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Abstra
t: Robustness problems due to the substitution of the exa
t 
omputation on realnumbers by the rounded �oating point arithmeti
 are often an obsta
le to obtain pra
-ti
al implementation of geometri
 algorithms. If the adoption of the exa
t 
omputationparadigm [12℄ gives a satisfa
tory solution to this kind of problems for purely 
ombinato-rial algorithms, this solution does not allow to solve in pra
ti
e the 
ase of algorithms that
as
ade the 
onstru
tion of new geometri
 obje
ts. In this report, we 
onsider the problemof rounding the interse
tion of two polygonal regions onto the integer latti
e with in
lusionproperties. Namely, given two polygonal regions A and B having their verti
es on the inte-ger latti
e, the inner and outer rounding modes 
onstru
t two polygonal regions A \ B andA \ B with integer verti
es su
h that A \ B � A \ B � A \ B. We also prove interestingresults on the Hausdor� distan
e, the size and the 
onvexity of these polygonal regions.Key-words: high level geometri
 rounding, �nite pre
ision geometry, interse
tion, poly-gons



Arrondi par défaut et par ex
ès d'opérations booléennessur des régions polygonalesRésumé : Les problèmes de robustesse liés à la substitution du 
al
ul exa
t sur les réels parle 
al
ul �ottant appro
hé de la ma
hine sont souvent un obsta
le à l'implantation pratiquedes algorithmes géométriques. Si l'adoption du paradigme du 
al
ul exa
t [12℄ apporte unesolution satisfaisante à 
e type de problèmes pour les algorithmes ayant un résultat purement
ombinatoire, 
ette solution ne permet 
ependant pas de résoudre en pratique le 
as desalgorithmes qui réutilisent voire 
as
adent la 
onstru
tion de nouveaux objets géométriques.Dans 
e rapport, nous abordons le problème de l'arrondi sur la grille entière de l'interse
tionde deux régions polygonales ave
 des propriétés d'in
lusion. Plus pré
isèment, étant donnédeux regions polygonales A et B ayant leurs sommets sur la grille entière, le mode par défautet le mode par ex
ès 
onstruisent deux régions polygonales A \ B et A \ B ayant leurssommmets sur la grille entière telles que A \ B � A \ B � A \ B. Nous prouvons deplus 
ertaines propriétés intéressantes sur la distan
e de Hausdor�, la taille et la 
onvexitéde 
es régions arrondies.Mots-
lés : arrondi géométrique, géométrie à pré
ision �xée, interse
tion, polygones



Inner and Outer Rounding of Set Operations on Latti
e Polygonal Regions 31 Introdu
tionMany geometri
 algorithms are designed in the Real RAM model, and the use of rounded�oating point arithmeti
 is well known to 
reate robustness problems: Numeri
al roundingerrors done the evaluation of geometri
 predi
ates lead to in
onsistent results and 
ausetrouble in 
omputer data stru
tures. The now 
lassi
al solution of the exa
t 
omputationparadigm [12℄ o�ers an attra
tive solution for algorithms that do not 
onstru
t new geometri
obje
ts su
h as 
onvex hulls or triangulations i.e whose results are purely 
ombinatorial(the position of the points is not the result but the input of the algorithm). The exa
t
omputation paradigm approa
h takes de
isions on an exa
t basis. To a
hieve reasonablye�
ient 
omputation times this indu
es to use well de�ned exa
t representations of geometri
obje
ts: Typi
ally, the 
oordinates of a point are assumed to be �xed size integers.However, the exa
t 
omputation paradigm is less satisfa
tory for algorithms that 
omputethe geometri
 embedding of new obje
ts. An interse
tion point between two line segmentsis a relevant example of a 
onstru
tion of a new geometri
 obje
t. Su
h a point has rational
oordinates and therefore is generally not representable on the integer latti
e. If this point isused by the algorithm to take a de
ision, we must have an exa
t representation of that pointe.g. using rational numbers or impli
it representation [3℄ in order to ensure the exa
tnessof that de
ision. One drawba
k of this approa
h is that a 
onstru
ted point does not looklike a data point1 and thus in su
h a framework, algorithms 
annot be easily 
as
aded, i.e.the (rational) output from one algorithm 
annot be used as input for another algorithmdesigned for usual (integer) input.An alternative 
onsists in rounding the 
onstru
tions that is repla
ing a geometri
 stru
-ture with arbitrary bit-length 
oordinates by an approximating stru
ture with (short) �xedbit-length 
oordinates. However, rounding the 
oordinates of geometri
 obje
ts like verti
esof a polygonal region is not straightforward sin
e in
iden
e information may be invalidatedby small perturbations of edges and verti
es. For instan
e, a polygonal region may beinitially 
onvex or simple and 
an loose these properties after a simple rounding of its ver-ti
es' 
oordinates. Sin
e these properties might be reused by other algorithms, this loss ofinformation is problemati
.Yet, there exist few published work in this dire
tion, ex
ept for rounding line segmentarrangements in the plane while preserving the topology of the arrangement [6, 5, 7, 8,10℄ (see Se
tion 2) and for rounding polyhedral subdivisions in three dimensions [1℄. Inthis report, we are 
on
erned with rounding the result of the interse
tion of two planarlatti
e polygonal region (i.e whose verti
es have integer 
oordinates). The result will extendtrivially to any other set operations on pairs of latti
e polygonal regions. Conversely to thearrangement problem, we are interested in in
lusion properties between the exa
t obje
t andits rounded versions. Previous works on arrangements 
an therefore not be used dire
tly.We propose in this report an algorithm to guarantee the preservation of su
h properties (seeFigure 2).1 It has been shown [4, 10℄ that no matter whi
h exa
t numeri
al representation is used, the spa
e requiredto represent a vertex or edge of a new obje
t grows exponentially with the height of its 
onstru
tion tree.
RR n° 5070



