
13Des
ription Logi
s with Con
reteDomains|A SurveyCarsten Lutzabstra
t. Des
ription logi
s (DLs) are a family of logi
al for-malisms that have initially been designed for the representation of
on
eptual knowledge in arti�
ial intelligen
e and are 
losely relatedto modal logi
s. In the last two de
ades, DLs have been su

essfullyapplied in a wide range of interesting appli
ation areas. In most ofthese appli
ations, it is important to equip DLs with expressive meansthat allow to des
ribe \
on
rete qualities" of real-world obje
ts su
has their weight, temperature, and spatial extension. The standardapproa
h is to augment des
ription logi
s with so-
alled 
on
rete do-mains, whi
h 
onsist of a set (say, the rational numbers), and a setof n-ary predi
ates with a �xed extension over this set. The \inter-fa
e" between the DL and the 
on
rete domain is then provided bya new logi
al 
onstru
tor that has, to the best of our knowledge, no
ounterpart in modal logi
s. In this paper, we give an overview overdes
ription logi
s with 
on
rete domains and summarize de
idabilityand 
omplexity results from the literature.1 Introdu
tionDes
ription logi
s (DLs) are a family of logi
al formalisms that originated inthe �eld of arti�
ial intelligen
e as a tool for the representation of 
on
eptualknowledge. Sin
e then, DLs have been su

essfully used in a wide range ofappli
ation areas su
h as knowledge representation, reasoning about 
lass-based formalisms (e.g. 
on
eptual database models and UML diagrams),and ontology engineering in the 
ontext of the semanti
 web [10; 19; 8℄.The basi
 synta
ti
 entity of des
ription logi
s are 
on
epts, whi
h are 
on-stru
ted from 
on
ept names (unary predi
ates) and role names (binaryrelations) using the set of 
on
ept and role 
onstru
tors provided by a par-ti
ular DL. For example, the following 
on
ept is formulated in the basi
propositionally 
losed des
ription logi
 ALC and 
ould be used, e.g., in aknowledge-based pro
ess engineering appli
ation (as in [54; 49℄) to des
ribea produ
tion pro
ess that has an expensive (spe
ially trained) operator:Pro
ess u 8subpro
:Pro
ess u 9operator:(Human u Expensive)Advan
es in Modal Logi
, Volume 4, 265{296.
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266 Carsten LutzIn this example, Pro
ess, Human, and Expensive are 
on
ept names whilesubpro
 and operator are role names.Viewed from a logi
al perspe
tive, des
ription logi
s are 
losely relatedto modal logi
s [55; 25℄. For example, the DL ALC 
an be viewed as anotational variant of the modal logi
 K!, i.e., multimodal K with in�nitelymany a

essibility relations: 
on
ept names 
orrespond to propositionalvariables, role names 
orrespond to (names for) a

essibility relations, the8 
onstru
tor of ALC 
an be read as a modal box operator, and 9 
an beread as a diamond. However, there also exist several means of expressivitythat are frequently used in des
ription logi
s, but usually not 
onsidered inmodal logi
s.An important example are so-
alled 
on
rete domains, whi
h allow the in-tegration of \
on
rete qualities" su
h as numbers, time intervals, and stringsinto des
ription logi
 
on
epts. Suppose, for example, that we want to re-�ne the des
ription of a pro
ess given above by repla
ing the 
on
ept nameExpensive with a 
on
ept expressing that the pro
ess operator earns at least20 euro per hour. Then we need a proper way to talk about numbers su
has \20" and 
omparisons between numbers su
h as \at least 20 euro". Asanother example, we may want to express that the time interval des
ribingthe working time of the operator should 
ontain the time interval des
ribingthe exe
ution time of the pro
ess. Here we obviously need to represent timeintervals and relations between them.The need for extending the expressive power of DLs in the des
ribeddire
tion arises in almost all relevant appli
ation areas, let us review two(more) examples:1. Semanti
 web. In this appli
ation, DLs are used to des
ribe the 
ontentsof web pages in order to fa
ilitate the development of more powerful webservi
es su
h as advan
ed sear
h engines [8; 15℄. It is obvious and has al-ways been emphasized that the representation of \
on
rete datatypes" su
has numbers and strings is an important issue [23; 33℄: if, for example, wewant to des
ribe the web page of a wine seller, then we need numbers torepresent vintages and pri
es, and strings to represent the names of regionsand wine produ
ers. It should be 
lear that su
h 
on
rete datatypes arepre
isely what we have des
ribed as \
on
rete qualities".2. Con
eptual database models. Entity Relationship (ER) diagrams arethe predominant formalism for 
onstru
ting 
on
eptual models of relationaldatabases [21; 60℄. For example, an ER diagram 
ould des
ribe two entitiesEmployee and Company related by a relationship employs su
h that ea
hEmployee is employed by exa
tly one Company, and ea
h Company employsat least one Employee. DLs 
an be used to en
ode and reason about ER
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rete Domains 267diagrams, whi
h allows to dete
t in
onsisten
ies and impli
ations that areonly impli
itly represented in the diagram [19; 24℄. However, the standardtranslation of ER diagrams into DLs does not take into a

ount so-
alled\numeri
al attribute dependen
ies", whi
h 
an e.g. be used to express thatno Employee was hired prior to his Company's founding. As argued in [46℄,it is important to in
lude these dependen
ies when using DLs for reasoningabout ER diagrams sin
e they 
an be an (additional) sour
e for in
onsisten-
ies and unnoti
ed rami�
ations. In order to do this, the target DL mustbe able to represent \
on
rete" obje
ts su
h as numbers and 
omparisonsbetween numbers.The ne
essity of representing 
on
rete qualities in des
ription logi
s has beenrealized almost sin
e the beginnings of the �eld, and, indeed, many earlydes
ription logi
 reasoners su
h as meson [22℄ and 
lassi
 [18℄ provided for\ad ho
" solutions of this problem. The �rst formal treatment of the issuewas presented by Baader and Hans
hke in [11℄, who proposed to extend thedes
ription logi
 ALC with 
on
rete domains. Formally, a 
on
rete domain
onsists of a set su
h as the natural numbers and a set of predi
ates su
has the binary \<" and the ternary \+" with a �xed extension over this set.Enri
hing ALC with su
h a 
on
rete domain D, we obtain the basi
 DLwith 
on
rete domains ALC(D). More pre
isely, ALC(D) is obtained fromALC by augmenting it with{ abstra
t features, i.e. roles interpreted as fun
tional relations;{ 
on
rete features : a new synta
ti
 type that is interpreted as a partialfun
tion from the logi
al domain into the 
on
rete domain;{ a new 
on
ept 
onstru
tor that allows to des
ribe 
onstraints on 
on-
rete values using predi
ates from the 
on
rete domain.Let us view two example ALC(D)-
on
epts: the 
on
eptPro
ess u 8subpro
:Pro
ess u 9operator:(Human u 9wage:�20)re�nes the pro
ess des
ription from above by repla
ing the 
on
ept nameExpensivewith a 
on
rete domain-based des
ription of the operator's wage|whi
h is at least 20 euro per hour. In this example, operator is an abstra
tfeature while wage is a 
on
rete feature. We use a 
on
rete domain basedon the natural numbers and assume that �20 is a unary predi
ate with theobvious extension. The (sub)
on
ept 9wage:�20 is an instantiation of the
on
rete domain 
onstru
tor and must not be 
onfused with the existentialrestri
tion as used in 9operator:Human. Observe that 
on
rete features su
h



