
Automatic Blocking Of QR and LU Factorizations for
Locality

Qing Yi
�

Ken Kennedy
�

Haihang You
�

Keith Seymour
�

Jack Dongarra
�

� Lawrence Livermore National Laboratory, Livermore, CA 94551, USA� Rice University, Houston, TX 77005, USA� University of Tennessee, Knoxville, TN, 37996, USA

Categories and Subject Descriptors���
	�� 
������������������������! #"$�$��%'&��!(*),+�-�.0/2143�5#/2687:9:;214<4;=5#3>3>6
?0<0@
A � BC� DE�0�F"��0�G�H���� I��J�KL��MN�=OP�H���Q)R+TSVU>7�68W�?07*X

General Terms-�Y8<I14;26Z/2[03>\�]�9$W*;_^`14;23�5#?H7�WI]�abWF54\_.!;2W�3>W�?Q/F]0S:c!d�W*;2683>W�?Q/=5�/26
14?

KeywordsY81Q14dC1Id0/2683>68eF5�/26
14?H\�]0fHY81Q7=g!68?0<0]�Y81Q7F5#Y868/NXQ]�hi-j9L-�kmln]�ojpq]0hir

ABSTRACTojps5#?�tbh'rs^�547*/21#;268eF5#/2681I?0\u^`14;�t0W*?H\_W�3�5�/_;26
7*W�\v5#;2Ww683>d�14;_/=5#?Q/
Y868?HW�5#;x54Y8<4W�f0;=5v7�1I3>d0.0/=5�/26
14?H\�/2[H5#/$5#;2WTyv6
t!W�YZXq.H\_WFtw68?q\_7�68W�?Q/268zH7
5#dHd0Y
687F5�/2681I?H\��>{�1|W}U>7�68W�?Q/2YZXGd�W};_^�14;23~/2[HW�\_Wn7*1I3>dH.!/=5#/2681I?0\�1I?
3>1�t!W*;2?�7�143>dH.!/2W*;2\�]H/2[0W�^�547}/214;268eF5#/26814?�54Y8<414;26Z/2[H3>\�?HW�W�tb/21>f�W
f0Y81Q7}g�W�tCyv[0W�?C1Id�W};=5#/268?H<�1I?�Y
5#;2<4W�3�5�/_;26
7*W�\u/21�W*�LW�7}/26
�IW�YZXCW*c��
d0Y81I6Z/:/2[HW�t!W�W�d�7F547=[HW�[068W*;=5#;27=[QX�d!;2W��454Y8W�?Q/V68?�/21�t05FXL� \V7�143>dH.0/2W};
3>W*3>14;_X�\�X!\�/2W�3>\��T�mW�7F5#.H\_Wwf�1#/2[�ojp���fH54\_WFt|1I?b�u1I.0\_W�[H14Y�t!W*;
/_;=5#?H\�^`14;23�5#/26814?H\=�|5#?�t�h'r�^�5#7*/214;268eF5�/26
14?�5#Y
<414;26Z/2[H3>\|7�1I?Q/=5#6
?
7*1I3>dHY8W*c�Y81Q14d�\�/_;2.H7*/2.!;2W�\�]'^�W*y�7�143>dH68Y8W*;2\w7F54?�^�.0Y
YZXG54.!/21I3�5�/2W
/2[0W�f0Y81Q7}g�68?H<�14^x/2[HW*\_Wn54Y8<414;26Z/2[H3>\���{�[H1I.0<I[�Y868?HWF5�;q54Y8<IW*f0;=5|Y86Z�
f!;=5#;268W�\�\_.H7=[C54\�hi-j9L-�kml�d0;21���6�t!W�\v3�54?�.�5#Y8Y8X�f0Y
1Q7=g�WFt|6
3>d0Y8W*�
3>W*?�/=5�/2681I?H\V1#^�/2[HW�\_W�54Y8<I1#;268/2[03>\�]QfQX�54.0/2143�5#/2687F5#Y
YZX�<IW�?0W*;=5#/268?0<
f0Y81Q7}g�W�tG��W*;2\_6814?H\q14^�/2[0Wn7�143>dH.0/=5�/2681I?H\�]�3>14;2Wnf�W*?HW*z0/w7F54?�f�W
<I5468?HW�t�\_.H7=[�54\�54.!/21I3�5�/26
7b5It054d0/=5�/2681I?�1#^qt06Z�LW*;2W*?�/�fHY81Q7=g!68?0<
\�/_;=5�/2W�<I68W�\���{�[H68\>d�5#d�W*;�t!W�3>1I?0\�/_;=5#/2W�\n[01Fy�/21�5#dHdHYZX�5#?�5#<4�
<#;2W�\_\_68��W�Y81Q1Id�/_;=5#?H\�^�1#;23�5#/2681I?�/2W�7}[0?H6
�Q.HWI]�t0W�d�W*?�t0W*?H7�W�[01I68\�/_�
68?0<0]Q/21wd0;21�t!.H7�W�W*U>7*6
W*?�/TfHY81Q7=g�6
?0<I\x^�14;mf�14/2[�ojp�5#?�t>h'r�yv68/2[
dH5#;_/26
54YjdH68��14/268?0<0����W�d!;2W�\_W�?Q/�t!6Z�LW*;2W�?Q/bf0Y81Q7}g�68?H< \�/_;=5�/2W�<I68W�\
/2[H5#/�7F5#?�f�W�<4W�?HW};=5#/2WFt¡f�X�14.0;>14d0/2683>68e�W*;�5#?�t�7*1I3>d�5�;2W|/2[0W
d�W};_^�14;23�5#?H7�W�14^¢5#.0/21#�Nf0Y81Q7}g�W�t���W};2\_6
14?H\�yv6Z/2[�3�54?�.�5#Y
YZXC/2.0?HWFt
�IW*;2\_681I?H\q68? hi-j9L-�kmln]Lf�14/2[�.0\_6
?0<|;2W*^`W*;2W�?07�W���h�-j£L]i-T{¢hi-�£
�mh�-�£C5#?�tC?�5�/26
�IW���hi-�£�\_d�W�7�6
5#Y
YZXC/2.0?HWFtb^`14;w/2[HWq.0?�t0W};2Y8X!68?H<
3�5#7}[068?HWw5�;27}[068/2W*7*/2.0;2W�\��

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.
MSP’04 June 8, 2004, Washington, DC, USA.
Copyright 2004 ACM 1-58113-941-1/04/06 ... ¤ 5.00.

1. INTRODUCTIONojp¥54?�t|hirs^�547}/214;268eF5#/26814?H\j^`14;ut0W�?0\_Ww3�5#/_;2687�W�\v5�;2Ww/¦y�1�6
3n�
d�14;_/=5#?Q/jg�W};2?HW�Y$7*1I3>dH.!/=5#/2681I?0\u68?C\_14Y
��68?H<�Y868?HWF5�;w\�X!\�/2W�3§WF�Q.�5��
/2681I?0\|5#?�t�5#;2WC68?H7�Y8.Ht0WFt�68?�3�54?QX d�14dH.HY
5�;|Y868?HW�5#;|54Y8<IW*f0;=5�Y86Z�
f0;=5�;268W�\>\_.H7=[�5#\�hi¨¦©j9L-ukmlª� «#)j54?�t¡h�-u9L-ukmlª� ¬#),���mW*7F54.0\_W
/2[HW}X 5#;2Wb5#/n/2[0W�[HWF5�;_/>14^u3�54?QXG\_7�68W�?Q/268zH7�5#dHdHY8687F5�/26
14?H\�]m68/�68\
7*;26Z/2687F54Y�/21�d!;21#��6
t0WbW*U>7�68W�?Q/�683>dHY8W�3>W�?Q/=5#/26814?H\n1#^�/2[HWb^�547*/21#;_�
68eF5#/26814?�5#Y8<I14;26Z/2[03>\�/21�547=[H68W��IW|[06
<4[ d�W*;_^�1#;23�54?07�W�1I? �45#;2681I.0\
5It!�I5#?H7�W�t|3�547=[H68?0Ww5#;27=[H6Z/2W�7*/2.!;2W�\���£!d�W�7�6ZzH7F54Y8YZXQ]0/21�W*c!dHY81I6Z/v/2[HW
t0W*W�dn7F5#7}[0W¢[H68W*;=5#;27=[QX�d!;2W��454Y8W�?Q/x6
?�/21�tH5�XL� \:7�143>dH.!/2W*;x3>W�3>14;_X
\�X!\�/2W�3>\�]�/2[0W�\_W�5#Y8<I14;26Z/2[03>\�3�.0\�/uf�WPW*U>7*6
W*?�/2YZXCf0Y81Q7}g�W�tCyv[0W�?
1Id�W};=5#/268?H<�14?�Y
5#;2<4W¢3�5#/_;2687�W�\V\_1�/2[�5�/xtH5#/=5�68?�7F5#7}[0W�\:5#;2W�;2W�.0\_WFt
f�W*^`14;2Wqf�W�68?H<>t!68\_dHY
547�W�t|^`;2143�/2[HWw7F5#7}[0W�\��
�mY81Q7=g!68?0<���1#;u/268Y868?H<��v68\�5n[068<I[HYZXbW*�LW�7*/268��Ww\�/_;=5�/2W�<4X�/2[H5#/�W�?!�

