Mahesh K. VaranasiSenior Member, IEEEand Artur Russ

Abstract—This paper introduces the problem of noncoherent is transmitted by sending one @f/ orthogonal, equienergy
detection for nonorthogonal multipulse modulation in the context \aveforms. DPSK is suitable for bandwidth-efficient com-

of the synchronous multiuser Gaussian channel. Each user fsendsmunications, whereas OMM is more appropriate for power-
an M -ary information symbol by transmitting one of M possibly

nonorthogonal waveforms. Furthermore, the M signals of one ef‘fic_ient Com.munication where the energy per l?it riequired.to
user are allowed to be correlated with the signals of all other achieve a given error rate can be lowered with increasing
users. A key idea proposed here is that of a noncoherent decor- values of the size of the symbol alphabet [4].

relative receiver front end. Like its counterpart in single-pulse Noncoherent multiuser detection was introduced in the

modulation, this front end eliminates multiuser interference. It context of DPSK modulation for the synchronous Gaussian
therefore reduces the multiuser detection problem into decoupled

single-user problems over equivalent noise-enhanced single-user?hannel in [5] and for the asynchronous Ga.gssian channel
channels. Each equivalent single-user channel is rather general in [6]. In those papers, phase-independent bilinear detectors
and can be described as one where the waveforms employed arewere analyzed, among which the noncoherent decorrelating
not only lcorrelat_eq, but are dals_o of ‘é“equlal _enefrgle_s. Severgl detectors were shown to be optimal in near—far resistance.
new results pertaining to the design and analysis of optimum an .
suboptimum noncoherent detectors for this single-user channel Subse_quently, there have peen Seyeral paper_s on multiuser
are obtained. In the multiuser channel, these detectors constitute detection for DPSK modulation. For instance, with the decor-
the post-decorrelative processing units for each user. relating detector used to produce tentative first-stage decisions,

Index Terms—€ode division multiaccess, error analysis, Gauss- the twq—stage noncohe_rent DP_SK multiuser detector was pro-
ian channels, multipulse modulation, multiuser channels, nonco- Posed in [7] by extending the idea of the coherent two-stage
herent detection. detector of [8] to the noncoherent DPSK case.

In this paper, we consider a general form of multipulse
modulation. The waveforms employed by each user are nei-
_ . _ _ther orthogonal nor of equal energy. We will refer to this

I HE need for noncoherent detection arises in a variefjodulation scheme as nonorthogonal multipulse modulation
1 of applications where there may be oscillator phagjmmy). In a multiuser channel, several NMM transmitters
instability, uncertain and rapid changes in propagation delay §dnd data simultaneously so that the receiver observes a
the transmltted signal, fading, etc. The two common mOdU|§Uperposition of multiple NMM waveforms. The users are
tion techniques that lend themselves to noncoherent detectiggy, allowed to employ sets of waveforms which are mutually
are differential phase-shift keying (DPSK) and orthogongfyrejated. We will, hence, refer to it as correlated waveform
multipulse modulation (OMM). DPSK is a linear modulationytiple access (CWMA) (some readers may choose to read
scheme in which the modulated signal is the output of a lineg}is a5 code division multiple access (CDMA), which is
filter driven by .diffe.rentially encodgd datg. OMM, a.simplea more common, but less appropriate name). The carrier
example of which is frequency shift keying (FSK), is seephase associated with each user's transmission is modeled as
as a nonlinear modulation scheme wheredrary symbol eing uniformly distributed random variable. The background
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the base station to observe a CWMA-NMM-like waveform. : :
Another reason for studying CWMA-NMM systems is as boj S%gnal g;® channel |
follows. In the context of single-pulse modulation CWMA m{;{;c}t% filter |7
systems, correlations between signals of different users, when T el
properly designed, can yield significantly higher bandwidth JE el (nz(its)e)
efficiencies than orthogonal signals, thereby giving rise to the
bandwidth-efficient multiple-access (BEMA) strategy [9]. It
is possible that nonorthogonal multiuser multipulse signaling _ ' y '
will allow us to similarly optimize this class of systems'9- 1. NMM for asingle-user channel with additive noise.
for resource-efficient operation. Before such an optimiza-

(D)

“modulator” {s_(t)} ::[:1

tion can be performed, however, it is necessary to develop _ . [modulator | [E " ci® s, ()

analytical tools for the systematic design and analysis of high- b‘l& (User 1) Ui b

performance receivers for CWMA-NMM systems. {sim®M . 20
The remainder of this paper is organized as follows. In .

Section I, the NMM-CWMA system model is introduced. In . ° r®

Section lll, the simple but key idea of noncoherent decorrela- by, | modulator .
tion for NMM-CWMA is described. Like its linear modulation FZ2S (Userk) —
counterpart, this noncoherent decorrelator simplifies the prob- {8, OP) JEK] KeJ¢KJK Sk (V)

lem by reducing the NMM-CWMA channel int’ decoupled ' _ 3 _
channels, each of which can be effectively regarded as a singil: 2 A multiuser channel with NMM and additive noise.
user NMM channel. The remainder of this paper consists

of the design and analysis of optimum and suboptimufindamental performance limits for NMM-CWMA systems
noncoherent detectors for such a single-user channel. Thgger fading channels were studied in [14], which includes the

detectors then constitute the post decorrelative processorsgeymptotic analysis of bit error probability of the optimum
each user in the multiuser channel. In particular, in Section IMoncoherent multiuser detector.

