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ABSTRACT: The analytical problem of transverse impact by a rigid body on a rectan-
gular composite plate is considered. The calculation of displacements, deformations and
stresses in conjunction with the characteristics of impact contact interaction is provided.
The analysis of transverse stresses arising under short-time impulse in graphite/epoxy and
organic glass/polymeric adhesive laminated plates is performed. The results illustrating
dependencies of a contact force on time are given for various levels of mass and velocity
of the impactor at the prescribed impact energy. The analysis of impact damage zones in
a three-ply and a five-ply graphite/epoxy laminate (particularly, having soft polymeric in-
terleaves) is presented for the case of 2-2.5 J impact energy and different mass and veloc-
ity combinations. The changing of the failure mode increasing the impactor velocity
(decreasing the mass) is followed up.

INTRODUCTION

T HE THEORY OF deformation and failure of composite plates subjected totransverse low velocity impact, remains to be rather undeveloped. A great
majority of papers devoted to this subject are based on the theories of thin aniso-
tropic plates which don’t allow accounting for stress wave propagation processes
through the thickness, and accordingly analyzing all the typical impact failure
modes described in experimental works. The principal necessity is to take into
account the structural inhomogeneity of the plate, namely the mechanical inho-
mogeneity of reinforced materials and the presence of layers having different
mechanical characteristics. These require that special approaches to the analyses
would be elaborated. For example, solving the problem of the theory of elasticity
in terms of displacements, using finite element or finite difference methods, one
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is to add certain special procedures to calculate the interlaminar stresses. The
alternative approach, based on a hybrid finite element with independent approx-
imations of displacements and stresses, leads to higher-order systems of equa-
tions and requires extensive computer time and resources. Therefore, some new
ideas are required to elaborate more efficient numerical methods to handle differ-
ent dynamic problems of laminated composite structural elements.
To consider the impact problem, a certain theoretical model to describe the

dynamic contact interaction is needed. Three different levels of this model can be
selected from the literature. The most simple way is to reduce the problem of ob-
taining the response characteristics of the plate under an impulse of normal
pressure. The duration of the impulse and the amplitude of the pressure depend
on the mass and velocity of the impactor and elastic properties of the plate. To
establish these relations can be used the experimental data or simple theoretical
models like impact on a half-space using the classic Herz’s formula. The applica-
tion of this approach is restricted by rather low impactor velocities when the im-
pact time is much longer than the period of eigen vibrations of the plate at the
main mode. The discussion and numerous applications of this approach can be
found in Reference [6].
The most popular is probably the approach introduced by S. P. Timoshenko.

He considered the normal transverse impact of a steel ball at steel beam. Accord-
ing to him the normal displacement of the ball is a sum of two terms. They are
the deflection of the beam and local penetration. The latter term can be evaluated
using the classic Hertz’s formula. A valuable step in the application of this ap-
proach to composites was made in References [7-9]. In Reference [7] it was
stated that the crater on impacted surface can be easily created in the case of
graphite/epoxy plates even at comparatively low impact velocities, and therefore,
it is more realistic to use the contact law [7] instead of Hertz’s contact law. Other-
wise, we can note that there are experimental data [10], for example, that reveal
certain fundamental distinctions in the deformation processes for thermoset and

thermoplastic graphite composites at low velocity impact loading. One of them
is the creation of a small dent on the impacted surface of thermoplastic compos-
ites and absence of visible damages on the same surface of thermoset composites
up to the start of cracking on the opposite surface. In a great number of ex-
perimental works for different graphite composites, it was stated that in the range
of impact energy up to 5 J, the typical are invisible or barely visible from the im-
pacted surface internal damages. It is obvious that the universal contact law is to
take into account both the plastic deformation and the cracking of matrix in the
vicinity of indentor. It seems very complicated to formulate such a law in a cor-
rect mathematical way and, moreover, to use it in practical calculations. The gen-
eral restriction of this kind of model, based on quasi-static impact interaction
simulation, is that the interaction time used to be substantially greater than the
time of a one-way run of a stress wave through the characteristic size of a target
body (in particular, its thickness).
The more general and, correspondingly, more complex approach for solving