4 O. Devillers & P. GuigueSe
tion 4 introdu
es the 
on
ept of inner and outer rounding of the interse
tion of latti
epolygonal regions. Se
tion 5 deals with the pra
ti
al 
omputation of these approximations.Se
tions 6 proves that a point on the boundary of a rounded version is at distan
e less thanp2 from the exa
t boundary, and that 
onvexity is somehow preserved. Finally, Se
tion7 and 8 generalize these rounding modes to other set operations and to general polygonalregions.2 Related WorkThree te
hniques for rounding line segments arrangements to a �nite pre
ision latti
e havebeen proposed in the literature. All methods pro
eed by rounding the interse
tion pointsbetween the input line segments to their nearest latti
e point. Ea
h original line segmentis then repla
ed by a polygonal 
hain 
onne
ting the rounded version of the endpoints andvisiting all its rounded interse
tion points. The te
hniques des
ribed below di�er in theway that the polygonal 
hains are 
onstru
ted in order to guarantee metri
 and topologi
alproperties2.Greene-Yao perturbation te
hnique The �rst method by Greene-Yao [6℄ treats ea
hlatti
e point as an obsta
le and forbids any segment to go over an obsta
le while its interse
-tion points move to their nearest latti
e point. Instead, an obsta
le is introdu
ed as a newvertex into the polygonal 
hain representing the segment. The authors show that with thiste
hnique, edges move by a distan
e at most p22 . This algorithm has the disadvantage thatit produ
es very fragmented polygonal 
hains, whi
h has an adverse e�e
t on the e�
ien
y ofalgorithms and operations that use these fragmented line segments. Namely, this te
hniqueintrodu
es 
(log jabj) ex
ess latti
e points onto a segment ab where jabj denotes the lengthof the segment ab.Later papers tried to redu
e the number of additional verti
es without introdu
ing largergeometri
 derivations.Snap Rounding Paradigm Various resear
hers [5, 7, 8℄ have developed the Snap Round-ing te
hnique for rounding line segments to the integer latti
e. The idea behind Snap Round-ing is as follows. The plane is partitioned into pixels (i.e. isotheti
 unit squares) 
entered atinteger latti
e points. A pixel is 
alled hot if it 
ontains a vertex of the original arrangement(that is either an endpoint or an interse
tion point of the input segments). The embeddingis then rounded as follows: Ea
h original line segment is repla
ed by a polygonal 
hain that
onne
ts the 
enters of the hot pixels 
rossed by the segment. This way, the number ofverti
es on an edge is equal to the number of hot pixels 
rossed by the edge.Guibas and Marimont [7℄ give a very ni
e analysis of the properties of Snap Rounding.One of its main properties is that it does not introdu
e any extra latti
e points. Moreover,2We refer the reader to [6℄ for an exhaustive inventory of short
omings of the use of a simple roundingthat maps ea
h vertex of a line segments arrangement to its nearest representable point.
INRIA



Inner and Outer Rounding of Set Operations on Latti
e Polygonal Regions 5

a) b)


) d)Figure 1: a) A line segment arrangement, b) Its rounded version with the Greene-Yaoperturbation te
hnique, 
) Its rounded version with the Snap Rounding te
hnique, and d)Its rounded version with the Shortest Path Rounding te
hnique.it 
an be easily shown that the polygonal 
hain 
orresponding to an original segment is
ontained within the Minkowski sum of the original segment with a pixel (unit square)
entered at the origin.Shortest Path Rounding te
hnique Shortest Path Rounding has been introdu
ed byMilenkovi
 [10, 11℄ and introdu
es even fewer additional in
iden
es between the roundedsegments than Snap Rounding. The basi
 idea is to round ea
h interse
tion point to itsnearest latti
e point and to repla
e ea
h edge by the shortest path 
onne
ting the roundedendpoints that keeps all other rounded verti
es at the 
orre
t side. This te
hnique hasthe advantage that it introdu
es minimum geometri
 and 
ombinatorial error (it gives thesame result as the Snap Rounding method in the worst 
ase). Moreover, unlike other �niteRR n° 5070



6 O. Devillers & P. Guiguepre
ision geometri
 rounding te
hniques, Shortest Path Rounding 
an be applied to nonuniform latti
es.Although these di�erent te
hniques allow to preserve somehow the topology of the exa
tarrangement, they do not o�er any in
lusion or 
onvexity guarantees if they are appliedon fa
es (and not only edges) of the arrangement. The rounding modes proposed in thisreport are inspired from the presented methods however they respond to the demand of su
hguarantees.3 Notations and preliminariesBy a latti
e point or grid point we mean a point in Z2. A latti
e polygon is a polygon thatde�nes a well de�ned interior and exterior (we permit in
iden
es of the polygons' features)and whose verti
es are latti
e points. A latti
e polygonal region is a plane �gure whi
h 
anbe expressed as a 
olle
tion of latti
e polygons having nested holes at any level of depth.In the following, the 
omplexity of a polygonal region P de�ned as the number of dis-tin
t verti
es of P is denoted by jP j. The interior of a polygonal region P , de�ned as thebiggest open set 
ontained in P , is denoted by P o. The boundary of P is denoted by �P .We will say that a point p belongs to a polygonal region P , and note p 2 P , if p belongs ei-ther to the interior or to the boundary of P . Finally, PC will denote the set 
omplement of P .Given two polygonal regions A and B, the Hausdor� distan
e dH (A;B) between A andB is de�ned as dH (A;B) = max(dh(A;B); dh(B;A))where dh(A;B) = maxa2Aminb2B d(a; b) and d(a; b) denotes the Eu
lidean distan
e betweenthese points.We will use the following de�nition of visibility. For two points p and q that belong toa polygonal region P , we say that q is visible from p within P , if every point of the linesegment pq lies in P . The visibility region, VP (p), of a point p 2 P is de�ned as the lo
usof all points q 2 P that are visible from p. The nearest visible latti
e point of p, denoted byvP (p), is de�ned as the nearest grid point to p that belongs to VP (p) with any tie-breakingrule if p is equidistant to several latti
e points. Finally, for a vertex v 2 P and an edgee 2 P , we say that v is verti
ally visible from e, if it exists a verti
al line segment that
onne
ts v to e that is entirely 
ontained in P .We des
ribe in the next se
tion the s
heme used to de�ne the inner and the outer roundingof a polygonal region and state the properties of the rounding s
heme in the 
ase where theinput regions result from the interse
tion of two latti
e polygonal regions. Note that fromthe appli
ation of Morgan laws, all set operations redu
e to the 
omplementary operation(whose 
omputation is trivial) and to the interse
tion operation. Se
tion 7 enumerates the
INRIA



