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tLet G = (V;E) be a 
onne
ted undire
ted graph and S a subset of verti
es. Iffor all verti
es v 2 V , the sets Br(v) \ S are all nonempty and di�erent, whereBr(v) denotes the set of all points within distan
e r from v, then we 
all S anr-identifying 
ode. We give 
onstru
tive upper bounds on the best possible densityof r-identifying 
odes in four in�nite regular graphs, for small values of r.1 Introdu
tionGiven a 
onne
ted undire
ted graph G = (V;E), �nite or in�nite, we de�ne Br(v), theball of radius r 
entred at a vertex v 2 V , byBr(v) = fx 2 V : d(x; v) � rg;where d(x; v) denotes the number of edges in any shortest path between v and x. Wheneverd(x; v) � r, we say that x and v r-
over ea
h other (or simply 
over if there is noambiguity). A set of verti
es 
overs a vertex if at least one of its elements does.We 
all any nonempty subset S of V a 
ode and its elements 
odewords. A 
ode Sis 
alled r-identifying, or identifying, if the sets Br(v) \ S, v 2 V , are all nonempty anddi�erent. The set Br(v)\S is 
alled the r-identifying set, or identifying set, of v and willbe denoted by ISr(v) or IS(v). Two verti
es whi
h have di�erent identifying sets are saidto be r-separated, or separated.Remark. For given graph G = (V;E) and integer r, there exists an r-identifying 
odeS � V if and only if 8v1; v2 2 V (v1 6= v2); Br(v1) 6= Br(v2):the ele
troni
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(0,0)

Figure 1: The hexagonal grid (part).Indeed, if for all v1; v2 2 V , Br(v1) and Br(v2) are di�erent, then S = V is r-identifying.Conversely, if for some v1; v2 2 V , Br(v1) = Br(v2), then for any 
ode S � V , we haveIS(v1) = IS(v2). For instan
e, there is no r-identifying 
ode in a 
omplete graph.The 
on
ept of identifying 
ode was introdu
ed in [15℄. It was further studied, for di�erenttypes of graphs, e.g., in [1℄{[4℄, [6℄{[14℄.In this paper we will study the following four 2-dimensional in�nite grids:- GH , the hexagonal grid, with vertex set V = Z�Z and edge set EH = ffu = (i; j); vg :u� v 2 f(0; (�1)i+j+1); (�1; 0)gg.- GS, the square latti
e, with same vertex set and edge set ES = ffu; vg : u � v 2f(0;�1); (�1; 0)gg.- GT , the triangular latti
e, or square latti
e with one diagonal, with same vertex set andedge set ET = ffu; vg : u� v 2 f(0;�1); (�1; 0); (1; 1); (�1;�1)gg.- GK, the square latti
e with two diagonals, with same vertex set and edge set EK =ffu; vg : u� v 2 f(0;�1); (�1; 0); (1;�1); (�1;�1)gg; we 
all this graph the king latti
e,sin
e on an in�nite empty 
hessboard, the ball of radius r is the set of squares that a king
an rea
h in at most r moves, starting from the 
entre.See Figure 1, where we represent the hexagonal grid as a \bri
k wall", and Figures 2, 3and 4.Denote by Qn the set of verti
es (x; y) 2 V = Z� Z with jxj � n and jyj � n. Thenwe de�ne the density of a 
ode S asD(S) = lim supn!1 jS \QnjjQnj :For a given graph G = (V;E) and a given integer r, we sear
h for r-identifying 
odes withminimum density, denoted by D(G; r).The paper is organized as follows: in Se
tion 2, we des
ribe some properties of trans-lations in Z2, properties whi
h will be ne
essary to our study of periodi
 
odes in thefollowing se
tion. In Se
tion 4 we des
ribe the heuristi
s used in our sear
h for goodthe ele
troni
 journal of 
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s 9 (2002), #R11 2



Figure 2: The square latti
e (part).

Figure 3: The triangular latti
e (part).