an optimum decision rule for the effective single-user channel

is derived. However, this rule may be too complicated to I
implement in practice and, moreover, its performance analysis } . i
is intractable. In Section V, we use the generalized likelihood W& consider a signaling scheme where each offthesers
ratio test (GLRT) and analyze the resulting detector in terif@nSmits one of}/ nonorthogonal signals to seridg, M

of error probability and asymptotic efficiency. The GLRTPits of_lnformatlon. After passing through an a(_j(_jltlve white
detector is also shown to be near—far resistant. In contrast, ffi@ussian noise (AWGN) channel, the superposition offthe
conventional detector is nearfar limited. The GLRT detect§fgnals arrives in symbol synchronism at the receiver. The
has the advantage of not requiring the knowledge of tfi@V-pass received signal becomes

energies of the transmitted waveforms. When such knowledge K

is available, however, an asymptotic approximation of ther(t) = Z VEnj, &/ sp, (1) + 2(t), tel0, 7] (1)
optimum decision rule derived in Section VI is more appropri- k=1

ate. The performance analysis of this asymptotically optlmu\wIth +(£) having a noise power spectral density (one-sided)

gletector is .carne.d out and the pair-wise error prqbabll|t t o2, andsy,, (1), ju € {1, 2, --- M} being theM linearly
is characterized in terms of a new integral. In Section VI ; ; :
: : ihdependent, complex, equiprobable, unit energy and time-
we present numerical results, and Section VI concludri\,s. : ;
this paper imited signature signals of usér. Ey;, and¢;, denote the
Thpe F;es.ults reported in this paper were presented earljl. 3 and phase of thgth signal of userk. It is assumed
in part in [1]-[3] I?:or other pa eprspon noncoEerent multiuseﬁat the phases remain constant over one signal interval and
part j : pap are independent and uniformly distributed random variables
detection, the reader is referred to [10]-[15]. These papers con- [0, 27]
sider the general NMM-CWMA system, with the exception 0? o

. . - The received signalés;(t)}2£, result from another set of
[10] and [11], which are applicable to a rather specific systeén(i??mls{gkl(t)}{\il after having passed through a linear filter

Icno\(ljvizlghv(v)h'\ﬂg/l (Ij?rgrs:igezr:iLiaelIzsi)?ggé?gggc\t,:/j:sh(_;sag%??f annel. The multipulse modulator for a single user is depicted
naling }s used at the coded bit level. The detector in [11] fésﬁ cFrighlc; d-ll;raet OI:;UIttrigiz:nictzinngil mrzﬁgﬁggﬁ reizugz fircétfgd in
the OMM-DS-SS model therein applies the phase-independfrﬂ > 9 y P
decorrelator of [16] at the coded bit level. The results in [13] ¥

on GLRT detection are similar to those in [3, Sec. IV]. A

successive cancellation approach was adopted in [10], which IIl. N ONCOHERENT DETECTION

is, however, highly susceptible to multiple-access interferenceA discrete-time model for the problem can be obtained by
and error propagation effects. A systematic approach to natracting the sufficient statistics. These are obtained fr@m
coherent decision feedback detection was introduced ma® the sampled outputs of a bank & K matched filters,

recently for the NMM-CWMA system in [15]. Finally, the matched to each of the signature signsis, (¢), when each

. SYSTEM MODEL
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is driven by the received signalt). The output of the filter decorrelators is that they decompose the multiuser channel

bank is anM K -dimensional complex vectgyr given as into K decoupled single-user channels.
T In a NMM-CWMA system, where information is trans-
y:/ r(£)s*(t) dt (2) mitted by each user by choosing one &f signals, the
0 superposition of signals transmitted by t& users lies in
with a signal subspace that depends on the particular chqice of
information symbols transmitted. This subspace is on&k/&t
s(t) =(slT(t), sQT(t), ---sf((t))T K-dimensional subspaces depending on which of A&
si. (1) = (sua(B)sn2(t) - - swn (1)), ke{l,---K}. realizations of thel M-ary symbols are transmitted. How

then must one decorrelate the interfering users when it is not

The problem of optimum joint detection of the informatiorknown what signals those users are transmitting? The answer is
transmitted by all users involves evaluating theposteriori as follows: view the signal space as being an expanded signal
probabilities associated with th@/X hypotheses. Such aspace spanned by the K signals,M each of all users. The
computation involves the multidimensional integration of thiglea here is to formally write the received signé) in a form
conditional likelihood function over the uniformly distributedrepresenting a psuedolinear modulation scheme. We therefore
random phases of th& users. This problem is analyticallyintroduce the dummy vect@k1, <ie, -- -, KEnm) 2 ki €F
intractable. Suboptimum strategies must be found. with the setF given as

A. Conventional Detection F=4{(10--0),(010:--0),---, (0---01)}  (3)

The optimum detector for the single-user OMM channel hi#¢hich enables us to write (1) as

been suggested, and certain approximations of its performance K M

over what is essentially a multiuser NMM channel have been r(t) = Z Z Ko V B € 5 s (1) + 2(1)
obtained in the literature on spread-spectrum communications b1 m=1