268 Carsten Lutzas wage are the \link" between the des
ription logi
 and the 
on
rete do-main: they allow to asso
iate 
on
rete values su
h as numbers with logi
alobje
ts su
h as the one representing the operator in the above example.In the se
ond 
on
ept, we use a 
on
rete domain based on time intervalsto des
ribe a 
onstraint on the exe
ution time of pro
esses as proposedabove:Pro
ess u 8subpro
:Pro
ess u 9(operator worktime); (exe
time):
ontainsHere, worktime and exe
time (for \exe
ution time") are 
on
rete features,and 
ontains is a binary 
on
rete domain predi
ate. The last 
onjun
t isan instantiation of the 
on
rete domain 
onstru
tor expressing that thetime interval des
ribing the working time of the operator 
ontains the timeinterval des
ribing the exe
ution time of the pro
ess.Sin
e their �rst appearan
e in 1991, des
ription logi
s with 
on
rete do-mains have been extensively studied. The purpose of this paper is to surveythe proposed logi
s and available results, fo
using on de
idability and 
om-putational 
omplexity. It is organized as follows: in Se
tion 2, we formallyintrodu
e 
on
rete domains and the des
ription logi
 ALC(D). Se
tion 3dis
usses results that have been obtained for ALC(D) and several of its ex-tensions: in Se
tion 3.1, we treat ALC(D) itself, Se
tion 3.2 is 
on
ernedwith extensions 
onsidered \standard" in the area of des
ription logi
s, andSe
tion 3.3 fo
uses on spe
i�
ally 
on
rete-domain related extensions. Mostof the dis
ussed results do not 
onsider a parti
ular 
on
rete domain, but areof a general nature. Finally, Se
tion 4 gives a brief overview over 
on
retedomains that have been proposed in the literature.2 The des
ription logi
 ALC(D)In this se
tion, we formally introdu
e Baader and Hans
hke's basi
 des
rip-tion logi
 with 
on
rete domains ALC(D) [11℄. To do this, we must �rstde�ne the underlying notion of 
on
rete domains.DEFINITION 1 (Con
rete domain) A 
on
rete domain D is a pair(�D;�D), where �D is a set and �D a set of predi
ate names. Ea
h pred-i
ate name P 2 �D is asso
iated with an arity n and an n-ary predi
atePD � �nD.For many appli
ation areas, the most interesting 
on
rete domains are nu-meri
al ones. Hen
e, let us introdu
e a typi
al numeri
al 
on
rete domainQ to illustrate De�nition 1: as the set �Q, we use the rational numbers Q.The following predi
ates are available:
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ates Pq for ea
h P 2 f<;�;=; 6=;�; >g and ea
h q 2 Qwith (Pq)Q = fq0 2 Q j q0 P qg;{ binary predi
ates <;�;=; 6=;�; > with the obvious extension;{ ternary predi
ates + and + with (+)Q = f(q; q0; q00) 2 Q3 j q+q0 = q00gand (+)Q = Q3 n (+)Q;{ a unary predi
ate >Q with (>Q)Q = Q and a unary predi
ate ?Q with(?Q)Q = ;.The presen
e of the predi
ates >Q and ?Q and of the negation of the \+"predi
ate is related to the admissibility of 
on
rete domains and will bedis
ussed in Se
tion 3.1. We will further dis
uss the 
on
rete domain Q andits relatives in Se
tion 4.DEFINITION 2 (ALC(D) syntax) Let NC, NR, and N
F be pairwise dis-joint and 
ountably in�nite sets of 
on
ept names, role names, and 
on
retefeatures. Furthermore, let NaF be a 
ountably in�nite subset of NR. Theelements of NaF are 
alled abstra
t features. A path u is a 
ompositionf1 � � � fng of n abstra
t features f1; : : : ; fn (n � 0) and a 
on
rete featureg. For D a 
on
rete domain, the set of ALC(D)-
on
epts is the smallest setsu
h that{ every 
on
ept name is a 
on
ept, and{ if C and D are 
on
epts, R is a role name, g is a 
on
rete feature,u1; : : : ; un are paths, and P 2 �D is a predi
ate of arity n, then thefollowing expressions are also 
on
epts: :C, C u D ,C t D, 9R:C,8R:C, 9u1; : : : ; un:P , and g".As usual, we use > as abbreviation for an arbitrary propositional tautologyand ? as abbreviation for :>. Additionally, if u = f1 � � � fkg is a path thenu" is used as abbreviation for 8f1: � � � :8fk:g". As an example ALC(Q)-
on
ept, 
onsider the pro
ess des
riptionPro
ess u 8subpro
:Pro
ess u 9operator:(Human u 9wage:�20)u 9(operator wage); (
ost):�;where the se
ond line states that the hourly 
ost of the pro
ess is at leastas high as the hourly wage of its operator. We now introdu
e the semanti
sof ALC(D)-
on
epts and the relevant reasoning problems.DEFINITION 3 (ALC(D) semanti
s)An interpretation I is a pair (�I ; �I),where �I is a set 
alled the domain and �I is the interpretation fun
tion.The interpretation fun
tion maps



270 Carsten Lutz{ ea
h 
on
ept name C to a subset CI of �I ,{ ea
h role name R to a subset RI of �I ��I ,{ ea
h abstra
t feature f to a partial fun
tion fI from �I to �I , and{ ea
h 
on
rete feature g to a partial fun
tion gI from �I to �D.If u = f1 � � � fng is a path, then uI(d) is de�ned as gI(fIn � � � (fI1 (d)) � � � ).The interpretation fun
tion is extended to arbitrary 
on
epts as follows:(:C)I := �I n CI(C uD)I := CI \DI(C tD)I := CI [DI(9R:C)I := fd 2 �I j fe j (d; e) 2 RIg \ CI 6= ;g(8R:C)I := fd 2 �I j fe j (d; e) 2 RIg � CIg(9u1; : : : ; un:P )I := fd 2 �I j 9x1; : : : ; xn 2 �D : uIi (d) = xi for 1 � i � nand (x1; : : : ; xn) 2 PDg(g")I := fd 2 �I j gI(d) unde�nedgLet I be an interpretation. Then I is a model of a 
on
ept C i� CI 6= ;.A 
on
ept C is satis�able i� C has a model. A 
on
ept C is subsumed by a
on
ept D (written C v D) i� CI � DI for all interpretations I.While satis�ability is familiar from modal and 
lassi
al logi
s, subsumptiondeserves a brief 
omment: this reasoning task is rather important in de-s
ription logi
s sin
e DLs are frequently used to 
apture the terminologi
alknowledge of an appli
ation domain, and subsumption 
an then be usedto arrange the de�ned notions (represented by 
on
epts) in a taxonomy.Logi
ally, subsumption 
an obviously be understood as the validity of im-pli
ations. It should thus be 
lear that, in ALC(D), 
on
ept subsumption
an be redu
ed to 
on
ept (un)satis�ability and vi
e versa: C v D i� Cu:Dis unsatis�able and C is satis�able i� C 6v ?.It is not hard to see that \the ALC part" of ALC(D) is a synta
ti
alvariant of multimodal K (see Se
tion 1). However, to the best of our knowl-edge, the 
on
rete domain 
onstru
tor has no 
ounterpart in modal logi
.Moreover, even for very simple 
on
rete domains D there does not exist atranslation from ALC(D)-
on
epts into formulas of the two-variable frag-ment of �rst-order logi
 or of the guarded fragment|a property enjoyed bymost modal and des
ription logi
s [61; 16℄. The reason for this is that weadmit paths of length greater one inside the 
on
rete domain 
onstru
tor.



Des
ription Logi
s with Con
rete Domains 271For most appli
ation areas, the reasoning tasks \
on
ept satis�ability"and \subsumption" have to take into a

ount so-
alled TBoxes. Su
h TBoxesare sets of 
on
ept equations, whi
h are used to store terminologi
al knowl-edge and ba
kground knowledge about the appli
ation domain. For ex-ample, we 
ould use a TBox to de�ne the notion \expensive pro
ess" bywriting ExpensivePro
ess := Pro
ess u 9
ost:�20Moreover, we 
ould 
apture the \ba
kground knowledge" that every pro
ess
ontrolled by an expensive operator is an expensive pro
ess:> := (Pro
ess u 9operator:9wage:�20)! ExpensivePro
essIn the DL literature, there exist various TBox formalisms with vast di�er-en
es in expressive power. In this paper, we will only 
onsider the two TBoxformalisms that are used most frequently.DEFINITION 4 (TBox) A 
on
ept equation is an expression C := D, whereC and D are 
on
epts. A general TBox is a �nite set of 
on
ept equations.A 
on
ept equation C := D is 
alled a 
on
ept de�nition if C is a 
on
eptname. A �nite set of 
on
ept de�nitions T is 
alled an a
y
li
 TBox if thefollowing 
onditions are satis�ed:1. the left-hand sides of 
on
ept de�nitions are unique, i.e., if fA :=C; A0 := C 0g � T , then C 6= C 0 implies A 6= A0;2. T is a
y
li
: there are no 
on
ept de�nitions fA0 := C0; : : : ; Ak�1 :=Ck�1g � T su
h that the 
on
ept name Ai o

urs in Ci+1 mod k fori < k.An interpretation I is a model of a (general or a
y
li
) TBox T if CI = DIfor all C := D 2 T . A 
on
ept C is satis�able w.r.t. a TBox T i� C and Thave a 
ommon model. A 
on
ept C is subsumed by a 
on
ept D w.r.t. aTBox T (written C vT D) i� CI � DI for all models I of T .From a modal logi
 perspe
tive, the expressive power provided by generalTBoxes is 
losely related to the expressiveness of the universal modality|see e.g. Se
tion 2.2.1 of [43℄ for a thorough dis
ussion. While general TBoxesare a rather powerful tool, the expressive power provided by a
y
li
 TBoxesis relatively weak: due to a
y
li
ity, they 
an be viewed as ma
ro de�ni-tions, i.e., as providing a set of abbreviations for 
on
epts. As we will see inSe
tion 3.2, a
y
li
 TBoxes 
an also be expanded like ma
ros. Note, how-ever, that a
y
li
 TBoxes are still powerful enough to de�ne terminologiesas in the �rst example presented above.