Figure 4: The king latti
e (part).
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r-identifying 
odes, in the four grids, for small r. Before we give our results in Se
tion 6and expli
it 
onstru
tions of identifying 
odes in Se
tion 7, we survey in Se
tion 5 thebest bounds known to us, in
luding from the re
ent or forth
oming papers [3℄, [4℄.2 Tilings and re
tanglesIn this se
tion, we show how to asso
iate, to a tiling indu
ed by two translations in Z2, are
tangle whi
h, in the following se
tion, will be used for generating periodi
 identifying
odes.We 
onsider two translations of Z2 of ve
tors t1 and t2, linearly independent. Wedenote by T the set of translations de�ned by:T = fk1 � t1 + k2 � t2 : k1 2 Z; k2 2 Zg:We de�ne an equivalen
e relation on Z2 by: P1 2 Z2 is equivalent to P2 2 Z2 if and only ifone is obtained from the other by a translation of T . We are interested in the equivalen
e
lasses of this relation. We imagine that there is one 
olour for ea
h equivalen
e 
lass,and that we 
olour every point of a given 
lass with the 
olour of its 
lass: thus any pointin Z2 is 
oloured; if it is drawn on a plane, one 
an see a 
oloured regular in�nite tiling,
alled here the tiling indu
ed by t1 and t2.We say that a subset R of Z2 is a re
tangle of width w(R) (w(R) 2 N) and height h(R)(h(R) 2 N) if it is de�ned by:R = f(i; j) : i 2 N ; j 2 N ; 0 � i < w(R); 0 � j < h(R)g:Consider the following three integers w, h and �:- w is the minimum integer i, i � 1, su
h that the points (0; 0) and (i; 0) are in thesame 
lass.- h is the minimum integer j, j � 1, su
h that there exists i 2 Z for whi
h the points(0; 0) and (i; j) are in the same 
lass.- � is the minimum nonnegative integer su
h that the points (0; 0) and (�; h) are inthe same 
lass.In other words, if (0; 0) is 
oloured in green, w gives the position of the �rst o

urren
eof green on the right part of the X-axis, h the number of the �rst line, above the X-axis,where green appears, and � the position on this line of the �rst o

urren
e to the rightof the Y-axis.We further denote by t(w;0) the translation of ve
tor (w; 0) and t(�;h) the translation ofve
tor (�; h), and by R the re
tangle of width w and height h.Proposition 1 We have:1) a point (i; j) and a point (i+ w; j) are in the same 
lass.2) a point (i; j) and a point (i+ �; j + h) are in the same 
lass.3) all points in R belong to distin
t 
lasses.4) for any point P 2 Z2, there exist a point PR in R, k 2 Z and ` 2 Z su
h that P isthe ele
troni
 journal of 
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obtained from PR by the translation k� t(w;0) + `� t(�;h). Moreover, P and PR are in thesame 
lass.Proof. For 1), observe that the de�nition of w implies that the translation t(w;0) is in theset T of translations. This result implies that 0 � � < w.For 2), observe that the de�nitions of h and � imply that the translation t(�;h) is inthe set T of translations.For 3), suppose that two points (i; j) and (i0; j 0) of R are in the same 
lass. We 
anassume, without loss of generality, that j 0 � j. The point (i0; j 0) is obtained from thepoint (i; j) by the translation of ve
tor (i0� i; j 0� j) whi
h is in the set T of translations.So, the point (0; 0) is in the same 
lass as (i0� i; j 0� j) and, from 1), as (i0� i+w; j 0� j).Note that: �w < i0 � i < w and 0 � j 0 � j < h:If i0� i is nonnegative, set i00 = i0� i, else set i00 = i0� i+w. We have 0 � i00 < w andtherefore, the 
lass of (i00; j 0 � j) 2 R is the same as the 
lass of (0; 0). If j 0 � j = 0, wehave a 
ontradi
tion with the de�nition of w. If j 0 � j � 1, we have a 
ontradi
tion withthe de�nition of h.For 4), if P is a point in Z2, it is easy to see �rst that there exists ` 2 Z su
h thatthe ordinate j of the point P 0 obtained from P by the translation �` � t(�;h) satis�es0 � j < h; se
ond, that there exists k 2 Z su
h that the abs
issa i of the point PRobtained from P 0 by the translation �k � t(w;0) satis�es 0 � i < w; the ordinate of PRis equal to the ordinate of P 0; PR is in R and P is obtained from PR by the translationk � t(w;0) + `� t(�;h). Using also 1) and 2), we obtain the result. 4The above proposition implies that all 
lasses are represented on
e, and only on
e,in R and that two points P and P 0 of Z2 are in the same 
lass if the 
orresponding pointsPR and P 0R are one and the same; for that, it is ne
essary and suÆ
ient that P be obtainedfrom P 0 by a translation equal to k � t(w;0) + `� t(�;h), k 2 Z, ` 2 Z. Consequently, thetiling indu
ed by t(w;0) and t(�;h) is the same as the one indu
ed by t1 and t2. We havetherefore proved the following theorem.Theorem 1 Consider in Z2 two translations of ve
tors t1 and t2, linearly independent,and the tiling indu
ed by t1 and t2. There is a re
tangle R, of width w and height h, su
hthat all 
lasses of the tiling are represented on
e, and only on
e, in R. Furthermore, thereexists also an integer �, 0 � � < w, su
h that the translations t(w;0) and t(�;h), de�nedrespe
tively by the ve
tors (w; 0) and (�; h), indu
e the same tiling.In parti
ular, this theorem shows that the number of 
lasses is �nite.3 Periodi
 