[17], [18]. This detector computes the magnitudes of Me te o, 7). (4)

matched filter outputs with these filters matched to each of the

M signals of that user, and then decides in favor of the signalThus, (2) becomes

+ according to the largest magnitude of the fiidt terms of _

the vectory [19]. When it is used for the multiuser channel, y=RAr+n ®)

it will be called theconventional detector. wheren is a zero-mean complex Gaussian random vector with
Since the modulation scheme is neither OMM, nor théovariance matrix?R with the K AM/-dimensional correlation

channel free of multiple-access interference, the conventiomghtrix R and the rest of the symbols in (5) defined as

detector is strictly suboptimal. Each matched filter output

contains interference terms from all users (including the user R — /T s*(t)sT () dt € CMIXMK

in question) due to the nonorthogonality of the intra and 0

interuser signature signals. Moreover, these terms depend on k=(kl Kk, - kL) e F¥

the phases of the interfering signals. Consequently, an analysis A =diagA;, Ay, -, Ag) € CMEXMK

of the average error probability requires the evaluation of ) p h

(K — 1)-fold integrals over the unknown phases and, since 4 :dlag{ VERe ™, ooy EkM@mkM}- (6)
this problem is intractable, approximate analysis is required
[17], [18]. However, it is possible to compute the conditional

error probability conditioned on those interfering phases. T
is sufficient to show that the conventional detector is near—

The psuedolinear model of (5) now paves the way for
plying some of the techniques known in multiuser detection
o linear modulation. If we assume that all M signals

skm(t) are linearly independent, we can apply the phase-

limited. ; . e -
independenR ! transformation. The new decision statistic
. . _ becomes
B. Noncoherent Decorrelation for Nonlinear Modulation z
_R-ly —
In linear (single-pulse) modulation, the signal space spanned z=Ry=Ars+n (7)

by the superposition of the transmitted signals is independ%\mere n is zero-mean Gaussian with covariance matrix
of the symbols sent. Decorrelation therefore involves thaezR_l Note thatz is also a sufficient statistic. However

multiplication of the vector of sampled matched filter OUtpUtS, order to decouple the multiuser channel ik single-

by thfe mverzsg sz the correlatlcr)]n mgtnx Ocl; the S'gnatli”ﬁser channels, an information loss operation is performed. We
waveforms [20], [21]. Carrier phase-dependent, as well g5.e the decision as to which signal is transmitted by kiser

phase-independent, decorrelation for coherent detection Vi8R on the M outputsz, corresponding to user, and thus
defined for passband channels in [16]. Phase-mdependﬁgz/lect the correlation in the noise vectprWithout loss of

decorrel_anon for noncoh_erent detection of d|ffer(_ant|ally e jenerality, we can restrict the analysis to user 1. The decision
coded signals was found in [5] and [6]. The phase-independ tior of interest is

decorrelator of [16] was applied at the bit level to the OMM-
DS-SS model in [11]. The common theme among these z1 = A1k + 1. (8)
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m=1

cos(¢p1i + O@)) d¢1i}
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P

In the next section, we derive the optimum decision rule { < EuR@) 1
exp | — 2
dent, R~! does not exist, and we repla®~! by R*, the
Moore—Penrose generalized inverse [22]. Assuming that the /27T <2\/E1i
: exp
0
of them lie in the subspace spanned by the otheK — 1
signals, the model in (8) continues to hold because the first_ _ { < EliPii>
argmax < exp | — 3
T a
Lemma 1] for a proof). M
We remark here that, when the OMM-DS-SS model of [10] T <2 Z Pzt
this paper, theM K-dimensional decorrela_tor is .easily Seen _ e max {A?} (10)
to be equivalent to the sequence &f K-dimensional per- i
o A 2
the Gaussian noise vector in the discrete-time model (8) h4 %\ze A7 = - (EliAPii)/" + In 19(2(VE11‘/‘72)
independent, identically distributed elements so that the stdi-m—; Pimzim|) With P1 = Q*, and P; is the (i, j)th
[19], [23] can be directly applied (see the Appendix for morghasea; = arg{3°X_ (P,.z1m)*}. In the third equality,
details). we usedly(z), the modified Bessel function of the first
post-decorrelative model of (8), there is arbitrary correlatidn positive definite, so ar€; and P; [22]. This remains
in the noise vectof);. This requires the analysis of NMM in true even wherR is singular when our linear independence
to be correlated and of unequal energy. The remainder of thisAs for implementation, a bank a¥/ linear filters matched
paper deals with precisely such an analysis. to the decorrelating signals which are the fitgt waveforms
algorithm described by (10). The resulting decorrelative opti-
IV. OPTIMUM DECISION RULE mum detector is shown in Fig. 3 [the decorrelating filters are
signalsy;(t). As we assume equalpriori probabilities for the iS the same as that of a conventional detector, but it does
M signals, the minimum error probability rule coincides wittiequire the more complicated decision rule of (10).

based on thes&/ outputs. If the signals are linearly depen- = argmax a2
M signals of the first user are linearly independent, i.e., none
M rows areR*R are the firstM unit row vectors (see [21, o2
is viewed as a particular case of the NMM-CWMA model of o ) }
bit decorrelations of [11]. In this degenerate case, however
dard maximum magnitude detector and its error rate formutéement of P,. In the second equality, we introduced the
In the more general CWMA-NMM model, however, in thekind of order zero defined a#'OQW exp(z cos(¢)) do. If R
effective single-user channels where fesignals are allowed assumption is satisfied.
in the vectorR~*s*(¢) can be used, followed by the decision
Let H; denote the hypothesis that user 1 transmitsithe denoted a&(t), ---, ha(t)]. Note that its front-end structure
the maximum-likelihood (ML) test, leading to the optimum The optimum decision rule for the single-user NMM chan-

