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Abstract

Used for topology control in ad-hoc wireless networks, Podgsignment is a family of prob-
lems, each defined by a certain connectivity constraint{siscstrong connectivity) The input con-
sists of a directed complete weighted digra@hb= (V,c). The powerof a vertexu in a directed
spanning subgrapH is given by py (U) = max,eg ) c(uv), and corresponds to the energy con-
sumption required for node to transmit to all nodes with uve E(H). Thepowerof H is given
by p(H) = Syev pH(u). Power Assignment seeks to minimipéH) while H satisfies the given
connectivity constraint.

Min-Power Bounded-Hops Broadcast has also as part of the epositive integed and an
r € V. The outputH must be ar-rooted outgoing arborescence of depth at ntbsWe give an
(O(logn),O(logn)) bicriteria approximation algorithm for Min-Power Boundétbps Broadcast:
that is, our output has depth at ma3tdlogn) and power at mosD(logn) times the optimum
solution.

For the Euclidean case, whefu,v) = c(v,u) = ||u,v||* (here||u,V|| is the Euclidean dis-
tance and is a constant between 2 and 5), the output of our algorithmbeamodified to give
a O((logn)¥) approximation ratio. Previous results for Min-Power BoadeHops Broadcast are
only exact algorithms based on dynamic programming for gasen the nodes lie on the line and
c(u,v) = c(v,u) = ||u,v]|¥.

Our bicriteria results extend to Min-Power Bounded-Hop®&) Connectivity K must have
a path of at mostl edges in between any two nodes) and Min-Power Bounded-Hpmpsngtric
Connectivity (the undirected graph having an edgéff H has bothuv andvu is required to have
diameter at mostl). Previous work for Min-Power Bounded-Hops Strong Conivégtconsists
only of constant or better approximation for special cagebeEuclidean case.

1 Introduction

Wireless networking is increasingly being used in receargeAs the battery technology has not grown
at the same pace as the electronics, energy is rapidly bagoani important issue. For the purpose of
energy conservation, each node can (possibly dynamicadlyst its transmitting power, based on the
distance to the receiving node and the background noise.

Due to limited range, communication is achieved througkrmediate nodes relaying packets. In
several applications the quality of service also becomdssae. For example, large delays may not be
acceptable, and the number of total hops taken by a packetbalmunded. This motivates the study
of the problems described below.

In the most general model, a weighted directed grdph (V,E) with power requirements : E —

Rt is given by the positioning of the wireless nodes, wher&u, v) represents the power requirement
for the nodeu to establish a unidirectional link to node But, reflecting the broadcast nature of ad hoc
wireless networks, once a noderansmits with powep(u), all nodesv with c(u,v) < p(u) receive the
signal. A functionp:V — R" is called a power assignment, and it induces a directed gaplays
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denoted byG = (V,F), with links uvwheneverp(u) > c(u,v). The goal of the Power Assignment prob-
lem is to minimize the total poweT, ., p(v) such that the induced digraph satisfies certain connegctivit
constraint. In this paper we consider three connectivitysti@ints:

1. Min-Power Bounded-Hops Broadcast, where the inducexhpigmust be an-rooted outgoing
arborescence of depth at maktThe vertex and integed are given as a part of the input.

2. Min-Power Bounded-Hops Strong Connectivity, where tiduted digraph must have a path of
at mostd edges in between any two nodes, whetiie given as a part of the input.

3. Min-Power Bounded-Hops Symmetric Connectivity, whére andirected graph having an edge
uvif and only if the induced digraph has batlrandvu must have diameter at mastwhered is
given as a part of the input.

For simplicity of exposition, we use mostly the followingueplent definition of the Power As-
signment problem: given a directed spanning subgtdpllefine thepower of a vertexu as py (u) =
max,ee(H) C(uv) and thepowerof H as p(H) = ¥y pr(u). To see the equivalence, note that an
optimal power assignment inducing directed spanning syg¥grl never hasp(v) > maxeg ) c(Uv).
Then the Power Assignment problem becomes finding the dulesppanning subgrapgh satisfying the
connectivity constraint with minimurp(H).