odes and tilingsWe say that a subset S of Z2 is periodi
 if there are two translations, linearly indepen-dent, leaving S globally invariant. Let us 
onsider a periodi
 subset S of Z2 and twothe ele
troni
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orresponding translations. These translations indu
e a tiling, and S is the union of someof the 
lasses be
ause, if an element of S is in a 
lass, then all this 
lass is in
luded in S.Consider a re
tangle R de�ned as in the above theorem; if we know R, the set SR = R\Sand the value of � de�ned as in the previous se
tion, then S is known.Conversely, let us 
hoose a re
tangle R, of width w and height h, a subset SR of Rand an integer � with 0 � � < w; the set S obtained as the union of the 
lasses of theelements of SR in the tiling indu
ed by the translations of ve
tors (w; 0) and (�; h) is aperiodi
 subset of Z2. This set S is said to be indu
ed by R, � and SR.Let us re
all that we look for r-identifying 
odes. We limit here our sear
h to periodi
r-identifying 
odes. So, as seen above, if we 
onsider every positive integer w, every posi-tive integer h, every integer � with 0 � � < w and any subset of the re
tangle of width wand height h, we 
onsider every periodi
 subset of Z2; if, for ea
h, we 
he
k whether it isan r-identifying 
ode, we meet every periodi
 r-identifying 
ode.In the 
ases of king, triangular and square latti
es, any translation leaves the latti
eglobally invariant. But, in the 
ase of the hexagonal grid, a translation of ve
tor t = (i; j)leaves the grid globally invariant if and only if i + j is even; we 
all su
h a translationan even translation. Now, it is easier to test whether a set 
orresponding to a tilingis an r-identifying 
ode when the translations of this tiling leave globally invariant thegrid. Moreover if a set S is periodi
, it is possible to �nd two even translations leaving Sinvariant. So, we 
hose, in the 
ase of the hexagonal grid, to 
onsider only the tilings thatare indu
ed by even translations and, therefore, to 
onsider only w, h and � with w and� + h even.4 Des
ription of the heuristi
The heuristi
 uses the previous study and tries to answer the following question: for giveninteger r, re
tangle R (of width w and height h), integer � with 0 � � < w, and integer
 � jRj, is there a subset SR of R, of 
ardinality 
, su
h that R, � and SR indu
e a(periodi
) r-identifying 
ode S ?We 
all solution any subset SR of R with 
ardinality 
. The goal is to �nd a solution forwhi
h the 
orresponding set S is an r-identifying 
ode. We de�ne an obje
tive fun
tion, f ,by asso
iating a value to a solution. For this, we 
onsider the sets R1, R2 and R3 de�nedby: R1 = fP 2 Z2 : there exists P 0 2 R with d(P; P 0) � rg;R2 = fP 2 Z2 : there exists P 0 2 R with d(P; P 0) � 2� rg;R3 = fP 2 Z2 : there exists P 0 2 R with d(P; P 0) � 3� rg;where d is the distan
e 
orresponding to the 
onsidered grid.We 
ompute the sets SR1 = S \ R1, SR2 = S \ R2 and SR3 = S \ R3, and f(SR) =the number of points in R not r-
overed by S + the number of pairs fP; P 0g, P 2 SR2 ,the ele
troni
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P 0 2 SR2 , su
h that at least one of the points P and P 0 is in R, and P and P 0 are notr-separated.One 
an remark that:- a vertex in R is r-
overed if and only if it is 
overed by a 
odeword in SR1 ;- a pair fP; P 0g, P; P 0 2 R2, su
h that at least one of the points P and P 0 is in R, isr-separated if and only if it is r-separated by a 
odeword in SR3 ;- the set S is an r-identifying 
ode if and only if f(SR) = 0.We applied three methods, a systemati
 method, a des
ent method and a kind ofnoising method [5℄. To des
ribe these methods, we 
onsider that we have a set of 
 tokensand that these tokens are put on the verti
es of R to de�ne the subset SR.The systemati
 method 
onsists in trying all possibilities for the 
 pla
es of the tokens.This method spends too mu
h time ex
ept if 
 is very small.In the des
ent method, we start with a random 
hoi
e of 
 distin
t pla
es for thetokens. Then, we 
onsider the �rst token and try to move it, without moving the others,by 
omputing the pla
e in R for whi
h the obje
tive fun
tion is minimum; when the �rsttoken is re-pla
ed, we perform the same work with another token, and su