[�5#?H7�W*\TY81Q7F5#Y
6Z/NX>14^i54d0dHY8687F5#/26814?H\mfQX�d�5�;_/268/26814?H68?H<q7�143>dH.0/=5�/2681I?H\
68?Q/21�\_3�5#Y8Y
W};$fHY81Q7=g�\��V-�\_W*/i14^0.H?06
3>1�t!.HY
5#;'Y81Q1Idq/_;=54?0\�^�1#;23�5#/2681I?
/2W�7=[H?06��Q.0W�\u� ­#¬!]!®!]�	�¯#)L7F5#?>W*U>7�68W�?Q/2YZX>f0Y
1Q7=g�\_683>d0Y
W�Y81Q1Id�\�/_;2.H7}�
/2.0;2W*\b5#.0/21I3�5�/2687F54Y8YZXQ���j1FymW���W*;F]�1I?�3>1#;2W�7�1I3>d0Y
687F5�/2WFt�Y81Q1Id
\�/_;2.H7}/2.0;2W�\�]�\_.07}[q5#\i/2[H14\_WT68?Pojp���fH54\_WFt�14?w�j14.H\_W�[01IY
t0W*;i/_;=54?0\��
^�1#;23�5#/2681I?0\=��54?Ht�hir°��yv6Z/2[�dH5#;_/26
54Y¢d06
�I14/268?H<��P^�5#7*/214;268eF5�/26
14?H\�]
/2[HW*\_WP/2W�7=[H?06
��.0W�\�14^`/2W*?�^�5468Y�]'W���W�?�yv[0W�?�54?�W*�LW�7}/26
�IWPf0Y81Q7}g�68?H<
68\ud�14\_\_68fHY8WI�m-u\¢/2[HW�;2W�\_.0YZ/F]0^`W*yE7*1I3>dH68Y8W*;2\�7F54?|^�.HY8YZXb54.0/2143�5#/2W
/2[HWjfHY81Q7}g�68?H<�14^V/2[HW*\_Ww7�1I3>d0.0/=5#/26814?H\��
{�1C68Y8Y8.H\�/_;=5#/2W�/2[HW>;2WF�Q.H6Z;2W�3>W*?�/2\w1#^u54.0/2143�5#/2687F5#Y
YZX f0Y81Q7}g�68?H<

ojp±54?Ht�hir�]Q²$6
<4.0;2WP	u\_[01Fyv\�/2[0;2W�W�WF�Q.H68�454Y8W�?Q/m�IW*;2\_681I?H\m14^�hir
^�5#7*/214;268eF5�/2681I?|yv6Z/2[01I.0/mdH68��1#/26
?0<0�:{�[0W�\_W���W*;2\_681I?0\Ty�W};2Wj68?H6Z/26
54Y8YZX
68?Q/_;21�t0.H7*WFtsfQX��j1I?H<I5#;_;=5�] A .H\�/=5F��\_1I?¥54?�t±lq5#;2d��Z	F³�)R]wyv6Z/2[
WF5#7}[ ��W};2\_6
14?�dHY
5#7�68?H<�5Ct06Z�LW*;2W�?Q/PY81Q1Idi�,´L]:µ�14;�¶Q�P5�/�/2[0W>1I.!/_�
W*;23>14\�/qd�1I\_6Z/2681I?i�>{�1|^`.HY8YZX�f0Y
1Q7=gC/2[HW�?H1I?!�RdH68��14/268?0<bh'r·7�1�t!WI]
5C7�1I3>d068Y
W};�?0W�WFt0\q/21C\�/_;268d0�R3>68?HW>WF5#7}[ 1#^v/2[HW>/2[0;2W�W�Y81Q1Id0\b�,´�]
µ�54?Htb¶Q�w54?Ht�/2[0W�?�\_[H6Z^`/w/2[0W�\�/_;268d0�RW�?�.H3>W};=5#/268?H<�Y81Q1IdH\q68?H\_6
t!WI�
{�1P547=[H68W��IWv/2[068\Tf0Y
1Q7=g�68?H<wW*�LW�7}/F]�/2[HWv7�143>dH68Y8W*;m3�.H\�/xf�W�54f0Y
W¢/21
^`;2W*W�YZXb68?Q/2W*;27=[�54?0<IW�/2[0W�?HW�\�/268?0<n14;=t!W*;v14^$/2[0W�/2[0;2W�WjY
1Q14dH\�@0/2[�5#/
68\�]$6Z/q3�.0\�/�f�W>5#fHY8W�/21�^`;2W�W�YZX�/_;=54?0\_Y�5�/2W>f�W*/¦ymW�W�?GWF547=[�dH546Z;q14^
/2[HWu/2[0;2W�Ww��W};2\_6
14?H\v68?C²$68<I.!;2Wn	I�
�j1FymW���W*;F]F/_;=54t06Z/2681I?�5#Y�.H?0683>1�t0.HY
5�;i/_;=5#?H\�^�1#;23�5#/2681I?�/2W*7}[0?H6
�Q.HW�\

7F5#?H?H1#/i/_;=5#?H\_Y
5#/2Wxf�W*/Ny�W�W�?q²$68<4.0;2Wv	��,5��:��14;T��f��_��54?Htw²$68<I.0;2Wv	���7F�
f�W�7F5#.H\_WP/2[HW�\_Wq/_;=54?0\_Y�5�/2681I?H\�;2W���.06Z;2WP/2[0W�t!68;2W*7*/j^`.H\_681I?G54?Ht�68?!�
/2W*;27=[�5#?H<IWC1#^q?H14?0�Rd�W*;_^�W*7*/2YZX�?0W�\�/2WFt�Y81Q14dH\��E²H14;�W*c0543>d0Y8WI]m/21
/_;=54?0\_Y
5#/2Ww�,5��L/21���7��}]I5�7*1I3>dH68Y8W*;:?0W�WFt0\i/21u^�.0\_Wm/2[HWm´'�R¸I¹=��Y81Q14d��,´
Y81Q1Id�\_.!;_;21I.0?�t068?0<�¸ ¹ �Pyv6Z/2[�/2[0W�¶H�R¸�ºF��Y81Q1Id�68?¥�,5��n54?Ht�/2[0W�?
dHY
5#7�Wu/2[0W�^`.H\_WFt�Y81Q1Id�1I.0/2\_6
t!Wu/2[HWu´L�R¸#ºF�:Y81Q1Idi�T{�[0Wu^�.0\_681I?�7F54?!�
?H1#/¢f�W�5#7�7�143>dHY868\_[HWFt�.H?HY8W�\_\�/2[0Wj1#;26
<468?�54Yi´>Y81Q1Idb68?G�,5��T68\�zH;2\�/
t068\�/_;268fH.!/2WFt'�m£�6
?07�Wq5nt!W�d�W�?�t!W�?H7*Ww7*X!7�Y8Ww7�1I?0?HW�7*/268?0<�¸ ¹ 5#?�tb¸#º
68\v7F5#;_;268WFt�f�X>/2[068\v´'�R¸I¹�»=¸ º �TY81Q14di]H/2[0W�t!6
\�/_;268f0.0/2681I?|6
\¢?014/vY8W�<I54Y
f�W*^`14;2Ww^�.0\_6
14?i�

	



