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Abstract

Used for topology control in ad-hoc wireless networks, Power Assignment is a family of prob-
lems, each defined by a certain connectivity constraint (such as strong connectivity) The input con-
sists of a directed complete weighted digraphG = (V;c). The powerof a vertexu in a directed
spanning subgraphH is given bypH(u) = maxuv2E(H) c(uv), and corresponds to the energy con-
sumption required for nodeu to transmit to all nodesv with uv2 E(H). Thepowerof H is given
by p(H) = ∑u2V pH(u). Power Assignment seeks to minimizep(H) while H satisfies the given
connectivity constraint.

Min-Power Bounded-Hops Broadcast has also as part of the input a positive integerd and an
r 2 V. The outputH must be ar-rooted outgoing arborescence of depth at mostd. We give an(O(logn);O(logn)) bicriteria approximation algorithm for Min-Power Bounded-Hops Broadcast:
that is, our output has depth at mostO(d logn) and power at mostO(logn) times the optimum
solution.

For the Euclidean case, whenc(u;v) = c(v;u) = jju;vjjκ (here jju;vjj is the Euclidean dis-
tance andκ is a constant between 2 and 5), the output of our algorithm canbe modified to give
a O((logn)κ) approximation ratio. Previous results for Min-Power Bounded-Hops Broadcast are
only exact algorithms based on dynamic programming for casewhen the nodes lie on the line and
c(u;v) = c(v;u) = jju;vjjκ.

Our bicriteria results extend to Min-Power Bounded-Hops Strong Connectivity (H must have
a path of at mostd edges in between any two nodes) and Min-Power Bounded-Hops Symmetric
Connectivity (the undirected graph having an edgeuv iff H has bothuv andvu is required to have
diameter at mostd). Previous work for Min-Power Bounded-Hops Strong Connectivity consists
only of constant or better approximation for special cases of the Euclidean case.

1 Introduction

Wireless networking is increasingly being used in recent years. As the battery technology has not grown
at the same pace as the electronics, energy is rapidly becoming an important issue. For the purpose of
energy conservation, each node can (possibly dynamically)adjust its transmitting power, based on the
distance to the receiving node and the background noise.

Due to limited range, communication is achieved through intermediate nodes relaying packets. In
several applications the quality of service also becomes anissue. For example, large delays may not be
acceptable, and the number of total hops taken by a packet must be bounded. This motivates the study
of the problems described below.

In the most general model, a weighted directed graphH = (V;E) with power requirementsc : E!
R+ is given by the positioning of then wireless nodes, wherec(u;v) represents the power requirement
for the nodeu to establish a unidirectional link to nodev. But, reflecting the broadcast nature of ad hoc
wireless networks, once a nodeu transmits with powerp(u), all nodesv with c(u;v) � p(u) receive the
signal. A functionp : V ! R+ is called a power assignment, and it induces a directed graph, always�Department of Computer Science, Illinois Institute of Technology, Chicago, IL 60616. E-mail:fcalinesc,kapoor,sarwmohg@iit.edu.
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denoted byG= (V;F), with links uvwheneverp(u)� c(u;v). The goal of the Power Assignment prob-
lem is to minimize the total power∑v2V p(v) such that the induced digraph satisfies certain connectivity
constraint. In this paper we consider three connectivity constraints:

1. Min-Power Bounded-Hops Broadcast, where the induced digraph must be anr-rooted outgoing
arborescence of depth at mostd. The vertexr and integerd are given as a part of the input.

2. Min-Power Bounded-Hops Strong Connectivity, where the induced digraph must have a path of
at mostd edges in between any two nodes, whered is given as a part of the input.

3. Min-Power Bounded-Hops Symmetric Connectivity, where the undirected graph having an edge
uv if and only if the induced digraph has bothuvandvumust have diameter at mostd, whered is
given as a part of the input.

For simplicity of exposition, we use mostly the following equivalent definition of the Power As-
signment problem: given a directed spanning subgraphH, define thepowerof a vertexu as pH(u) =
maxuv2E(H) c(uv) and thepower of H as p(H) = ∑u2V pH(u). To see the equivalence, note that an
optimal power assignment inducing directed spanning subgraphH never hasp(v) > maxuv2E(H) c(uv).
Then the Power Assignment problem becomes finding the directed spanning subgraphH satisfying the
connectivity constraint with minimump(H).