Inner and Outer Rounding of Set Operations on Latti
e Polygonal Regions 7properties satis�ed when the exa
t region to be rounded 
omes from an union or a setdi�eren
e operation.4 Rounding Modes

a) b)

) d)Figure 2: a) The two input latti
e polygonal regions and their exa
t interse
tion regionP . b) The rounded version of P with the Shortest Path Rounding te
hnique. 
) The innerrounding P . d) The outer rounding P .4.1 Inner ModeSuppose we start with two numeri
ally 
onsistent input latti
e polygonal regions: For thegiven values of their 
oordinates, the regions have a well de�ned interior and exterior. One
an intuitively visualize the rounding pro
ess of the polygonal region 
orresponding to theinterse
tion of these two regions using the analogy used by Greene and Yao [6℄. Look at theRR n° 5070



8 O. Devillers & P. Guigueedges of this region as if they were rubber bands rooted at their two endpoints and let everyvertex of this region be marked by a rigid post. Ea
h of these rigid post is then treated as anobsta
le and we do not allow the rubber bands to go over an obsta
le while ea
h of the postsmove to their nearest visible latti
e point. Now, if we release rigid posts that 
orrespondto verti
es that have lost their 
onvexity (verti
es that were 
onvex and be
ame 
on
ave),then the resulting polygonal region gives the inner rounded polygonal region.Theorem 1 states some properties of the obtained rounded region in the 
ase whereP 
orresponds to the interse
tion of two latti
e polygonal regions A and B (the proof ispostponed until the Se
tion 6.1).Theorem 1 The inner rounding P of P = A \ B satis�es the following properties:1) P is a numeri
ally 
onsistent latti
e polygonal region,2) P is 
ontained in P ,3) dH(PC ; (P o)C) < p2,4) jP j � jP j,5) A 
on
ave vertex of P does always 
orrespond to a 
on
ave vertex of P .From property 5) we have the following 
orollary:Corollary 2 If Pi is a 
onvex 
omponent of P = A \ B and if Pi is not empty then Pi isa 
onvex 
omponent of P .4.2 Outer ModeGiven two numeri
ally 
onsistent polygonal regions in the plane, the pro
ess leading to the
omputation of the outer rounding of their exa
t interse
tion region 
an be split in threestep. The idea is to bring the problem ba
k to an inner interse
tion 
omputation (
f. Figure3). To do so, the exa
t interse
tion region P is �rst 
omputed. Then, for ea
h vertexv = (vx; vy) of P that is not representable on the integer latti
e is asso
iated a pixel (unitsquare of the grid) having respe
tively (bvx
; bvy
) and (dvxe; dvye) as bottom left and topright vertex. The outer rounding P of P is then obtained from P and the set I of all pixels
ontaining non representable verti
es of P by 
arrying out the operation ((PC)\(IC))C . Alast pass removes all extraneous re�ex verti
es of the obtained polygonal region (see Se
tion5.3).Theorem 3 states some properties of the obtained rounded region in the 
ase whereP 
orresponds to the interse
tion of two latti
e polygonal regions A and B (the proof ispostponed until the Se
tion 6.2).Theorem 3 The outer rounding P of P = A \ B satis�es the following properties:1) P is a numeri
ally 
onsistent latti
e polygonal region,2) P 
ontains P ,3) dH(P ; P ) < p2,4) jP j < jP j+ 3k + h, where k is the number of non-latti
e verti
es of P and h is the totalnumber of interse
ting pairs between the edges of P and those of I.
INRIA



Inner and Outer Rounding of Set Operations on Latti
e Polygonal Regions 9

a) b)

) d)Figure 3: a) The two input latti
e polygonal regions. b) Their exa
t interse
tion region Pand the set of pixel I . 
) The rounded version obtained by 
omputing (PC\ IC)C . d) Theregion P obtained by removing super�uous re�ex verti
es.5 Pra
ti
al AlgorithmsFrom the analogy used in the Se
tion 4.1, it is easy to see that ea
h rigid post that 
or-responds to a vertex of P and that 
auses an edge of the interse
tion region to be brokenduring its perturbation 
orresponds to a re�ex vertex of the exa
t interse
tion region. Giventwo latti
e polygonal regions A and B, the only verti
es of the polygonal region P = A \ Bthat are not representable onto the integer latti
e (that is the only verti
es that need tobe rounded) 
orrespond to the interse
tion points between an edge of A and an edge of B.From the de�nition of the interse
tion operation, these non representable verti
es 
an onlyform a 
onvex vertex of P . Consequently, ea
h re�ex vertex of P 
omes from a re�ex vertexof one of the two input regions and is therefore a latti
e vertex.