detectorg® (the superscrip stands for optimum), nel described by (8) extends previously known results. In
particular, the special case of orthogonal (€t = I) and
¢°:1° = argmax{ f(z|H;)} 9) equienergyM-ary modulation (setE;; = FE;) reduces to

the well-known optimum detector that chooses the hypothesis

) ] . - ) ) that corresponds to the matched filter output with maximum
with f being the conditional probability density function (pdfjyagnitude [19]. The more general case of orthogonal signaling
of z;|H;. In order to evaluatef(z|H:), we first compute \ith yunequal energies is also known [23]. Binary correlated

the conditional pdff(z:|Hi, ¢1:) and then average over theyt equienergy modulation can also be found in the standard
phase. Givert; and ¢y;, z; is complex Gaussian with meangjnqie.user communication literature [19, pp. 308-313].

(0---0 VE /% 0---0)7, with the2 nonzero entry being  The proplem with the optimum decision rule (10) is that
at positioni, and covariance matrix Q: whereQ, is the i v he somewhat complicated to implement because of
upper left M x M submatrix of R~ (or R™ in the case o hresence of the Bessel function. Note also that it requires
of noninvertible R). Since this matrix is not diagonal, Wey,e knowledge of the energies of the transmitted signals for
have here a single-user noncoherent detection problem jar jementation. Moreover, the symbol error probability
correlated)/ -ary signals. Furthermore, even if we assume thaf, 5\ js of the optimum detector appears to be intractable.
the received energies of the signals of the first user were Two suboptimum approaches are considered in the remain-

identical, the effective single-user channel that results aft&ér of this paper. For channels where the enerdigs
the decorrelation operation corresponds to one with correla not be assumed known, a suboptimum detector lbased

signals andinequalenergies. After substituting the conditionabn the generalized likelihood ratio test is derived and its

density f(z,|H;) into (9), we obtain performance is evaluated. Assuming known energigs, an
o 1 asymptotic (agr — 0) approximation of the optimum detector
70 — argmax{_/ exp <_—2(zier1 + B Py) is proposed. This asymptotically optimum detector is much
! 2m Jo i simpler to implement. An upper bound on the symbol error
VEL M probability is also obtained. Incidentally, this upper bound
+ 2 = Re{exp(jd)li) Z (Pomz1m)" }) d(/)li} also serves to bound from above the error rate of the optimum
m=1 detector.




VARANASI AND RUSS: NONCOHERENT DECORRELATIVE DETECTION 1679

V. GENERALIZED LIKELIHOOD RATIO TEST DETECTOR

le
In this section, we assume that the complex amplitudes of b (T

the signals are unknown. Consequently, the application of the ) : t=T arg max A2}

GLRT requires the best estimate df; € C, assumingH; is ' i

true. These estimates are then used in a likelihood ratio test as h# (T-t) — Zim

if they were correct [24], which results in the detector M o

G X ) ) Fig. 3. An implementation of the post-decorrelative optimum detector.
¢F = argmaxmax{ f(z1] A, H;)}
H ,

= arg max Igax{ — AL Py so that
g 14

* 1
M rS _ > P - (13)
+ 2RE{A12 <Z -Pirnzlrn> } - Z—ll-Plzl} Z =i i

m=1
| M 2 wherej(¢) € {1, ---, M} — {i} for eachi is chosen to yield
= arg max max —P;lAL — o Z PonZim the tightest smgle error event lower bouﬁ’@;HHjm on
1 i m=1
2 M

Z -Pzrn7lrn Prob U (/&fTV > AZG)

m=1 J=1
= arg max {AZG} (11) .

T

and:* is the value ofi for which Pg;t

where AS 2 (1/P,)| °N_, Pizim|? The second equality 2MON9 the probabilitied’

results from substitutingf(z1|Ay,;, H;) into the right-hand  Each of the pair-wise error probabﬂﬂld% _u, takes on

side of the first equality and from the exponential functiofhe form

being monotonic in its argument. The last equality results

from doing the inner minimization, for which we obtain

(A1) max = 1/ Py Zm_ Py 21m. The superscriptz stands

for GLRT. with X; 2 \/P;; >°M_, Pi,.z1m. The above probability is a
Incidentally, the particular case of orthogonal andpecial case of a more general probability obtained in [19,

equienergy signaling (witlQ; = I and £y; = E) results in Appendix B]. Applying that result, we obtain

the usual (maximum magnitude) optimum detector so that

—H is the largest

PGy, =Prob(IX)° - X2 <0)  (14)

this detector has a new interpretation as a GLRT detector, in G —0 é é _ 1 fGl G2
addition to being the minimum error probability rule. Note Hi—=H; o o 2 o2
that, when the energies are unequal, however, the minimum i o i o
error probability rule changes, but the GLRT rule remains exp _ )"+ Ue)” (15)
unchanged and is, hence, suboptimal. The implementation 202
of the decorrelative GLRT detector is similar to that of the _
optimum detector as shown in Fig. 3 with® replaced by Where we define
A in the decision rule - 1 — —
The GLRT decision rule is analyzed in terms of error 2 :\/—vii(a?v“ —ay')
probability in the next section. 2
G = V v (o vV + o) (16)
A. Error Probability Bounds
GGivenGany hypothesigi;, an error occurs if for anyH;, ith ald S B PP, (PuPy; — |P;) and
;\S > AY. Thus, the error probability can be union boundedu A EwPu(PiPi; — |Py|?). Furthermore, the
parameterv“ is defined ag(P;P;; — |Py|2) PPy~ V2.
M M M M In (15), the function(-, -) is the Marcum@ function, which
Z Zplob AG > A%) 2 Z ZPH oy has the integral representation
lel le;tl 0o .T2+CL2
i ’ (12) Q(a, b) :/ xexp(— 5 )Io(aa:) dz. a7
b