272 Carsten LutzTo distinguish 
on
ept satis�ability without TBoxes from 
on
ept satis�-ability with TBoxes, we will in the following sometimes use the term \pure
on
ept satis�ability" to refer to the former.3 Des
ription logi
s with 
on
rete domainsIn this se
tion, we 
onsider the basi
 des
ription logi
 with 
on
rete domainsALC(D) and several of its extensions. We start with ALC(D) itself and thendis
uss \standard extensions" that are frequently 
onsidered in des
riptionlogi
s and, in prin
iple, independent of 
on
rete domains. Finally, we givean overview over extensions of ALC(D) that 
on
ern the \
on
rete domainpart" of this logi
.3.1 The basi
 formalismIn their original 1991 paper, Baader and Hans
hke present a tableau al-gorithm that is 
apable of de
iding (pure) ALC(D)-
on
ept satis�ability.Using the redu
tion from the previous se
tion, this algorithm also yields ade
ision pro
edure for 
on
ept subsumption. Baader and Hans
hke's de
id-ability result is a rather general one sin
e it does not 
on
ern a parti
ular
on
rete domain, but applies to any 
on
rete domain that satis�es someweak 
onditions. These 
onditions are derived from the fa
t that any satis�-ability algorithm not 
ommitting itself to a parti
ular 
on
rete domain must
all some 
on
rete domain reasoner as a subpro
edure via a well-de�ned \in-terfa
e". In the 
ase of Baader and Hans
hke's tableau algorithm, su
h a
on
rete domain reasoner is required to de
ide the satis�ability of �nite
onjun
tions of 
on
rete domain predi
ates. This leads to the notion ofadmissibility.DEFINITION 5 (Admissible) Let D be a 
on
rete domain and V a set ofvariables. A D-
onjun
tion is a predi
ate 
onjun
tion of the form
 = î<k(x(i)0 ; : : : ; x(i)ni ) : Pi;where Pi is an ni-ary predi
ate for i < k and the x(i)j are variables fromV. A D-
onjun
tion 
 is satis�able i� there exists a fun
tion Æ mappingthe variables in 
 to elements of �D su
h that (Æ(x(i)0 ); : : : ; Æ(x(i)ni )) 2 PDifor ea
h i < k. Su
h a fun
tion is 
alled a solution for 
. We say that the
on
rete domain D is admissible i�1. its set of predi
ate names is 
losed under negation and 
ontains aname >D for �D and2. the satis�ability of D-
onjun
tions is de
idable.
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rete Domains 273We refer to the satis�ability of D-
onjun
tions as D-satis�ability.Property 1 of admissibility has to be satis�ed sin
e the des
ription logi
ALC(D) provides for negation. For example, the 
on
ept:(g1") u :(g2") u :(9g1; g2:<)expresses that gI1 � gI2 without expli
itly using a \�" predi
ate, andsu
h information must be passed to the 
on
rete domain reasoner. Notethat the 
on
rete domain Q presented in Se
tion 2 satis�es Property 1 ofadmissibility|in Se
tion 4, we will see that Property 2 is also satis�ed. Theresult obtained in [11℄ 
an now be formulated as follows:THEOREM 6 (Baader, Hans
hke) Pure ALC(D)-
on
ept satis�ability andsubsumption are de
idable if D is admissible.We should brie
y 
omment on a minor di�eren
e between the logi
 ALC(D)as de�ned in [11℄ and in Se
tion 2: Baader and Hans
hke's variant ofALC(D) uses only a single type of feature that is interpreted in partialfun
tions from �I to �I � �D and thus 
ombines our abstra
t and 
on-
rete features. It is not very hard to see that the di�eren
e in expressivityis negligible. However, the separation of abstra
t and 
on
rete features ne-
essitates the presen
e of the g" 
onstru
tor: without this 
onstru
tor, wewould not be able to remove negations in front of the 
on
rete domain 
on-stru
tor when 
onverting ALC(D)-
on
epts into equivalent ones in negationnormal form (NNF), for details see Se
tion 3.3.1The 
omplexity of reasoning with ALC(D) has been analyzed in [45℄.There, the tableau algorithm of Baader and Hans
hke is re�ned by us-ing the so-
alled tra
ing te
hnique: instead of keeping entire tableaux inmemory (whi
h may be
ome exponentially large), a tree-shaped tableau is
onstru
ted in a depth-�rst manner keeping only paths of the tree in mem-ory. Sin
e su
h paths are of at most polynomial length, this allows to devisea PSpa
e algorithm. However, the 
omplexity of reasoning with ALC(D)
learly depends on the 
omplexity of D-satis�ability:THEOREM 7 Pure ALC(D)-
on
ept satis�ability and subsumption arePSpa
e-
omplete if D is admissible and D-satis�ability is in PSpa
e.Thus, reasoning with ALC(D) is not harder than reasoning with ALC. Aswe will see in Se
tion 4, Q-satis�ability 
an be de
ided in PTime, andthus Theorem 7 yields a tight 
omplexity bound for (pure) reasoning withALC(Q).1A 
on
ept is in NNF if negation does only o

ur in front of 
on
ept names. Thisnormal form is frequently used to devise de
ision pro
edures for DLs.



274 Carsten Lutz3.2 Standard extensionsWe now dis
uss the extension of ALC(D) with several means of expressivitythat 
an be 
onsidered \standard" in the area of des
ription logi
s. Let usstart with general TBoxes.General TBoxesIn [12℄, it is proved that ALC(R) extended with a transitive 
losure 
onstru
-tor on roles (similar to the star-operator of propositional dynami
 logi
) isunde
idable, where R is a 
on
rete domain based on Tarski algebra. Theunde
idability proof, whi
h uses a redu
tion of the Post Corresponden
eProblem (PCP), 
an easily be adapted to ALC(R) extended with generalTBoxes, whi
h is thus also unde
idable. This adaption is performed in [41;44℄, where not only R is 
onsidered, but a more general result is obtainedthat applies to a large 
lass of 
on
rete domains.THEOREM 8 For 
on
rete domains D su
h that (i) N � �D and (ii) �Dprovides a unary predi
ate for equality with 0, a binary equality predi
ate,and a binary predi
ate for in
rementation, ALC(D)-
on
ept satis�abilityand subsumption w.r.t. general TBoxes are unde
idable.Note that there exist rather simple (and admissible) 
on
rete domains sat-isfying the 
onditions listed in the theorem, an example being the 
on
retedomain Q.2 Sin
e Q-satis�ability 
an be de
ided in PTime (Se
tion 4), itshould be 
lear that the reason for unde
idability is an intera
tion betweengeneral TBoxes and 
on
rete domains and not reasoning with arithmeti