���������	��

���
����������������


����� ��� ������ !� �"� �#���$ #% �"� �"���� 
& 
����������'(���)�����*

�����+���,������


��-	� ��� ���#'� !� �"� �#��'� /. �"� �#���� 10 �"� �"�#'� 
& 
+�����

& 
������
& 
������ 2 2

3 3 3

�����+�54$��

�������6�����+���

���7�8�"� �#�*�� 9� �"� ���*�$ #% �"� �"�:�� ���)'(����������

� - � �"� �#�;'� 9� �"� ���;'� 9� �"� ������ +0 �"� ���;'� 

& 
������
& 
������

& 
+����� 2 2 3 3 3

����'(�6�	��

���������	�#'����
����������������


�:-	� �"� ���#'� !� �"� �#��'� !� �"� �#�*�� 10 ��� �"��'� 
& 
������

& 
��������������'<�=�	��

�����8�"� �#��'� !� ��� ���#'� #% �"� '7��'� 

& 
������
& 
������ 2 2

3 3 3�?>  <@,A	B �?C  DB/@,A �?E  FA	@,B

G�����&����IH1JLKb�?Mm�����!�'�ON��!�#(F�`���$(���Mu�����FP�QV�RN����F�`���TSVUXWFYTK|�������H�����FZV[�&$(����\N�(��������^]`_b�H�$Q

�T14/2[�ojp�5#?�tCh'rEyv6Z/2[Cd�5#;_/26
5#Y$dH68��1#/26
?0<>[�5F��Ww\_683>68Y
5#;�Y81Q14d
\�/_;2.07*/2.0;2W*\q54\�/2[HW�7�1�t0WP^`;=5#<I3>W�?Q/2\w\_[H1Fyv?G6
?G²$68<I.!;2Wb	I�n£!683>6Z�
Y
5�;2Y8XQ]�/21vfHY81Q7=gj/2[HW*\_WT7�143>dH.!/=5#/2681I?0\�]�7�1I3>d06
Y8W*;2\�?HW�WFtj/2[0Wm5#fH68Y86Z/¦X
/21�t!6Z;2W�7*/2YZX|^`.H\_Wq5#?�tb68?Q/2W*;27=[�54?0<IWw?01I?0�Rd�W*;_^`W�7*/2YZX|?HW�\�/2WFt�Y81Q1IdH\��
-�\�/2[H68\j;2WF�Q.068;2W*3>W�?Q/�68\wf�W*XQ14?�t�/2[HW�7F54dH54fH68Y86Z/¦X�14^m/_;=5It06Z/2681I?H54Y
7*1I3>dH68Y8W*;PY81Q1Id�/_;=5#?H\�^`14;23�5#/26814?�/2W�7}[0?H6
�Q.HW�\�]'^�W}y�7*1I3>dH68Y8W*;P683n�
d0Y8W�3>W�?Q/=5#/2681I?0\v7F54?|W*�LW�7*/268��W�YZX|fHY81Q7=g�/2[0W�\_Ww7�143>dH.0/=5�/2681I?H\��
¨N?�/2[H68\�d�5#d�W*;F]j��WG\_[01Fy°[H1Fy /21�54.0/2143�5#/2687F5#Y
YZX±d!;21�t0.H7*W

W}U>7�68W�?Q/�f0Y81Q7}g�68?H<4\�^`14;Gf�14/2[ ojp 54?�t¥d�5#;_/26
5#Y8�Rd06
�I14/268?H<±h'r�]
.0\_68?H<�54?�WF5�;2Y
68W*;ndH.Hf0Y86
\_[0WFt�?H1���W*Y�Y81Q1Id /_;=54?0\�^�14;23�5�/2681I?�/2W�7}[!�
?06
��.0WI]0t0W�d�W*?�t0W*?H7�W�[01I68\�/268?H<C� ­"aF),]H/2[�5�/¢^�5#7�68Y
6Z/=5�/2W�\�5�7*1I3�f068?HWFt
^`.H\_681I?G54?HtC6
?Q/2W*;27=[�5#?H<4WP/_;=5#?H\�^�1#;23�5#/2681I?�14^m5#;2f06Z/_;=5#;268YZX�?HW�\�/2WFt
Y81Q14dH\��:¨¦?�5It0t06Z/2681I?i]4y�W�7*1I3>d�5�;2W�/2[HWTd�W*;_^�1#;23�54?H7*W¢14^�/2[0W¢54.!/214�
f0Y81Q7}g�W�tbojp±5#?�t>d�5�;_/26�5#YZ�Nd068��14/268?H<�hir�yv6Z/2[|3�5#?�.�54Y8YZX>f0Y
1Q7=g�WFt
14?HW�\�^�;21I3 /2[HW�d�14dH.0Y�5�;wY868?HWF5�;P54Y8<IW�f!;=5|Y868f0;=5�;_XQ]�hi-j9L-�kml~� ¬�)R]
yv[0687}[q[�5#\if�W*W�?w7F5#;2W}^�.HY8YZXw14d0/2683>68e�WFt�fQXjd!;214^`W�\_\_681I?�5#Y�54Y8<I1#;26Z/2[H3
t!W�\_68<I?0W*;2\��
-�YZ/2[H1I.0<I[GW*U>7�68W�?Q/PfHY81Q7=g!68?0<I\w^�1#;>ojp�54?HtGd�5�;_/26
54YZ�RdH68��14/268?0<

h'r 54YZ;2WF5It�X W*c!68\�/2\�68?�h�-u9L-ukmln]�fQX 54.!/21I3�5�/26
7�54Y8YZX fHY81Q7=g!68?0<
ojp¥54?Htbh'r�]�y�Wwd�1#/2W�?Q/26�5#Y8Y8Xb54Y8Y81Fy¥/2[0W�\_W�g�W};2?HW�Y8\�/21nf�W�f�W}/_/2W*;
14d0/2683>68e�WFt|/2[!;21I.0<I[C5#.0/21I3�5�/2687q5ItH5#d0/=5�/26
14?C14^xt!68�LW};2W�?Q/uf0Y81Q7}gQ�
68?0<�\�/_;=5#/2W�<468W�\�]$yv[H68Y8W�54Y8Y81Fyv68?H<CY868f0;=5#;268W�\q/21b3�5#68?�/=5#68?�5b\_68?0<IY8W
683>d0Y
W*3>W�?Q/=5#/2681I?�^`14;$W�547=[PgIW*;2?HW�Y��'��Wx68Y
Y8.0\�/_;=5#/2W:/2[HW:yv6�t!W*;$14d0/26Z�
3>68eF5�/2681I?�d�14\_\_6
f068Y
6Z/268W�\�fQXb5#.0/2143�5#/2687F54Y8YZX|t068\_7�1���W*;268?0<nfHY81Q7=g!68?0<
\�/_;=5�/2W�<I68W�\�14/2[0W*;q/2[�54?G/2[HW>1I?0W�\q.H\_WFtGf�XGhi-j9L-�kmln��¨N?�5It0t06Z�
/26814?i]�ymW¢\_[H1Fy�/2[�5#/V/2[0W¢W*�LW�7*/x1#^�fHY81Q7=g!68?0<�68?�/2W};=547*/2\Vyv6Z/2[�/2[H14\_W
1#^$1#/2[HW*;mY
1FymW*;_�RY
W*��W�YL1Id!/26
3>68eF5�/2681I?H\��Vbj.!;m;2W�\_.0Y8/2\m6
?Ht0687F5�/2Wu/2[�5�/
f�W}/_/2W*;nd�1#;_/=54fHY8W�d�W*;_^�1#;23�54?07�W|7�54?�f�Wb5#7}[068W���WFt fQX 5#.0/21I3�5�/_�
687F5#Y8Y8X�7�14?H\�/_;2.H7}/26
?0< 54?Ht�W*c!d0Y
146Z/26
?0<G/2[0W�1Id!/26
3>68eF5�/2681I?�\_W�5#;27=[
\_dH547�W*\��
¨N?G/2[0W�^�14Y
Y81Fyv68?H<!]�£�W�7*/2681I? ­�zH;2\�/q68?Q/_;21�t0.07�W�\w;2W�Y
5#/2WFt�y�14;2g��

£�W�7*/2681I?�¬�.H\_W�\�h'r~^�5#7*/214;268eF5�/2681I?�yv6Z/2[H14.0/�dH68��1#/26
?0<�/21�68Y8Y8.H\��
/_;=5�/2W�[01Fy�/21�54dHd0YZXCt0W*d�W�?�t!W�?H7�Wq[01I68\�/268?H<�/_;=54?H\�^`14;23�5�/26
14?H\j/21
f0Y81Q7}g�5#;2f068/_;=5�;268Y8X�?HW�\�/2W�t�Y81Q1Id�\�/_;2.07*/2.0;2W�\���£!W*7*/2681I?�B 5#?�t`a
/2[0W�?�d!;2W�\_W�?Q/q/2[HWnf0Y
1Q7=g�68?H<C14^�h'r�yv6Z/2[ d�5�;_/26
54Ymd068��14/268?H<�54?�t
ojp�;2W*\_d�W�7*/268��W�YZXQ��£!W�7*/26814?�®>d0;2W*\_W�?Q/2\jW*c!d�W*;2683>W�?Q/=54Y�3>WF54\_.!;2W*�
3>W*?�/2\i^�14;xf�1#/2[nojp¡54?Ht�dH5#;_/26
54YZ�RdH68��1#/26
?0<�h'r��Ikm1I?07�Y8.H\_681I?0\T5�;2W
t�;=5�yv?�68?�£!W�7}/26
14?5cQ�

2. RELATED WORK-s\_W*/v14^$.H?H683>1�t!.HY
5#;¢Y81Q14db/_;=54?0\�^�14;23�5�/2681I?H\�]H68?H7�Y8.�t!68?H<�Y81Q14d
\�/_;268d!�N3>68?06
?0<0]0^�.H\_6814?i]'t068\�/_;268fH.!/2681I?i]�6
?Q/2W*;27=[�5#?H<4WI]�\_g�W}yv6
?0<�54?�t
68?Ht0W*c��R\_W*/P\_dHY86Z/_/268?H< � ­4¬�]¢	F®!]¢	�¯!]x¯�]¢	I	I],a�),]:7F54? f�W�5#dHd0Y
68WFt�/21
\_.07�7�W�\_\�^`.HY8YZX�5#7}[068W���W�f0Y
1Q7=g�68?H<�14d0/2683>68eF5#/26814?H\�^�1#;v\_7�68W�?Q/26Zz�7w5#d0�
d0Y86
7�5#/2681I?0\���{�[0W�\_Wu/2W�7=[H?06
��.0W�\�5�;2Wj68?HW}c0d�W*?H\_68��Wu54?�t�5�;2Wuyv6
t0W�YZX
.0\_WFt�6
?|d0;21�t!.H7*/2681I?�7�143>dH68Y8W*;2\m/21�14d0/2683>68e�Wj\_683>d0Y
WuY81Q1Idb\�/_;2.07*�
/2.!;2W�\�]uf�14/2[�^�1#;�Y81Q7F5#Y
6Z/NX±54?Ht�^�14;bd�5�;=54Y8Y8W�Y86
e�5#/2681I?'� �j1Fy�W*��W*;F]
/2[0W�\_W�/2W�7=[H?06��Q.0W�\:5#;2W¢?014/:W*�LW�7}/26
�IW¢W�?H14.H<I[Pyv[HW�?P/_;=54?0\�^�14;23>68?0<

7�143>dHY8W*cL]Q?H14?0�Rd�W*;_^`W�7*/2YZXn?0W�\�/2WFtnY81Q1Id�\�/_;2.H7}/2.0;2W�\��:{�[!;21I.0<I[>/2[HW
54.!/21I3�5�/2WFtPf0Y81Q7}g�68?H<�1#^'ojp¡54?Ht�hir�^�5#7*/214;268eF5�/2681I?H\�]Q/2[068\xdH54d�W*;
68Y8Y
.0\�/_;=5#/2W�\�[H1Fy�/21v.H\_W:/2[HW:WF5�;2Y
68W*;$dH.Hf0Y86
\_[0WFtwt0W*d�W�?�t!W�?H7�W:[01I68\�/_�
68?H<>/2W�7=[H?06��Q.0W>� ­da�)V/21�W*c�/2W�?Ht|/2[HW�\_Ww/_;=54t06Z/2681I?�5#Y$/2W�7=[H?H6
�Q.HW*\u68?
W*�LW�7}/26
�IW�YZX|/_;=5#?H\�^�1#;23>68?H<>5�;2fH6Z/_;=5#;268YZXb7*1I3>dHY8W*c�Y81Q1IdC?0W�\�/2\�]
k�5#;_;F]ulwW�?0?HWFt�X�5#?�t±hiW�[01I.07F�s� B!]w®#)�6
?���W*\�/26
<I5#/2WFt�/2[0W�;2W}�

�Q.H6Z;2W�3>W�?Q/2\n^`14;�7*1I3>dH68Y8W*;2\�/21�54.!/21I3�5#/2687F5#Y8Y8X�1Id!/26
3>68e�W�t!W�?H\_W
3�5#/_;26Zc�ojpq]mh'r 54?Ht�km[01IY8W�\_gQX�^�547*/21#;268eF5#/2681I?0\b/2[0;214.H<4[�.H?06Z�
3>1�t0.0Y
5#;iY
1Q14dw/_;=54?H\�^`14;23�5�/26
14?w/2W�7}[0?H6
�Q.HW�\���²H1#;�dH5#;_/26
54YZ�RdH68��1#/26
?0<
hir�^�547*/21#;268eF5#/2681I?']0/2[0W*X�ymW*;2Wu54fHY8W�/21q547=[H68W���W�7�1I3>dH5#;=5#fHY8Wud�W};_�
^�1#;23�54?07�WP54\u/2[H5#/u547=[H68W��IWFt�fQXbhi-j9L-�kml§� ¬�),�v�j1Fy�W��IW*;F]�/2[HW*68;
fHY81Q7=g�6
?0<|\�/_;=5�/2W�<4XC;2W���.06Z;2W�\j/2[HW�68?H\_68<I[Q/�/2[H5#/j;21Fy�68?Q/2W*;27=[�5#?H<IW
54?Ht�7�1IY8.03>?�.HdLt05#/2Ww3�5#/_;26Zc|1Id�W*;=5�/2681I?H\j7�1I3>3�.0/2WI]054?C68?0\_6
<4[Q/
/2[�5�/�7�54?wf�Wx547=[H68W���W�tw54.0/2143�5#/2687F5#Y
YZXwfQXj5�7�1I3>d068Y
W};�14?HYZXj/2[!;21I.H<4[
\_d�W�7�6
5#Y
68e�W�tGd�5�/_/2W*;2?C3�5#/27=[H68?0<>\�/2W�dH\��j-jt0t06Z/2681I?�5#Y8Y8XQ]Lk�5#;_;q5#?�t
hiW*[H1I.07F�>y�W*;2WP54f0Y8Wq/21�d0;21�t0.07�Ww1I?0YZXbdH5#;_/26
54Y$f0Y81Q7}g�68?H<�^`14;�ojp
^�5#7*/214;268eF5�/2681I?i]myv[H687}[�y�W};2Wb?H1#/>5#\>W*U>7�68W�?Q/>5#\�/2[HWbh�-u9'-�kml
��W*;2\_6814?�14^qojp§^`14;�Y
5#;2<4W�3�5�/_;2687�W�\���{�[068\�dH54d�W*;>^`.0;_/2[0W*;�5It��
�454?H7*W�\�/2[0W�;2W�\_.HYZ/2\u14^V/2[HW*68;u\�/2.�t�X|/2[!;21I.0<I[b/2[0W�5#dHd0Y
687F5�/2681I?�14^
egf�h+f�i1egf�i!j�f�k+ldmRn�o;mRi\p ��ru\_6
?0< egf�h+f�i!e�f�i!j�f�k+ldm/n:o;m/igp ]vy�WCy�W*;2W
54f0Y8W�/21|^�.HY8YZX�54.0/2143�5#/2Wn/2[0W>fHY81Q7}g�68?H<b14^vd�5�;_/26
54YZ�RdH68��14/268?0<�hir
yv6Z/2[H14.0/P;2WF�Q.H6Z;268?H<�54?QXG\_d�W�7�6
54Y¢7�143>3�.!/=5#/268��68/NX�68?H\_68<I[Q/2\�����W
y�W};2WG5#Y8\_1�5#fHY8W�/21�54.!/21I3�5�/26
7�54Y8YZX�d!;21�t0.H7*6
?0< W*U>7�68W�?Q/�fHY81Q7=gQ�
68?H<q^�1#;�ojp±54?Ht�5#7}[068W���Wj7*1I3>d�W*/26Z/268��Wv14;¢W*��W�?�\_.Hd�W*;2681#;¢d�W*;_^�1#;_�
3�54?07�Wj/2[H54?|/2[H5#/�14^�/2[HWwhi-j9L-�kml�ojps^`14;u54Y8Y�3�5�/_;26Zc|\_68e�W*\��
£!W*��W*;=54YL7�143>dH68Y8W*;�Y81Q1Idb/_;=5#?H\�^�1#;23�5#/2681I?|^`;=543>W}y�14;2g�\q�Z	$aQ]L­4³�]