essively withall tokens; when it is �nished, we try again with the �rst token and so on. We stop thepro
ess when it is not possible to improve the obje
tive fun
tion by moving one token, orwhen the obje
tive fun
tion is equal to zero.The noising-like method, 
alled further noising method, su

essively 
onsiders thetokens as in the des
ent method; for ea
h token, we have two possibilities whi
h o

ur atrandom: the token is moved either to its best pla
e, or to a random pla
e; the probabilitythat the token is moved at random de
reases from an initial value (typi
ally 0:2 or 0:3)down to zero. The pro
ess ends when the obje
tive fun
tion is equal to zero or whena �xed amount of moves (typi
ally 300 times the number of verti
es in R) has beenperformed.We observed that the noising method is mu
h more eÆ
ient than repeated des
entswhen the instan
e is not too small.Ea
h of the three methods has been in
orporated in loops to begin to try su

essivelyevery re
tangle R, every parameter � and every value of 
 su
h that the density 
jRj isat least the minimum bound we know of for the 
onsidered problem, and at most themaximum bound. A

ording to the size of the instan
e, we de
ided on a maximum valuefor jRj and for CPU time (some hours or some days).5 Lower and upper boundsWe gather various known lower and upper bounds on the 
ardinality of an r-identifying
ode S, in the 
ase of the four grids GH , GS, GT and GK .
the ele
troni
 journal of 
ombinatori
s 9 (2002), #R11 7



5.1 Lower boundsFrom [15℄, we have, for an r-identifying 
ode S in a regular graph G = (V;E):jSj � 2jV jBr + 1 ;where Br denotes the size of a ball of radius r (independent of its 
entre). For our in�nitegrids, this yields D(G; r) � 2Br + 1 ; (1)where we have simply to repla
e Br by the right expression, depending on whi
h grid we
onsider: the volume of a ball of radius r equals32r2 + 32r + 1 in the hexagonal grid;2r2 + 2r + 1 in the square latti
e;3r2 + 3r + 1 in the triangular latti
e;(2r + 1)2 in the king latti
e.Another general result was obtained in [9℄, improving on (1) when r grows: for thesquare, triangular and king latti
es,D(G; r) � 14r + 2 ;and for the hexagonal grid, D(GH ; r) � 14r + 4 :The square latti
e 
ase was improved in [14℄:D(GS; r) � 27r + 4 :Then improvements are given in a re
ent paper [3℄:D(GH ; r) � 25r + 3 for r even; (2)D(GH ; r) � 25r + 2 for r odd; (3)D(GS; r) � 38r + 4 ; (4)D(GT ; r) � 26r + 3 : (5)For r = 1, ad ho
 methods are usually more eÆ
ient, and the inequalityD(GS; 1) � 15=43 (6)the ele
troni
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ombinatori
s 9 (2002), #R11 8