where the pair-wise error probabilit}i’g{_ﬂj is implicitly
defined. A lower bound can be obtained by bounding the The union bound is, of course, exact in the case of binary
probability of the union of error events by a single error eventyodulation.
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B. Asymptotic Efficiency Q(ﬁ Q) 3 }_70(@) exp <_ £+ f22>
In this section, we characterize the asymptotic (high SNR) o’ o 2 a? 207
behavior of the error probability so as to capture the perfor- 1 co eXp(_(f? - f1)2> (22)
mance degradation due to the interfering users rather than the 27/ fife 202
background noise [6], [25]. The asymptotic efficiency of a
multiuser detector for usdrcan be defined as wherec tends to/7/2 for small o.
_ PM(E,0) Now, to find the lower bound on asymptotic efficiency,
I = sup {0 <r<l; }li)no m < } (18)  the pair-wise error probabilities of the union upper bound of

the GLRT detector in the numerator are further bounded by
where PM(E;, o) is the error probability of the multiuser their upper bounds given in (21), while the pair-wise error
detector for uset and P*(x, o) is the error probability in the propabilities in the lower bound of the single-user optimum
single-user case with energy per symbol equat.to detector in the denominator are further lower bounded using
As each user employs nonorthogonal signals in the multiugep). with these, both the numerators and the denominators
channel, the corresponding single-user channel invoMes are sums of exponential functions, so that in computing the
ary signaling with correlated signals. To arrive at analyticghaximum value ofr for which the limit of the ratio is
results, we assume that the received energies af/adlignals finite, we need only retain the exponential term (in both the
of user 1 are equal t&;. The error probability for user 1 cannumerator and denominator) that decays the slowest. Match-
be upper and lower bounded in the same way as in (12) aRg the exponents, therefore, a lower bound on asymptotic

(13), with P, in the last equality replaced by efficiency is obtained. Similarly, by working with the ratio of
i i 1 i fii the lower bound on error probability of the GLRT detector to

szﬁH- :Q<ﬁ7 ﬁ) — I <L252> the union upper bound on the single-user optimum detector, it

’ g g 2 g is possible to find an upper bound on the asymptotic efficiency

( ?'1)2 +( 23'2)2 by foIIowi_ng the_ procedure ou_tlined for the lower bound on
ex 92 (19) asymptotic efficiency above. Since the upper and lower bounds
for the GLRT detector and the single-user optimum detector
for i, 5 € {1, ---, M} with are exponentially tight, it can be shown that the upper and
lower bounds on the asymptotic efficiency are coincident and,
i _ By N R hence, equal to the asymptotic efficiency. The final result is
St _\/ 2 <1 L= 1Rl ) simple

4= \/ = (1 +4/1- |Rij|2) (20) min; ; max? {0, f& — /& }
= 2 fo. fis e (23)
with R;; being the(4, j)th element of the correlation matrR. Ty, j max { » Js2 — 51}
The pair-wise error probability for uséiis evidently obtained PP PP )
by replacingEy by E; and R;; by Ry q—1ymj4a—1)m- where f¢,, fg, and fg), fg, are given by (16) and (20),
The evaluation of the asymptotic efficiency as defined figspectively.
(18) requires the limit of the ratio of the GLRT detector error
probability to that of the single-user channel optimum detectd®. Near—Far Resistance

By replacing the numerator by the union upper (lower) bound A important issue in multiuser communication is the

and the denominator by the lower (union upper) bound QMua¢ far problem [6], [21]. With asymptotic efficiency defined
the error probability for the single-user channel optimums in (18) and with the error rate in the multiuser channel
detector, itis possible to compute a lower (upper) bound on thgerpreted as being averaged over the phase of the desired
asymptotic efficiency. The numerator and the denominator ier phyt conditioned on the phases of the interfering users, we
both these computations involve sums of functions that are fgfine the notion of near—far resistance as follows. The worst
difference between the Marcu@ function and the product of .5qa asymptotic efficiency over the signal amplitudes and

an exponential function and the modified Bessel function of t%ases of the interfering signals is calledar—far resistance
zeroth order. The key to the evaluation of the limit of the ratigefined for noncoherent detection (as in [5]) as

of these composite functions is to obtain asymptotically tight

upper and lower exponential bounds for each function in the T = inf (24)
sums. Those problems were solved in [6, Appendix], with the m‘g[*'_zﬁ .

following upper and lower bounds (fgk > f1) on functional k#l

expressions showing up in the conditional error probabilities
of the single- and multiuser case given in (15) and (19): Where B and ¢, denote the energy and the phase of the
kth user. Fors;, # 0, the error probability will show an

2 2
Q(ﬁ’ é) - 1]0<f1_=§2) exp <_@> exponential decay independently of the energies and phases
g < 2 g 20 of the interfering users. Owing to the decorrelation operation,
< ex (= H)\(f o 21) however, the asymptotic efficiency of the GLRT detector is
P 202 fa w/fife equal to its near—far resistance.
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That the GLRT detector is, indeed, near—far resistant is maafe(14), its analysis is far more complicated because of the
evident by simplifying (23) for the equal-energy case whemonzero threshold;;. Defining R, = |Y;| and R; = |Y}|, the

