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Lower Bounds for testing Euclidean Minimum Spanning Trees

By: Oren Ben-Zwi

Abstract

The Euclidean Minimum Spanning Tree problem is to decide whether a given graph G = (P,E)

on a set of points in the two dimensional plane is a minimum spanning tree with respect to the

Euclidean distance. Czumaj, Sohler, and Ziegler [2] gave a 1-sided-error property-tester for this

task of query complexity Õ(
√

n). We show that every non-adaptive (not necessarily 1-sided-error)

property-tester for this task has a query complexity of Ω(
√

n). We further prove that every adaptive

property-tester has query complexity of Ω(n1/3).

Those lower bounds hold even when the input graph is promised to be a bounded degree tree.

vi



Chapter 1

Introduction

Property Testing is a field in computational theory, which deals with algorithms that decide with

high probability whether a given combinatorial structure has a certain property or is far from

having that property. The algorithms can only explore a small part of the input. A rigorous

definition is given in Section 1.1.

In this work we show a lower bound for testing the property for a geometric graph of being a

Euclidean minimum spanning tree. A geometric graph is a set of points on the plane identified as

vertices, and a set of couples of points identified as edges, with the normal Euclidean distance as

the edges weights. A geometric graph, G, is a Euclidean minimum spanning tree, if it is connected,

and minimize the total sum of edge weights. In [1], Czumaj, Sohler and Ziegler introduced a few

models for property testing in computational geometry, together with five geometric properties.

These five properties were all given a test. Four of the five were also given a matching lower bound,

however the fifth, being a Euclidean minimum spanning tree, was introduced without any lower

bound. In this work we introduce a lower bound for this property. Our lower bound tightens the

query complexity of the test suggested by Czumaj, Sohler and Ziegler [1]. Next we formally define

property testing.

1.1 Property Testing

A property tester is an algorithm designed to make a decision concerning the input after reading

only a small part of it. It is assumed that the algorithm has random access to the input, i.e.,
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the algorithm is told in advance the input size, and is supplied with an oracle that for a query i

yields the value of the input in that location. The goal is to find an algorithm that minimizes the

number of calls to this oracle, and in the ideal case to make it independent of the actual input size.

Properties which can be deduced regardless of some places of the input have only little interest,

so every place in the input should be read with some positive probability, and therefore property

testing algorithms are probabilistic. Usually we cannot expect to decide whether the input satisfies

a property with high probability after reading only a small part of it. For instance, consider the

property OR on a binary string, that is, deciding whether n boolean values are not all 0’s. It is

clear that even after reading a constant fraction of the values, in case all are 0’s, it is impossible

to determine whether or not there is a ‘1’ in the remaining input. Therefore, another relaxation

is needed: we do not have to determine whether an instance has a property or not, but to decide

whether it has the property or is far from having the property. For inputs that are not far from

having the property yet do not have the property, i.e., close inputs, any answer is acceptable.

Property testing was introduced by Rubinfeld and Sudan [6] and formally defined by Goldreich

Goldwasser and Ron [4]. An input is a function f : D → T . The set of all feasible inputs is denoted

by F , (F = {f |f : D → T}). A property P is a subset of all inputs, (P ⊆ F ). If f ∈ P we say that

f satisfies P . We give the formal definition from [3]

Definition 1 (ǫ-close, Definition 1 in [3]). An input, given as a function f : D → T , is said to be

ǫ-close to satisfying a property P , if there exists a function f ′ : D → T that differers from f in no

more than ǫ |D| places, and satisfies P . An input which is not ǫ-close to satisfying P is called ǫ-far

from satisfying P .

Definition 2 (ǫ-test, Definition 2 in [3]). Let P be a property, and let us fix the input size n. An

ǫ-test with q = q(ǫ, n) queries for P is a probabilistic algorithm that reads the input in up to q

places, and with probability at least 2/3 distinguishes between the case that the input satisfies P ,

and the case that the input is ǫ-far from satisfying P 1.

A 1-sided error test, is a test that never errs on inputs that have the property. One of the

1Note that if we have an ǫ-tester with error probability of 2/3, and query complexity of q, we can run it c times

to get an ǫ-tester with error probability of 2/3Ω(c), and query complexity of cq.
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most important measurements of a test is the query complexity which is the worst case number of

queries the test has to ask. We would like the query complexity of a test to be as small as possible.

If a property, P , has an ǫ-test, where the query complexity, q, is not dependent on the input size,

n, i.e., q = q(ǫ), then P is ǫ-testable. If P is ǫ-testable for all ǫ then P is testable.