An important special case (which we call theEuclideancase) is when the input graphG= (V;c) has
power requirements given byc(u;v) = c(v;u) = jju;vjjκ , wherejju;vjj is the Euclidean distance andκ
is a constant between 2 and 5. This case is motivated by signaltransmission in a network embedded in
a two-dimensional space without any obstacles [15], withκ being the path-loss exponent.

Minimizing the power contradicts bounding the number of hops in the induced subgraph, as it has
been noted by [6, 12] and formal tradeoff results in a similarbut different model have been obtained by
[1]. Indeed, if we look at the following example in the Euclidean case:n points on the line with distance
1 in between two consecutive vertices, we note that without abound on the number of hops Min-Power
Broadcast has an optimum ofn�1, while with a bound of one hop, the unique solution requires(n�1)κ

power.
Numerous papers on Power Assignment have been published recently and we refer to [5] for a

slightly out-of-date survey. We mention here only work on bounded-hops Power Assignment. Kirousis
et. al. [12] consider Min-Power Bounded-Hops Strong Connectivity when then power requirements are
Euclidean and the nodes are equidistant on the line. In [7] Clementi et. al. present a 2-approximation
algorithm for Min-Power Bounded-Hops Strong Connectivityfor the more general case when the nodes
are on the line, but not equidistant. They also present better approximation bounds for the so-calledwell
spreadinstances, when nodes’ positions satisfy that the ratio of the largest inter-node distance to the
smallest inter-node distance is at most a constant times thesquare root of the number of nodes. In the
Euclidean case, [6] obtain constant ratio algorithms for Min-Power Bounded-Hops Strong Connectivity
for well spread instances.

The result of [7] is also implied by the exact algorithms for Min-Power Bounded-Hops Broadcast
when power requirement are Euclidean and the nodes are on theline obtained by [8] and [4]. In a related
work, Sanders et. al [2] discuss running time issues in calculating exactly bounded-hops min-power
paths.

Our results do not make any assumptions regarding the input power requirement digraph - the al-
gorithm can handle asymmetric power requirements, which are motivated by the possible existence of
non-uniform wireless nodes and by applications in solving Network Lifetime [3].

However, our results use the bicriteria type of approximation introduced by Marathe et. al [14],
which allows for a relaxation of the constraint on the numberof hops. The problem considered by [14]
most related to ours is Bounded Diameter Minimum Spanning Trees (BDMST from now on): find a
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minimum cost spanning tree with bounded diameter, where thediameter is given by a secondlength
function.

We obtain(O(logn);O(logn)) bicriteria approximation algorithms for Min-Power Bounded-Hops
Broadcast, Min-Power Bounded-Hops Strong Connectivity, and Min-Power Bounded-Hops Symmetric
Connectivity. That is, our output has number of hops boundedby O(d logn) and power at mostO(logn)
times the optimum solution with number of hopsd.

We present a straightforward reduction showing that improving our results for any of the problems
studied in the case of arbitrary power requirements would lead to better ratios for BDMST when the
length function is 1 on all the edges. However there has been no progress on BDMST for quite a
while. Only for the Euclidean case, we can show that simple postprocessing gives anO((logn)κ)-
approximation algorithm for Min-Power Bounded-Hops Broadcast. Weaker similar results hold for Min-
Power Bounded-Hops Strong Connectivity and Min-Power Bounded-Hops Symmetric Connectivity.

Our methods are based on the bicriteria techniques of Marathe et. al. [14], on the spider techniques of
Klein and Ravi (used for Node-Weighted Steiner Tree [13]) asadapted for Power Assignment problems
by [3], and on an extension of the Set Coverage problem [9].

The organization of the paper is as follows. Section 2 gives the main algorithm for Min-Power
Bounded-Hops Broadcast, after introducing definitions andthe reduction mentioned above. Sections 3
and 4 discussed the extension of our techniques to Bounded-Hops Min-Power Strong Connectivity and
Bounded-Hops Min-Power Symmetric Connectivity. The postprocessing technique for the Euclidean
case is presented in Section 5. We present conclusions and open problems in Section 6.