the problem of impact-contact interaction, is based on a formulation of the joint
dynamic contact problem for the system &dquo;impactor-target.&dquo; There are two ver-
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sions of such an approach known from the literature. The first one is tightly con-
nected with the particular numerical method to be applied: finite element or finite
difference method [11]. The second is based on some variational principles [12]
and seems to be more promising for complex dynamic contact problems. It is
worth noting that particular numerical results have been obtained by use of both
of these approaches only for rather simple three-dimensional quasi-static and
two-dimensional dynamic problems.
The other significant problem is to calculate the stress-strain state in a plate

during the impact loading. For the detailed impact failure analysis, an approach
based on the equations of three-dimensional theory of elasticity for laminated
anisotropic media [13-16] is needed. In Reference [13] the numerical solution
based on 8-node rectangular finite element was elaborated. An impact interaction
problem was reduced to the loading by a prescribed surface pressure impulse. In
References [14-16] the same numerical approach was used together with the con-
tact interaction law [7]. The most interesting in Reference [14] is the analysis of
the location and the size of delaminations. The calculated &dquo;map of delaminations&dquo;
is compared to the experimental results [13] and a very good agreement between
these results is obtained. For the same purpose, a combination of two failure

criteria-tensor-polynomial for in-ply failure and Hashin’s criteria for in-
terlaminar failure, were presented in Reference [15]. The strain energy density as
a function of time was calculated in Reference [16] on the basis of the finite ele-
ment. The results obtained for various ply orientations in a laminate revealed that
the strain energy propagates considerably faster in the direction of reinforcement
than in transversal directions. These results correspond to the experimental fact
that impact damage zones are strictly extended in the direction of reinforcement.
It was also stated in Reference [16] that distribution of strain energy density
through the thickness depends substantially on the structure of a laminate. The
possibility of an analytical prediction of different types of damages in a graphite/
epoxy laminate was illustrated in Reference [3]. In the following sections, we
shall continue to discuss this subject, emphasizing the fact that it is not sufficient
to operate with impact energy only. Both the parameters, mass and velocity
which form the prescribed impact energy, are of a great importance.

PROBLEM FORMULATION

Let us consider first the calculation of displacements strains and stresses in a
multilayered orthotropic plate under the impulse surface load [Figure l(a)]. Rec-
tangular plate of length L in the x-direction, width A in the y-direction and thick-
ness H is considered and is located in Oxyz coordinates to occupy the region
[O,L]*[O,A]*[O,H]. The plate consists of n orthotropic layers. In each layer the
orientation of principal material axis is defined relative to the x-axis and denoted
6k, k = 1,...,n. The 3-D linear dynamic problem is formulated. The strain

components are expressed through the displacement components ux (x, y, z, t),
u,, (x, y, z, t), Uz (x, y, Z, t) in the form
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Figure 1. Multilayered plate, coordinate system (a); division into sublayers in z-direction
and intervals in x-direction (b).

In a certain layer, with respect to Qxyz-coordinates, the stress-strain relations
can be written

The 0’-&dquo; are the kll layer stiffness transformed to Oxyz coordinates. The kinetic
and potential energy can be expressed as
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Assuming the following boundary conditions on the bottom and top surfaces

the external load work can be evaluated as

To obtain the actual displacement field, the Lagrangian principle is applied and
requires that

METHOD OF SOLUTION

Considering the multilayered plates, we have to discuss the displacement ap-
proximation in the direction transversal to the interfaces of different layers. In
general, it can be written as
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where Z, (z) are the basic functions and u, (x, y, t), v, (x, y, t), w, (x, y, t) are the ap-
proximation coefficients. In the case of perfect contact between different layers all
components of displacements are continuous through the thickness of the plate.
Focusing the attention now on the different layer interfaces and keeping in mind
that for actual stress-strain state, the transversal shear and normal stresses (Ju,
or,,,,, a., are continuous on different layer interfaces. We have to admit discon-
tinuity of Eu, &euro;..,, E,,= on the interfaces. Concluding we can formulate the follow-
ing features of the functions Z, (z)
1. Z,(z)i = 1,2,... are continuous for 0 < z < H.
2. [dZ,(z)ldz] may suffer the disruption of the first kind on the interfaces be-

tween layers.
The second aspect to be discussed is the displacement approximation in direc-
tions x and y. The three-dimensional displacement approximation can be rewrit-
ten as

The superscripts are used to point out that in a general way different functions are
used for different displacement components approximation. Indeed considering
any problem, we have to satisfy a certain type of boundary condition on the
lateral sides, and the mathematical formulation of the limitations for different
components of displacements of cause can be different. So we have to use differ-
ent basic functions for their approximation. Considering the smoothness of this
function, they are supposed to have continuous derivatives in every point of the
intervals 0 s x =::; L and 0 <_ y =::; A, because layers are homogeneous in x- and
y-directions.