An important special case (which we call thaclideancase) is when the input graggh= (V,c) has
power requirements given ksfu,v) = c(v,u) = ||u,v||¢ , where||u, V|| is the Euclidean distance amrd
is a constant between 2 and 5. This case is motivated by digmaimission in a network embedded in
a two-dimensional space without any obstacles [15], willeing the path-loss exponent.

Minimizing the power contradicts bounding the number of $igpthe induced subgraph, as it has
been noted by [6, 12] and formal tradeoff results in a sinblardifferent model have been obtained by
[1]. Indeed, if we look at the following example in the Eudah casen points on the line with distance
1 in between two consecutive vertices, we note that withdagund on the number of hops Min-Power
Broadcast has an optimum of- 1, while with a bound of one hop, the unique solution requjres 1)%
power.

Numerous papers on Power Assignment have been publishedtlse@and we refer to [5] for a
slightly out-of-date survey. We mention here only work orubded-hops Power Assignment. Kirousis
et. al. [12] consider Min-Power Bounded-Hops Strong Cotiviég when then power requirements are
Euclidean and the nodes are equidistant on the line. In [n@hti et. al. present a 2-approximation
algorithm for Min-Power Bounded-Hops Strong Connectivdythe more general case when the nodes
are on the line, but not equidistant. They also presentibapigroximation bounds for the so-calleetl|
spreadinstances, when nodes’ positions satisfy that the ratidveflargest inter-node distance to the
smallest inter-node distance is at most a constant timesciare root of the number of nodes. In the
Euclidean case, [6] obtain constant ratio algorithms fon{#ower Bounded-Hops Strong Connectivity
for well spread instances.

The result of [7] is also implied by the exact algorithms fomMPower Bounded-Hops Broadcast
when power requirement are Euclidean and the nodes are ¢ingrwbtained by [8] and [4]. In a related
work, Sanders et. al [2] discuss running time issues in taicg exactly bounded-hops min-power
paths.

Our results do not make any assumptions regarding the inpuéprequirement digraph - the al-
gorithm can handle asymmetric power requirements, whiehnaotivated by the possible existence of
non-uniform wireless nodes and by applications in solviregwork Lifetime [3].

However, our results use the bicriteria type of approxioratintroduced by Marathe et. al [14],
which allows for a relaxation of the constraint on the numifenops. The problem considered by [14]
most related to ours is Bounded Diameter Minimum Spannireed(BDMST from now on): find a



minimum cost spanning tree with bounded diameter, wheraliimeter is given by a seconength
function.

We obtain(O(logn),O(logn)) bicriteria approximation algorithms for Min-Power Bourtielops
Broadcast, Min-Power Bounded-Hops Strong Connectivity, Islin-Power Bounded-Hops Symmetric
Connectivity. That is, our output has number of hops bouriye@(dlogn) and power at mosd(logn)
times the optimum solution with number of hogs

We present a straightforward reduction showing that imprgwur results for any of the problems
studied in the case of arbitrary power requirements wouddl l® better ratios for BDMST when the
length function is 1 on all the edges. However there has beeprogress on BDMST for quite a
while. Only for the Euclidean case, we can show that simpktgrocessing gives a®((logn)¥)-
approximation algorithm for Min-Power Bounded-Hops Broast. Weaker similar results hold for Min-
Power Bounded-Hops Strong Connectivity and Min-Power BleaghHops Symmetric Connectivity.

Our methods are based on the bicriteria techniques of Magdthal. [14], on the spider techniques of
Klein and Ravi (used for Node-Weighted Steiner Tree [13Ppdapted for Power Assignment problems
by [3], and on an extension of the Set Coverage problem [9].

The organization of the paper is as follows. Section 2 givesrhain algorithm for Min-Power
Bounded-Hops Broadcast, after introducing definitions #edreduction mentioned above. Sections 3
and 4 discussed the extension of our techniques to Bounded-Min-Power Strong Connectivity and
Bounded-Hops Min-Power Symmetric Connectivity. The puastpssing technique for the Euclidean
case is presented in Section 5. We present conclusions @mdpopblems in Section 6.