	I]L	�c�]H­I­F)�5�;2Wj/2[HW*14;2W*/2687F5#Y
YZX�3>14;2Wud�1Fy�W*;_^`.HYLfH.!/¢5#;2Wj54Y8\_1�3�.H7=[
3>14;2W:W*c!d�W�?0\_68��Wx/2[H54?�/2[0WTt!W�d�W�?Ht0W�?07�W:[H1I68\�/268?H<v/2W�7=[H?06��Q.0Wx.0\_WFt
68?�/2[H68\|dH54d�W*;F��{�[0W�\_WG<4W�?HW};=54Y�^`;=5#3>W*y�1#;2g�\|/¦X!d06
7�54Y8YZX±5It!1Id0/
5 3�5#/2[0W�3�5#/2687F5#Yu^�1#;23�.0Y�5�/2681I?±14^Pd0;214<4;=5#3 t0W*d�W�?�t!W�?H7�W*\b5#?�t
/_;=54?0\�^�1#;23�5#/2681I?0\���{�[0W*X�z0;2\�/>7�1I3>d0.0/2W�5G3�5#dHd06
?0<�^`;2143 /2[HW
6Z/2W*;=5#/26814?C\_d�547*W�\u1#^:\�/=5#/2W�3>W*?�/2\¢68?Q/21n\_143>Ww.H?H6ZzHWFt|\_dH547�WI�m{�[HW
.H?06Zz�WFts\_d�547*W¡68\�/2[HW�?¥7�1I?0\_6
t0W*;2WFtE^`14;�/_;=54?0\�^�14;23�5�/2681I?i� ²$6Z�
?�5#Y8Y8XQ]�5�?0W*y d0;214<4;=5#3 68\C7�1I?0\�/_;2.H7*/2W�t±fQX�3�5#dHd06
?0< /2[HW�\_W}�
Y8W�7*/2WFtq/_;=54?0\�^�14;23�5�/2681I?H\V1#^H/2[0Wm.H?06Zz�WFtw\_d�5#7�W�14?�/21�/2[HWT68/2W};=5#/2681I?
\_d�5#7�W�\q14^�\�/=5#/2W�3>W�?Q/2\���{�[0W>7�1I3>d0.0/=5�/26
14?�1#^�/2[HW�\_W�3�54dHd068?H<I\
68\¢W*c!d�W�?H\_68��Wj54?Ht|<IW*?HW*;=5#Y
YZX�;2WF�Q.H6Z;2W�\¢\_d�W*7�6
54Y'6
?Q/2W�<4W*;vd0;214<4;=5#3n�
3>68?H<q/21Q1IY8\v\_.H7=[b5#\�/2[HWLbj3>W*<�5qY
68f!;=5#;_X��Z	�­�),�T�mW�7�54.H\_Ww1#^$/2[HW*68;
[H68<4[�7�1I\�/F]�/2[HW�\_Wn^�;=543>W*ym14;2g�\�5�;2W>;=5#;2W�YZXG.H\_WFt�68?�7*1I3>3>W*;27�6
5#Y
7�143>dH68Y8W*;2\��w¨¦?�7�14?Q/_;=54\�/F]�y�W�\_W�W�gC\_683>dHY8W*;uXQW*/u[H68<I[0YZX�W*�LW�7*/268��W
\_1IY8.!/26
14?H\�yv6Z/2[�5�3�.H7=[¡Y81Fy�W};|7*1I3>dH68Y8W*�,/2683>Wb1���W*;2[0WF5ItL�±{�[HW
7�143>dH68Y8W*�,/26
3>W|1���W*;2[HW�5It�1#^q54d0dHYZX!6
?0<�t!W�d�W�?�t!W�?H7*W�[H146
\�/268?0<�68\
7�143>d�5#;=5#fHY8WT/21¢/2[H5#/V1#^�5#dHdHYZX!68?H<v.H?0683>1�t0.HY
5�;$Y81Q1Idq/_;=54?0\�^�14;23�5��
/2681I?b/2W*7}[0?H6
�Q.HW�\�]H54\�d0;2W�\_W*?�/2W�tb68?�d0;26814;vym14;2gbfQXrq�6�]0lwW�?H?0WFt!X
54?Htb-ut0��Wn� ­da�),�
-uYZ/2[01I.H<4[�t0W*d�W�?�t!W�?H7�W�[01I68\�/268?H<�68\|14?HYZX�5 7�143�fH68?0WFt�Y81Q1Id

^�.0\_681I?�54?Htb68?Q/2W*;27}[H54?0<IW�/_;=54?0\�^�1#;23�5#/2681I?']�6Z/�7F54?�f�Ww68?Q/2W�<#;=5#/2WFt
yv6Z/2[�14/2[HW};j7�143>dH68Y8W*;j/2W*7}[0?H6
�Q.HW�\�\_.H7=[�54\j54.0/2143�5#/2687q\_W�Y8W�7*/2681I?
14^:f0Y81Q7}g�68?H<�^�547*/21#;2\�� ¯�]�	F®�]�	�«#),]�[HW*.0;268\�/2687�\¢^�14;uY81Q1Id�^`.H\_681I?��Z	*B0]

­



	�¬#),]Q3�.HYZ/26Z�NY8W��IW�Y�3>W�3>1#;_Xw[H68W*;=5�;27}[QXP3�54?H54<IW*3>W�?Q/�� c�),]Q5#?�t�tH5#/=5
Y
5�XQ14.0/�/_;=5#?H\�^�1#;23�5#/2681I?0\�� ­�	})R�T¨N/T/2[�.H\mW}c!/2W*?�t0\x/_;=5It!68/26814?�54YL.0?H6Z�
3>1�t!.HY
5#;�Y81Q1Id�14d0/2683>68eF5#/26814?¡\�X!\�/2W�3>\Pyv6Z/2[¡/2[0Wb5#fH68Y868/NX /21GW}^`�
zH7�68W�?Q/2YZX�1Id!/26
3>68e�W�5�;2fH6Z/_;=5#;268YZX±7�1I3>d0Y8W*c�\�/_;2.07*/2.0;2W�\�� £!d�W�7*68z0�
7�54Y8YZXQ]m^�1#;�Y86
?0WF5#;>54Y8<IW�f!;=5�g�W*;2?0W�Y8\�/2[�5�/n3�5#?H6Z^�W�\�/n\_6
3>68Y
5#;�Y81Q14d
\�/_;2.07*/2.0;2W*\�54\u/2[H1I\_W�68?�ojp�54?�t�h'r ^�547*/21#;268eF5#/2681I?0\�]�fQX�54Y8Y81�y¢�
68?0<G3�.HYZ/268dHY8W�W*U>7�68W�?Q/nf0Y81Q7}g�W�t�;21I.0/268?0W�\�/21�f�W|54.0/2143�5#/2687F5#Y
YZX
<4W�?HW};=5#/2WFtL]$6Z/qW�?�5#fHY8W�\�/2[0W�\_Wn7�143>dH.0/=5�/2681I?H\�/21|f�W�z�?0W*;�/2.0?HWFt
5#.0/2143�5#/2687F54Y8YZXn^`14;�[068<I[>d�W*;_^`14;23�54?07�W�1I?�t06Z�LW*;2W*?�/x3�5#7}[06
?0W�5#;_�
7=[H6Z/2W�7}/2.0;2W�\��

3. DEPENDENCE HOISTING��Wu.0\_W�/2[0Wjh'r�^�547}/214;268eF5#/26814?�7�1�t0Wu68?|²$68<4.0;2W�	�/21P6
Y8Y8.H\�/_;=5�/2W
[01Fy�/21�54dHd0YZXq5�?01���W�YI/_;=5#?H\�^�1#;23�5#/2681I?'] e�f�h+f�i!egf�i1j�fVk+ldm/n:o;m/igp ]4/21
5#7}[068W���WPW*U>7�68W�?Q/ufHY81Q7}g�68?H<>^`14;q5�;2fH6Z/_;=5#;_XbY
1Q14dG\�/_;2.07*/2.0;2W*\��v��W*�
d�W*?�t0W*?H7�Ww[01I68\�/268?H<ny¢5#\�t0W�\_7*;268f�WFt�fQXrq�6�]0lwW�?H?0WFt!X�5#?�t�-ut0��W
68?|t0W*/=5#68Y�6
?�� ­"aF),�m{�[068\�\_W�7*/2681I?�;2W�7F5#dH6Z/2.HY
5�/2W�\�/2[HW�\25#^`W*/¦X�5#?�54YZX��
\_68\�54?Htb5#dHdHY8687F5�/26
14?C\�/2W�dH\¢1#^Vd�W*;_^`14;23>68?H<P/2[H68\¢/_;=54?H\�^`14;23�5�/26
14?i�

3.1 Safety Analysis�jW�d�W�?�t!W�?H7*Wj[H1468\�/26
?0<�68\v5�7*1I3�f068?HWFt>Y81Q1Idb^`.H\_681I?b54?Ht�68?Q/2W*;_�
7=[�5#?H<4W�/_;=54?0\�^�14;23�5�/2681I?G/2[H5#/�^`.H\_W�\q5�7�1IY8Y8W�7*/26814?�14^�5#;2fH6Z/_;=5�;26
YZX
?0W�\�/2WFtnY81Q1Id0\�5#?�t�/2[HW*?n\_[H6Z^`/2\x/2[HW�^`.H\_WFt>Y81Q1Idn/21w/2[HW¢14.0/2W*;23>14\�/
d�14\_6Z/26
14?�14^T54?C68?Hd0.0/�Y81Q1IdC\�/_;2.07*/2.0;2WI�¢{�[HWq7�1IY8Y8W�7*/26814?G1#^TY81Q14dH\
/21Pf�Wu^`.H\_WFtL]�/21I<IW}/2[HW*;�yv6Z/2[�/2[HW�6Z;¢5#Y86
<4?H3>W�?Q/2\¢t!.0;268?H<q^�.0\_681I?i]!68\
t!W�?H1#/2WFt�54\�5 j:l�� h��\o��do;m�ldi�n�� m�j�f ��14;v\_683>dHYZX n�� m�j�f �}�x{�[0W�\25#^`W*/¦X
1#^L/2[HW�yv[H14Y8W�/_;=5#?H\�^�1#;23�5#/2681I?>68\T<I.�5�;=54?Q/2W�WFtnfQXP7�14Y
Y8W�7}/26
?0<�14?HYZX
�454Y86
tb7�143>dH.!/=5#/2681I?|\_Y
687�W*\��
A 68��W*?�54?b5#;2f068/_;=5�;268Y8X|?HW*\�/2WFt|Y81Q1Id|\�/_;2.H7*/2.!;2W	��]H5�7�143>dH.0/=5��

/26814?�\_Y86
7*Wq^`14;
�E7�1I?Q/=5#6
?0\¢/2[HW�^�14Y8Y
1Fyv68?H<�68?0^`14;23�5�/26
14?i�
� ¸
�����¦�¦¸����}+�/2[0Ww\_W*/v14^:\�/=5�/2W�3>W�?Q/2\¢68?���@
� ¸��`µ��������������$�R¸��
�'¸ �E¸
���!�N�¦¸"���}+n^�1#;�WF547=[�\�/=5�/2W�3>W�?Q/n¸b6
?¸
�����¦�¦¸����}]:/2[HW n�� m�j7mRi\p#� l�l�h ^�14;b¸I@�/2[H5#/�68\�]m/2[0Wb\_W�Y8W�7*/2W�t
Y81Q1Id���\_.!;_;21I.0?�t068?0< ¸���/21�f�W�\_[06Z^`/2WFt�/21�/2[HW�14.0/2W*;23>14\�/
d�1I\_6Z/2681I?'@

� ¸��`µ�������$%�`µ'&)(x�R¸��*�L¸��¡¸
�����¦�¦¸����*+�^�14;qW�547=[�\�/=5#/2W*3>W�?Q/P¸n6
?¸
�����¦�¦¸����}]Q/2[HWw5#Y86
<4?H3>W�?Q/¢^`14;�¸"��µ��
���+�,�����$�R¸��}�
A 68��W*?�/2[HW�5#f�1#�IW�\_Y86
7*WI]�5�t0W�d�W�?Ht0W�?07�W�[01I68\�/268?H<�/_;=54?0\�^�1#;23�5#�
/26814?�^�.H\_W*\n54Y8Ym/2[0W�\_Y
687�68?0<�Y81Q14dH\�68?Q/21�5C\_68?H<IY8W�Y81Q1Id.-�/C5�/�/2[0W
14.0/2W*;23>14\�/�d�1I\_6Z/2681I?�1#^0�E\�� /F�1�2-4�R¸��13±¸"��µ��
�546���������R¸#�}]

7585$)90�6- / �R¸��_�:3;7585$)90�6-4�R¸��_�=<¡¸��`µ��
�)4,$%�`µ'&)(x�R¸���> ��	F�
�uW*;2W?7585$)9!�6-I�R¸��_�:54?Ht�7585$)9!�6-�/��R¸#�_�x5#;2Wj/2[0Wu68?Ht0.H7}/26
14?|�45#;26
5#fHY8W�\
^`14;jY
1Q14dH\@-I�R¸��¢54?HtA-�/0�R¸��m;2W�\_d�W�7}/26
�IW�YZXQ�vST�Q.H5#/2681I? ��	F�v\_d�W�7*68zHW�\
/2[H5#/uWF547=[�6Z/2W*;=5#/2681I?�68?H\�/=5#?H7�W	7�14^xY81Q1Id2-4�R¸#����3�¸��`µ��
�F���������$�R¸��_�
68\�W}c0W*7�.0/2WFtb5#/�6Z/2W*;=5�/2681I?B7C<�¸��`µ��
�F��$%�`µ'&)(:�R¸��¢1#^T/2[0Ww^�.H\_W�t�Y81Q14d
-�/n5#^�/2W*;�/_;=54?H\�^`14;23�5�/26
14?i�
{i1�d0;21�t!.H7�Wv5j7*14;_;2W�7*/Tt!W�d�W�?�t!W�?H7*W�[H146
\�/268?0<�/_;=54?H\�^`14;23�5�/26
14?i]

5��I5#Y86�t¡7�1I3>d0.0/=5�/26
14?�\_Y
687�WC3�.H\�/�\25#/268\�^`X¡/2[HW�^�1IY8Y81Fyv68?H<�/2[0;2W*W
7*1I?�t!6Z/26
14?H\��
� 6Z/�6
?07�Y8.�t!W�\�54Y8Y'/2[0Ww\�/=5#/2W�3>W*?�/2\¢68?D��@
� 54Y8Y�1#^�6Z/2\�\_Y8687�68?H<PY81Q1IdH\m7F54?�f�W�Y
W*<�54Y8YZX�\_[H6Z^`/2W�t>/21q/2[HWv14.0/_�W*;23>14\�/vY
1Q14dCY8W���W�Y�@
� WF5#7}[¥d�546Z;�1#^n\_Y8687�68?H<�Y81Q1Id0\D-�EH�R¸�EQ�|54?�tF-
G0�R¸�GI��7F54?¥f�WY8W�<�5#Y8Y8Xw^`.H\_WFt�\�� /F�H7585$%9!�6- E �I<w¸��`µ�������$%�`µ'&)(:�R¸ E �:3F7585$)9!�6- G �I<
¸��`µ�������$%�`µ'&)(x�R¸�G4�}�

{�[0W�5#f�1#�IWj7�14?H\�/_;=5468?Q/2\v5#;2Wjt0W*/2W};23>6
?0WFt>fQX>W*c0543>68?H68?0<q/2[0Wjt!W*�
d�W*?�t0W*?H7�Wx7�1I?0\�/_;=5468?Q/2\�� ­�]�­#B!]�­"aF)�14^!/2[HWT14;268<I68?�5#Y�7�1�t0Wx^`;=54<43>W�?Q/
���x²$68<4.0;2W�¬0�,5I�:\_[01�yv\:/2[HWv1#;26
<468?�54Y�JBKL7P^`14;23 14^L?01I?!�Nd068��14/268?H<
h'r�5#Y81I?H<Gyv68/2[�/2[HW�t0W�d�W�?Ht0W�?07�W�7�1I?0\�/_;=5468?Q/2\>f�W*/¦ymW�W�?�\�/=5�/2W*�
3>W*?�/2\�¸I¹$5#?�tP¸ º ]�yv[HW*;2WxWF5#7}[Pt0W*d�W�?�t!W�?H7�W:68\$3�5�;2g�WFtuyv6Z/2[w;2W�Y
5#�
/26814?H\xf�W*/¦ymW�W�?�6Z/2W*;=5�/2681I?H\x14^�/2[0W�\_.0;_;214.H?Ht068?H<uY
1Q14dH\��:©u14/2W�/2[�5�/