SPLINE APPROXIMATION

The polynomial spline functions were applied [1-5] to displacements approx-
imation both in transversal and inplane coordinates. Let us consider the approx-
imation in transverse direction first. Every layer is divided into a certain number
of sublayers lk , k = 1,...,n, by the planes z = z,, i = 1,...,N - 1, 0 <

zl < ... < zN = H. Here
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is the total number of sublayers. The coordinates of the interlaminar plains are
ZIs’ S = 1,..., n - 1

To satisfy the above requirements on displacements and deformations, the re-
current procedure for constructing special linearly independent spline functions
was elaborated. These spline functions, designated as Zm,, (z), are of mth degree
and possess the defect k, = 1 in the nodes z&dquo; I # I~ , s = 1,...,n - 1 and the
defect ~2:~ >: kz >- k, in the nodes z,, i = I,,, s = 1,...,n - 1. If k2 = m,
then according to Equation (11), displacements can be m - 1 times continuously
differentiated with respect to z on the intervals ZIs-1 < z < ZIs’ s = 1,...,n, but
their first derivatives can be discontinuous at z = ~7,, ~ = 1,...,n - 1. For
the case m >- 2, the proposed approximation gives continuous displacements
through the thickness of a package, as well as continuous strains and stresses
through the thickness of each physical layer. On the interlaminar planes, there are
disruptions in the magnitudes of transversal strains and stresses also, but use of
more and more dense division into sublayers the disruptions of transversal
stresses can be made less than every prescribed value when the disruptions of
transversal strains remain. The details of the recurrent procedure will be con-
sidered for the particular cases k2 = m and k2 = kl = 1 in Appendix 1.
The next step is to approximate u., (x, y, z), u~ (x, y, z), u. (x, y, z) - with respect to

x and y coordinates by use of local polynomial splines. Let us introduce two sets
of the nodes 0 = xo < x, < ... < xM = L and 0 = Yo < YI < ... <

yp = A on x- and y-axes. Due to presupposed homogeneity of all the mechanical
characteristics of a layer along x and y coordinates, the u, (x, y, t), v, (x, y, t),
w, (x, y, t) functions in Equation (7) have to be continuously differentiated with re-
spect to x and y coordinates.

Finally, the displacements can be introduced in the following form:
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where (xm,,,(x)} and [Xm2,k(Y)} are the sets of linearly-independent spline func-
tions of mi- and m2-degrees, accordingly. They are to have the defect k = 1 in
all nodes. The procedure for their calculation follows from the general recurrent
procedure at k2 = k1 = 1.

By use of Equation (9), one can calculate a three-dimensional field of displace-
ments in a laminated rectangular plate at homogeneous or inhomogeneous bound-
ary conditions, imposed on the six boundary surfaces. Particularly for a laminate
as a whole there can be formulated free support, clamping, free-edge conditions,
or a combination thereof. It is possible also to impose an individual set of bound-
ary conditions for each ply in a laminate, or for a certain group of plies.
The clamped edge boundary conditions will be considered as an example. Let

us denote the edges of a plate in the following order

Then

where n = x for i = 2,4 and n = y for i = 1,3. Accordingly, the values of
spline functions at the ends of the interval, which are represented in Appendix 1,
can be obtained from Equation (9)
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To provide Equation (10) we are to let in Equation (9)

To modify Equation (9) by eliminating the terms corresponding to Equation (11),
we shall first introduce the vectors of basic spline functions and unknown coeffi-
cients. The components of the vector of basic spline functions X(x, y, z) which
correspond to Equation (9) are definite as follows:

The vectors of unknown coefficients

Now we can write instead of Equation (9)

It was shown that to modify this approximation in order to satisfy the boundary
conditions, we are to eliminate the components of the X (x, y, z) which corre-
sponds to Equation (11) decreasing the number of degrees of freedom. The rela-
tion between the modified vector of spline functions X (x, y, z) and X (x, y, z) can
be written as