E,; = E; so that conditional error probability becomes the double integral
, | P I
min; ; ¢ Pyl 1 — ————= pPio . = / / R;, R;)dR; dR;. 31
! { < VPl et p o JRy=Rites, f(B. Bj)dB;dRy. (31)
m = >0 (25)

ming {1 — | Ry
kol = [ Rual} In order to obtain the joint pdf (R;, R;), we first express

where we assumed, for notational simplicity, that all energigge problem as one for the four real Gaussian random variables

involved are equal. From (25), and using the positive def|n|t§/=R Yir, Yjr, Yir, With Y; = Y;g + jYi; andY; = Yjr +

ness of the matri®, it is obvious that the near—far resustancgyl a way of processing proposed in [27] for a problem with

is always strictly positive. Optimality in near—far resistance isqual variances of the four real random variables.

still an open problem. _ As we assumed that the ongmal complex Gaussian process
In contrast, it can be shown that the near—far resistance f) is circular symmetric, i.e E[22(t)] = 0, so areY; andY;.

the conventional detector is identically equal to zero. The progk consequence, the variance of the two variables is equally

is left as an exercise for the reader. The idea is similar to th@stributed among the real and imaginary part, and the real

prOOf of the near—far limitedness of the conventional detectahd imaginary part are uncorrelated and, thus, independent.

for DPSK modulation in [5]. Sincez(t) is the low-pass equivalent of a bandpass process,

it also follows thatE[Y;rY;r] = E[Yi;Y;1] andE[Y;rY;1] =
VI. THE ASYMPTOTICALLY OPTIMUM DETECTOR —E[Y;;Y;r] [28]. Therefore( ZRYMY»}-{,YH)T is a Gaussian
In this section, we reconsider the optimum decision rudector W'th mean

(10), assuming known signal energies. We first obtain an Ey; cos(;)

asymptotically tight series expansion for the modified Bessel Ey; sin(¢y;)

function, which yields a simpler decision rule. For large B;j cos(¢u; + ;i) (32)

argumentse, consider the following series expansion for the Bijsin(¢yi + 1)

modified zeroth-order Bessel function [26]:

exp 1 and covariance matrix
wo-gheolt)] e 0

where O(-) denotes the order of decrease in Applying Eu 0 Bijc(hji)  Bijs(ts)

this expansion to (10) and neglecting the square root in the o2 0 Ey —Bijs(ii)  Bije(yyi)

denominator against the exponential function in the numerator 2 | B, c(1p;;)  —Bi;s(y:) pi; Evi 0

for high SNR, one obtains Bijs(¢;i)  Bije(ihi) 0 pii B

(33)

§ -Pzrn717n

m=1

d)AO: iAO = arg lnia,X{ _F)”Elz + 2 V Elz

} with ¢(-) and s(-) standing forcos(-) and sin(-), +;; being
(27) the phase ofPj;, i.e., P = |Pyle’¥ and By = EyPy,

|-F)Zj|\/ ElZEljl andpzj = Elj JJ/EIZ-Pzz We now
erform a coordinate transformation to polar coordinates and
ake two further substitutions

where AO stands forAO asymptotically optimum. The error
probability can be upper bounded in the same way as in (1
where Pfj _ ;; is replaced by

Y;‘R = RZ‘ COS(QZ‘), Y;[ = RZ‘ Sin(ei)

P9 5 = Prob(|Y;| — |Yi| > i) (28)

_ e ’ ’ Yir =Rjcos(8;),  Yjr = R;sin(f;)

with 0, =0, — ¢, 9;' =0 — 1 — Vi
=V Ei Z Pima1m, = vy Z Pimzim The pdf in terms of the new variablds;, i;, 0;, ¢; takes
m=1 m=1 (29) on the following form:
andc;; = 271 (Ey; Py, — E1;Py;). Given H;, Y;, andY; are F(R, Ri, 0, 0)
Gaussian with mean and covariance matrix K
R;R; 3 2 a

iy F; P B Py BB Py _ thYy —Ei/o 2 2

j; 1id 744 2 134744 154415 =Y ¢ exp ( i R +R )
¢ < ErviEn Py ) 7 <\/ EuBEylP; Byl ) AmAij { 4y

(30) 2B;;RiR; 2R
TR i} cos(0; — 0;) + —5- cos(6;) (34)
respectively. Consequently, the evaluation of (28) amounts to 24i; g
computing the probability that one Rician random variable N
exceeds another (correlated) Rician random variable by somith A;; = \/det(Ki;) = (1/4)0*(pi; E7; — Bj;). By

constant. Although the form of (28) looks similar to the onétegrating first ovet’; and then ove#;, we obtain the desired
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pdf in R, and R; 100 = T T T {1
. 5 - TSR
R,R;: & o2 O'QEU 3 = 3.
f(Ri, Ry) :mc Evi/ exp{— i (pin§+R§)} 5 10° I N
¥ 1J - ‘ \ Y
2ByR:R;\ , {2R; § - N
.]0<w>]0< 2%), (35) 5 1070 - \‘ .
24ij g = - Convent. Detector \ 5
% 105 T GLRT Detector v
With this, the pdf becomes independentdaf and;;. 8 | | _Bpymptotic Approx. \
We can now go back to the expression for the conditional & - noe s \ -
10‘20 L [ [ P

error probability Pj} ;; given in (31). The integral oveR;
i H S 0 4 8 12 16 20

can be solved by invoking the definition of the Marcugn SNR of User 1 in dB

function in (17), so that the pair-wise error probability can be N _ _

expressed as Fig. 4. An error probability comparison of the conventional and
post-decorrelative  GLRT and asymptotically optimum detectors in a

four-user channel with quaternary modulation and lightly correlated signals.