2 Min-Power Bounded-Hops Broadcast

We start with a lemma which shows that Min-Power Bounded-Hops Broadcast problem is atleast as
hard to approximate as the conventional bicriteria problemof Bounded diameter min cost spanning tree
(BDMST). Therefore, any improvement of the guarantees presented here would imply a better than
known guarantee for BDMST problem. It may be mentioned here that any improvement in the BDMST
guarantee has not been reported since last nine years.

Given the conventional bicriteria problem BDMST we can reduce it to a power problem by the
following construction. Given a BDMST instanceG(V;E;c;d) with c(e) giving the cost of edgeeandd
being the bound on the diameter, construct a Min-Power Bounded-Hops Broadcast instance as follows:� Split each edgee(u;v) into three edges(u;u0);(u0;v0);(v0v).� Definec0(u0;v0) = c0(v0;u0) = c(uv). Let the set of all these edges of nonzero cost beF.� Definec0(u;u0) = c0(u0;u) = c0(v0;v) = c0(v;v0) = 0.� Let u0;v0 2U 0, andu;v2U� Let d0 = 3d+1 and the root be some vertex ofV.

Claim 1: Given a treeT rooted atr in graph inG such that all nodes are withind hops fromr, there is
a treeT 0 rooted atr 0 in G0 such thatpower(T 0) = c(T) and all nodes are withind0 = 3d+1 hops ofr 0.
Proof. We first show how to constructT 0 from a givenT. For every edge in(u;v) in T, let (u;u0),(u0;v0)
and(v0v) be inT. For every nodeu2U , there is a path fromr 0 to u of no more than 3d hops. The only
nodes not connected tor 0 in T 0 are inU 0. But since all these nodes are connected to a node inU , they
can be reached from them in 1 hop and no additional cost. Thus we can construct a solutionT 0 from T
which is of the same cost and hop distance is at most 3d+1. ut
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Claim 2: Given a solutionT 0 in G0 with a diameterd0, there is a solutionT in G such thatcost(T) �
cost(T) and diameter ofT is at mostbd

3

Proof. Modify the solution as follows: For every non zero cost edge(u0;v0) in T include the two non
zero cost edgesu;u0, v0;v. Since we are only adding edges the hop distance fromr 0 to any node can not
increase. Now constructT as follows. For every triad of edges(u;u0);(u0;v0);(v0v), add the edge(u;v)
to T. The cost is the same.

Let a nodeu in T 0 bed0 hops away fromr. The node either is not there inT, or the path has been
compressed tobd0

3 
. Thus all the nodes inT can be reached withinbd0
3 
 hops. ut

Lemma 1 An algorithm with an approximation ratio of(O( f (n));O( f (n))), for min power broadcast
implies a ratio of(O( f (n));O( f (n))) for BDMST.

The proof is immediate from the above two claims. Given an instanceI(d;n) of BDMST with
size n and diameterd, map it to an instanceI 0(3d+ 1;3n) as illustrated in claim 1, solve it with(O( f (3n));O( f (3n))) ratio, and convert it back to a solution toI of the same cost and and one third
the diameter, implying an(O( f (n));O( f (n))) guarantee.

Now we present some definitions used for our algorithm for Min-Power Bounded-Hops Broadcast
and with a straightforward reduction from BDMST to Min-Power Bounded-Hops Broadcast. Bycost
we mean power requirementc(uv).

An approximation algorithm for the next problem will be usedas a subroutine by our main algorithm.

Budgeted Set Coverage [11] The input consists of a collection of setsR = fS1;S2; :::;Smg with asso-
ciated pricesfcigmi=1 defined over a domain of elementsX= fx1;x2; :::;xng The goal is to find a collection
of setsS � R , such that the total sum of the prices of the sets inS does not exceed the budgetB, and
the total number of elements covered is maximized.

Khuller et. al. [11] presented a 1�1=e-approximation algorithm for Budgeted Set Coverage. How-
ever, we are not using directly their result since in our instance has exponentially many sets.