RR n° 5070



10 O. Devillers & P. GuigueThe algorithm for rounding the interse
tion of two latti
e polygonal region with the innermode is essentially based on the re�ex verti
al de
omposition of the exa
t interse
tion region.The purpose of the 
onstru
tion of this map is twofold: 1) It gives a 
onvex de
omposition ofthe original region that will permit to avoid 
omplex visibility 
al
ulation, 2) It determinesfor ea
h edge of the region a subset of the original verti
es that should be snapped in orderto avoid the introdu
tion of extraneous interse
tions.5.1 The Re�ex Verti
al De
omposition

Figure 4: The re�ex verti
al de
omposition of the interse
tion of two latti
e polygonalregions.The re�ex verti
al de
omposition of a planar polygonal region is 
onstru
ted by extendingfrom ea
h re�ex vertex of the input region two verti
al rays in the interior of the region inboth the upward and downward dire
tions. These rays are the maximal verti
al segmentssu
h that their relative interior does not interse
t any edge of the polygonal region. There�ex verti
al de
omposition of a polygonal region i.e. the subdivision of this region indu
edby the edges of the region and by the rays issued from its re�ex verti
es is a partition of theinput region into 
onvex 
ells (see Figure 4).Before detailing the pra
ti
al algorithm we �rst prove some properties of this de
ompo-sition.Lemma 4 Given P the exa
t interse
tion of planar latti
e polygonal regions, p a vertexof P and C a 
onvex 
ell of the re�ex verti
al de
omposition of P having p as vertex thenvP (p) = vC(p). INRIA



Inner and Outer Rounding of Set Operations on Latti
e Polygonal Regions 11Proof: We prove this by 
ontradi
tion. Suppose that vP (
) 6= vC(p). As vP (p) and vC(p)must be distin
t points vP (p) 
annot belong to C. Therefore, the line segment 
onne
tingp to vP (p) must 
ross the boundary of C (
f. Figure 5). Sin
e vP (p) is visible from p, the
rossed boundary 
an only be a verti
al wall emanating from a re�ex vertex. Yet, this isimpossible sin
e, in this 
ase, the two latti
e points on the 
rossed ray immediately aboveand below the 
rossing are 
loser to p than vP (p). One of these two latti
e points is betweenthe 
rossing and the sour
e of the ray and thus inside C and visible by 
onvexity of C. This
ontradi
ts the fa
t that vP (p) 
annot belong to C and therefore the 
laim we made in theproof. �

p C
P = A \B vP (p)vC(p)

Figure 5: If p is a vertex of a 
onvex 
ell C then vP (p) = vC(p).Lemma 5 Let P be the exa
t interse
tion of planar latti
e polygonal regions, pq be an edgeof P , P be the inner rounding of P , and �(pq) be the polygonal 
hain 
onne
ting vP (p) tovP (q) that 
orresponds to the rounded 
ounterpart of pq in P . The set of verti
es of �(pq)between vP (p) and vP (q) are re�ex verti
es of P verti
ally visible from pq in P .Proof: By 
onstru
tion of the polygonal 
hain �(pq), the verti
es of �(pq) between vP (p)and vP (q) ne
essarily 
orrespond to re�ex verti
es of P . We show in the following thatthese verti
es are verti
ally visible from pq in P . Here again, we prove this by 
ontradi
tion.Assume that there exists a vertex 
 of �(pq) between vP (p) and vP (q) su
h that 
 is notverti
ally visible from pq in P . Sin
e 
 belongs to �(pq) and is not verti
ally visible from pqin P , 
 surely lie in one of the two x-intervals indu
ed by the segments pvP (p) and qvP (q)(
f. Figure 6). Suppose wlog that 
 belongs to the x-interval indu
ed by the segment pvP (p)and let i be the point of interse
tion between pvP (p) and the verti
al line L passing through
. Sin
e 
 is a re�ex vertex of P , 
 must lie at a latti
e site and L is a latti
e verti
al line.But this is impossible, sin
e in this 
ase there exists a latti
e point r on L between i and 
that is visible from P and 
loser to p than vP (p), whi
h 
ontradi
ts the fa
t that vP (p) isthe nearest visible latti
e point from p in P . �RR n° 5070



12 O. Devillers & P. Guigue


p q
vP (p) vP (q)r i

LP �(pq)
Figure 6: If 
 is a vertex of �(pq) between vP (p) and vP (q) then 
 is verti
ally visible frompq in P .5.2 Inner Interse
tion AlgorithmLet A and B be two latti
e polygonal regions in the plane. The algorithm works in threesteps. The �rst step 
onstru
ts the arrangement of the edges of A and B and 
omputesthe re�ex verti
al de
omposition of the interse
tion region P = A \ B by the use of aBentley-Ottmann-like sweep line algorithm.Based on this verti
al de
omposition, the se
ond step rounds ea
h vertex of P that doesnot lie at latti
e site to the nearest visible latti
e point that belongs to its in
ident 
onvex 
ellin the verti
al de
omposition. At the same time, ea
h edge of P is repla
ed by a polygonal
hain that 
onne
ts its two rounded endpoints and passes through the set of all its verti
allyvisible re�ex verti
es in the order of their verti
al proje
tion on the edge.The last step �nally performs a variant of the Graham's s
an algorithm for the 
onvexhull 
omputation over the set of the resulting polygons (or holes). This pro
edure removesall the re�ex verti
es from ea
h polygon/hole ex
ept the ones 
orresponding to original re�exvertex (that is, it removes ea
h re�ex vertex that 
orresponds to a rounded interse
tion pointor a visited verti
ally visible re�ex vertex).Given a vertex v of P and its asso
iated 
onvex 
ell C, the 
omputation of the near-est visible latti
e point of v in C 
an be done using the algorithm des
ribed in [2℄ in timeO(m logm logN) where m = jCj and N �N is the size of the latti
e 
ontaining C. This al-gorithm, based on the 
ontinued fra
tion expansion te
hnique, is inspired from the algorithmdeveloped by H.S.Lee and R.C.Chang [9℄ whi
h solves the problem in time O(m + log l),where l is the diameter of the 
onvex 
ell. However, this latter needs the use of an exa
t