on
rete domains themselves.Sin
e general TBoxes play a very important role in most appli
ation areasand are provided by almost all state-of-the-art des
ription logi
s, the aboveresult is rather dis
ouraging. There are two ways for regaining de
idability:either use a less powerful 
on
rete domain 
onstru
tor or very 
arefully
hoose the 
on
rete domains used.The �rst approa
h was adopted in [28℄ and [35℄. In the former arti
le,Haarslev et al. propose to allow only 
on
rete features inside the 
on
retedomain 
onstru
tor instead of paths of arbitrary length. In the following, we
all 
on
epts satisfying this 
ondition path-free. More pre
isely, Haarslev etal. introdu
e the rather powerful des
ription logi
 SHN (D)3, whi
h extendsALC(D) with expressive means su
h as unquali�ed number restri
tions (aweak form of graded modalities) and role hierar
hies (TBox-like assertions2Stri
tly speaking, Q does not 
ontain a predi
ate for addition with 1, but this is
ompensated by the predi
ates \=1" and +.3This logi
 is also 
alled ALCNHR+(D).
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lusions between roles). If path-freeness is not assumed,then SHN (D)-
on
ept satis�ability and subsumption is unde
idable sin
ereasoning with general TBoxes 
an be redu
ed to reasoning without generalTBoxes|the so-
alled \internalization of TBoxes", 
.f. [55; 34℄. However,using a tableau algorithmHaarslev et al. [28℄ were able to show the following:THEOREM 9 (Haarslev et al.) If the 
on
rete domain D is admissible,then path-free SHN (D)-
on
ept satis�ability and subsumption w.r.t. gen-eral TBoxes are de
idable.Horro
ks and Sattler [35℄ propose to admit only unary 
on
rete domainpredi
ates to over
ome unde
idability. Under this restri
tion, they prove de-
idability of reasoning with the very expressive des
ription logi
 SHOQ(D)and general TBoxes by devising an appropriate tableau algorithm. However,allowing only unary predi
ates is stri
tly less expressive than requiring path-freeness: the 
on
ept 9f1 � � � fkg:P (with P unary predi
ate) 
an 
learly berepla
ed with the equivalent one 9f1:9f2: � � � :9fk:9g:P that does not usepaths of length greater than one. In [51℄, the initial result is strengthenedby admitting 
on
rete domain predi
ates of arbitrary arity, adopting path-freeness, and adding some additional means of expressivity (see Se
tion 3.3).The resulting DL is 
alled SHOQ(Dn).THEOREM 10 (Horro
ks, Pan, Sattler) If the 
on
rete domain D is ad-missible, then path-free SHOQ(Dn)-
on
ept satis�ability and subsumptionw.r.t. general TBoxes are de
idable.A more general result has been obtained in Se
tion 5.3 of [9℄, where itis shown that any des
ription logi
 L, su
h that (i) L-
on
ept satis�abil-ity w.r.t. general TBoxes is de
idable and (ii) L is \
losed under disjointunions" (see [9℄ for details), 
an be extended with the path-free variantof the 
on
rete domain 
onstru
tor without losing de
idability of reasoningwith general TBoxes. This result generalizes Theorem 9 but not Theorem 10sin
e SHOQ does not satisfy Property (ii). Indeed, the \harmlessness" ofthe path-free 
on
rete domain 
onstru
tor is not very surprising sin
e drop-ping paths deprives 
on
rete domains of most of their expressive power: inSe
tion 2.4.1 of [43℄, it is shown that the path-free variant of the 
on
retedomain 
onstru
tor 
an be \simulated" by 
on
ept names, whi
h is notpossible for the variant admitting paths of arbitrary length. In the samese
tion, it is proved that path-free ALC(D)-
on
ept satis�ability and sub-sumption w.r.t. general TBoxes are ExpTime-
omplete if D is admissibleand D-satis�ability is in ExpTime.
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uss the se
ond approa
h to over
ome unde
idability ofALC(D)with general TBoxes, namely to keep the original version of the 
on
retedomain 
onstru
tor and look for 
on
rete domains that are both interestingand do not destroy de
idability of reasoning with general TBoxes. The �rstpositive result following this route was established in [40℄, where a 
on
retedomain C is 
onsidered that is based on the rational numbers Q = �C, andprovides for the binary predi
ates <;�;=; 6=;�; > with the obvious exten-sion. Using an automata-based approa
h, the following result is obtained:THEOREM 11 ALC(C)-
on
ept satis�ability and subsumption w.r.t. gen-eral TBoxes are ExpTime-
omplete.It is then shown that this result 
an be extended to an interval-based, tem-poral 
on
rete domain. Theorem 11 has subsequently been generalized in[42℄: �rst, the 
on
rete domain C has been extended to C+ whi
h, addi-tionally, admits unary predi
ates =q for ea
h q 2 Q (with the obviousextension). Se
ond, the \des
ription logi
 part" is extended from ALC tothe very expressive DL SHIQ that plays an important role in many ap-pli
ation areas [31℄. The following theorem is proved in [42℄, also using anautomata-theoreti
 approa
h:THEOREM 12 SHIQ(C+)-
on
ept satis�ability and subsumption w.r.t.general TBoxes are ExpTime-
omplete.Note that this logi
 is 
alledQ-SHIQ in [42℄. It is very unlikely that C+ 
anbe extended with any form of arithmeti
s without losing de
idability. Forexample, if ALC(C+) is extended with a binary predi
ate for in
rementationwith one, we obtain unde
idability of reasoning w.r.t. general TBoxes fromTheorem 8. An interesting open question is whether a unary predi
ate int
an be added whose extension are the integers. Su
h a predi
ate would bevery useful for many appli
ations.A
y
li
 TBoxesIf we restri
t ourselves to a
y
li
 TBoxes rather than admitting general ones,the situation be
omes mu
h simpler: it is well-known that 
on
ept satis�a-bility w.r.t. a
y
li
 TBoxes 
an be redu
ed to 
on
ept satis�ability withoutTBoxes by using unfolding [50℄: given an input 
on
ept C and an a
y
li
TBox T , we 
an exhaustively repla
e 
on
ept names in C that appear onthe left-hand side of a 
on
ept de�nition in T with the 
orresponding right-hand side. This pro
ess terminates sin
e T is a
y
li
. Moreover, it is nothard to see that the resulting 
on
ept is satis�able i� C is satis�able w.r.t.
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rete Domains 277T . Thus, Theorem 6 implies that ALC(D)-
on
ept satis�ability and sub-sumption w.r.t. a
y
li
 TBoxes are de
idable if D is admissible|althoughunfolding involves an exponential blow-up in size.Con
erning 
omplexity, the results obtained for reasoning with ALC(D)and a
y
li
 TBoxes are mu
h more surprising: it is well-known that, foralmost all des
ription logi
s 
onsidered in the literature, adding a
y
li
TBoxes does not in
rease the 
omplexity of reasoning. For example, ALC-
on
ept satis�ability and subsumption are PSpa
e-
omplete, both withand without a
y
li
 TBoxes [57; 39℄. Interestingly, this is not the 
ase forALC(D): although pure ALC(D)-
on
ept satis�ability is PSpa
e-
omplete,in [41; 44℄ a large 
lass of so-
alled arithmeti
 
on
rete domains D is iden-ti�ed for whi
h ALC(D)-
on
ept satis�ability w.r.t. a
y
li
 TBoxes is 
on-siderably harder, namely NExpTime-
omplete.DEFINITION 13 (Arithmeti
) A 
on
rete domain D is 
alled arithmeti
 i��D 
ontains the natural numbers and �D 
ontains{ unary predi
ates for equality with zero and with one,{ a binary equality predi
ate, and{ ternary predi
ates expressing addition and multipli
ation.ANExpTime-
omplete variant of the Post Corresponden
e Problem is usedto show the following result:THEOREM 14 For any arithmeti
 