2 Min-Power Bounded-Hops Broadcast

We start with a lemma which shows that Min-Power BoundedddBpoadcast problem is atleast as
hard to approximate as the conventional bicriteria probtéfBounded diameter min cost spanning tree
(BDMST). Therefore, any improvement of the guaranteeseqmesl here would imply a better than
known guarantee for BDMST problem. It may be mentioned hesedny improvement in the BDMST
guarantee has not been reported since last nine years.

Given the conventional bicriteria problem BDMST we can ealit to a power problem by the
following construction. Given a BDMST instan&V, E, ¢, d) with c(e) giving the cost of edge andd
being the bound on the diameter, construct a Min-Power Bed+ttiops Broadcast instance as follows:

e Split each edge(u,v) into three edgeséu,u'), (U, V), (VV).

Definec (U,v) = ¢/(V,U) = c(uv). Let the set of all these edges of nonzero cost be

Definec (u,u’) = ¢'(U,u) =c(V,v) =c(v,V) =0.

Letu,v e U’, andu,ve U

Letd = 3d+ 1 and the root be some vertex\of

Claim 1. Given atre€Tl rooted atr in graph inG such that all nodes are withthhops fromr, there is
atreeT’ rooted at’ in G’ such thatpowerT') = ¢(T) and all nodes are withid' = 3d + 1 hops ofr’.

Proof. We first show how to construdt’ from a givenT. For every edge ifu,v) in T, let (u,u’),(u’, V)
and(V'v) be inT. For every nodes € U, there is a path from’ to u of no more than 8 hops. The only
nodes not connected téin T’ are inU’. But since all these nodes are connected to a notlk they
can be reached from them in 1 hop and no additional cost. Tleusaw construct a solutioR’ from T
which is of the same cost and hop distance is at mdst 3. O



Claim 2. Given a solutionT’ in G' with a diameten’, there is a solutiofT in G such thatost(T) <
cost(T) and diameter of is at mostL%J

Proof. Modify the solution as follows: For every non zero cost e@igeV') in T include the two non
zero cost edges, U, V,v. Since we are only adding edges the hop distance ffamany node can not
increase. Now construdt as follows. For every triad of edgés,u'), (U,V), (Vv), add the edgéu, v)
to T. The cost is the same.
Let a nodeu in T' bed’ hops away fronr. The node either is not there T, or the path has been
compressed ttp%'J. Thus all the nodes i can be reached withih%'j hops.
0

Lemmal An algorithm with an approximation ratio ¢O(f(n)),O(f(n))), for min power broadcast
implies a ratio of(O(f(n)),O(f(n))) for BDMST.

The proof is immediate from the above two claims. Given araimsel (d,n) of BDMST with
size n and diameterd, map it to an instancé’(3d + 1,3n) as illustrated in claim 1, solve it with
(O(f(3n)),O(f(3n))) ratio, and convert it back to a solution toof the same cost and and one third
the diameter, implying afO(f(n)),O(f(n))) guarantee.

Now we present some definitions used for our algorithm forf#ower Bounded-Hops Broadcast
and with a straightforward reduction from BDMST to Min-Pawiounded-Hops Broadcast. Byst
we mean power requiremeaotuv).

An approximation algorithm for the next problem will be usesia subroutine by our main algorithm.

Budgeted Set Coverage [11] The input consists of a collection of s&fs= {$, S, ..., Sn} with asso-
ciated priceqc; }{"; defined over a domain of elemeits= {x;, ., ....X,} The goal is to find a collection
of sets§ C R, such that the total sum of the prices of the sets ithoes not exceed the buddgtand
the total number of elements covered is maximized.

Khuller et. al. [11] presented a-11/e-approximation algorithm for Budgeted Set Coverage. How-
ever, we are not using directly their result since in ouranse has exponentially many sets.