We consider two types of tests. A non-adaptive test is a test which decides all its queries in

advance, that is, it asks queries without seeing first the answers to former queries it did. A test

in which some queries depend on answers to previous queries is called an adaptive test. Adaptive

tests are more powerful, therefore we try to have non-adaptive tests and lower bounds for adaptive

tests. In this work we give an adaptive and a non-adaptive lower bounds on the property of being

a Euclidean minimum spanning tree.
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Chapter 2

Euclidean Minimum Spanning Trees

2.1 Introduction for EMST

For a set of points in the plane, P , A graph G = (P,E) is a Euclidean Minimum Spanning Tree

(EMST) of P if it is a minimum spanning tree of the complete graph on P associated with the

Euclidean distance. The distance of a graph G = (P,E) from being an EMST is the number of

edges that need to be removed or inserted to G so that it becomes an EMST for P .

Czumaj, Sohler, and Ziegler [2] studied properties of geometric graphs in the context of property

testing. In this context, the task is to distinguish between the case that the input (here: a graph

on a finite set on the plane) has the property (here EMST) or is ǫ|P |-far from having the property

(that is, at least ǫ · |P | edges need to be deleted and/or added in order for the graph to have the

property), for a given constant parameter ǫ. The goal is to distinguish between these two cases

by an algorithm that examines only a small part of the input (in our case, it queries the existence

or non existence of very few edges). Czumaj, Sohler, and Ziegler [2] presented a 1-sided-error

property-tester for EMST of query complexity Õ(
√

n) and left the lower bound question open. In

this work we show that every non-adaptive (not necessarily 1-sided-error) property-tester for this

task has a query complexity of Ω(
√

n). We further prove that every adaptive property-tester has

query complexity of Ω(n1/3). All our lower bounds hold for the promise problem where the graph

is assumed to be of degree bounded by 5, connected (and even a tree).

This work is organized as follows: in the next section we describe the definitions needed for the

work. In Section 3 we discuss earlier work. Then, in Section 4 we give a lower bound of Ω(
√

n) on
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the query complexity of any non-adaptive tester, and then finish by introducing a lower bound of

Ω(n1/3) against any algorithm.

2.2 Preliminaries

Definition 3. A two dimensional Euclidean graph is an edge weighted graph G = (V,E) such that

V is a finite subset of R
2, the points in V are in general position, every edge between two points is

the section between them, and for every {v1, v2} ∈ E we associate a weight w({v1, v2}) = ‖v1 − v2‖2.

Note: in the definition above G is not required to be planar neither E is required to contain

all pairs of nodes.

For a graph G = (V,E) an integer i and v ∈ V we denote BG(v, i) = {u ∈ V | dist(u, v) ≤ i},

where dist(v, u) denotes the shortest distance with respect to the unit weights. Namely, BG(v, i)

is the graphical ball of radius i around v.

A graph G = (V,E) is EMST (Euclidean Minimum Spanning Tree) of V if it is the minimum

spanning tree of V with respect to the Euclidean distance.

Since the points are in general position no two pairs are of the same distance. In particular this

implies that the EMST of V is unique. The distance of a graph G = (V,E) from being an EMST

is the edit distance, i.e., the number of edges we need to remove/add to E in order to get an EMST

over the set of vertices V . Note that we are not allowed to add, remove vertices, or to change their

position in the plane. A graph G on n vertices is called ǫ-far from EMST if its distance from EMST

is at least ǫ |V |.

As an algorithmic problem, the input to the EMST problem is the abstract graph data structure

describing G = (V,E), given as adjacency lists, and in addition a location table Loc : V → R
2.

Definition 4. A tester for a given property P , of two dimensional Euclidean graphs is a randomized

algorithm that on input 0 < ǫ, which is the error parameter, and n, which is the number of vertices

in the input graph, preforms one of the following operations at each step.

1. Query the position of a certain vertex.

2. Query the number of neighbors of a certain vertex / get a next neighbor from the list.
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3. Query the location of a certain neighbor of a certain vertex. (sometimes a model where a

random neighbor is considered).

The algorithm should accept with success probability at least 2/3 if the input is in P , and reject

with success probability at least 2/3 if the input is ǫ-far from being in P .