is stated in [7℄ and proved in [9℄. Also, from [8℄:D(GH ; 1) � 16=39: (7)Finally, for the king latti
e, D(GK; r) � 14r for r > 1 (8)is proved in the forth
oming paper [4℄, and in [10℄ we have the inequalityD(GK; 1) � 2=9: (9)5.2 Upper boundsUpper bounds are proved by 
onstru
tion. From [15℄, we haveD(GT ; 1) � 0:25; (10)a value whi
h meets the lower bound (1), sin
e B1 = 7 in the triangular latti
e. In [11℄,[6℄, [10℄ and [14℄ we have, respe
tively:D(GH ; 1) � 3=7; (11)D(GS; 1) � 0:35; (12)D(GK; 1) � 4=17; (13)D(GS; 2) � 5=29: (14)General 
onstru
tions, working for all values of r, 
an be found in [14℄:D(GS; r) � 25r for r even; (15)D(GS; r) � 2r5r2 � 2r + 1 for r odd; (16)and in [3℄: D(GH ; r) � 8r � 89r2 � 16r for r � 0 mod 4; (17)D(GH ; r) � 89r � 25 for r � 1 mod 4; (18)D(GH ; r) � 89r � 34 for r � 2 mod 4; (19)D(GH ; r) � 8r � 16(r � 3)(9r � 43) for r � 3 mod 4; (20)D(GT ; r) � 12r + 4 for r � 0 mod 4;the ele
troni
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D(GT ; r) � 12r + 2 for r � 1; 2 or 3 mod 4:For small values of r, these general 
onstru
tions 
an often be beaten.Comparing lower and upper bounds when r goes to in�nity, we see that2=5r . D(GH ; r) . 8=9r; 3=8r . D(GS; r) . 2=5r; 1=3r . D(GT ; r) � 1=2r:Finally, for the king latti
e, it is a remarkable fa
t that the minimum density is knownfor all values of r: for r = 1, inequality (9) is now met with equality, sin
e we found a 1-identifying 
ode with density 2=9 (see Se
tion 7.1, Figure 5). For r � 1, it is proved in theforth
oming [4℄ that D(GK; r) � 1=4r, whi
h, together with (8), proves that D(GK; r) =1=4r for r > 1:6 ResultsWe list below some of the new upper bounds obtained by our heuristi
s. Lower boundsare given for 
omparision, in
luding those 
oming from [3℄, [4℄. An empty box in the \newupper bounds" 
olumn means that we only found again an earlier bound.king latti
er lower bounds new upper bounds previous upper bounds1 2=9 � 0:2222 (9) 2=9 � 0:2222 4=17 � 0:2353 (13)2 1=8 = 0:125 (8) 1=8 = 0:125 13 1=12 � 0:0833 (8) 1=12 � 0:0833 14 1=16 = 0:0625 (8) 1=16 = 0:0625 1triangular latti
er lower bounds new upper bounds previous upper bounds1 1=4 = 0:25 (1) 1=4 = 0:25 (10)2 2=15 � 0:1333 (5) 1=6 � 0:1667 13 2=21 � 0:0952 (5) 2=17 � 0:1177 14 2=27 � 0:0741 (5) 1=12 � 0:0833 15 2=33 � 0:0606 (5) 1=13 � 0:0769 16 2=39 � 0:0513 (5) 1=14 � 0:0714 1square latti
er lower bounds new upper bounds previous upper bounds1 15=43 � 0:3488 (6) 7=20 = 0:35 (12)2 3=20 = 0:15 (4) 5=29 � 0:1724 (14)3 3=28 � 0:1071 (4) 1=8 = 0:125 3=20 = 0:15 (16)4 1=12 � 0:0833 (4) 8=85 � 0:0941 1=10 = 0:1 (15)5 3=44 � 0:0682 (4) 2=25 = 0:08 5=58 � 0:0862 (16)6 3=52 � 0:0577 (4) 3=46 � 0:0652 1=15 � 0:0667 (15)7 1=20 = 0:05 (4) 7=116 � 0:0603 (16)the ele
troni
 journal of 
ombinatori
s 9 (2002), #R11 10