/2[HW*\_Wq;2W*Y�5�/2681I?H\j6
?���14Y8��Ww?H1#/j14?HYZX�6Z/2W*;=5�/26
14?H\u14^x7�1I3>3>14?bY81Q1Id0\
\_.0;_;214.H?Ht068?H<uf�14/2[�¸ ¹ 54?�t�¸�ºu��^�1#;TW}cH5#3>dHY8WI]4´L�R¸ ¹ »2¸#º*�_�}]If0.0/:5#Y
\_1
?H14?0�R7�143>3>1I?�Y81Q1Id0\w\_.0;_;214.H?�t!68?H<�1I?0Y8X�1I?HW�14^x/2[HWP\�/=5#/2W�3>W*?�/2\
��^�1#;�W*c05#3>dHY8WI]�¶H�R¸�ºF�_�}�v{�[0WqW*c�/_;=5n6
?!^�1#;23�5#/2681I?C68\j?0W�7�W�\_\25�;_Xb/21
d0;2W*7�68\_W�YZX�3>1�t0W�YVt!W�d�W�?Ht0W�?07�W�7*1I?H\�/_;=5#68?�/2\j6
?Ht0W�d�W*?�t0W*?�/j14^x/2[HW
14;268<46
?H54Y$Y81Q14d�\�/_;2.H7*/2.!;2WI�
��5#\_WFtb1I?|/2[HWwt!W�d�W�?�t!W�?H7*W�7�1I?0\�/_;=5468?Q/2\v6
?�²$6
<4.0;2Wq¬!�,5��}]H²$6
<#�

.0;2Ww­�\_[H1Fyv\¢/2[HWj/2[!;2W�Ww�454Y86
t|7�143>dH.0/=5�/2681I?b\_Y8687�W�\¢^`14;�/2[H68\¢7�1�t0W
��\_683>68Y�5�;�\_Y
687�W*\G7F5#?Ef�W�7*1IY8Y8W�7*/2WFtE^`14;G²$68<I.0;2W�¬!��f���5#?�t���7F�_�}�
{�[HW*\_W�\_Y8687�W�\C7F5#?sf�W�.H\_W�t�/21 ^�;2W�W�YZX�/_;=54?0\_Y�5�/2W�f�W*/Ny�W�W*?¥5#?QX
/¦ym1>14^V/2[0W�/2[0;2W�WwY81Q1Id�1#;=t0W*;268?H<4\�^`14;u?H14?0�RdH68��1#/26
?0<>hirE6
?�²$6
<#�
.0;2W�	I�x£�W�7*/2681I?�¬!� ­v6
Y8Y8.H\�/_;=5�/2W�\V[H1Fy /21v/_;=54?0\_Y�5�/2W��,5��L/21���7��'.H\_68?H<
¸��`µ�����M��>£!683>68Y
5#;2YZXQ]'.H\_68?H<�¸��`µ��
��N¢7F5#?G/_;=5#?H\_Y
5#/2W��,5I�u/21���f��}]$5#?�t
.H\_68?0<�¸��`µ�����O�7F5#?b/_;=54?0\_Y�5�/2W>��7��m/21��,5��}�

3.2 Transformation Steps��W�68Y8Y8.H\�/_;=5#/2W|/2[HW�54d0dHY8687F5#/2681I?¡\�/2W�d0\n14^ut0W*d�W�?�t!W�?H7�W�[01I68\�/_�
68?H<nfQX�/_;=54?0\_Y
5#/268?H<>²$68<4.0;2Wq¬0�,5I�m/21���7��}]0.H\_68?H<�¸��`µ��
��Mw^`;2143§²$6
<#�
.0;2W>­��|£!d�W*7�6Zz�7F5#Y
YZXQ]iy�Wn\_[01�y�[01�y /21�^�547*6
Y86Z/=5#/2W�/2[HW�^�.H\_6814?�14^
/2[HW�´'�R¸ ¹ ��54?Htn¶H�R¸�ºF�mY81Q1Id0\u68?��,5I�mf�X�\_.07�7�W�\_\�^`.HY8YZXCt068\�/_;268fH.!/268?H<
/2[HW>1#;268<I68?�5#Yv´'�R¸I¹�»=¸ º ��Y81Q1Id'��-u\�t068\_7�.0\_\_WFt�68?�£!W�7}/26
14?�	I]$/2[068\
t068\�/_;268fH.!/2681I?�7F5#?H?014/|f�W�547=[H68W���WFt¡/2[0;21I.0<I[�.H?H683>1�t!.HY
5#;�Y81Q1Id
/_;=54?0\�^�1#;23�5#/2681I?�/2W�7=[H?H6
�Q.HW*\uf�W�7�54.H\_WP14^x/2[HWPt!W�d�W�?�t!W�?H7*WP7}X07*Y
W
/2[�5�/>7�14?H?HW*7*/2\>\�/=5#/2W�3>W*?�/2\>¸ ¹ 54?�t�¸�º|54?Ht�68\>7F5�;_;26
W�t�fQX /2[HW
´L�R¸ ¹ »2¸#º*�mY
1Q14di�
{�[HWP/_;=54?0\_Y�5�/2681I?�68\w68?�/2[0;2W�WP\�/2W�dH\���²$6Z;2\�/F]'y�W�7};2WF5#/2W>5�?HW}y

t0.03>3�XCY81Q14d \_.0;_;21I.0?�t!6
?0<|/2[0W>14;268<I68?�5#Y�7�1�t!W>6
?�²$6
<4.0;2W�¬0�,5I�}�
{�[H68\vt!.H3>3�X�Y81Q1Id|[�54\�54?�6
?Ht0W*c��45#;26
5#fHY8W?P�/2[�5#/�68/2W};=5#/2W�\¢1���W*;
/2[HW¢.0?H681I?�14^�/2[0W�6Z/2W*;=5#/2681I?n;=5#?H<4W�\T1#^LY81Q1IdH\T´L�R¸ ¹ �:5#?�tw¶H�R¸�ºF�}��¨¦?
/2[HWx\2543>W:\�/2W�d']�y�Wm68?0\_W*;_/$7�14?�t!68/26814?�54Y8\$68?��,5��L\_1�/2[H5#/i\�/=5#/2W�3>W*?�/
¸ ¹ 68\TW*c!W�7*.0/2WFtP1I?HYZXPyv[HW�?QP�3¡¶q54?Ht�\�/=5�/2W�3>W�?Q/T¸�º¢68\:W*c!W�7�.!/2WFt
1I?0YZX|yv[0W�?DP!3s´��¢²$68<4.0;2Wq¬0��f���\_[H1Fyv\u/2[0Wj;2W�\_.HYZ/u14^V/2[06
\v\�/2W�d']
54Y814?H<uyv6Z/2[P/2[HWx3>1�t06Zz�WFtqt!W�d�W�?�t!W�?H7*W�\�yv[H687=[�68?07�Y8.�t0Wx;2W�Y
5#/2681I?0\
68?���1IY8��68?H<n6Z/2W*;=5�/26
14?H\�14^$/2[0W�?HW}y¥14.0/2W*;23>14\�/*PCY81Q1Idi�
©j1Fyw]Vf�W*7F54.0\_W�/2[0W>7�1I?Ht06Z/2681I?H54Y8\RP.3§´G54?Ht#PS3�¶C6
?�²$6
<#�

.0;2Wu¬0��f��:\�X!?07}[!;21I?H68e�W¢/2[0Wj´L�R¸ ¹ �T5#?�tq¶H�R¸�ºF�:Y81Q14dH\myv6Z/2[>/2[HWv?HW}y
P$�R¸I¹�»=¸ º �jY81Q14d�68?�5�Y81Q7}gQ�R\�/2W�d�^�54\_[0681I?i]�Y81Q1IdTP$�R¸I¹_��54YZy¢5�X!\w[�5#\
/2[HWj\2543>Wwt!W�d�W�?�t!W�?H7*Wj7�14?�t06Z/2681I?0\v54\¢/2[H14\_W�14^$Y
1Q14dC´L�R¸ ¹ �}]05#?�t
Y81Q1IdUP$�R¸ º ��54YZy�5FX!\�[�5#\�/2[HW|\2543>Wbt0W�d�W�?Ht0W�?07�Wb7*1I?�t!6Z/26
14?H\�5#\
/2[H14\_W>14^¢Y81Q14d�¶H�R¸�ºF�}��-u\w\_[01�yv?G68?G/2[HWnt0W�d�W�?Ht0W�?07�W�<#;=54d0[�14^
��f��}]�/2[0W�?0W*y�1I.!/2W*;23>1I\�/?P�Y81Q1IdG?H1Fy�7F5�;_;268W�\�/2[HW�t0W�d�W*?�t0W*?H7�W
WFt!<IW:^`;21I3�¸I¹i/21u¸ º 5#?�tj/2[�.H\'7F5�;_;26
W*\$/2[HWxt0W�d�W*?�t0W*?H7�W:7*X!7�Y8Wx7�1I?!�
?HW*7*/268?H<w¸ ¹ 5#?�t�¸#º��:{�[H68\V\_[H6Z^�/26
?0<�14^�t0W�d�W*?�t0W*?H7�WTY
W*��W�Y�3�54g�W*\$6Z/
d�1I\_\_68f0Y
Wv^�1#;m/2[0W¢\_W�7�1I?Ht�/_;=54?0\�^�14;23�5�/2681I?�\�/2W�d�/21qt!6
\�/_;268f0.0/2W¢/2[HW
´L�R¸ ¹ »2¸#º*�uY81Q1Id�68?¡��f��}]�yv[06
7=[�?01|Y814?H<IW};q7F5#;_;268W�\q5�t0W�d�W*?�t0W*?H7�W
7*X!7�Y8WI��{�[HWP/_;=54?0\�^�14;23>W�t�7�1�t!W>5#^�/2W*;Pt068\�/_;268fH.!/2681I?�6
\j\_[H1Fyv?�68?
²$68<I.!;2W�B0�,5��}��©u14/2Ww/2[�5�/j/2[06
\�\�/2W�dC;2WF�Q.H6Z;2W�\u68?�/2W};27}[H54?H<468?H<>/2[HW
14;=t!W*;�14^V\�/=5�/2W�3>W�?Q/2\�¸ ¹ 54?HtC¸�º#�
²$68?�5#Y
YZXQ]vy�W�7F5#?�?H1Fy�;2W*3>1#�IWb/2[HWC;2WFt!.H?�t054?Q/�Y81Q1Id0\�´L�R¸ ¹ �

54?Ht�¶H�R¸�ºF��68?�²$68<I.0;2WbBH�,5��n5#Y81I?H<Gyv68/2[�/2[HW|7�1I?Ht06Z/2681I?H54Y8\>/2[�5#/
\�X!?H7=[0;214?H68e�W�/2[HW*3·yv6Z/2[b/2[HW�14.0/2W*;23>14\�/*P�Y81Q1Id'��{�1�Y
W*<�54Y8YZXb;2W}�
3>1���W�/2[HW*\_W�Y81Q1Id0\�5#?�tC7�1I?Ht06Z/2681I?H54Y8\�]�y�WP\_.Hf0\�/268/2.!/2Ww/2[HWq68?�t0W}c
�45#;26
54f0Y
W@Pn^�1#;m/2[0W�68?Ht0W*c��I5�;26
54fHY8W�\T14^L/2[HW�;2W*3>1#�IWFt�Y81Q1Id0\�´L�R¸�¹}�
54?HtC¶H�R¸�ºF�}��¨N? 5It0t06Z/2681I?i]VymW�5It�V¦.H\�/P/2[HW>.0dHd�W*;Pf�1I.0?�t�1#^¢/2[HW
´L�R¸ º �jY81Q14d�/21APAW±	I]�68?�W*�LW�7*/Pf�W�7�54.H\_Wn/2[0Wq¶H�R¸ º ��Y
1Q14d�68\qW*c��
7=[�54?0<IWFt 14.0/¦y�5#;=t�f�W*^�1#;2W�f�W�68?H<C;2W�3>1���W�t'� {�[0W|/_;=5#?H\�^�1#;23>WFt
7�1�t!Wq5#^`/2W};u/2[06
\¢7*Y
W�54?�.Hd�\�/2W*d�68\�\_[01Fyv?�68?�²$68<I.!;2WPB0��f��}�
{�[HW�z�?H54Y�/_;=54?H\�^`14;23>WFt�7�1�t!WG68?s²$68<I.!;2WGB0��f��>6
\|/2[HW�\2543>W

54\u/2[HWXKYJD7b^�1#;23�1#^m?01I?0�Rd06
�I14/268?H<�hir 68?�²$68<I.0;2W�	���7���W*c!7�W�d0/
/2[�5�/�/2[HWu?�5#3>Wj14^i/2[HWu1I.0/2W};23>1I\�/¢Y81Q1Id|68?�t0.07*/2681I?��I5�;26
54fHY8W�68\ZP
68?H\�/2WF54t�14^V¶0��¨¦?�;2WF54Y86Z/¦XQ]'/2[HWn68?Ht0.H7}/26
14?��45#;26
54f0Y8W�\q14^�/2[0W�?HW}y
Y81Q1Id0\|7F5#?�14^�/2W�?�;2W�.0\_WC/2[H1I\_WC1#^�/2[HW�;2W*3>1#�IWFt¡Y81Q14dH\�\_1�/2[�5#/
5�7�143>dH68Y8W*;|t01QW�\�?H1#/�[�5F��Wb/21 7*;2W�5#/2W�5�?HW}y~Y81Q14d�6
?Ht0.07*/2681I?

¬



��� ��� &��$�
������� . �:&�� �
	 � � � � -��
��� �
� & . � �7��� �R���  !��� �/���  
��� �
� & . ��� ����
 �R���  !���
��� �
� & . � �7��� �R� -  !��' �R� -  
��� �
� & . ��� ����
 �R� -  !���

��� ��� &��d�
������� . ��&�� ��	 � � � � -��
��� ��� & . � ����� �R���  !��� �R���  
��� ��� & . ��� ���	
 �R���  !���
��� ��� & . � ����� �R� -  !��� �R� -  
��� ��� & . ��� ���	
 �R� -  !���

��� ��� &����
������� . �:&�� �
	 � � � � -��
��� ��� & . � ����� �R���  !� � �/���  
��� ��� & . ��� ����
 �/���  !���
��� ��� & . � ����� �R� -  !� � �/� -  
��� ��� & . ��� ����
 �/� -  !���

Gv�`��&������DJ��P��� QV&����0�F�`����(FJ`�� I�!(nMN�H�|�i���FP�QV� N����F�����TS(U

��� ���6����

�r�
���r� ���)�����*


� � : �"� �#�*�� 9� �"� ���*�$ #% �"� �"�:�� 
& 
��������� '(���,�=�	��

���r� � ��������


� - : �"� �#�;'� 9� �"� �#�;'� - ��� ������ 0 �"� �"��'� & 
������
& 
������
& 
������

S1S2

k(S1)<j(S2)
k(S1)=k(S2)

k(S2)<k(S1)
j(S2) = k(S1)

 

���"! ���	��

��� � �5���*
 ���
���r�+���,������

�
# � ���$!d �&%�& 


��� : �"� �#���� !� ��� ������ #% �"� ������ 
& 
��	��#
& 
��������� '(�5�����	�*

��� �+���,������

�
# � ',�$!" �&%�& 


��- : �"� �#��'� !� �"� ���#'� !� ��� ������ 0 �"� ����'� 
& 
��	��#
& 
������
& 
������
& 
������
& 
������

S2 S1

k(S1)<j(S2)
k(S1)=k(S2)
x(S1) < x(S2)

j(S2) = k(S1)
k(S2)<k(S1)
x(S2)=x(S1)

(a) original code (b) after shifting dependence level
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S2 S1

k(S1)<j(S2)
k(S1)=k(S2)
x(S1) < x(S2)

j(S2) = k(S1)
k(S2)<k(S1)
x(S2)=x(S1)
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S2 S1

x(S2)=x(S1)

x(S1)< x(S2)
x(S1)=k(S2)

k(S2)<x(S1)
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