INRIA



Inner and Outer Rounding of Set Operations on Latti
e Polygonal Regions 13arithmeti
 on algebrai
 numbers to be implemented robustly (while our algorithm in [2℄ isof degree 4 and 
an be implemented using a rational arithmeti
).Theorem 6 The inner rounding P of a region P = A \ B 
an be 
omputed in timeO((n + k) logn + kjP j log jP j logN) where n is the total number of edges of the two inputregions, k is the number of edges of A and B that interse
t and N � N is the size of thelatti
e.Proof: Given the two input regions A and B, the re�ex verti
al de
omposition of theirinterse
tion region is a by-produ
t of the trapezoidal map of their edges. Therefore it 
anbe 
al
ulated in time O((n+ k) logn) where n is the total number of edges of A and B andk is the number of interse
ting pairs. The se
ond step of the algorithm 
omputes at most knearest visible latti
e points in 
onvex 
ells of size at most jP j in time O(jP j log jP j logN)and produ
es, in the worst 
ase, a set of polygons/holes having a total of jP j + 2r verti
eswhere r is the number of re�ex verti
es of P (ea
h re�ex verti
es being verti
ally visiblefrom at most two edges of P ). Given an edge of the interse
tion region and its two roundedendpoints, its asso
iated polygonal 
hain 
an be 
onstru
ted in time linear with the numberof interse
tions between the edge and the verti
al walls of the de
omposition and thus 
anbe done in time O(jP j). Putting all together and sin
e r < jP j and k � jP j we obtain aworst 
ase 
omplexity of O((n + k) logn+ kjP j log jP j logN) for the whole algorithm. �5.3 Outer Interse
tion AlgorithmThe algorithm for 
omputing the outer rounding of the interse
tion of two latti
e polygonalregions is essentially based on the algorithm of Se
tion 5.2 and 
an be dire
tly dedu
ed fromthe des
ription given in Se
tion 4.2. However, we dis
uss here a way to redu
e the numberof extraneous re�ex verti
es of P , namely the extraneous re�ex verti
es of P issued fromthe verti
es of the pixels of I , that derive from the straightforward 
omputation of P as(PC\ IC)C .Contrary to the inner rounding of an interse
tion region, the outer rounding mode (asdes
ribed in Se
tion 4.2) does not o�er any guaranty on the 
onvexity/
on
avity preservationof the exa
t region's verti
es. Some re�ex verti
es of P 
an disappear in P , in the samemanner some extraneous re�ex verti
es (that 
orrespond to verti
es of I and thus do notappear in P ) 
an appear in P . A simple improvement 
onsists in removing all re�ex verti
esappearing in P if they have no 
ounterpart in P and if their removing does not produ
eany topologi
al 
hange. Some pre
autions must be taken in order to preserve a maximaldistan
e between the points of P and the points of P less than p2. A solution may 
onsistin removing a re�ex vertex r of P only if there exists an edge e of P su
h that r, the vertexpre
eding and the vertex following r on P 's boundary all lie at a distan
e less than p2 frome. This kind of simpli�
ation permits a redu
tion of extraneous re�ex verti
es of P of afa
tor O(k) in the best 
ase. Moreover, this additional pass is su�
ient to guarantee as aside-e�e
t the following property: If no 
omponents of P are merged in P (that is if P and Phave exa
tly the same number of polygons) then a 
onvex 
omponent of P remains 
onvexin P .RR n° 5070