To obtain the components of the nonsquare matrix, Cu, we are to assume it is the
single matrix and then to delete the following rows
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Similar procedures are to be applied to other displacement components and the
required approximation which satisfies the boundary conditions can be written

The set of equations to obtain the vectors of the coefficients of spline approxima-
tion can be obtained substituting Equation (12) in Equations (1), (2), and (3) and
satisfying Equation (9). This set of equations is given in Appendix 2. To solve the
set of ordinary differential equations, the implicit Wilson’s method is used. After
the calculation of the vectors of unknown coefficients U(t), V(t), W(t) the dis-
placements can be obtained using Equation (12) and then the strains and stresses
by use of Equations (1) and (2).

STRESS WAVE PROPAGATION IN A LAMINATED PLATE
UNDER PRESCRIBED SURFACE LOAD PULSE

The method is capable of calculating the response characteristics of a multi-
layered plate to a very short time loading and investigating the stress wave propa-
gation through the thickness of the plate. Let us consider a two-dimensional
problem of the dynamic bending of a laminated plate, presupposing that the plate
is infinitely long in y-direction (cylindrical bending). The load is prescribed by
the formula

where

Two typical plates are considered. The first is manufactured of a cross-ply
graphite/epoxy composite with unidirectional monolayers. The material of a
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monolayer has the following characteristics: E, = 1.94. 10&dquo; N/m2, E3 =
7.72 . 109 N/mz, v,3 = 0.3, G,3 = 4.21 - 109 N/m2, e = 1.63 . 103 kg/ml (sub-
script 1 corresponds to the direction of reinforcement in a monolayer). The sec-
ond plate is manufactured of isotropic organic glass layers with characteristics:
E = 6 - 10’° N/m2, v = 0.3, e = 1.5 - 103 kg/m3, and adhesive polymeric
layers with E = 2.8 . 109 N/m2, v = 0.33, e = 103 kg/m3. The values L =
1 m, H = 0.01 m, E = 0.02L are used.
The magnitudes of QZ=lq° for three-ply laminates under short-time impulse

loads are shown in Figures 2 and 3 for several consecutive time instants. The
direction of motion of the input impulse is indicated by arrows, as well as the
direction of motion of the impulses passing through and reflected by the inter-
faces, upper and bottom free surfaces. It is seen from Figure 2, that in the case
of orthotropic three-ply laminate having [0/90/0] layer layup, distortion of the in-
put impulse is negligible. There are no visible impulses reflected from the inter-
faces. This effect can be explained by the identity of transverse elastic character-
istics of a monolayer, presupposed in this calculation. From the results shown in
Figure 3, it is obvious that in the case of a strong inhomogeneity of elastic charac-
teristics through the thickness of a laminate, it is possible to govern stress wave
propagation process and, therefore, to find the optimum structure of a laminate,
which provides best resistance against the prescribed short-time pressure im-
pulse.

NUMERICAL SIMULATION OF THE IMPACT INTERACTION

The variational approach by use of the Lagrange function for the system
impactor-target is developed. The condition of nonpenetration is imposed at the
contact zone, i.e., the normal displacement of the plate surface is mismatched
with the impactor surface normal displacement. The friction in tangential direc-
tion is not accounted for. The method is capable of calculating the contact force,
the velocity of the impactor and the size of the contact zone as well as the stress-
strain field in the multilayered target versus time.
Let us consider the 2-D problem of the rigid body transverse impact at the mul-

tilayered target (Figure 4). The impactor shape is prescribed by a smooth func-
tion z’ = f (x’ ) = f ( -x’ ) in the local coordinate system 0’x’z’. The width of
the contact zone at the time instant t is 2E(t). The normal displacement of the im-
pactor is Y(t). The initial conditions of this function are as follows:

where Vo is the initial velocity of the impactor, the nonpenetration condition can
be formulated as follows:
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Figure 2. Dependencies of transverse normal stress on Z-coordinate at the middle section
of a (0°l90°l0°J J graphite/epoxy plate at several time instants: t = 2to (a), 4to (b), 6to (c),
and 10to (d). to = the loadmg time.

Figure 3. Dependencies of transverse normal stress on Z-coordinate at the middle section
of a three-ply organic glass/adhesive/organic glass plate at several time instants: t = 2to
(a), 4to (b), 8to (c), 11 to (d), and 12to (e). to = the loading time.