Branch A branch is a directed graphS= (rS;VS;ES) such that(VS;ES) contains a directed path from
the vertexrS (called the root of the branch) to every vertex ofVS. A d-bounded branchis a branch such
that every node is no more thand hops away from the root of the branch.

The main algorithm assumes an estimateB on the power of the optimum solution is given. The
algorithm finds ar-rooted spanning arborescence of depthO(d logn) and powerO(Blogn), if a solution
of power at mostB exists, but might terminate with a ”failure” message if no such solution exists. A
simple binary search on the value ofB (in case of failure, the value ofB is increased, otherwise a lower
value is tried) would then give a bicriteria(O(logn);O(logn)) approximation for Min-Power Bounded-
Hops Broadcast.

2.1 Main Algorithm

The main algorithm is an adaptation of the approximation algorithm of Marathe et al [14] for the BDMST
problem. The algorithm works in phases and maintains a set ofedgesQ and a setP of nodes such that
all the remaining node are reachable fromP[frg by paths ofQ with small number of hops (the precise
bound on the number of hops is given in Lemma 5).

In each phase, the algorithm the solution of a Budgeted Set Coverage instance attempting to signifi-
cantly reducejPj without exceeding a certain budget.

4



Algorithm 1 Broadcast
Require: A directed graphG(V;E;c), a diameter boundd, a budgetB, and a rootr.
Ensure: Outputs a spanning arborescenceA rooted atr, such that all the nodes are withinO(d logjVj)

hops of the rootr andpower(A) = O(BlogjVj) provided a solution of power at mostB exists; may
exit with “failure” if no such solution exists.

1: P V nfrg; Q /0
2: while jPj � 1 do
3: S  setCoverage(P)
4: for all branchesH(rH ;VH ;EH) 2 S do
5: Q Q[EH

6: P PnVH

7: end for
8: for all H(rH ;VH ;EH) 2 S ^ rH 6= r do
9: P P[ rH

10: end for
11: end while
12: Compute and output aO(d logjVj)-bounded shortest path spanning arborescence rooted atr and

using only edges ofQ.

Some explanation is needed for the last step. Byd-bounded we mean, as usual, with a number of
edges bounded byd, while shortest is with respect to the cost functionc. Such shortest path arbores-
cences can be computed by straightforward modification of Dijkstra’s algorithm to compute for any
j = 0;1; : : : ;d the shortest pathj-bounded arborescences. This procedure is also described in [?, ?, ?].
Finally, in the last step, the constant in the big-Oh is the one given by Lemma 5.

2.2 Solving the Budgeted Set Coverage Problem

The Budgeted Set Coverage instancesetCoverage(P) used in Step 4 of the main algorithmBroadcast
has as elementsP, a set of vertices ofG. The sets are given by certain d-bounded branches, the price
of a branch is its power, and a branchSi covers a vertexv if v 2 VSi . Precisely, we allow onlyvalid
branches, which are branchesSwith jVS\Pj � 2 or with rS= r. Such a restriction is needed to show
a significant reduction (used later in the proof of Lemma 5) ofjPj. There are exponentially many sets
in this Budgeted Set Coverage problem, and this does not allow the direct application of the algorithm
from [11].

However, the approximation algorithm for Set Coverage ([10] and [9]) is greedy, and we can still
use it because, assuming the optimum solution has power at most B, we can determine a set (a branch)
with average power per node covered at mostB=jU j, whereU is the current set of uncovered nodes.

2.3 Determining a good valid branch

A valid branchS is good if and only if p(S)=jU \VSj � B=jU j, a property needed later in the proof of
Lemma 3. Given a graphG, a set of uncovered nodesU and a vertexv, the goal is to find a good valid
branch rooted atv, if such a branch exists.

The algorithm builds branchesW by first selecting a rootv and a vertexw and settingW to consist
of the arcs fromv to those nodesu with c(vu)� c(vw). Until a good valid branch is found, the algorithm
repeatedly and greedily adds shortest paths of appropriatenumber of hops from covered to uncovered
nodes. The algorithm uses as a subroutineshortestBoundedPath(y;z; i), which returns the path inG
from vertexy to vertexz using at mosti edges and having costc minimum. We usedW(v;y) to denote
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Algorithm 2 setCoverage(P)
Require: A set of uncovered nodesP � V n frg. Implicit input parameters are the directed graph

G(V;E;c), diameter boundd, budgetB, and rootr.
Ensure: Returns a setS of d-bounded valid branches such that their total power is no more than 2B and

at least 1=3 of the nodes ofP are covered, provided there is a solution to the original problem with
power at mostB; may exit with ”failure” if no such solution exists.