The query complexity of the tester is the maximum number of queries it uses as a function of n

and ǫ. The tester is called non-adaptive if it works in two phases. First it asks all queries, then in

the next phase it receives the answer to all queries. Namely the queries do not depend on answers

to previous queries. Our definition of non-adaptive here is quite liberal and allows indirect queries,

that is: A non-adaptive algorithm might be defined by the following set of queries1: the location

of S = {v1, v2, . . . , vt} ⊆ V , and in addition specify a set

R = {(i1,1, i1,2, . . . , i1,n1), (i2,1, i2,2, . . . , i2,n2), . . . , (it,1, it,2, . . . , it,nt)} and query the location and

identity of u1 that is the ith1,1 neighbor of v1, the location and identity of u2 that is the ith1,2 neighbor

of u1, and so on. Note that all parameters might be random variables.

If the tester is not non-adaptive, it is called adaptive. An adaptive algorithm could, for example,

ask for the location of a vertex, v, and then depending on the answer decide to ask for a neighbor

of v or ask for another random vertex.

The model for testing a graph by its adjacency lists was first introduced by Goldreich and Ron

in [5], where several graph properties such as connectivity, and acyclicity where investigated.

1Note that this is not a definition. The test can ask for a set of neighbors for each vertex it explores. For the lower

bound purpose, since we are dealing with graph with degree two for essentially most of the vertices, this is enough.
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Chapter 3

Related Work

In [2] Czumaj, Sohler and Ziegler have introduced a property-tester for the EMST property with

query complexity of O(
√

n/ǫ log n/ǫ). The tester proceeds as follows: first it tests if the input

graph is far from a certain type, called well− shaped. If the input graph is far from well− shaped

the tester rejects. Next it tests for a graph that is (w.h.p.) close to be a well − shaped graph

whether it is an EMST or far from being such.

We give next the definition for well − shaped. It is easy to see (as noted in [2]) that every

EMST is well − shaped so the correctness of the test, follows. Note that our lower bounds are

established on well− shaped graphs, so there cannot be a better EMST test even for graphs which

are well − shaped (and even for trees).

Definition 5. [2] A geometric graph G is called well− shaped if it is connected, of degree at most

5, and its edges together with the edges of its EMST has no intersection.

The 2nd phase of Czumaj, Sohler and Ziegler [2] test, is whether the graph (now close to

well − shaped) is an EMST . This is done by sampling a random set of vertices S, |S| = O(
√

n),

and then for each vertex in S it samples a certain neighborhood of constant size. Note that the test

can be made non-adaptive by sampling for every v ∈ S a ball of constant radius around it. Since

the degree of all vertices is less than 5, this does not change the asymptotic query complexity of

the test. Formally: choose O(
√

n/ǫ log (n/ǫ)) vertices and then choose a ball of size 2O(1/ǫ) for each

vertex. Now preform the test of [2] on the sampled points, as if they were picked by the original

test, and answer accordingly. This test is clearly a non-adaptive version of [2], with the same query

complexity (with respect to n).
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Chapter 4

Lower Bounds

In this section we prove lower bounds on the query complexity of any nonadaptive and adaptive

algorithms for the property of being an EMST.

Theorem 1. Any non-adaptive 1/128-test for EMST has query complexity of Ω(
√

n)

Theorem 2. Any 1/128-test for the property of being EMST has query complexity of Ω(n1/3)

We note that in view of the algorithm in [2], the result in Theorem 1 is essentially tight. We

do not yet know the exact complexity of a general tester for the EMST problem.

To prove the lower bounds (of both theorems) we will introduce two distributions P and N ,

of points in the plane, and geometric graphs on the sets of points. The distribution P will be

such that the given geometric graph is an EMST of the set of points while for the distribution

N the selected graph will be ǫ-far from being EMST with probability of 1 − o(1). We then set a

distribution D on all inputs by D = 1
2N + 1

2P and show that any deterministic algorithm with

limited number of queries trying to distinguish ǫ-far inputs from those that have the property, errs

with probability > 1/3 with respect to the distribution D. This proves (using Yao’s principle [7])

that any randomized algorithm that uses a limited number of queries is not an ǫ-test for EMST.

We use the same distributions for the lower bounds on both non-adaptive and adaptive algorithms.

In the following we assume that m = 4k, for some integer k and n = 2m.