14 O. Devillers & P. GuigueTheorem 7 The outer rounding P of a region P = A \ B 
an be 
omputed in timeO((n + h) logn + kp log p logN) where n denotes the total number of verti
es of the twoinput regions, h denotes the number of interse
tion points between the edges of A and theedges of B, N � N is the size of the latti
e, k denotes the number of interse
tion pointsbetween an edge of P and an edge of the set of pixels I and p = max(jP j; jPC \ IC j).Proof: The 
omputation of the exa
t interse
tion region P 
an be done in time O((n +h) logn) where h denotes the number of interse
tion points between the edges of A and theedges of B. The 
omputation of the re�ex verti
al de
omposition of (PC \ IC) 
an thenbe 
omputed in time O((jP j + h + k) log(jP j + h)) where k is the number of interse
tionpoints between the edges of P and the edges of I . Finally, the algorithm 
omputes at most knearest visible latti
e points in 
onvex 
ells of size at most equals to m = jPC \ IC j in timeO(m logm logN) using the algorithm des
ribed in [2℄ and produ
es a set of polygons/holeshaving a total number of verti
es in O(m). The �nal step of the algorithm is linear in thenumber of verti
es of ea
h polygons. Sin
e h � jP j and with p = max(jP j; jPC \ IC j), weobtain a worst 
ase 
omplexity of O((n + h) logn+ kp log p logN) for the whole algorithm.�6 Proofs of Properties6.1 Inner Interse
tionWe now prove that the algorithm of Se
tion 5.2 
omputes an inner approximation of A \ Bthat satis�es the properties stated in Theorem 1. We �rst need the following lemmas:Lemma 8 The 
omputed polygonal region is a numeri
ally 
onsistent polygonal region.Proof: We prove that no extraneous interse
tions are introdu
ed in the �nal approximation(though new in
iden
es are permitted). Let Ci=0::p be the set of all 
onvex 
ells of the verti
alde
omposition of the exa
t interse
tion. For ea
h Ci, let li and ri be the two verti
al linesthat pass through respe
tively the leftmost and the rightmost latti
e point of Ci (
f. Figure7). Now, if the interse
tion of Ci with li (resp. ri) is a wall of Ci, let ldowni and lupi (resp.rdowni and rupi ) be the lower and the upper interse
tion of li (resp. ri) with Ci and let li(resp. ri) be the point on li (resp. ri) that 
orresponds to the re�ex vertex from where thewall is stemming from. Otherwise, let ldowni = lupi (resp. rdowni = rupi ) equal the leftmost(resp. the rightmost) vertex of Ci and let li = vP (ldowni ) (resp. ri = vP (rdowni )).The rounded 
ounterparts of the polygonal 
hains 
onne
ting ldowni to rdowni , respe
tivelyrupi to lupi ), are 
onvex (by 
onvexity of the original 
hains), therefore they are guaranteednot to lie above, respe
tively below, the edge liri and thus 
annot invert in Ci. �Lemma 9 All verti
es of the 
omputed polygonal region lie at latti
e point within the exa
tinterse
tion region.
INRIA
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li rildowni rdownili riCilupi rupi
Figure 7: The rounded 
ounterparts of the polygonal 
hains 
onne
ting ldowni to rdowni andlupi to rupi have opposite 
onvexity and 
annot invert in Ci.Proof: There a
tually exist three types of verti
es in the �nal approximation: roundedinterse
tion points, original input verti
es and snapped verti
es 
orresponding to verti
allyvisible input re�ex verti
es. Sin
e ea
h interse
tion point rounds to its nearest visible latti
epoint, the �rst type of vertex is guaranteed to lie at latti
e point within the interse
tionregion. The two other types of verti
es 
orrespond to latti
e verti
es of the exa
t interse
tionregion. �Observation 10 Given pq an edge of the exa
t interse
tion region, the polygonal 
hain�(pq) that 
onne
ts vP (p) to vP (q) and 
orresponds to the rounded 
ounterpart of pq in Pis entirely 
ontained in P by 
onstru
tion.Lemma 11 Let p be a vertex of P and L(P ) be the union of all latti
e points, unit latti
esegments and unit latti
e squares that belong to the interior or to the boundary of P . Thesegment 
onne
ting p to vP (p) 
annot interse
t the interior of L(P ).Proof: To interse
t the interior of L(P ), the segment pvP (p) must interse
t the interior ofa unit latti
e segment s of �L(P ) (
f. Figure 8). The two endpoints of s are ne
essarily
loser to p than vP (p) and therefore 
annot be visible from p sin
e they 
orrespond, byde�nition of L(P ), to latti
e points that lie inside P . Consequently, the relative interior ofthe segments 
onne
ting p to these endpoints must interse
t the boundary of P . But this isimpossible sin
e by de�nition both segments pvP (p) and s 
annot interse
t in their interiorthe boundary of P and there 
annot exist any visible re�ex (latti
e) vertex of P inside thetriangle having p and the two endpoints of s as verti
es sin
e all points of this triangle are
loser to p than vP (p). �Lemma 12 Given two latti
e polygonal regions A and B of the plane, dH((A \ B )C ; (Ao\Bo)C) < p2.RR n° 5070



16 O. Devillers & P. Guigue

p
vP (p)P sL(P )

Figure 8: The segment pvP (p) 
annot interse
t the interior of L.Proof: From Observation 10, P = A\B is in
luded in P = A \ B and the dire
tionalHausdor� distan
e dh((P o)C ; PC) is zero. We prove in the following that all points of P nPare at a distan
e less than p2 from �P . Let pq be an edge of P and let Epq be the polygonobtained by appending the rounded 
hain �(pq) to qp. Noti
e that (Spq2P Epq) partitionsP nP ex
ept for the polygons pi of P that do not have any rounded 
ounterpart. The boundis trivially proven for the latter polygons sin
e they do not 
ontain any latti
e point. Forthe non-trivial 
ase, we 
on
lude that it is su�
ient to prove that dh(Epq ; �P ) < p2 for anyedge pq of P .Let L(P ) be the union of all latti
e points, unit latti
e segments and unit latti
e squaresthat belong to the interior or to the boundary of P . By de�nition of L(P ), all points ofP n L(P )o are at a distan
e less than p2 of �P , we therefore suppose in the following thatEpq is not entirely in
luded in P n L(P )o.By lemma 11, the segments pvP (p) and qvP (q) 
annot interse
t the interior of L(P ) thusfor Epq to interse
t L(P )o, �(pq) must ne
essarily interse
t L(P )o. Moreover, by 
onvexityof the 
hain �(pq), there must exist in this 
ase at least one (latti
e) vertex v di�erent fromvP (p) and vP (q) that lies in or on the boundary of Epq . Suppose wlog that pq is orientedfrom left to right with a positive or zero slope and that the interior of P lies above pq.Finally, let vl the xy-smallest point (w.r.t the lexi
ographi
 order) of the set S of all latti
epoints di�erent from vP (p) and vP (q) that lie in or on the boundary of Epq (
f. Figure 9).Using the same arguments as in the proof of lemma 5 and sin
e vl is the xy-smallestpoint of S, it is easy to show that vl is verti
ally visible from pq and that the verti
al unitlatti
e segment having vl as top vertex surely interse
ts pq in a point ip. Similarly, sin
epq is oriented from left to right and has a positive or zero slope and sin
e by lemma 11the segments pvP (p) and qvP (q) 
annot interse
t the interior of L(P ), the horizontal unitINRIA