Branch A branch is a directed graph= (rs,Vs, Es) such that(Vs, Es) contains a directed path from
the vertexrs (called the root of the branch) to every verteXMgf A d-bounded brancks a branch such
that every node is no more tharhops away from the root of the branch.

The main algorithm assumes an estimBten the power of the optimum solution is given. The
algorithm finds a-rooted spanning arborescence of deptldlogn) and powelO(Blogn), if a solution
of power at mosB exists, but might terminate with a "failure” message if n@lssolution exists. A
simple binary search on the value®{in case of failure, the value & is increased, otherwise a lower
value is tried) would then give a bicriter{®(logn), O(logn)) approximation for Min-Power Bounded-
Hops Broadcast.

2.1 Main Algorithm

The main algorithm is an adaptation of the approximatiootigm of Marathe et al [14] for the BDMST
problem. The algorithm works in phases and maintains a setl@ésQ and a seP of nodes such that
all the remaining node are reachable fr&tw {r} by paths ofQ with small number of hops (the precise
bound on the number of hops is given in Lemma 5).

In each phase, the algorithm the solution of a Budgeted Setr@ge instance attempting to signifi-
cantly reduceP| without exceeding a certain budget.



Algorithm 1 Broadcast

Require: A directed graptG(V, E,c), a diameter bound, a budgeB, and a root.

Ensure: Outputs a spanning arborescerfceooted atr, such that all the nodes are with@(dlog|V|)
hops of the root and power(A) = O(Blog|V|) provided a solution of power at moBtexists; may
exit with “failure” if no such solution exists.

1: P<V\{r}, Q«0
2: while|P| > 1do
3 S« setCoverage(P)

4. for all branchedH (ry,V4,En) € S do
5: Q+ QUEy

6: P« P\W4

7. end for

8. forall H(ry,Vu,Eq) € SATH #rdo
9: P+ PUry

10: endfor

11: end while

12: Compute and output &(dlog|V|)-bounded shortest path spanning arborescence rootedrat
using only edges ap.

Some explanation is needed for the last step.dByounded we mean, as usual, with a number of
edges bounded by, while shortest is with respect to the cost functmnSuch shortest path arbores-
cences can be computed by straightforward modification gésiba’s algorithm to compute for any
j=0,1,...,d the shortest patl-bounded arborescences. This procedure is also descntj@dd, ?].
Finally, in the last step, the constant in the big-Oh is the gien by Lemma 5.

2.2 Solving the Budgeted Set Coverage Problem

The Budgeted Set Coverage instarsCover age(P) used in Step 4 of the main algorithBr cadcast
has as elementB, a set of vertices ofs. The sets are given by certain d-bounded branches, the price
of a branch is its power, and a bran&hcovers a vertex if v e V5. Precisely, we allow onlyalid
branches, which are branch8with VsNP| > 2 or withrs=r. Such a restriction is needed to show
a significant reduction (used later in the proof of Lemma 5)Rd There are exponentially many sets
in this Budgeted Set Coverage problem, and this does nat dtle direct application of the algorithm
from [11].

However, the approximation algorithm for Set Coverage [(|d®d [9]) is greedy, and we can still
use it because, assuming the optimum solution has powerttBnae can determine a set (a branch)
with average power per node covered at ni®)§tJ |, whereU is the current set of uncovered nodes.

2.3 Determining a good valid branch

A valid branchSis goodif and only if p(S)/|U NVs| < B/|U|, a property needed later in the proof of
Lemma 3. Given a grap@, a set of uncovered nodésand a vertew, the goal is to find a good valid
branch rooted at, if such a branch exists.