on
rete domain D, ALC(D)-
on
eptsatis�ability w.r.t. a
y
li
 TBoxes is NExpTime-hard.Sin
e 
on
ept satis�ability 
an be redu
ed to non-subsumption, this im-plies a 
o-NExpTime lower bound for ALC(D)-
on
ept subsumption if Dis arithmeti
. A 
orresponding upper bound is established using a tableaualgorithm:THEOREM 15 ALC(D)-
on
ept satis�ability w.r.t. a
y
li
 TBoxes is inNExpTime if D is admissible and D-satis�ability is in NP.Again, we have to 
onsider the 
omplementary 
omplexity 
lass for sub-sumption. It is interesting that the addition of the seemingly harmlessa
y
li
 TBoxes results in a leap of 
omplexity from PSpa
e-
ompletenessto NExpTime-
ompleteness.
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ept- and role-
onstru
torsInterestingly, a
y
li
 TBoxes are not the only means of expressivity that
onsiderably in
reases the 
omplexity of reasoning if added to ALC(D).In [41; 44; 4℄, analogues of Theorems 14 and 15 have been proved for thefollowing extensions of ALC(D):{ Inverse roles. We 
an now additionally use expressions R� insidethe 9R:C and 8R:C 
onstru
tors, where R may also be an abstra
tfeature. The interpretation (R�)I of R� is obtained by taking the
onverse of the relation RI . Inverses of abstra
t (or even 
on
rete)features inside the 
on
rete domain 
onstru
tor are not allowed sin
ethe inverse of a feature is not ne
essarily fun
tional.{ Role 
onjun
tion. We admit roles like R1 u � � � u Rn inside the 9R:Cand 8R:C 
onstru
tors, where the Ri may also be abstra
t features.The interpretation (R1 u � � � u Rn)I of RI is obtained by taking theinterse
tion of the relations RI1 ; : : : ; RIn. Conjun
tions of abstra
t (oreven 
on
rete) features inside the 
on
rete domain 
onstru
tor are notallowed.{ Nominals. Nominals (known, e.g., from hybrid logi
 [3℄) are a newsynta
ti
 type that is used in the same way as 
on
ept names, butinterpreted in singleton sets.All these means of expressivity (with the possible ex
eption of nominals) areusually 
onsidered \harmless" w.r.t. 
omplexity, i.e., in most 
ases they donot in
rease the 
omplexity of reasoning when added to a des
ription logi
.The above results thus show that the PSpa
e upper 
omplexity boundfor reasoning with ALC(D) is not robust, but rather quite unstable w.r.t.extensions of the language.Although formal proofs are missing, most other standard means of expres-sivity are very likely to preserve de
idability and the PSpa
e upper boundwhen added to ALC(D). Su
h means of expressivity are, e.g., quali�ed num-ber restri
tions (the DL 
ounterpart of graded modalities) and transitiveroles (i.e., a new sort of role names interpreted in transitive relations|notto be 
onfused with the transitive 
losure role 
onstru
tor). Con
erningde
idability, some results 
an be obtained by using the transfer results forfusions of des
ription logi
s presented in [9℄. This is to some extent dis
ussedin Se
tion 5.6 of [43℄, where the following result is obtained:THEOREM 16 If D is admissible, then pure ALCQ�R+(D)-
on
ept satis�-ability is de
idable.
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rete Domains 279Here, ALCQ�R+(D) is ALC(D) extended with inverse roles, qualifying num-ber restri
tions, and transitive roles. It should also be noted that 
on
retedomains 
an be 
ombined with so-
alled feature agreements and disagree-ments without spoiling the PSpa
e upper 
omplexity bound [45℄.3.3 Con
rete domain-related extensionsWe now review various proposals for enhan
ing the expressive power ofALC(D) by extending the \
on
rete domain part" of this logi
.Generalized 
on
rete domain 
onstru
torIn the original version of ALC(D) as de�ned in Se
tion 2, we only allowabstra
t features to be used in the 
on
rete domain 
on
ept 
onstru
torinstead of admitting arbitrary role names. This observation leads to a nat-ural generalization of the 
on
rete domain 
onstru
tor that has �rst beenproposed by Hans
hke [30℄.DEFINITION 17 (ALCP(D)) A sequen
e U = R1 � � �Rkg whereR1; : : : ; Rk2 NR (k � 0) and g 2 N
F is 
alled a role path. For an interpretation I,UI is de�ned asf(d; x) � �I ��D j9d1; : : : ; dk+1 : d = d1;(di; di+1) 2 RIi for 1 � i � k; and gI(dk+1) = xg:ALCP(D) is obtained from ALC(D) by allowing the use of 
on
epts of theform 8U1; : : : ; Un:P and 9U1; : : : ; Un:P in pla
e of 
on
ept names, whereP 2 �D is of arity n and U1; : : : ; Un are role paths. The semanti
s of thegeneralized 
on
rete domain 
onstru
tors is de�ned as follows:(8U1; : : : ; Un:P )I := fd 2 �I j For all x1; : : : ; xn with (d; xi) 2 UIi ;we have (x1; : : : ; xn) 2 PDg(9U1; : : : ; Un:P )I := fd 2 �I j There exist x1; : : : ; xn with (d; xi) 2 UIiand (x1; : : : ; xn) 2 PDgObviously, every path is also a role path. Hen
e, the 9U1; : : : ; Un:P 
on-stru
tor of ALCP(D) is a generalization of the 9u1; : : : ; un:P 
onstru
torof ALC(D). For paths u1; : : : ; un, the ALCP(D)-
on
ept 8u1; : : : ; un:P isequivalent to the ALC(D)-
on
ept u1"t� � �tun"t9u1; : : : ; un:P . This is thereason why ALC(D) does not provide for a 
ounterpart of the 8U1; : : : ; Un:P
onstru
tor.Using the generalized 
onstru
tors, we 
an, for example, express that theduration of subpro
esses is bounded by the duration of the mother pro
esswithout 
ommitting to a parti
ular number of subpro
esses :Pro
ess u 8(duration); (subpro
 duration):�;
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on
rete feature. The existential version of the gener-alized 
on
rete domain 
onstru
tor 
an then be used to express that thereexists a subpro
ess whose duration is stri
tly shorter than the duration ofthe mother pro
ess:Pro
ess u 9(duration); (subpro
 duration):<: (�)Note, however, that it is now impossible to state that the subpro
ess withthe shorter duration is a DangerousPro
ess. This observation suggests thatrole hierar
hies are a useful extension of ALCP(D): in the resulting DL,we 
an modify (�) by repla
ing the role subpro
 with an abstra
t featurespe
ialSubpro
ess, adding the 
onjun
t 9spe
ialSubpro
ess:DangerousPro
ess,and �nally using a role hierar
hy to state that spe
ialSubpro
ess is a subroleof subpro
, i.e. that we have spe
ialSubPro
essI � subpro
I . In the following,however, we will sti
k with the original variant of ALCP(D) that does notadmit role hierar
hies.As shown in [30℄, satis�ability and subsumption of ALCP(D)-
on
eptsare de
idable if D is admissible. However, when investigating the 
omplexityof ALCP(D), it be
omes 
lear that initially restri
ting ourselves to abstra
tfeatures inside the 
on
rete domain 
onstru
tor is a sensible idea sin
e itallows a more �ne-grained 
omplexity analysis: it is shown in [43℄ that, whilereasoning with ALC(D) is PSpa
e-
omplete, reasoning with ALCP(D) ismu
h harder. Indeed, the 
omplexity of (pure) reasoning with ALCP(D)parallels the 
omplexity of reasoning with ALC(D) extended with a
y
li
TBoxes. The lower bound is determined by redu
tion of a NExpTime-
omplete variant of the PCP:THEOREM 18 For any arithmeti
 
on
rete domain D, pure ALCP(D)-
on
ept satis�ability is NExpTime-hard.It is interesting to note that this lower bound does even hold if abstra
t fea-tures are dropped from the language. As in the 
ase of a
y
li
 TBoxes, thereexists a 
orresponding upper bound whi
h is established using a tableau al-gorithm:THEOREM 19 Pure ALCP(D)-
on
ept satis�ability is in NExpTime if Dis admissible and D-satis�ability is in NP.We obtain 
orresponding 
o-NExpTime 
omplexity bounds for 
on
ept sub-sumption. Another generalization of the 
on
rete domain 
onstru
tor hasbeen proposed in [51℄: the authors repla
e 
on
rete features by 
on
reteroles, whi
h are not required to be fun
tional. Additionally, they allow the
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rete Domains 281appli
ation of number restri
tions to 
on
rete roles. This allows, for exam-ple, to state that ea
h person has exa
tly one age (atta
hed via a 
on
reterole age) while being allowed to have many telephone numbers (atta
hedvia a 
on
rete role tel).A 
on
rete domain role 
onstru
torAnother natural extension of the original variant of ALC(D) is obtained byusing the 
on
rete domain not only to de�ne 
on
epts, but by additionallyallowing the de�nition of 
omplex roles with referen
e to 
on
rete domainpredi
ates. Su
h an extension has �rst been proposed in [27℄.DEFINITION 20 (ALCRP(D)) A 
on
rete domain role is an expression ofthe form 9(u1; : : : ; un); (v1; : : : ; vm):Pwhere u1; : : : ; un and v1; : : : ; vm are paths and P is an n+m-ary predi
ate.The semanti
s is given as follows:(9(u1; : : : ; un); (v1; : : : ; vm):P )I :=f(d; e) 2 �I ��I j There exist x1; : : : ; xn and y1; : : : ; ymsu
h that uIi (d) = xi for 1 � i � n; vIi (e) = yi for 1 � i � m; and(x1; : : : ; xn; y1; : : : ; ym) 2 PDgALCRP(D) is obtained from ALC(D) by allowing the use of 
on
rete do-main roles inside the 9R:C and 8R:C 
onstru
tors.Note that 
on
rete domain roles are not allowed inside the 
on
rete domain
on
ept 
onstru
tor. Let us view an example ALCRP(D)-
on
ept. Assumethat we use a 
on
rete domain based on temporal intervals and binary pred-i
ates des
ribing the possible relationships between su
h intervals. Then the
on
eptPro
ess u 8(9(exe
time); (exe
time):overlaps)::DangerousPro
ess;des
ribes pro
esses that are not temporally overlapping with dangerous pro-
esses. Note that 9(exe
time); (exe
time):overlaps is a 
on
rete domain rolede�ned in terms of the binary predi
ate overlaps and the 
on
rete featureexe
time whi
h asso
iates pro
esses with the time interval in whi
h they areexe
uted.In [47℄, a redu
tion of the Post Corresponden
e Problem is used toprove that there exist 
on
rete domains D su
h that the satis�ability ofALCRP(D)-
on
epts is unde
idable. It is straightforward to generalize thisresult to the 
lass of 
on
rete domains identi�ed in Theorem 8:



282 Carsten LutzTHEOREM 21 (Lutz, M�oller) For 
on
rete domains D su
h that (i) N ��D and (ii) �D provides a unary predi
ate for equality with 0, a binaryequality predi
ate, and a binary predi
ate for in
rementation, pureALCRP(D)-
on
ept satis�ability and subsumption are unde
idable.In [27℄ a fragment of ALCRP(D) is identi�ed that is 
losed under nega-tion, stri
tly extends ALC(D), and is de
idable for all admissible 
on
retedomains. To introdu
e this fragment, we need a way to 
onvertALCRP(D)-
on
epts into equivalent ones in NNF. Assuming that D is admissible, this
onversion 
an be done by eliminating double negation and using de Mor-gan's rules, the duality between 9R:C and 8R:C, and the equivalen
es:(9u1; : : : ; un:P ) � 9u1; : : : ; un:P t u1" t � � � t un":(g") � 9g:>Dwhere, for P an n-ary predi
ate, P denotes the predi
ate satisfying PD =�nD nPD, whi
h exists sin
e D is admissible. In the following, sub(C) refersto the set of sub
on
epts of the 
on
ept C (in
luding C itself).DEFINITION 22 (Restri
ted ALCRP(D)-
on
ept)AnALCRP(D)-
on
eptC is 
alled restri
ted i� the result C 0 of 
onverting C to NNF satis�es thefollowing 
onditions:1. For any 8R:D 2 sub(C 0), where R is a 
on
rete domain role,(a) sub(D) does not 
ontain any 
on
epts 9S:E with S a 
on
retedomain role, and(b) if sub(D) 
ontains a 
on
ept 9u1; : : : ; un:P , then u1; : : : ; un 2N
F.2. For any 9R:D 2 sub(C 0), where R is a 
on
rete domain role,(a) sub(D) does not 
ontain any 
on
epts 8S:E with S a 
on
retedomain role, and(b) if sub(D) 
ontains a 
on
ept 9u1; : : : ; un:P , then u1; : : : ; un 2N
F.It is easily seen that the set of restri
ted ALCRP(D)-
on
epts is 
losed un-der negation. Hen
e, subsumption of restri
ted ALCRP(D)-
on
epts 
anstill be redu
ed to satis�ability of restri
ted ALCRP(D)-
on
epts (and vi
eversa). De
idability of restri
ted ALCRP(D)-
on
ept satis�ability and sub-sumption has been shown in [27℄, where it is also illustrated that this frag-ment of ALCRP(D) is still useful for reasoning about spatio-terminologi
al
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omplexity of reasoning has been investigated in [43℄, whereit is shown that, on
e more, we 
an use a NExpTime-
omplete variant ofthe PCP and a tableau algorithm to prove the following:THEOREM 23 Let D be a 
on
rete domain. If D is arithmeti
, then (pure)satis�ability of restri
ted ALCP(D)-
on
epts is NExpTime-hard. If D isadmissible and D-satis�ability is in NP, then (pure) satis�ability of re-stri
ted ALCRP(D)-
on
epts 
an be de
ided in NExpTime.Again, we obtain 
orresponding 
o-NExpTime bounds for 
on
ept sub-sumption.Aggregation fun
tionsAggregation is a useful me
hanism available in many expressive represen-tation formalisms su
h as database s
hema and query languages. It is thusa natural idea to extend des
ription logi
s providing for 
on
rete domainswith aggregation as proposed in [13℄. Consider, for example, a pro
ess de-s
riptionPro
ess u 9duration:>0 u 8subpro
:(Pro
ess u 9duration:>0):The aggregation fun
tion \sum" is needed if we want to express that theduration of the mother pro
ess is identi
al to the sum of the durations ofall its subpro
esses (of whi
h there may be arbitrarily many).DEFINITION 24 (Aggregation) A 
on
rete domain with aggregation is a
on
rete domain that, additionally, provides for a set of aggregation fun
-tions agg(D), where ea
h � 2 agg(D) is asso
iated with a partial fun
tion�D from the set of �nite multisets of dom(D) into dom(D).4To distinguish 
on
rete domains with aggregation from those without, wedenote the former with �. Typi
al aggregation fun
tions are min, max, sum,
ount, and average (with the obvious extensions).ALC(�)-
on
epts are now de�ned in the same way as ALC(D)-
on
eptsex
ept that aggregated features may be substituted for 
on
rete features,where an aggregated feature is an expression �(RÆg) with R role, g 
on
retefeature, and � an aggregation fun
tion from �. The semanti
s of aggregatedfeatures is de�ned via multisets:DEFINITION 25 (Semanti
s of ALC(�)) Let I be an interpretation. Forea
h d 2 �I su
h that the set fe j (d; e) 2 RIg is �nite, we use MRÆgd to4Intuitively, a multiset is a set that may 
ontain the same element multiple (but only�nitely many) times.
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h z 2 �D, 
ontains z exa
tly jfe j (d; e) 2RI and gI(e) = zgj times. The semanti
s of aggregated features is nowde�ned as follows:�(R Æ g))I(d) := ( ��(MRÆgd ) if fe j (d; e) 2 RIg is �niteunde�ned otherwise:Returning to the initial example, we 
an now express the fa
t that theduration of the mother pro
ess is identi
al to the sum of the durations ofall its subpro
esses by writing9duration; sum(subpro
 Æ duration):=:The investigations performed by Baader and Sattler [13℄ reveal that theexpressive power provided by aggregation fun
tions is hard to tame. Thefollowing result is proved by a redu
tion of Hilbert's 10-th problem.THEOREM 26 (Baader, Sattler) For 
on
rete domains with aggregation �where (i) dom(�) in
ludes the non-negative integers, (ii) �� 
ontains a(unary) predi
ate for equality with 1 and a (binary) equality predi
ate, and(iii) agg(�) 
ontains min, max, and sum, pure ALC(�)-
on
ept satis�abilityand subsumption are unde
idable.This lower bound does even apply if we admit only 
onjun
tion, the 8R:C
onstru
tor, and the 
on
rete domain 
onstru
tor, but drop all other 
on-
ept 
onstru
tors. Rather strong measures have to be taken in order toregain de
idability: either, we have to drop the 8R:C 
onstru
tor fromthe language or we have to 
on�ne ourselves with \well-behaved" aggre-gation fun
tions. Following the �rst approa
h, one may repla
e the logi
ALC(�) with the DL EL(�) that only provides for the following 
on
ept
onstru
tors: atomi
 negation (i.e. restri
ted to 
on
ept names), 
onjun
-tion, disjun
tion, the 9R:C 
onstru
tor, and the 
on
rete domain 
onstru
-tor. When devising de
ision pro
edures for EL(�), requiring 
on
rete do-mains to be admissible is no longer suÆ
ient sin
e the multisets underlyingaggregation fun
tions need to be dealt with: �-
onjun
tions may, addition-ally, 
ontain multiset variables and in
lusion statements between multisets(for a pre
ise de�nition see [13℄). If the satis�ability of su
h extended �-
onjun
tions is de
idable, we 
all � aggregation-admissible. Baader andSattler [13℄ prove the following result by devising a tableau algorithm:THEOREM 27 (Baader, Sattler) For 
on
rete domains with aggregation �that are aggregation-admissible, pure EL(�)-
on
ept satis�ability is de
id-able.
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rete Domains 285However, subsumption of EL(�)-
on
epts is, in general, still unde
idable.Following the se
ond approa
h, Baader and Sattler found out that only minand max 
an be 
onsidered well-behaved, obtaining the following result alsoby 
onstru
tion of a tableau algorithm:THEOREM 28 (Baader, Sattler) For 
on
rete domains with aggregation �su
h that (i) � is admissible, (ii) �� 
ontains a binary equality predi-
ate and a binary predi
ate for a linear ordering on ��, and (iii) agg(�) =fmin;maxg, pure ALC(�)-
on
ept satis�ability and subsumption are de
id-able.KeysIn several appli
ations, it is useful to identify a set of 
on
rete featureswhose values uniquely determine logi
al obje
ts. Say, for example, thatthere exists a 
on
rete feature so
num asso
iating humans with their so
ialse
urity number. Then, if a human is Ameri
an, she should be uniquelyidenti�ed by this number. In other words, there should be no two distin
tdomain elements that are both in the extension of Ameri
an and share thesame value of the 
on
rete feature so
num. This idea leads to the de�nitionof key boxes, whi
h have been proposed in [2℄.DEFINITION 29 (Key box) A key box is a �nite set of key de�nitions(u1; : : : ; un keyfor C);where u1; : : : ; un are paths and C is a 
on
ept. An interpretation I satis�esa key de�nition (u1; : : : ; un keyfor C) i�, for any a; b 2 CI ,uIi (a) = uIi (b) for 1 � i � n implies a = b:I is a model of a key box K i� I satis�es all key de�nitions in K.Clearly, key boxes are a natural 
hoi
e in database appli
ations su
h asthe one des
ribed in Se
tion 1: they 
orrespond to so-
alled fun
tional de-penden
ies whi
h are the most popular type of 
onstraint for relationaldatabases. For this reason, keys for des
ription logi
s have also been 
on-sidered in a non-
on
rete domain 
ontext [17; 20; 36℄.From a logi
al perspe
tive, there exists a 
lose relationship between nom-inals and key boxes. For example, if used together with the key de�nition(g keyfor >), then the ALC(Q)-
on
ept 9g:=q \behaves" like a nominal forea
h q 2 Q: it is interpreted either in the empty set or in a singleton set.Indeed, key boxes are a quite powerful expressive means. This is re
e
tedby the 
omputational 
omplexity of ALCK(D), the extension of ALC(D)
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h is investigated in [2℄. The following unde
idabilityresult is proved by a redu
tion of the PCP:THEOREM 30 (Are
es et al.) For any arithmeti
 