Inner and Outer Rounding of Set Operations on Latti
e Polygonal Regions 17latti
e segment having vl as right vertex surely interse
ts �(pq) in a point jp. Noti
e that,by 
onstru
tion, both ip and jp belong to the boundary of a same unit latti
e square so thatkipjpk < p2.Repla
ing p by q and applying a symmetry operation on Epq su
h that qp is orientedfrom left to right and has a positive or zero slope with the interior of P above qp, we de�nesimilarly two points iq and jq on pq and �(pq) su
h that kiqjqk < p2. We 
on
lude thatdh(Epq ; �P ) < p2 sin
e the polygons pipjpvP (p) and jqiqqvP (q) are 
ontained in P nL(P )o(by de�nition of vl) and the polygon ipiqjqjp is 
ontained in the Minkowski sum of ipiq withthe interior of a dis
 of radius p2 
entered at the origin (
f. Figure 9), and by 
onvexity of�(pq), the portion of �(pq) between jp and jq is in
luded in ipiqjqjp. �

pvP (p)
PL(P ) qvP (q)vlipjp iqjq

Figure 9: The polygons pipjpvP (p) and jqiqqvP (q) are 
ontained in P nLo and the polygonipiqjqjp is at a distan
e less than p2 to pq.We are now able to prove Theorem 1. Proof of property 1) 
omes from the 
ombination ofLemmas 8 and 9. From 1) and by 
onstru
tion of the approximation the proof of Property 2)is trivial. Property 3) is proven in Lemma 12. Proof of property 4) 
omes from the fa
t thatea
h interse
tion point rounds to at most one latti
e point and that all extra verti
es thatappear in the approximation 
orrespond to original re�ex verti
es of the exa
t interse
tion.The number of verti
es of the �nal approximation is larger than the number of verti
esof the original region only when a vertex of P is used several times in the approximation.Property 5) is a dire
t 
onsequen
e of the last step of the algorithm sin
e the 
onvex-hullpass guarantees that no extra re�ex verti
es are introdu
ed in the �nal approximation.
RR n° 5070



18 O. Devillers & P. Guigue6.2 Outer Interse
tionIn this se
tion, we introdu
e some lemmas needed for the proof of Theorem 3. Noti
e thatproperty 3) 
annot be dedu
ed from Lemma 12 sin
e we must bound the distan
e betweenthe points of P to the exa
t interse
tion region P and not only to the region (PC \ IC)C .That is, we must ex
lude that there exist points of P that are 
lose to a pixel of I but at adistan
e greater than p2 from the region P .Lemma 13 Given two latti
e polygonal regions A and B of the plane, dH((A \ B ); (A \B)) < p2.Proof: Sin
e P = (A\B) is in
luded in P = (A \ B ), the (dire
tional) Hausdor� distan
efrom P to P is zero. Therefore, it is su�
ient to show that ea
h point of P n P is at adistan
e less than p2 to P .Note that sin
e no pixel of I 
ontains a latti
e point in its interior, the union L(PC \IC)of all the latti
e points, latti
e segments and pixels that belong to the interior or to theboundary of (PC \ IC) is also the union of all the latti
e points, latti
e segments andpixels that belong to the interior or to the boundary of PC . Therefore, if the polygon Epq(as de�ned in the proof of Lemma 12) is 
ontained in (PC \ IC) n L(PC \ IC)o it is also
ontained in PC n L(PC)o, and Epq surely lies at a distan
e less than p2 to the boundaryof P .
p q(PC \ IC)

vFigure 10: If pq is issued from an edge of I and at least one of its endpoints is a latti
e pointthen �(pq) � pq (in the example �(pq) = p) and �(pq) lies at a distan
e less than p2 to avertex v of P .Otherwise, with the same arguments as in the proof of Lemma 12, we show that thepart of Epq whi
h is interse
ted by the interior of L(PC)o surely lies at a distan
e less thanp2 to pq. Therefore if pq is issued from an edge of P then the bound is trivially proven.
INRIA



Inner and Outer Rounding of Set Operations on Latti
e Polygonal Regions 19Otherwise, that is if pq is issued from a pixel Q of I , using the same arguments as in theproof of Lemma 12, there must exist a latti
e line passing through vl (as de�ned in theproof) that interse
ts pq. This line 
annot interse
t the relative interior of pq sin
e the edgepq is in
luded or equals a unit latti
e segment. Moreover, if this line interse
ts pq in one ofits endpoints then the interse
ted endpoint is ne
essarily a latti
e point and therefore therounded 
ounterpart �(pq) of pq is in
luded in pq (
f. Figure 10). We 
on
lude in this 
asethat dh(Epq ; �P ) < p2 sin
e there must exist a vertex of P in the pixel Q (namely, thevertex of P that 
auses the presen
e of Q in I). �Lemma 14 The rounded region P of P = A\B has less than jP j+3k+h distin
t verti
eswhere k is the number of non-latti
e verti
es of P and h is the total number of interse
tingpairs between the edges of P and those of I.Proof: Sin
e P 
orresponds to the 
omplementary of the inner rounding PI of PI = (PC \IC), we have from Theorem 1 that jPI j � jPI j, and the number of verti
es of PI is boundedby jPI j. If P has a total of n verti
es and has k verti
es whi
h are not representable on theinteger latti
e, jI j � 4k and PI has at most (n � k) + 4k latti
e verti
es and h non integerverti
es where h denotes the number of interse
tion point between P and I edges. �Although the number of verti
es of PI used as an upper bound on the 
omplexity ofP 
an be in the worst 
ase in O(nk), an additional pass of the algorithm 
an be used toguarantee a total number of verti
es of P whi
h is linear in the number of verti
es of theexa
t region P . More pre
isely, we show in [2℄ that the removal of all zero-area 
omponents(that is polygons or holes of P that have no interior) from the obtained region allows tobound the worst 
ase number of distin
t verti
es of P by 2n + 3k without a�e
ting thegeometri
 error bound. In addition, experimental results obtained with an implementationof the algorithm using the C++ library Cgal [13℄ indi
ate that the number of additionalverti
es of P is very small in pra
ti
e.From the above lemmas, we are now able to prove Theorem 3. The proof of property 1)and 2) 
an be dire
tly dedu
ed by 
onstru
tion of P from Theorem 1. Property 3) is provedin Lemma 13. Property 4) is proved in Lemma 14.7 Rounding Set OperationsTheorems 15 and 16 enumerate the set of properties satis�ed when the exa
t region U 
omesfrom an union operation i.e. when U = A [ B. These properties 
an be dire
tly obtainedfrom Theorems 1 and 3 by repla
ing A and B by their 
omplementary sets.Theorem 15 The outer rounding U of U = A \ B satis�es the following properties:1) U is a numeri
ally 
onsistent latti
e polygonal region,2) U 
ontains U ,3) dH(U;U) < p2,4) jU j � jU j,5) A 
onvex vertex of U does always 
orrespond to a 
onvex vertex of U .RR n° 5070