The algorithm builds branché¥ by first selecting a root and a vertexv and setting/V to consist
of the arcs fronv to those nodes with c(vu) < c(vw). Until a good valid branch is found, the algorithm
repeatedly and greedily adds shortest paths of appropriateer of hops from covered to uncovered
nodes. The algorithm uses as a subroutsin®rtestBoundedPath(y, z i), which returns the path i®
from vertexy to vertexz using at most edges and having costminimum. We usely (Vv,y) to denote



Algorithm 2 setCoveragd)
Require: A set of uncovered nodeB C V \ {r}. Implicit input parameters are the directed graph
G(V,E,c), diameter boundl, budgetB, and rootr.
Ensure: Returns a sef of d-bounded valid branches such that their total power is neerttan B and
at least 13 of the nodes oP are covered, provided there is a solution to the originabfam with
power at mosB; may exit with "failure” if no such solution exists.
C«+0
U«+P
S0
i« 0
repeat
S « Greedy(U)
U<+U\Vs
C+C+p(S)
i—i+1
S« Su{s}
. until greedy returns failurer C>Bor U =0
L if [U] > 4|P| then
exit failure
: else
return S
. end if

e e e < e =
o A~ WNPRE O

the length, in number of edges, frontoy in W. The detailed algorithm is given in full below or on the
next page.

24 Analysisand Correctness

The analysis proceeds in the reverse order, starting wehctdrectness of Algorithm 3 and finishing
with the bounds of Algorithm 1. The next lemma is the courderpf Lemma 4.1 and Theorem 3.1 of
[13], and a variation of it is used in [3].

Lemma 2 Assuming there is a solution to the original problem of poatmost B, Algorithm 3 finds a
good valid branch.

Proof. LetT be the optimum arborescence outgoing from the root (whichdegthd, and we assume
T has power at modB) andU be the set of uncovered nodes. Travefsm postorder and whenever
a vertexv is the ancestor of at least two verticeslbf{where by default every vertex is an ancestor of
itself) define a branch with roat given by the subtree of rooted atv. Removev and its descendents
from T, and repeat. The process stops WhefT ) NU| < 2. If [V(T)NU| =1, one last branch is given
by the rootr and the currenT. Note that every obtained branch is valid: it either covers vertices of
U, or it hasr as a root. Moreover every branch obtained has depth atthdset S, for 1 <i < qbe
the branches so obtained. Each braBcls in fact a spider - the paths from the root to the vertices of
outdegree zero are disjoint.

It is immediate thap(S;) + p(S) + ... + p(K) < B. We have thatU NVg |+|U NVs,|+...+UN
Vg | = [U]. Therefore there is d-bounded branch (which is a spiderptfum Swith p(S)/|U NVs| <
B/|U|, and eithemrs =r or U NVg = 2. LetQ,Qz,...,Qq, Whereq = |U NVg|, be the paths 08
from the children ofrs (where all these paths could have zero edges, and we userhention that



Algorithm 3 GreedyU)
Require: Set of uncovered nodés. Implicit input parameters are the directed grapfv. E, c), diam-
eter bound!, budgetB, and rootr.
Ensure: Outputs a valid branck such thatp(S)/|VsNU| < B/|U|, provided there is a solution to the
original problem with power at mo&; may exit with "failure” if no such solution exists.
1: for all ve V do
2. foralweV\{v}do
3 Ew < {vu| u#vAc(vu) <c(vw)}
4: My < {v}U{u | c(vu) < c(vw)}
5: while[p(W)/|U N"My| < B/|U| and (UNWy| >2o0r v=r)] or [U CWy] do
6
7
8
9

P« (Minyey,,ueu\wy ShortestBoundedPath(y,u,d —dw(vY)))

Ew + EwUEp, Wy < My UVp
end while
: if p(W)/|UNMy| < B/|U|then
10: return (v, i, Ew)
11: end if
12:  end for
13: end for

14: return failure

rsis also a child of itself) to vertices & NVs. Fori =1,2,...,q, note that the path®s are edge
disjoint and thatQ; NU consists of exactly one vertex, the last point@f We denote byy; and u;
the first vertex and last vertex 6. Moreover, assum@(Q1) < p(Q2) < ... < p(Qq). Note that for
a directed path, its cost equal its power. Lgtbe the vertex withe(rsws) = maxgcg(s) C(rsv). Then
P(S) = c(rsws) + 31 P(QY),

During the execution of Algorithm 3, the case=rs andw = ws is considered. Lek = |U N
({y | c(vy) < c(vw)}, where for convenience we use tltatv) = 0. LetPy, Ps, ..., Py« be the firsig — k
results of the migey, ueu\v, ShortestBoundedPath(y,u,d —dw(v,y)) procedure and note that eakh
contains only one vertex frotd \ W - its last vertex - as otherwise just a partRfvould be returned by
shortestBoundedPath(y,u,d — dw(V,y)).