Figure 4. Numencal simulatIon of impact mteraction.
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The problem can now be formulated as a variational problem

under the conditions of Equation (13). Where the kinetic and potential energy are
expressed through the coefficients of displacement approximation in directions x,
z and M is the mass of impactor. To reduce the problem to the conditionless varia-
tional problem, we are to formulate Equation (13) in terms of spline functions. A
possible formulation of the upper part of Equation (13) is

According to Equation (14) the discrepancy between normal displacement of the
plate surface and the surface of impactor is orthogonal to all basic spline func-
tions at the surface z = H. Using the Lagrange multiplier X(t) we can formu-
late the following conditionless variational problem

To derive the equations for obtaining the coefficients of spline approximation, the
displacement of impactor and contact zone width, you must take the complete
first variation of this functional and impose the independent terms to be zero.
This set of equations is given in Appendix 3. It follows that the contact pressure
at the contact zone can be evaluated as

and the contact force
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To obtain the contact zone width the following equation is to be applied

The solution procedure is based on the simultaneous step by step integration of
equations for the plate under the load [Equation (15)] and the equation for impac-
tor displacement under the force [Equation (17)] using implicit Wilson’s method.
To satisfy Equations (14) and (15) for obtaining the contact pressure and contact
zone width, an iterational procedure was elaborated.

IMPACT CONTACT FORCE VERSUS TIME FOR DIFFERENT
VELOCITIES AND MASS OF IMPACTOR

Let us consider low velocity rigid body impact on a rectangular plate as-
sembled of graphite/epoxy unidirectional reinforced layers (fiber GY70) having
the following elastic characteristics [6]:

Geometric parameters are L = 0.2 m, A = 0.01 m and H = 0.01 m. All the
layers in a laminate are of equal thickness. The lay-up is [0/90/0] (fiber in the up-
per layer is oriented along the x-axis). All the numerical examples were calcu-
lated for impact energy in the range of 1.96-2.46 J. As it is seen from Figures
5-8, the dependency of contact force F(t) is sharply different between a combina-
tion of small mass and high velocity and that of a large mass and very low veloc-
ity. According to Figure 5 in the case of heavy impactor the F(t) function can be
represented in a form of superposition of a sinusoidal function.

where to = 0.0182 sec, and short-period oscillations. The period of these oscilla-
tions is directly related to the time tH of stress wave propagation through the
thickness of a plate. The P (t) function of both the parameters Po and to can be
evaluated exactly from a very simple energetic consideration [12]. By comparing
F(t), dependencies presented in Figure 6 for three pairs of M and Vo one can con-
clude that repeated impacts are typical for contact interaction process at rather
small mass and high velocity. It is interesting that the duration of the individual
collisions and the time intervals between the subsequent collisions are practically
independent of the mass and velocity values. Let us note also one general trend.
If M value increases and, along with this, Vo value decreases (impact energy pre-
serves constant) than the absolute maximum of F(t) corresponds to the second,
third, and subsequent peaks on F(t) curve. This tendency is valid up to certain
M value at which separate collisions cannot be distinguished and they form
&dquo;background&dquo; on which global plate deformation develops (see Figure 5).
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Figure 5. Dependency of contact force on time for M = 17 kg, Vo = 0.48 m/sec.
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Figure 6. Dependency of contact force on time for M = 25 g, Vo = 13.5 mlsec (1); M =
0.2 g, Vo = 4.5 mlsec (2); M = 17 kg, Vo = 0.48 m/sec (3).
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Figure 7. Dependency of contact force on time for M = 1 g, Vo = 70 m/sec (1); M = 3 g,
Vo = 40.5 mlsec (2).
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Figure 8. Dependency of contact force on time for M = 25 g, Vo = 27 m/sec (1); M =
25 g, Vo = 13.5 m/sec (2).

At very small M values according to Figure 7, the F(t) peak corresponds to
time values less than 2tH and the peak value itself increases. The influence of Vo
value on F(t) at constant M is illustrated in Figure 8. It can be seen that twice the
enlargement in Vo results in twice the enlargement in F(t) peak values. However,
the duration of the first and the second collisions and the time interval between
these collisions do not change.