1: C 0
2: U  P
3: S  φ
4: i 0
5: repeat
6: Si  Greedy(U )
7: U  U nVSi

8: C C+ p(Si)
9: i i+1

10: S  S [fSig
11: until greedy returns failureor C� B or U = /0
12: if jU j> 2

3jPj then
13: exit failure
14: else
15: return S
16: end if

the length, in number of edges, fromv to y in W. The detailed algorithm is given in full below or on the
next page.

2.4 Analysis and Correctness

The analysis proceeds in the reverse order, starting with the correctness of Algorithm 3 and finishing
with the bounds of Algorithm 1. The next lemma is the counterpart of Lemma 4.1 and Theorem 3.1 of
[13], and a variation of it is used in [3].

Lemma 2 Assuming there is a solution to the original problem of powerat most B, Algorithm 3 finds a
good valid branch.

Proof. Let T be the optimum arborescence outgoing from the root (which has depthd, and we assume
T has power at mostB) andU be the set of uncovered nodes. TraverseT in postorder and whenever
a vertexv is the ancestor of at least two vertices ofU (where by default every vertex is an ancestor of
itself) define a branch with rootv given by the subtree ofT rooted atv. Removev and its descendents
from T, and repeat. The process stops whenjV(T)\U j< 2. If jV(T)\U j= 1, one last branch is given
by the rootr and the currentT. Note that every obtained branch is valid: it either covers two vertices of
U , or it hasr as a root. Moreover every branch obtained has depth at mostd. Let Si , for 1� i � q be
the branches so obtained. Each branchSi is in fact a spider - the paths from the root to the vertices of
outdegree zero are disjoint.

It is immediate thatp(S1)+ p(S2)+ : : :+ p(Sq)� B. We have thatjU \VS1j+ jU \VS2j+ : : :+ jU \
VSqj= jU j. Therefore there is d-bounded branch (which is a spider) of optimumSwith p(S)=jU \VSj �
B=jU j, and eitherrS = r or jU \VSj = 2. Let Q1;Q2; : : : ;Qq, whereq = jU \VSj, be the paths ofS
from the children ofrS (where all these paths could have zero edges, and we use the convention that
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Algorithm 3 Greedy(U )
Require: Set of uncovered nodesU . Implicit input parameters are the directed graphG(V;E;c), diam-

eter boundd, budgetB, and rootr.
Ensure: Outputs a valid branchSsuch thatp(S)=jVS\U j � B=jU j, provided there is a solution to the

original problem with power at mostB; may exit with ”failure” if no such solution exists.
1: for all v2V do
2: for all w2V nfvg do
3: EW fvu j u 6= v^c(vu)� c(vw)g
4: VW fvg[fu j c(vu) � c(vw)g
5: while [p(W)=jU \VWj � B=jU j and (jU \VWj � 2 or v= r)] or [U �VW] do
6: P (miny2VW;u2UnVW shortestBoundedPath(y;u;d�dW(v;y)))
7: EW EW[EP, VW VW [VP

8: end while
9: if p(W)=jU \VWj � B=jU j then

10: return (v;VW;EW)
11: end if
12: end for
13: end for
14: return failure

rS is also a child of itself) to vertices ofU \VS. For i = 1;2; : : : ;q, note that the pathsQ0
is are edge

disjoint and thatQi \U consists of exactly one vertex, the last point ofQi. We denote byyi and ui

the first vertex and last vertex ofQi. Moreover, assumep(Q1) � p(Q2) � : : : � p(Qq). Note that for
a directed path, its cost equal its power. LetuS be the vertex withc(rSwS) = maxrSv2E(S) c(rSv). Then
p(S) = c(rSwS)+∑q

i=1 p(Qi),
During the execution of Algorithm 3, the casev = rS and w = wS is considered. Letk = jU \(fy j c(vy)� c(vw)g, where for convenience we use thatc(vv) = 0. LetP1;P2; : : : ;Pq�k be the firstq�k

results of the miny2VW;u2UnVW
shortestBoundedPath(y;u;d�dW(v;y)) procedure and note that eachPi

contains only one vertex fromU nW - its last vertex - as otherwise just a part ofPi would be returned by
shortestBoundedPath(y;u;d�dW(v;y)).