Definition 6. Let F be a 4 ×m grid of m columns and 4 rows, in which the vertical distance is 2

and horizontal distance 3, that is, F = {fi,j| 1 ≤ i ≤ m, 1 ≤ j ≤ 4} where fi,j = (3i, 8 − 2j).
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Note that row number 1 is the upper row. The set F of points is not in general position. Our

actual point-set will be a set T defined by T = {ti,j}, ti,j = fi,j + δi,j . We choose δi,j to make T

in a general position in the following manner: let δi,j = (δ
(x)
i,j , δ

(y)
i,j ), where δ

(x)
i,j is chosen uniformly

in (−1/n10, 1/n10) and independently for different pairs (i, j). And, δ
(y)
i,j = (−1)jα

(y)
i,j where α

(y)
i,j is

chosen uniformly in (0, 1/(n5)).

It is standard to show that with extremely high probability the set T is in general position.

Technically we will need a somewhat stronger claim, that is if we also choose some points with

the same j (points in the same column) and change δ
(y)
i,j to be (−1)j+1α

(y)
i,j (that is change the

direction of offsets), the set of points T will still be in general position. We arbitrary fix such a

set T . Although T is a perturbation of F , we still view it as being arranged of m columns each

containing 4 points, and also as an arrangement of 4 rows each containing m points in the natural

way. For a point v = ti,j ∈ T we define row(v) = j, the row number in which v is. Similarly, we

define col(v) = i, the column number of v.

Note that T is fixed and known in advance. We note also that w.h.p. the vertical distance

between points in the first and second rows, and the third and fourth row is 2− θ(1/n5) while the

vertical distance between points in the 2nd and 3nd rows is 2 + θ(1/n5).

To choose the distribution P and N we first choose a subset of the points V ⊂ T and then

choose a geometric graph on V . For the positive distribution P, V is chosen as follows:

Definition 7. (Positive distribution) For each column i independently we put in V either the two

points ti,1, ti,3, or the points ti,2, ti,4, each with probability 1/2.

For the negative distribution the set of points V is chosen by:

Definition 8. (Negative distribution) For each column i independently we put in V either the two

points ti,1, ti,4, or the points ti,2, ti,3, each with probability 1/2.

We note that according to both distributions V contains exactly two points in each column

of T , denoted by ui, bi, i = 1, . . . , n, where ui is the upper one and bi is the lower one (that is

row(ui) < row(bi)). For both distributions we choose one special index l ∈ [n] randomly. We

change ul, bl in the following way: Let row(ul) = ru and row(bl) = rb. We set the ŷ coordinate of
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ul to be 4 − αl,ru
, and leave the x̂ unchanged. We set the ŷ coordinate of bl to be 2 + αl,rb

, and

leave the x̂ unchanged. The points both according to P and to N are in general position.

Once V is chosen (according to P or N ) a geometric graph G∗ = (V,E∗) is obtained as follows:

For every j = 1, . . . ,m − 1, (uj , uj+1) ∈ E(G∗) and (bj , bj+1) ∈ E(G∗). This creates two paths

which we denote by horizontal paths. One being the upper horizontal path (connecting the uj ’s)

and the other being the lower horizontal path (connecting the bj ’s). In addition we include one

edge to connect those paths, this edge will be the edge connecting ul and bl (see figure 1). Note

that it is the shortest connecting any two vertices in the paths. We denote this edge by eV . Any

edge (in the complete graph KV ) between a point in the upper path and a point in the lower path

is called vertical edge, in particular eV is a vertical edge.

Finally, the input G (according to P or N ) is obtained from G∗ by selecting a random permu-

tation σ ∈ Sn, and permuting the vertices accordingly.

Note: an algorithm does not have a way of querying vertex from a given column or row. It

can ask a ’name’ of a vertex which is σ(v) and then gets the location of v (from which it can infer

now col(v) and row(v)). It may also ask the neighbors of v etc. It cannot, however, ask for an

additional vertex in col(v).

(an example of a graph from P) (an example of a graph from N )

1
2
3
4

ev

1
2
3
4

ev

Figure 4.1: The graph G is consisted of a lower path, an upper path, and eV . (recall that the actual
locations are with small perturbation).

Observation 3. The graph G on V that is chosen according to P is an EMST.

Proof. It is enough to prove that G∗ is an EMST of V as G is an isomorphic copy of G∗. It is

clear the graph G∗ is a tree. Note that every horizontal edge of G∗ is of length ≤
√

22 + 32, and

every vertical edge of P that is not eV is of length ≥
√

22 + 32, so a vertical edge, which is not eV ,
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is longer than any horizontal edge of G∗. Now let C be a cycle that is obtained by adding to G∗

any pair (u, v) ∈
(
V
2

)
. We will show that the longest edge of C is not in G∗. First if C contains

only points from the upper or the lower paths of G∗ then the longest edge of it must be an edge

connecting two non adjacent columns, therefore not from G∗. Next if C contains both points from

the lower and upper paths of G∗, it contains at least two vertical edges. G∗’s vertical edge eV is

the shortest (by construction), so another vertical edge e′, (e′ /∈ G∗) in C is longer than all (eV or

horizontal) edges in C.