on
rete domain D, pureALCK(D)-
on
ept satis�ability and subsumption w.r.t. key boxes are unde-
idable.De
idability 
an be regained by allowing only Boolean 
ombinations of 
on-
ept names on the right-hand side of key de�nitions. Key boxes satisfyingthis property are 
alled Boolean. Pure ALCK(D)-
on
ept satis�ability andsubsumption w.r.t. Boolean key boxes are NExpTime-hard for arithmeti

on
rete domains D. Surprisingly, [2℄ 
an even show that this high 
omplex-ity 
annot be redu
ed if paths are restri
ted to length one inside ALCK(D)-
on
epts and key boxes. In analogy to Se
tion 3.2, where this approa
hhelped to over
ome unde
idability in the presen
e of general TBoxes, we
all su
h 
on
epts and key boxes path-free. The following theorem is provedby redu
tion of a NExpTime-
omplete variant of the PCP:THEOREM 31 (Are
es et al.) For any arithmeti
 
on
rete domain D, purepath-free ALCK(D)-
on
ept satis�ability and subsumption w.r.t. Booleanand path-free key boxes are NExpTime-hard.To devise a de
ision pro
edure for reasoning with key boxes, it does notsuÆ
e to assume admissibility of 
on
rete domains: the 
on
rete domainreasoner should not only tell us whether a given D-
onjun
tion is satis�able,but also whi
h variables in it must take the same value in solutions.DEFINITION 32 (Key-admissible) A 
on
rete domain D is 
alled key-admissible i� there exists an algorithm that takes as input a D-
onjun
tion
, returns 
lash if 
 is unsatis�able, and otherwise non-deterministi
ally out-puts an equivalen
e relation � on the set of variables V used in 
 su
h thatthere exists a solution Æ for 
 with the following property:Æ(v) = Æ(v0) i� v � v0 for all v; v0 2 V:We say that extended D-satis�ability is in NP if there exists an algorithmas above running in polynomial time.This property is mu
h less esoteri
 than it seems: as noted in [2℄, any
on
rete domain that is admissible and provides for an equality predi
ateis also key-admissible. This rather weak 
ondition is satis�ed by almostall (admissible) 
on
rete domains proposed in the literature, 
.f. Se
tion 4.Using a tableau algorithm, Are
es et al. [2℄ obtain a mat
hing upper boundfor Theorem 31:
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es et al.) Let D be a 
on
rete domain that is key-admissible. If extended D-satis�ability is in NP, then pure ALCOK(D)-
on
ept satis�ability w.r.t. Boolean key boxes is in NExpTime.Note that, in 
ontrast to Theorem 31, 
on
epts do not have to be path-free.As usual, 
orresponding 
o-NExpTime results are obtained for 
on
eptsubsumption.Are
es et al. also 
onsider the extension of the des
ription logi
 SHOQ(Dn)(see Se
tion 3.2) with key boxes. Sin
e SHOQ(Dn) provides only for thepath-free variant of the 
on
rete domain 
onstru
tor, it is natural to re-quire key boxes to also be path-free. Due to the fa
t that ea
h path-freeALCK(D)-
on
ept is also a path-free SHOQ(Dn)-
on
ept, Theorem 31 pro-vides us with a lower NExpTime 
omplexity bound. In [2℄, the 
orrespond-ing upper bound is obtained by devising an appropriate tableau algorithm:THEOREM 34 (Are
es et al.) Let D be a 
on
rete domain that is key-admissible. If extended D-satis�ability is in NP, then path-free SHOQ(Dn)-
on
ept satis�ability w.r.t. path-free key boxes is in NExpTime.Note that the key boxes in Theorem 34 are not required to be Boolean! Weobtain a 
orresponding 
o-NExpTime bound for 
on
ept subsumption.4 Con
rete domainsIn this se
tion, we dis
uss several 
on
rete domains that have been proposedin the literature. We start with numeri
al 
on
rete domains, whi
h areuseful in a wide range of appli
ation areas, and then 
onsider more spe
i�

on
rete domains su
h as temporal and spatial ones.4.1 Numeri
al 
on
rete domainsLet us start with re
onsidering the 
on
rete domain Q introdu
ed in Se
-tion 2. It is based on the rational numbers Q and provides for the followingpredi
ates:� (unary) predi
ates <q, �q, =q , 6=q, �q, and >q for 
omparisons withrational numbers q;� binary 
omparison predi
ates <, �, =, 6=, �, and >;� a ternary addition predi
ate + and its negation +;� unary predi
ates >Q and ?Q (for admissibility).Note that we 
ould drop some of the predi
ates sin
e, e.g., 9u:<7 
an bewritten as 9g:=7 u 9u; g:<, and 9u1; u2:� 
an be written as 9u1; u2:= t
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on
ept satis�abilityQ + `�' + `int' unde
idable unde
idableQ + `�' in ExpTime in NExpTimeQ + `int' NP-
omplete PSpa
e-
ompleteQ in PTime PSpa
e-
ompleteFigure 1. Numeri
al 
on
rete domains and their 
omplexity9u2; u1:<.5 It is not very hard to prove that Q-satis�ability is in PTimeusing a redu
tion to linear programming (LP). More pre
isely, a linear pro-gramming problem has the form Ax = b, where A is an m � n-matrix ofrational numbers, x is an n-ve
tor of variables, and b is an m-ve
tor of ra-tional numbers (see, e.g. [58℄). A solution of Ax = b is a mapping Æ thatassigns a rational number to ea
h variable su
h that the equality Ax = bholds. De
iding whether a given LP problem has a solution is well knownto be in PTime [58℄. Details on the redu
tion of Q-satis�ability to linearprogramming 
an be found in [45℄.There exist several interesting predi
ates that 
an be added to Q in orderto extend its expressive power. From the viewpoint of many appli
ations,the most useful ones are the following:{ ternary predi
ates � and � with (�)Q = f(q; q0; q00) 2 Q3 j q � q0 = q00gand (�)Q = Q3 n (�)Q;{ unary predi
ates int and int with (int)Q = Z (where Z denotes theintegers) and (int)Q = Q n Z.Adding di�erent 
ombinations of these predi
ates, we obtain three exten-sions of the 
on
rete domain Q, whi
h are listed in Figure 1, together withknown 
omplexity bounds on D-satis�ability and pure ALC(D)-
on
ept sat-is�ability. Note that, sin
e the obtained 
on
rete domains should be admis-sible, we assume that the addition of the predi
ates `�' and `int' implies theaddition of their negations. Let us dis
uss the given bounds in some moredetail:{ It is easily proved that the 
on
rete domain Q + `�' + `int' is un-de
idable using a redu
tion of Hilbert's 10-th problem. Clearly, theunde
idability is inherited by ALC(D)-
on
ept satis�ability.5It is suÆ
ient to provide, for example, the predi
ates f=q j q 2 Qg [ f<, +g: allother predi
ates 
an be de�ned in terms of these. The 
orresponding 
on
rete domain is,however, not 
losed under negation and thus not admissible.