For i = 1;2; : : : ;q� k, we have thatp(Pi) � p(Qk+i). Indeed, before searching for theith path,
VW does not contain all offu1;u2; : : : ;uk+ig and contains all offy1;y2; : : : ;yqg. Therefore, one
of Q1;Q2; : : : ;Qk+i is a candidate to be returned by miny2VW;u2UnVW shortestBoundedPath(y;u;d�
dW(v;y)), where we note thatdW(v;yi) = 1 and eachQi has at mostd�1 edges. If the algorithm does not
find a good valid branch earlier, afterq�k iterations of thewhile loop of Algorithm 3 (withv= rS and
w= wS), W satisfiesp(W)� c(vw)+∑q�k

i=1 p(Pi)� c(vw)+∑q
i=1 p(Qi) = p(S) andjVW\U j � jVS\U j

and eitherjVW\U j or v= r. We conclude that the algorithm always finds a good valid branch. ut
The next lemma uses the method of Hochbaum and Pathria [10] (see also [9]) designed for analyzing

the greedy algorithm for Set Coverage, the simpler version of Budgeted Set Coverage where all the sets
have price 1. We did not attempt to optimize the two constantsin the lemma. [9].

Lemma 3 Provided there is a solution to the original problem with power at most B, the algorithm
setCoverage finds a set of valid branches of total power at most2B and together covering at leastjPj=3
nodes of P.

Proof. Since the power per required node of a branch chosen is no morethanB=jU j, the power of a
branch can not be more thanB. Hence the total power is at most 2B, since the algorithm stops as soon
asB is exceeded.
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Now we show that at leastjPj=3 nodes ofP are covered. LetS1;S2; : : : ;Sk be the branches returned
by the greedy algorithm 3. LetU1 beP andUi+1 be the set of uncovered nodes ofP after the selection
of branchSi by the greedy algorithm. Letqi = jUi \VSi j. Lemma 2 implies:

p(Si)
qi
� BjUi

= BjPj�∑i�1
j=1q j

:
Therefore:

qi � p(Si)
B

 jPj� i�1

∑
j=1

q j

!
and after summing up these equations we obtain:

k

∑
i=1

qi � jPjB

k

∑
i=1

p(Si)!� k

∑
i=1

p(Si)
B

i�1

∑
j=1

q j = jPjB

k

∑
i=1

p(Si)!� k�1

∑
j=1

q j

B

k

∑
i= j+1

p(Si)
Now we use∑k

i=1 p(Si)� B and∑k
i= j+1 p(Si)� 2B to obtain:

k

∑
i=1

qi � jPj� k�1

∑
j=1

2q j

and therefore

3
k

∑
i=1

qi � jPj;
and we conclude that at leastjPj=3 nodes ofP are covered. ut

We continue with the proof of the correctness of the main algorithm 1, which follows closely Marathe
et. al [14].

Lemma 4 The number of phases of Algorithm 1 is O(logn).
Proof. In each phase, at least 1=3 of the nodes inP are covered. Thus the total number of the nodes in
the next phase is less than or equal to 2jPj=3 uncovered nodes and at mostjPj=6 roots of branches, as
each branch whose head is not the root covers at least two nodes of P. Thus in each phase the number
reduces by a fraction of 1=6, and thus the number of phases isO(logn) asjPj is n to start with. ut

The next two lemmas appear basically in [14].

Lemma 5 The depth of the solution produced byBroadcast is O(log(n)d).
Proof. It follows immediately by induction that after phasei, for everyv 2V, Q contains a path of
length at mostdi from some vertex ofP to v. ut
Lemma 6 The power of the output is O(Blogn).
Proof. The lemma follows immediately from the facts that there areO(logn) phases and in each we
incur no more than 2B power. ut

We now combine the above two lemmas to state the central result of this section:

Theorem 7 Assuming there is a solution to the original problem of powerat most B, the solution pro-
duced by the algorithm 1 has power O(Blogn) and all the nodes are reachable from the root within
O(d logn) hops
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3 Min-Power Bounded-Hops Strong Connectivity

In this section we use the result and methods of the previous section to give an approximation algorithm
for the Strong Connectivity problem with asymmetric power requirements.