ANALYSIS OF IMPACT DAMAGE ZONES

The method can calculate all the components of displacement vector, strain and
stress tensors in arbitrary point inside the volume of laminated plate during the
whole impact event. The calculated values can be compared to their ultimate
values at each step of numerical integration procedure. Let us designate R 1=1,
R3 , and R, the ultimate strength values for unidirectional reinforced lamina in
the direction of fibers, in the transverse direction, and in shear deformation, re-
spectively (the sign &dquo;+&dquo; corresponds to tension, &dquo;-&dquo; to compression). If any
stress component at some point inside a plate reaches its ultimate value, this point
is marked on the two-dimensional map of impact damages. On the following fig-
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ures (9 and 10) the damage zone corresponding to all ~ R, condition is marked
by dots, the zone corresponding to Q33 -5 -R-3by the color black, corresponding
to Q33 >- R3 by vertical shade and corresponding to Q,3 ~ ? R, condition by
oblique shade. By use of maximum stress criterion (as well as any other phenom-
enological strength criterion) we can correctly determine only one point on the
map of damages. After each of the failure events, we first reduce certain stiffness
characteristics of a lamina and, therefore of a package as a whole. Secondly, we
are to take into account local overstress in the vicinity of each damage. Such a
calculation needs a much more perfect procedure than we now have. But we can
get certain useful information about damage zones (particularly, general trends
of development, their final extent and moreover, intersections of zones corre-
sponding to different failure modes). The &dquo;final&dquo; maps of damage zones are
plotted in Figures 9 and 10 without taking into account any changes in stiffness
characteristics and local overstresses. These &dquo;final&dquo; maps contain the largest
damage zone for each failure mode calculated during the whole impact event.
The calculations were performed for the laminate structure [0/90/0] at the follow-
ing strength characteristics [12]: Ri = 230 MPa, R3 = 20.7 MPa, R3 = 186
MPa, R, = 59.3 MPa. The time instants pointed out in Figures 5 and 6 corre-
spond to the largest damage zones during the whole impact event. It can be noted
that for heavy impactor the most dangerous mode of failure is fiber breakage on
the back surface. At M = 25 g, there is a zone of internal transverse shear cracks

(rather small at Vo = 13.5 m/sec and much more extended, going through all the
plies at Vo = 27 m/sec). In the case of M = 1 g and Vo = 70 m/sec there are
two partly intersecting zones of transversal shear and normal tension cracks. In
such a situation the spalling-type failure seems to be the most probable. Let us
also note that at Vo = 27 m/sec [Figure 9, (c)-(e)] there is a small zone in the
vicinity of impactor where azz magnitudes exceed the R3 ultimate value. There-
fore, starting from this velocity value it is necessary to take into account the local
plasticity of material in the region close to the place of impact.

In Reference [3] it was shown theoretically that the introduction of thin poly-
urethane interleaves between adjacent plies of graphite/epoxy composite can be
a very effective method of stress state managing in a plate. Let us consider the
results obtained for the same [0/90/0] laminate, but having two different isotropic
material interleaves between 0 and 90 layers. The first material (designated fur-
ther as Rl) has the following characteristics: E = 1.6 GPa, v = 0.4, Q = 1400
kg/m3, R+ = 39.9 MPa, R- = 62.5 MPa. The second material (accordingly,
R2) has the following characteristics: E = 0.7 GPa, v = 0.43, Q = 1238 kg/m3,
R+ = 93.1 MPa, R- = 144.8 MPa. Both the types of interleaves have 1 mm
thickness. The structures of five-ply laminates can be designated as [0/Rl/90/
Rl/0] and [0/R2/90/R2/0] accordingly. The results of the same loading condi-
tions as for Figure 9 are presented in Figure 10. The comparison of Figures 9 and
10 leads to the conclusion that not only the presence of interleaves is important,
but also the ratio between E and R+ values. The effect of interleaves is rather
different for the materials Rl and R2. In the case of spalling-type failure mode,
the introduction of the interleaves of material R2 leads to separation of the failure
zones in different layers [compare Figures 9(d) and 10(d)] and makes more likely
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Figure 9. Impact damage zones for three-ply lammates at M = 17 kg, Vo = 0.48 m/sec
(a); M = 25 g, Vo = 13 m/sec (b); M = 3 g, Vo = 40.5 m/sec (c); M = 1 g, Vo = 70 m/sec
(d); M = 25 g, Vo = 25 m/sec (e).
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Figure 10. The same for five-ply laminates at M = 3 g, Vo = 40.5 m/sec [(a) and (b)];
M = 1 g, Vo = 70 m/sec ((c) and (d)]
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the internal spalling damage of either of the material pull-outs from the bottom
surface.