Fori =1,2,...,q—k, we have thap(P) < p(Qui). Indeed, before searching for thf@ path,
My does not contain all ofug,u,...,uqi} and contains all of{ys,y»,...,yq}. Therefore, one
of Q1,Q2,...,Qki is @ candidate to be returned by i@, ueu\w, ShortestBoundedPath(y,u,d —
dw(v,y)), where we note thaky (v, yi) = 1 and eacl®; has at mostl — 1 edges. If the algorithm does not
find a good valid branch earlier, aftgr k iterations of thewhile loop of Algorithm 3 (withv = rs and
W = wg), W satisfiesp(W) < c(vw) + T p(R) < c(vw) + 5%, p(Qi) = p(S) and My NU | > [VsNU |
and eithef\My NU| or v =r. We conclude that the algorithm always finds a good valid ¢dfran O

The next lemma uses the method of Hochbaum and Pathria E®h{so [9]) designed for analyzing
the greedy algorithm for Set Coverage, the simpler versiddunigeted Set Coverage where all the sets
have price 1. We did not attempt to optimize the two constamtise lemma. [9].

Lemma 3 Provided there is a solution to the original problem with povat most B, the algorithm
setCoverage finds a set of valid branches of total power at m2Btand together covering at leaf?| /3
nodes of P.

Proof. Since the power per required node of a branch chosen is no thand3/|U |, the power of a
branch can not be more th@ Hence the total power is at modB2since the algorithm stops as soon
asB is exceeded.




Now we show that at leasP|/3 nodes oP are covered. Le$;, S, ..., S be the branches returned
by the greedy algorithm 3. L&, be P andU;; be the set of uncovered nodesPéfter the selection
of branchS by the greedy algorithm. Le} = |UiNVs|. Lemma 2 implies:

pS) _ B _ B
o SO e a I
G ~ U |Pl-Yq;

RS (1§ )
q > B <| JZqu

and after summing up these equations we obtain:

< o[PS Cps) &, _ [P A<
i;Ch > (EiZlP(S)) _i;T glch = (Ei p(S)) _JZlEJ- le(S)

Now we usey £ ; p(S) > Bandy ¥ ;,, p(S) < 2B to obtain:

k k-1
Xiqi > [Pl 2q;
i= =1

Therefore:

and therefore

k
3Y g >|Pl,
2,

and we conclude that at leg8 /3 nodes oP are covered. O
We continue with the proof of the correctness of the mainrtigam 1, which follows closely Marathe
et. al [14].

Lemma4 The number of phases of Algorithm 1 igl&yn).

Proof. In each phase, at least3 of the nodes i are covered. Thus the total number of the nodes in

the next phase is less than or equal tB|23 uncovered nodes and at m¢Bt/6 roots of branches, as

each branch whose head is not the root covers at least twe dée Thus in each phase the number

reduces by a fraction of/B, and thus the number of phase©idogn) as|P| is n to start with. 0
The next two lemmas appear basically in [14].

Lemma5 The depth of the solution produced Byoadcast is O(log(n)d).

Proof. It follows immediately by induction that after phagefor everyv € V, Q contains a path of
length at mostli from some vertex oP to v. O

Lemma6 The power of the output is(@logn).