We again show how to solve a budgeted version of the problem. Let this optimal solution connecting
all required nodes with paths of at mostd hops beOPT wherep(OPT)�B. Letv be an arbitrary vertex.
OPT contains an outgoing arborescence of depth at mostd Aout rooted atv (so p(Aout) � B) and an
incoming arborescence of depth at mostd Ain rooted atv (so p(Ain)�OPT).

The broadcast algorithm in the previous section produces anoutgoing arborescence of depth
O(d logn) Qout rooted atv with p(Qout)�O(Blogn). To obtain an incoming arborescenceQin of depth
O(d logn) Qout with p(Qin) � O(Blogn) we use exactly the same algorithm, but computing incoming
branches, and a modification described below. The main algorithm 1 and the setCoverage algorithm are
the same, except that incoming branches are used instead of outgoing branches. The Greedy algorithm
is simpler: we only consider minimum cost path of at mostd hops from representatives to the root of
the branch. All the proofs follow exactly as in the previous section.

Thenp(Qout[Qin)� p(Qout)+ p(Qin)�O(Blogn) andQout[Qin is a strongly connected spanning
subgraph with diameterO(d logn). Therefore we have:

Theorem 8 There is a polynomial-time algorithm for Min-Power Bounded-Hops Strong Connectivity
whose output has power O(p(OPT) logn) and every node is reachable from another node by a path of
length O(d logn), where OPT is an optimum solution of diameter d.

4 Min-Power Bounded-Hops Symmetric Connectivity

A reformulation of symmetric connectivity is searching foran undirected treeT minimizing p(T).
Again, we use the same approach as for Min-Power Bounded-Hops Broadcast, with modifications de-
scribed below.

Branches used here are rooted and bidirected, in the sense that both directed edgesuv andvu must
be present for every edge of the branch. In the main algorithmwe pick r arbitrarily, and we construct a
O(d logn)-depth spanning bidirected branch rooted atr.

The greedy algorithm tries all verticesv andw as follows. It keeps and modifies a directed graphW
giving a bidirected branch (initiallyW is just the rootv) and a set of edgesQ given by the arcs fromv to
those nodesu with c(vu)� c(vw). We count as covered the representatives inVW, but we usep(EW[Q)
instead ofp(W) for computing the power of the returned branch.

In addition, we use a symmetric variation ofshortestBoundedPath(y;z; i) which has four param-
eters: verticesx;y;z and integeri. Precisely,symmetricBoundedPath(x,y,z,i) finds a minimum power
directed graphP which contains the edgeyx and a bidirected path fromy to z using at mosti edges.
Such a directed graphP is found by applying the method described in [?, ?, ?] for bounded-hops mini-
mum cost directed paths to an auxiliary directed graph whoseconstruction is given in [?] for Min-Power
Symmetric Unicast.

symmetricBoundedPath(x,y,z,i) is called with eitherx= y2VW, i = d�dW(v;x) andz2U (as in
Algorithm 3 of Section 2), or withvy2Q, i = d�1, andz2U . No other modifications are done to the
algorithms. All the proofs follow exactly as in Section 2, except a straightforward ”symmetric” version
of Lemma 2 is used. Therefore we have:

Theorem 9 There is a polynomial-time algorithm for Min-Power Bounded-Hops Symmetric Connec-
tivity whose output has power O(p(OPT) logn) and diameter O(d logn), where OPT is an optimum
solution of diameter d.
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Figure 1: Adding shortcuts to reduce depth

5 Approximation for Min-Power Bounded-Hops Broadcast in the Eu-
clidean case

The approximation factors for the broadcast problem can be improved in the case when nodes represent
points on a plane, and the costc(uv) = c(v;u) = jju;vjjκ, wherejju;vjj is the Euclidean distance andκ
is a constant. The algorithm simply shortcuts paths ofO(logn) hops (as illustrated in Figure 1) and the
pseudocode of the recursive procedure is given below or on the next page. First call hash= d. In the
algorithm,q is such that the output of the Algorithm 1 has depthqd.