It is enough to define the negative distribution on instances which are w.h.p. far from satisfying

the property. Indeed for N we have:

Observation 4. A graph G that is chosen according to N is 1/256-far from being in EMST with

probability of 1 − o(1).

Proof. Let us partition [m] into m/4 consecutive pairwise disjoint blocks of length 4, and denote

by Bi (i = 1, 2, . . . ,m/4 − 1) indicator random variable for the event that in the ith block all the

points of VG are on the 2nd and 3rd rows. Let B be a random variable that counts the number

of times the event Bi happened. Since the events Bi are of probability 1/16, and there are m/4

blocks, the expected value of B, E(B) = m/64. The events are independent, so by Chernoff

Pr (B < m/128) = 2−Ω(m). We will show that if B > m/128, G is at least 1/128-far from EMST,

by showing that every Bi that happened contributes at least 1 to the distance.

Indeed, if Bi happens then the subgraph that G induces on the ith-block has 6 horizontal edges

and possibly one vertical edge thus contributes an edge-weight of at least 18 − o(1) to the weight

of the tree (possibly 20− o(1) with the presence of eV ). However, this weight could be reduced, for

example, by taking all 4 vertical edges in the ith block and 3 of the horizontal ones (one for each

two consecutive columns) to have a total length of at most 17 + o(1) on a connected subgraph. A

change on each block would cause a lighter tree, therefore to reach an EMST, one has to change

at least an edge in every block hence at least m/128 edges. So, with probability ≥ 1− 2−Ω(n) G is

m/128
2m = 1/256 far from EMST.
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Before we prove each individual theorem, we prove some common claims that will serve for

both. Let A be a possibly adaptive algorithm of complexity q. Recall that A gets as an input

an adjacency list of the input graph G (and it knows the two distributions P and N ). At each

query, it can query a vertex v ∈ G to which it will get its coordinates in the plane, or it could

query a neighbor of an already queried vertex (to which it gets the corresponding identity and the

coordinates).

For an algorithm A, denote by VA ⊆ V (G) the set of vertices whose locations are known to

A after it made all its queries. We assume in addition that A knows for all u, v ∈ VA, whether

{u, v} ∈ E(G) or not. Let E be the event that the algorithm sampled two points from the same

column, that is, ∃v1, v2 ∈ VA, v1 6= v2 and col(v1) = col(v2). The event E happens if at least one

of {v1, v2} is an endpoint of eV , or in the case that none of {v1, v2} is such an endpoint. We denote

the former event E2 and E − E2 = E1.

Proposition 1. If Pr (E) < 1/6, for a 1/128-test A for EMST, then the error probability of A is

more than 1/3.

Proof. We will show PrP (VA|E) = PrN (VA|E), therefore if E does not happen, the algorithm

can not distinguish if G is from P or from N with probability better than 1/2. Thus the success

probability of the algorithm is at most Pr(E) + Pr(success|E) < 1/6 + 1/2 < 2/3.

Indeed assume that E did not happen. Then for those columns that intersect VA this determines

the row of other vertex in the column (for each P,N , there are exactly two possible disjoint pairs

of vertices in each column, as per definitions 7 and 8). Moreover, it is easy to see that in any

other column (namely, that does not intersect VA) the existence of E imposes no restriction. Thus,

PrP (VA|E) = PrN (VA|E) = 1
2∆ where ∆ is the number of columns VA occupy.

Proof. [Theorem 1]

Let A be a non-adaptive tester which asks q = o(
√

n) queries, in the worst case, and decides

whether G is in EMST. We will show that Pr(E1) = o(1) and Pr(E2) = o(1/
√

n) for both P and

N , therefore Pr(E) ≤ Pr(E1) + Pr(E2) = o(1).

A non adaptive test can be defined by a set of vertices v1, . . . vk ∈ [n] and a sequence of numbers

12



n1, . . . nk for which the algorithm gets as an answer the location (coordinates) of each vi, i = 1, . . . , k

and for each vi its first neighbor v1
i , and the first neighbor v2

i of v1
i , and so on up to a nesting of ni.