Proof. The lemma follows immediately from the facts that there @feogn) phases and in each we
incur no more thanB power. O
We now combine the above two lemmas to state the centrak i@fshiis section:

Theorem 7 Assuming there is a solution to the original problem of poatemost B, the solution pro-
duced by the algorithm 1 has powerBlogn) and all the nodes are reachable from the root within
O(dlogn) hops



3 Min-Power Bounded-Hops Strong Connectivity

In this section we use the result and methods of the previectsos to give an approximation algorithm
for the Strong Connectivity problem with asymmetric powegquirements.

We again show how to solve a budgeted version of the probletthis optimal solution connecting
all required nodes with paths of at makhops beOPT wherep(OPT) < B. Letv be an arbitrary vertex.
OPT contains an outgoing arborescence of depth at ro&y; rooted atv (so p(Acut) < B) and an
incoming arborescence of depth at mos, rooted atv (so p(Ain) < OPT).

The broadcast algorithm in the previous section produceswgoing arborescence of depth
O(dlogn) Qout rooted atv with p(Qoyut) < O(Blogn). To obtain an incoming arborescen@g of depth
O(dlogn) Qout With p(Qin) < O(Blogn) we use exactly the same algorithm, but computing incoming
branches, and a modification described below. The mainittigorl and the setCoverage algorithm are
the same, except that incoming branches are used insteadguaiitng branches. The Greedy algorithm
is simpler: we only consider minimum cost path of at meb$tops from representatives to the root of
the branch. All the proofs follow exactly as in the previoeston.

Thenp(QoutUQin) < P(Qout) + P(Qin) < O(Blogn) andQou U Qin is a strongly connected spanning
subgraph with diameted(dlogn). Therefore we have:

Theorem 8 There is a polynomial-time algorithm for Min-Power Boundédps Strong Connectivity
whose output has power(@(OPT)logn) and every node is reachable from another node by a path of
length Qdlogn), where OPT is an optimum solution of diameter d.

4 Min-Power Bounded-Hops Symmetric Connectivity

A reformulation of symmetric connectivity is searching fan undirected tred minimizing p(T).
Again, we use the same approach as for Min-Power Bounded-Bopadcast, with modifications de-
scribed below.

Branches used here are rooted and bidirected, in the sesskedth directed edgass andvu must
be present for every edge of the branch. In the main algonitlenpickr arbitrarily, and we construct a
O(dlogn)-depth spanning bidirected branch rooted.at

The greedy algorithm tries all verticesandw as follows. It keeps and modifies a directed gréyh
giving a bidirected branch (initiallyV is just the root/) and a set of edge? given by the arcs from to
those nodes with c(vu) < c(vw). We count as covered the representativeégsnbut we useg(Ew UQ)
instead ofp(W) for computing the power of the returned branch.

In addition, we use a symmetric variation shortestBoundedPath(y,z i) which has four param-
eters: verticex,y,z and integeti. PreciselysymmetricBoundedPath(x,y,z,i) finds a minimum power
directed grapH which contains the edggx and a bidirected path from to z using at most edges.
Such a directed grapR is found by applying the method described P, ?] for bounded-hops mini-
mum cost directed paths to an auxiliary directed graph wiosstruction is given ing] for Min-Power
Symmetric Unicast.

symmetricBoundedPath(x,y,z,i) is called with eithex =y € Wy, i =d — dw(v,x) andze U (as in
Algorithm 3 of Section 2), or wittvyy € Q, i =d — 1, andz € U. No other modifications are done to the
algorithms. All the proofs follow exactly as in Section 2cept a straightforward "symmetric” version
of Lemma 2 is used. Therefore we have:

Theorem 9 There is a polynomial-time algorithm for Min-Power Boundddps Symmetric Connec-
tivity whose output has power(@(OPT)logn) and diameter @dlogn), where OPT is an optimum
solution of diameter d.