Algorithm 4 Shortcut(T;h)
Require: The input is an arborescenceT rooted atr with depthh�q
Ensure: The outputT 0 is an arborescence rooted atr, spannningV(T), with depthh and P(T 0) �

p(T)qκ�1.
if h= 0 then

return
end if
L fu : depth(u) = qg
M fu : depth(u) � qg
for all ui 2 L do

Ti subtree ofT rooted atui

T 0
i  Shortcut(Ti ;h�1)

end for
T 0 [ui2LT 0

i [u2Mnfrg frug.
returnT 0

Lemma 10 Algorithm 4 is correct, that is, T0 has depth h and p(T 0)� p(T)qκ�1.

Proof. The depth property follows immediately by induction onh.
We show thatpT 0(r) � qκ�1 ∑u2MnL pT(u) and the rest follows by induction. Letu be such that

c(ru) = maxv2M c(rv) and letP=< x0 = r;x1; : : : ;x j = u> be the directed path inT from r to u, and
note thatj � q. Thenjjrujjκ � jκ�1 ∑ j�1

i=0 jjxixi+1jjκ, as the worst case occurs whenjjx0x1jj = jjx1x2jj =: : := jjx j�1x j jj.
Note that fori = 0;1; : : : ; j�1 we havepT(xi)� jjxixi+1jjκ and thatxi 2M nL. ThereforepT 0(r) �

qκ�1 ∑u2MnL pT(u) and the lemma follows. ut
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We know by Lemmas 5 and 6 that we can assume that the output of the algorithm of Section 2 has
depthdq, with q= O(logn), and powerO(p(OPT) logn), whereOPT is an optimum solution of depth
d. Based on the discussion above we haveL

Theorem 11 There is a O((logn)κ)-approximation algorithm for Min-Power Bounded-Hops Broadcast
in the Euclidean case.

The same trick cannot be directly applied to Min-Power Bounded-Hops Strong Connectivity and
Min-Power Bounded-Hops Symmetric Connectivity. However,by appropriately some special type of
branches and using them in Algorithm 3 (details to appear in afull version of the paper), we claim:

Theorem 12 In the Euclidean case, for both Min-Power Bounded-Hops Strong Connectivity and Min-
Power Bounded-Hops Symmetric Connectivity. there are polynomial-time algorithms with output of
diameter at mostmax(d; logn) and power O(p(OPT)(logn)κ), where OPT is an optimum solution of
diameter d.

6 Conclusions and Open Problems

We provided(O(logn);O(logn)) bicriteria approximation algorithms for Min-Power Bounded-Hops
Broadcast, Min-Power Bounded-Hops Strong Connectivity, and Min-Power Bounded-Hops Symmetric
Connectivity, with asymmetric cost function. In the Euclidean case, postprocessing the output of the
bicriteria Min-Power Bounded-Hops Broadcast leads to aO((logn)κ)-approximation algorithm.

The Euclidean case might be easier to solve. However, it would be reasonable to start with BDMST
first before moving to minimizing power. As far as we know, nothing better than(O(logn);O(logn)) is
known for BDMST when hops are used for measuring diameter andsimple Euclidean distance is used
for measuring cost, except for the type of ”jumps” we use in Section 5 to transform bicriteria results into
pure approximation algorithms.

We also note that with asymmetric costs, Min-Power Multicast (even with unbounded hops) is appar-
ently harder than Min-Power Broadcast: [3] presents a straightforward reduction from Directed Steiner
Tree to Min-Power Multicast. The relevant part of [3], a paper accepted but not published, is available
on the first author’s web page.

The techniques seem to easily generalize to bounded degree structures, just by considering bounded
degree branches (or spiders) instead of bounded depth branches in the greedy algorithm of Subsection
2.3. However, in the Euclidean case there is no need to specially search for bounded-degree trees, as
the minimum spanning tree is within a constant optimum for all three Min-Power problems, and can be
assumed to have degree at most five.
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