The total query complexity in this case is
∑k

i=1 (1 + ni). Instead, for the lower bound purposes,

we assume that the algorithm gets the locations of all points in BG(vi, ni) = {u|distG(u, vi) ≤ ni}.

This contains all the information that is supplied by the real oracle. To bound Pr(E1) note that:

Pr(E1) ≤ Pr(∃i, j BG(vi, ni) ∩ BG(vj , nj) 6= φ)

For any fixed i, j ∈ [k], the event (BG(vi, ni)∩BG(vj , nj) 6= φ) is equal to the event that |col(vi)−
col(vj)| ≤ ni + nj. However, since V ∗ is a random re-ordering of V by a random permutation σ,

Pr(|col(vi) − col(vj)| ≤ ni + nj) ≤ ni+nj

m (w.r.t. both P,N ). Therefore, by the union bound

Pr(E1) ≤ Pr(∃i, j BG(vi, ni) ∩ BG(vj , nj) 6= φ) ≤

∑

i,j

ni + nj

m
=

1

m
· O((

∑

i

ni + 1)2) = o(1)

This establish the bound on the probability of E1. To bound the probability of E2 note that E2

happens only if eV has an endpoint in ∪iBG(vi, ni). But by the definition of V ∗ it should be clear

that for both P and N the upper endpoint of eV is uniformly distributed among all m columns,

while the lower endpoint is in a column that is identical to the column of the upper endpoint. Thus,

Pr(E2) ≤ 2|∪iBG(vi,ni)|
m = o( 1√

n
).

Next we show a lower bound of Ω(n1/3) for any 1/128 adaptive test. The next observation state

that there is an adaptive test which separates P from N , therefore if there exists a better lower

bound, it should use a different construction.

Observation 5. There is a simple adaptive algorithm with query complexity of O(n1/3) to decide

whether a graph G is taken from P or from N .

Proof. The algorithm proceeds as follows: first it explores n1/3 random vertices. Let u, v be the

closest pair where u, v are from different horizontal paths. If |col(v)− col(u)| ≥ n1/3 the algorithm

fails. Else it asks the path from u to col(v). This way after O(n1/3) queries the algorithm knows

two points in the same column, therefore it knows whether the input is from P or from N . The
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algorithm can fail only if |col(v) − col(u)| ≥ n1/3 for every two points u, v that are on different

horizontal paths. If we partition G into n2/3 blocks of size n1/3, we will get, by the birthday paradox,

a constant probability for two samples in a block, and with probability 1/2 the two samples are

from different paths. Therefore the algorithm succeeds with constant probability.

Proof. [Theorem 2]

Let A be an adaptive tester which asks q = o(n1/3) queries and decides whether G is in EMST.

We will show that Pr(E1) = o(1) and Pr(E2) = o(1/n2/3) for both P and N , therefore Pr(E) ≤

Pr(E1) + Pr(E2) = o(1).

Again a run of the algorithm is defined by a set of vertices V ′ = {v1, . . . vk} ⊆ [n] and a

sequence of numbers n1, . . . nk for which the algorithm gets as an answer the location (coordinates)

of each vi, i = 1, . . . , k and the location of each point in BG(vi, ni). The difference between a

non-adaptive and an adaptive algorithm, is that in the later, the algorithm can choose the ni’s

after exploring a subset of VA. Therefore we define E′
1 to be the event of having two vertices

vi, vj ∈ V ′, where |col(vi) − col(vj)| < q. Indeed if the algorithm did not find such a couple, it can

not find two vertices in the same column, therefore Pr(E1) ≤ Pr(E′
1). To bound E′

1 we look on

the probability that the last vertex in V ′ which was explored, denote it by v, is a vertex for which

∃u ∈ V ′, |col(u)− col(v)| < q. There were less than q vertices that were sampled before v, take the

q balls of radius q around this vertices. Now v is one of such a couple only if it is in the union of

these balls, since the size of a ball of radius q is ≤ 4q, Pr(∃u, |col(u) − col(v)| < q) < 4q2/n. The

probability that v is the 2nd one chosen in such a couple is higher than any other vertex (since v is

the last one sampled). Therefore we conclude:

Pr(E1) ≤ Pr(∃vi, vj |col(vi) − col(vj)| < q) < 4q3/m = o(1)

To bound the probability of E2 again E2 happens only if eV has an endpoint in ∪iBG(vi, ni). Thus,

Pr(E2) ≤
2| ∪i BG(vi, ni)|

m
= o(

1

n2/3
)
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