Figure 1: Adding shortcuts to reduce depth

5 Approximation for Min-Power Bounded-Hops Broadcast in the Eu-
clidean case

The approximation factors for the broadcast problem cammpeaved in the case when nodes represent
points on a plane, and the cagtv) = c(v,u) = ||u,V||¥, where||u,V|| is the Euclidean distance ard

is a constant. The algorithm simply shortcuts path®@dbgn) hops (as illustrated in Figure 1) and the
pseudocode of the recursive procedure is given below or eméxt page. First call has= d. In the
algorithm,q is such that the output of the Algorithm 1 has degth

Algorithm 4 Shortcut(T, h)
Require: The input is an arborescengerooted atr with depthh-q
Ensure: The outputT’ is an arborescence rooted mtspannningV (T), with depthh and P(T’) <
p(T)a .
if h=0then
return
end if
L < {u:deptHu) =q}
M « {u:deptHu) <q}
for all yy e L do
Ti < subtree ofT rooted aty;
T/ < Shortcut(Ti,h— 1)
end for
T « UuieLTil Uuem\{r} {ru}.
returnT’

Lemma 10 Algorithm 4 is correct, that is, Thas depth h and (@) < p(T)g* 1.

Proof. The depth property follows immediately by induction kan

We show thatpy(r) < q"*lzueM\L pr(u) and the rest follows by induction. Letbe such that
c(ru) = maxem c(rv) and letP =< xo = r,Xq,...,X; = u > be the directed path it from r to u, and
note thatj < g. Then||rul[* < j*1 z{;olﬂxixiHHK, as the worst case occurs whigxpxy || = [|x1X2|| =
e = X2 -

Note that fori = 0,1,..., ] — 1 we havepr (X)) > |XiXi+1/| and thats € M\ L. Thereforepr (r) <
oS uem\L Pr(u) and the lemma follows. 0

10



We know by Lemmas 5 and 6 that we can assume that the output aefdgbrithm of Section 2 has
depthdg, with g = O(logn), and powelO(p(OPT)logn), whereOPT is an optimum solution of depth
d. Based on the discussion above we havelL

Theorem 11 There is a @(logn)*)-approximation algorithm for Min-Power Bounded-Hops Biocast
in the Euclidean case.

The same trick cannot be directly applied to Min-Power Badi#iops Strong Connectivity and
Min-Power Bounded-Hops Symmetric Connectivity. Howesr,appropriately some special type of
branches and using them in Algorithm 3 (details to appearfull @ersion of the paper), we claim:

Theorem 12 In the Euclidean case, for both Min-Power Bounded-HopsrgtiGonnectivity and Min-
Power Bounded-Hops Symmetric Connectivity. there arenpafyal-time algorithms with output of
diameter at mosmax(d,logn) and power @p(OPT)(logn)¥), where OPT is an optimum solution of
diameter d.

6 Conclusions and Open Problems

We provided(O(logn),O(logn)) bicriteria approximation algorithms for Min-Power BouriElops
Broadcast, Min-Power Bounded-Hops Strong Connectivitg slin-Power Bounded-Hops Symmetric
Connectivity, with asymmetric cost function. In the Euelith case, postprocessing the output of the
bicriteria Min-Power Bounded-Hops Broadcast leads @ dogn)*)-approximation algorithm.

The Euclidean case might be easier to solve. However, itadvbalreasonable to start with BDMST
first before moving to minimizing power. As far as we know, lmioty better tharfO(logn),O(logn)) is
known for BDMST when hops are used for measuring diametersangle Euclidean distance is used
for measuring cost, except for the type of "jumps” we use it 5 to transform bicriteria results into
pure approximation algorithms.

We also note that with asymmetric costs, Min-Power Multi¢egen with unbounded hops) is appar-
ently harder than Min-Power Broadcast: [3] presents agittéorward reduction from Directed Steiner
Tree to Min-Power Multicast. The relevant part of [3], a papecepted but not published, is available
on the first author's web page.

The techniques seem to easily generalize to bounded ddguetuses, just by considering bounded
degree branches (or spiders) instead of bounded depthHasuiit the greedy algorithm of Subsection
2.3. However, in the Euclidean case there is no need to diyes&arch for bounded-degree trees, as
the minimum spanning tree is within a constant optimum fotreee Min-Power problems, and can be
assumed to have degree at most five.
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