PI;}O—>H The minimum error probability in a single-user channel is given as a

! J reference.

(i — A3)) 2
47?2

100

= Pi -
: Aije, o (piy — 1 5
/ac:O wQ( et pij — A} (P )> g 10
S
S @A (2“7\/ pij(pij — )‘zzj)) dz (36) 5 102! .
LE .
. N . ) 5 108 -
with \i; = Bj/Eu, pi = FEu/20% and z = £ -
oV EuR;/\/24A;;. Note thatEy; (Eupi;) can be viewed & g4 _|—— GLAT Detector N
. . . [e] . :
as the effective signal energy of thth (jth) signal of user o *  Asymptotic Approx. ‘
1. The integral in (36) is new to our knowledyét can be 10 - L [ Lo
evaluated numerically. The union upper bound of (12) and 0 4 8 12 16 20

the lower bound in (13) can be used with each pair-wise SNR of User 1 in dB

error probability replaced by’+° , given in (36) to obtain Fig. 5. An error probability comparison of the post-decorrelative GLRT and
upper and lower bounds OI’{ thé error probability of th%symptotically optimum detectors for a four-user channel with quaternary
. . modulation and heavily correlated signals.
asymptotically optimum detector.
Incidentally, the upper bound thus obtained can also be seen

as an upper bound for the error probability of the optimum VII. NUMERICAL EXAMPLES
decision rule in (10), so that We present numerical results for a four-user case with
guaternary modulationd{ = 4). The 16 signals (and, hence,
M M . . . .
PO < 1 pao 37 the 16-dimensional correlation matrix), four for each user, are
=M ZZ Hi—H; (37) generated using one of the signal design algorithms obtained
=t JJ;} in [29]. In particular, that algorithm yields equienergy signals

that maximize the determinant of their correlation matrix
with each pair-wise error probabilit2°_ . given by (36). (a measure relatepl to performance) under a maximum ms
We conclude our analysis with or;en auestions. It Wouf@pndWldth constraint using t_he Hadamard method de_zscrlbed
seem that the asymptotic efficiencies (and, hence, near-ifaf29, Sec. Il [ ([29, Fig. 4] gives a plot of how such signals
resistances) of the asymptotically optimum rule in (36) and tfaight 100k). In Fig. 4, a lightly correlated signal set (high
optimum decision rule in (10) must be equal. Obtaining tHR@ndwidth) is considered and in Figs. 5 and 6, a heavily
asymptotic efficiency of the asymptotically optimum detectdiorrelated (small bandwidth) signal set is chosen. .
has proved to be a difficult problem. Finally, decorrelative N Fig. 4, the symbol error rates for the single-user optimum
detection for linear modulation, in both the coherent and diflétector in a single-user channel, the union upper bounds
ferentially coherent cases, has the property of being optimaft? the error proba_lblllt|e§ of the GLRT d_ecorrelanve detector
near—far resistant [5], [16], [21]. This may also be true dihd the asymptotic optimum dgcorrelatlve detector, gnd the
the post-decorrelative optimum and asymptotically optimuﬁ¥mb0l error rate of the conventional detector are depicted. In

detectors given by (10) and (27) for nonorthogonal multipuld8€ case of the conventional detector, perfect power control
modulation. is assumed, in that the signal energies of all signals of all

users are identical. The phases of all users were arbitrarily

1stripping the new integral of the details of the specific problem at hand,v%e,et equal to zero. The single-user error probability for the
define the five-variable integral #(c1, ¢z, -+, ¢5) = [ *Q(e1z, c;x+  Single-user channel serves as an absolute lower bound for
e3)e= 4" I (cs5) da. achievable error rate in the multiuser channel. It is seen that the
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100 e e ulation was introduced. The simple but important idea of
i ‘ viewing nonorthogonal multipulse modulation as psuedolinear
5 107 - - modulation was proposed, which allows the specification of
3 b ‘ noncoherent decorrelation for NMM. Restricting attention to
E 102 - © o ‘ only the outputs of the decorrelator corresponding to a partic-
% ¢ ‘ ular user, the optimum, the asymptotically optimum, and the
g 10° - e : suboptimum GLRT decision rules were derived and analyzed.
% - . ® The post-decorrelative GLRT detector offers the advantage of
Eot0t o 2;’;'2;&5“%’2‘:&_ o being energy independent and fares almost as well as the post-
decorrelative optimum detector for lightly correlated signals.

L — o ! For signature signal sets with higher correlations, however,
00 40 80 a0 80 200 the latter exhibits a significantly better performance than the
post-decorrelative GLRT detector.
Fig. 6. Error probabilities of the post-decorrelative optimum and asymptot- Noncoherent decorrelation works well if the correlations
ically optimum detectors via simulations. . . . .
of the signature signal set are sufficiently low. For higher
) ] ) correlations, the reduction of the effective SNR ratio can
GLRT and the asymptotically optimum decorrelative detectopy quite severe. More elaborate multiuser detection schemes
show a dramatic improvement in performance relative iQ,ch as noncoherent multistage and decision feedback must
the conventional detector. The difference between these tyg ysed for higher performance. The results of this paper have

suboptimum decorrelative detectors does not appear 10 Q&ved as a starting point for a systematic approach to such
significant in this example. research [15].