Des
ription Logi
s with Con
rete Domains 289{ The ExpTime upper bound for Q + `�' stems from the fa
t that,for this 
on
rete domains, �nite predi
ate 
onjun
tions 
an be trans-lated into formulas of Tarski algebra (also known as the theory ofreal 
losed �elds) without quanti�er alternation. The satis�abilityof su
h formulas has been proved to be de
idable in ExpTime [48;26℄. The NExpTime upper bound for ALC(D)-
on
ept satis�abilitystems from a more general variant of Theorem 7 that is proved in [45℄.In [12℄, it has even been proposed to use all formulas of Tarski algebra(also those with quanti�ers) as 
on
rete domain predi
ates. For the
on
rete domain obtained in this way, D-satis�ability is ExpSpa
e-
omplete [48℄.{ Finally, NP-
ompleteness of the 
on
rete domain Q + `int' 
an beshown via mutual redu
tions to and from mixed integer programming(MIP), i.e., linear programming with an additional type of variablesthat must take integer values in solutions. De
iding the existen
e of asolution for MIP problems is known to be NP-
omplete. More detailson the redu
tions 
an be found in [45℄. The 
omplexity of ALC(D)-
on
ept satis�ability is then obtained from Theorem 7.Note that some fragments of the 
on
rete domain Q are also interesting,examples being the 
on
rete domains C and C+ dis
ussed in Se
tion 3.2:in 
ontrast to Q itself, they 
an be 
ombined with general TBoxes withoutlosing de
idability.4.2 Other 
on
rete domainsIn this se
tion, we present two examples for non-numeri
al 
on
rete do-mains that have been proposed in the literature. The �rst example is 
on-
erned with representing time: sin
e it is a natural idea to take into a

ounttemporal aspe
ts when reasoning about 
on
eptual knowledge, many tem-poral extensions of des
ription logi
s have been proposed, see e.g. [56; 5;62℄ and the survey [6℄. As dis
ussed in [45; 43℄, one possible approa
h forsu
h an extension is to use an appropriate, temporal 
on
rete domain whi
hwe introdu
e in the following.In temporal reasoning, one of the most fundamental de
isions to be madeis whether to use time points or time intervals as the atomi
 temporalentity. Time points 
an obviously be represented using numeri
al 
on
retedomains su
h as those from Se
tion 4.1. If we 
hoose time intervals as ouratomi
 temporal entity, it seems appropriate to de�ne an interval-based,temporal 
on
rete domain. Usually, su
h 
on
rete domains are based on the13Allen relations, whi
h des
ribe the possible relationships between any twointervals over some temporal stru
ture. We refer to [1℄ for an exa
t de�nition
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k before gray after bla
kbla
k meets gray met-by bla
kbla
k overlaps gray overlapped-by bla
kbla
k during gray 
ontains bla
kbla
k starts gray started-by bla
kbla
k �nishes gray �nished-by bla
kFigure 2. The Allen relations (without equal)and 
on�ne ourselves with the graphi
al presentation of the relations givenin Figure 2. The most important property of the Allen relations is that theyare jointly exhaustive and pairwise disjoint, i.e., for ea
h temporal stru
ture(T;�) and t1; t2 2 T , there exists exa
tly one relation r su
h that t1 r t2.We now de�ne a 
on
rete domain I that is based on the temporal stru
ture(Q; <):{ �I := f(t1; t2) j t1; t2 2 Q and t1 < t2g;{ �I 
ontains unary predi
ates >I and ?I (with the obvious extension)and binary predi
ates rel and rel for ea
h Allen relation rel su
h that(rel)I = f(i1; i2) 2 �I ��I j i1 rel i2g and (rel)I = �2I n (rel)I.It is easily veri�ed that I satis�es Property 1 of admissibility. Moreover, itfollows from standard results in temporal reasoning that I-satis�ability isNP-
omplete|more details 
an be found in Se
tion 2.4.3 of [43℄. Thus, fromTheorem 7 we obtain that ALC(I)-
on
ept satis�ability isPSpa
e-
omplete.Interestingly, there exists a polynomial redu
tion of ALC(I)-
on
ept sat-is�ability to ALC(C)-
on
ept satis�ability, where C is the 
on
rete domainbased on Q and the binary 
omparisons <;�;=; 6=;�; > introdu
ed in Se
-tion 3.2: intuitively, it is possible to represent intervals in terms of theirendpoints and Allen relations in terms of 
omparisons between intervalendpoints|details 
an again be found in Se
tion 2.4.3 of [43℄. Sin
e thisredu
tion also works in the presen
e of general TBoxes, Theorem 11 impliesthat ALC(I)-
on
ept satis�ability w.r.t. general TBoxes is de
idable (andExpTime-
omplete). The usefulness of ALC(I) with general TBoxes fortemporal reasoning is illustrated in [40℄ in a pro
ess engineering 
ontext.It should be noted that ALC(I) (without TBoxes) has been used to obtain
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r1d
 r2 r1e
 r2 r1po r2 r1tpp r2r1 r2 r1 r2 r1 r2 r1 r2 r1 r2r1ntpp r2Figure 3. The RCC-8 relations in two-dimensional spa
e
omplexity results for an interval-based temporal des
ription logi
 that isnot based on 
on
rete domains [7℄.Although spatial aspe
ts are as important for 
on
eptual reasoning asare temporal aspe
ts, until now only rather few spatial des
ription logi
shave been proposed, see e.g. [27; 37; 38℄. This is parti
ularly surprisingsin
e, in the spatial 
ase, the number of 
hoi
es for atomi
 entities andrelations/predi
ates is mu
h larger than in the temporal 
ase: as spatialprimitives, we may use points in a metri
, Eu
lidean, or topologi
al spa
e,sets of su
h points (to represent regions), or sets of su
h points with 
ertain
hara
teristi
s su
h as 
onne
tedness or de�nability by polytopes. For thepredi
ates, we may for example 
hoose distan
e relations, orientation rela-tions, or the so-
alled RCC-8 relations. In the following, we take a 
loserlook at the last possibility sin
e this approa
h has been used in the onlyspatial des
ription logi
 based on 
on
rete domains that has been proposedin the literature [27℄.The set of so-
alled RCC-8 relations is well-known from the area of quali-tative spatial reasoning [52; 14; 53℄. RCC-8 
onsists of eight jointly exhaus-tive and pairwise disjoint relations that des
ribe the possible relationshipsbetween any two regular 
losed regions in a topologi
al spa
e.6 For 2Dspa
e, the relations are illustrated in Figure 3, where the equality relationeq, the inverse tppi of tpp, and the inverse ntppi of ntpp have been omitted.We now de�ne a spatial 
on
rete domain S based on the standard topologyof two-dimensional spa
e:{ �S is the set RCR2 of all regular 
losed subsets of R2;{ �S 
ontains unary predi
ates >S and ?S and binary predi
ates reland rel for ea
h topologi
al relation rel su
h that (rel)S = f(r1; r2) 2RCR2 �RCR2 j r1 rel r2g and (rel)S = �2S n (rel)S..The 
on
rete domain S obviously satis�es Condition 1 of admissibility. Us-ing standard results from qualitative spatial reasoning, it is straightforward6A region r is regular 
losed if it satis�es ICr = r, where C is the topologi
al 
losureoperator and I is the topologi
al interior operator.
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an be found in [45℄. Thus,ALC(S)-
on
ept satis�ability is PSpa
e-
omplete by Theorem 7. In [27℄,the 
on
rete domain S has been used in the des
ription logi
 ALCRP(S),i.e. ALC(S) extended with the 
on
rete domain role 
onstru
tor from Se
-tion 3.3, to reason about spatio-terminologi
al knowledge. By Theorem 23,ALCRP(S)-
on
ept satis�ability is inNExpTime|the 
orresponding lowerbound does not apply sin
e S is not arithmeti
. It is an interesting openquestion whether the des
ription logi
 ALC(S) 
an be 
ombined with gen-eral TBoxes without losing de
idability.Other sets of relations from the area of qualitative spatial reasoning (seee.g. [59℄) may be used to de�ne di�erent spatial 
on
rete domains. Inter-esting related work has been presented in [37; 38℄: the authors propose to
ombine des
ription logi
s with modal logi
s for metri
 spa
es. The expres-sive power of the resulting spatial des
ription logi
s seems to be orthogonalto the expressive power of spatial des
ription logi
s based on 
on
rete do-mains.5 Final remarksIn this paper, we have given an overview over the resear
h on des
riptionlogi
s with 
on
rete domains, fo
ussing on de
idability and 
omplexity re-sults. We have tried to 
over most relevant results, but had to drop afew issues due to spa
e limitation. For example, one omission 
on
erns so-
alled ABoxes whi
h are frequently used to des
ribe states of the world.ABoxes are not an extension of the 
on
ept language but rather situated\outside of it", similar to TBoxes (nevertheless, ABoxes are 
losely relatedto nominals, though mu
h weaker). It seems that there exists no naturaldes
ription logi
 with 
on
rete domains for whi
h reasoning with ABoxes isof a di�erent 
omplexity than reasoning without ABoxes. Some results onthe 
ombination of ABoxes and 
on
rete domains 
an be found in, e.g., [28;45; 43℄.We should like to note that the resear
h on des
ription logi
s with 
on-
rete domains has already led to �rst reasoning systems that are equippedwith 
on
rete domains: the RACER system o�ers a 
on
rete domain basedon linear equations and inequalities resembling the 
on
rete domain Q dis-
ussed in Se
tion 4.1 [29℄. Moreover, there exist plans to extend the FaCTsystem [32℄ with 
on
rete domains. Sin
e both RACER and FaCT provide forgeneral TBoxes, they only o�er the path-free variant of the 
on
rete domain
onstru
tor dis
ussed in Se
tion 3.2. Serious implementations of des
riptionlogi
s that provide for the full 
onstru
tor remain yet to be seen.
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