CONCLUSIONS

A numerical method for the calculation of the dynamic response characteris-
tics in a multilayered plate is proposed. The method is based on displacement
spline approximation and is capable of calculating stress-strain fields in compos-
ites subjected to a very short time loading. The stress wave propagation through
the thickness of three-layered isotropic and cross-ply graphite/epoxy plates was
investigated. To provide the redistribution of the amplitude of the stress impulse
passing through the thickness of a composite, a soft interleave between layers was
examined.
A low-velocity impact by a rigid body on a multilayered plate was considered.

To describe the impact interaction, a variational formulation of dynamic contact
problem was developed. The general conclusion from the analysis performed in
this paper is that the parameters of impact contact interaction and the characteris-
tics of stress state in a plate are very sensitive to both the velocity and the mass
of impactor at the given impact energy value. Different modes of failure in com-
posites can be realized, depending on the mass and velocity of impactor. At the
level of rather high velocities and small mass, the spalling-type failure is
revealed. To prevent the material pull-out of redistributing the normal tensile
stresses, different types of soft interleaves between layers are examined. Maxi-
mum efficiency performs thus with maximum strength-stiffness ratio.

APPENDIX 1

The recurrent procedure will be considered for the particular cases k2 = m
and k2 = k, = 1, the case when k2 = ki = 1 corresponds to a single-ply plate.
At m = 1, the approximation of displacements is carried out by means of
piecewise-linear standard &dquo;cap&dquo; splines (Figure Al.1). The higher order basic
functions can be calculated by use of successive integration of Zl,. (z)-functions
in accordance with the formulas

These functions do not possess a local supporter, therefore it is purposeful to in-
troduce into consideration their linear combinations:
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Figure A1.1. The Zml splmes at N = 12 for k, = k2 = 1 [(a) and (b)] and for k, = 1,
k2 = 1 ((c) and (d)].

The functions Z,,, (z), obtained by application of the Formulas (A1.1) and (A1.2)
to Z1,. (z), are presented in Figure Al.l(b).

For the splines with k2 = m which we need to approximate displacements in
a laminate, the same idea about subsequent integration of the first-degree basic
functions is used. Let us consider displacement, M~, omitting further, all the

arguments, except z. The desired mth degree spline approximation can be
written as

From the condition k2 = m, it follows that the function au,,Iaz is discontinuous
at z = ZIs’ S = 1,..., n - 1. We can approximate this function in the follow-
ing way

 at PENNSYLVANIA STATE UNIV on September 16, 2016jcm.sagepub.comDownloaded from 

http://jcm.sagepub.com/


543

The sets of spline functions ( Zms’1,, 1 ,=O are defined on intervals z,,-, < z < z~s,
s = 1, ... , n and possessing the defect k, = 1 in the nodal points inside the in-
tervals. On each interval they can be obtained applying m - 2 times [Equations
(Al.l) and (A1.2) to the first degree &dquo;cap&dquo; functions replacing zo, zN , N for z,,-,,
z,,,, ls accordingly. To get the desired approximation [Equation (A1.3)], we are to
apply one more time Equations (Al.1) and (A1.2) to Equation (Al.4) but on the
whole interval. The first degree splines to get the second degree spline approx-
imation when k = 2 for z = zI,, ZIz, ZI3 and k = 1 in other nodal points are
shown in Figure Al.l(c). The resulting second degree splines are represented in
Figure Al.l(d).
The following features of the spline functions at the ends of the intervals can

be established

where

APPENDIX 2

The following matrices are used in these equations:
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The #,~ (z) and Q (z) are the pice-vice constant functions defined as follows:

APPENDIX 3

The equations were derived imposing the partial variations on U(t), W(t),
Y(t), E(t) to be zero. To complete this set, the conditions of nonpenetrating
[Equation (14)] are required. The matrices in Equations (A3.1) and (A3.2) are
similar to that defined in Appendix 2.
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