As one increases the signal correlations, the gap between
the multiuser detectors proposed and the single-user case
widens due to the decorrelation operation. The latter leads to APPENDIX

a decrease of the effective SNR of the desired user unIes§Ne describe an example of NMM-CWMA model where

all signals are lightly correlated. This occurs because 85ch user employs OMM. Such a model was studied in

projecting the received signal onto the orthogonal complememb] and [11]. In particular, the signak,(f) has the
of the interfering user signal space. This implies in our Z]\l bi(Dpu(t — iT/M) for k& = 1,..., K and
J g - bl bl

context that, as\/ increases, in order to obtain satisfactory. _ ; __i_=1M’ \:vith bi(i) € {+1, —1} denoting theith bit of
? ? J ?

performance, bandwidth must suitably be increased to ha\%eg jth M-length Walsh-Hadamard code word, and wiflit)

sufficiently lightly correlated signals. Furthermore, for highea noting the signature waveform of ti¢h use’r of duration

correlations, the spread of the effective signal strengths ?M The energy of the pulge,(£) is normalized to ba /M

the M S|gnals per user becomes' larger. In SUCh. ca};es, e sufficient statistics for the problem are the sequence of

asymptotically optimum decorrelative rule has a ygmﬁcanth vectors of lengthK, each obtained by matched filtering

superior performance in comparison to the GLRT decorrelatiye ;- ., neq filters{pk,(t) x_,, followed by sampling at the

(ilgﬁct(f)r. This is (ljeplrc]tedSEFl: 9. 5. E otr an er;ﬁr ptrobabnllty 2 é)propriate time instants. The equivalent discrete-time model
, for example, e gap between the o Tules g o ach such{-length vector isy(i) = VWh(¢)+e(i) where

5.6 dB, Whe'feas t_he comparable SNR gap for light correlatg;ﬁr is the correlation matrix between the pulsgs,(¢)}<

signals in Fig. 4 is only 0.1 dB. This example shows tha\i}\'/ith the (k, I)th element denoted ds, andW is & diagonal

for highly correlat_ed signals, there is a lot to_be game_d bﬁﬁatrix of complex amplitudes of thE users that are assumed
the correct and simple use (via the asymptotically optimu be constant over the/ coded bits and independent

detector) of the knowledge of the received energies when Squh the particular code word transmitted, and) is the

kngyvlelijge. IS Igvalgable at the recelt\;]er. ‘ f thvector of ith coded bits transmitted by thE users. At the
inally, In 9. o, we compare the periormances ot thg,yqqy p level, this modulation technique is a simple BPSK

decorrelative optimum and asymptotically optimum deteCtorﬁhgle—pulse modulator. The per-bit single-pulse decorrelating

The optimum rule cannot be analyzed analytically, hence, ISnsformationv " is applied toq(i) and the decision on the
performance is obtained with simulations. It was expectgC h user is based on the/-length sequence dfth outputs of
that the asymptotically pptimum rule ngd closely .hug th is decorrelator. This sequence is then correlated withithe
performance of the optimum rule for high SNR ratios. Th alsh—Hadamard codes for each user andheutputs of

figure, in addition, reveals that the so-called asymptotical Yese correlations for each user admit thelength discrete-

_(I)_E]nmum rulte IS ?l?p]ostt opgnlal,teven mhthedllov(\j/_ StNR (_:aliqse me modelx;, = Wiu; + ¢, wherej denotes the code word
€ error rates of Ine two detectors are hardly diSUnguIShaly&, e by théth user andy; is thejth unit vector andpy

even, at 0 dB. The signal correlation matrix was chosen to ¢, ;oo mean white Gaussian noise vector with covariance
the same as in Fig. 5. o2 M-L(V-1), L.
When viewed in the context of the more general NMM-
VIIl. CONCLUSIONS CWMA model, the above OMM technique yields the follow-
A systematic approach to the problem of noncoherent mug. The M K x M K correlation matrixR as we define it in
tiuser detection forif-ary nonorthogonal multipulse mod-(6) of the code-word-level signals;,(¢) takes the particular
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striped form wherein, if it were to be partitioned indd x M
blocks, the (k, [)th block could be expressed as a scaIaHS]
multiple of the identity matrix given as4 VI because the
code words of the common Walsh—Hadamard code used for
each user are orthogonal. ThHE K x MK decorrelation (16]
operation defined in (5) would result in the OMM model
xx = Wiu; + ¢ for the kth user by considering théth  [17]
subvector of lengthV/ of the output of the decorrelator. The
covariance of the Gaussian noise vecpqris proportional to [1g]
the kth diagonal block oRR~1. It is easy to show thd® ! has
the same striped structure Bf with the (%, I)th M x M block
given by M~1(V~1),I so that the modek;, = Wyu; + ¢
is identical to the model described at the end of the previolfd)
paragraph. This is equivalent to the single-user OMM model
for which the error analysis of the optimum detector can He1]
found in standard texts [23, eq. (3.4.29)] by replacifg= N,

in that formula witho?M ~1(V~1),, . Hence, the asymptotic [22]
efficiency is simplyM (V1)) L.
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