20 O. Devillers & P. GuigueTheorem 16 The inner rounding U of U = A [ B satis�es the following properties:1) U is a numeri
ally 
onsistent latti
e polygonal region,2) U is 
ontained in U ,3) dH(UC ; (Uo)C) < p2,4) jU j � jU j + k + h,where k is the number of non-latti
e verti
es of U and h is the totalnumber of interse
ting pairs between the edges of U and those of I.The result for the set di�eren
e operation 
an equally be dedu
ed from Theorems 1, 2,5 and 6 for ea
h rounding mode.8 Rounding General RegionsFrom the lemmas and algorithms presented so far in this report, the inner/outer rounding ofa general polygonal region (for whi
h we do not have any assumption on the representationof its verti
es, for example a region issued from a rotation operation) 
an be obtained inthe following manner. Let P be a general polygonal region and 
onsider V
 (resp. Vr), theset of its 
onvex (resp. re�ex) verti
es that do not lie at latti
e sites. Let now I
 (resp. Ir)be the set of unit latti
e squares that 
ontain the verti
es of V
 (resp. Vr), i.e. the set ofquadrilaterals having respe
tively (bvx
; bvy
) and (dvxe; dvye) as bottom left and top rightvertex where v = (vx; vy) is a vertex of I
 (resp. Ir).We de�ne the inner rounding P of P as the result of the rounding with the inner modeof the interse
tion of P and Ir, that is P = P \ Ir. Similarly, we de�ne the outer roundingP of P as the 
omplementary of the rounding with the inner mode of the interse
tion of PCand I
C , that is P = (PC\ I
C)C .The inner rounded interse
tion operations used in these de�nitions 
an be dire
tly 
om-puted from the algorithm presented in Se
tion 5. We remark indeed that all re�ex verti
esof the interse
tion regions (P \ Ir) and (PC \ I
C)C lie at latti
e sites whi
h is a su�
ient
ondition to satisfy the properties of the re�ex verti
al de
omposition stated in Lemmas 4and 5 and thus to prove the 
orre
tness of the algorithms.We noti
e however that the absen
e of latti
e segments supporting the edges of the inputregion P requires the use of a well suited number type and arithmeti
 in order to evaluatethe numeri
al primitives that appear in the algorithm. A number type and an arithmeti
allowing the manipulation of algebrai
 numbers 
an be ne
essary for example if the inputregion P are issued from a rotation operation.The properties satis�ed by the rounded regions P and P 
an be dire
tly derived fromthe lemmas of the previous se
tions. More pre
isely, the inner rounding P is a numeri
ally
onsistent latti
e polygonal region 
ontained in P su
h that dH(PC ; P oC) < p2. Moreover,if it exists, the rounded 
ounterpart of a 
onvex vertex of P is a 
onvex vertex of P . Finally,P has less than jP j + r + hr distin
t verti
es where r is the number of re�ex verti
es of Pand hr is the number of interse
tions between the edges of P and the edges of Ir. The outerrounding P of P is a numeri
ally 
onsistent latti
e polygonal region that 
ontains P su
h
INRIA
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e Polygonal Regions 21that dH(P ; P ) < p2 and jP j < jP j+ 
+ h
 where 
 denotes the number of 
onvex verti
esof P and h
 denotes the number of interse
tions between the edges of P and the edges of I
.We �nally remark that the number of verti
es needed to represent P 
an be redu
edwith the same kind of te
hnique as des
ribed at the end of Se
tion 6.2.9 Con
lusionWe have given methods for 
omputing the inner/outer rounding of the result of set operationson two latti
e polygonal regions in the plane. The guarantees that the exa
t result of su
hoperations 
ontains (or is 
ontained in) its �nite pre
ision approximation allows to introdu
ethe geometri
 analogue of interval arithmeti
 provided by the 
erti�ed rounding modes ofthe IEEE 754 norm for �oating point arithmeti
 operations. The 
omputation of su
hgeometri
 intervals with respe
t to the in
lusion relation permits in parti
ular to 
as
adevarious geometri
 
onstru
tions as set operations, 
onvex hulls or rotations with a 
ontrol ontheir bit 
omplexity. This result is a �rst step towards the de�nition of a 
omplete systemfor performing rounded operations on polygonal and polyhedral obje
ts whi
h would be ofgreat pra
ti
al interest in many CAO appli
ations.
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