hexagonal gridr lower bounds new upper bounds previous upper bounds1 16=39 � 0:4102 (7) 3=7 � 0:4286 (11)2 2=11 � 0:1818 (1) 4=19 � 0:2105 13 2=17 � 0:1176 (3) 1=6 � 0:1667 14 2=23 � 0:0870 (2) 1=9 � 0:1111 15 2=27 � 0:0741 (3) 4=35 � 0:1143 16 2=33 � 0:0606 (2) 1=11 � 0:0909 17 2=37 � 0:0541 (3) 1=12 � 0:0833 18 2=43 � 0:0465 (2) 1=13 � 0:0769 17 Some 
ode 
onstru
tionsConstru
tions with the densities listed in the \new upper bounds" 
olumns of the Tablesof Se
tion 6 are given here in two ways: we spe
ify the parameters w, h and �, togetherwith the set SR = C \ R, and we also draw the 
orresponding (partial) graphs, where
odewords are in bla
k. In some �gures, dotted lines will indi
ate tiles with a morepra
ti
al shape than the one provided by w and h.7.1 The king latti
er = 1:density = 4=18 � 0:2222;w = 6; h = 3; � = 3;SR = f(0; 0); (4; 0); (2; 1); (5; 2)g:See Figure 5.r = 2:density = 1=8 = 0:125;w = 4; h = 2; � = 2;SR = f(0; 0)g.See Figure 6.r = 3:density = 1=12 � 0:0833;w = 6; h = 2; � = 2;SR = f(0; 0)g.See Figure 7.r = 4:density = 1=16 = 0:0625;w = 8; h = 2; � = 2;SR = f(0; 0)g.See Figure 8.the ele
troni
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Figure 5: A 1-identifying 
ode for the king latti
e.

Figure 6: A 2-identifying 
ode for the king latti
e.
Figure 7: A 3-identifying 
ode for the king latti
e.the ele
troni
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ombinatori
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Figure 8: A 4-identifying 
ode for the king latti
e.
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Figure 9: A 2-identifying 
ode for the triangular latti
e.7.2 The triangular latti
er = 2:density = 2=12 � 0:1667;w = 6; h = 2; � = 4;SR = f(0; 0); (2; 0)g.See Figure 9.r = 3:density = 10=85 � 0:1177;w = 85; h = 1; � = 9;SR = f(0; 0); (4; 0); (19; 0); (23; 0); (36; 0); (40; 0); (53; 0); (55; 0); (68; 0); (72; 0)g:See Figure 10.r = 4:density = 1=12 � 0:0833;w = 6; h = 2; � = 4,SR = f(0; 0)g.See Figure 11.r = 5:density = 3=39 � 0:0769;w = 39; h = 1; � = 17;SR = f(0; 0); (8; 0); (19; 0)g.See Figure 12.r = 6:density = 2=28 � 0:0714;w = 14; h = 2; � = 4;SR = f(0; 0); (6; 0)g.See Figure 13.the ele
troni
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Figure 10: A 3-identifying 
ode for the triangular latti
e.

Figure 11: A 4-identifying 
ode for the triangular latti
e.
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Figure 12: A 5-identifying 
ode for the triangular latti
e.

Figure 13: A 6-identifying 
ode for the triangular latti
e.
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7.3 The square latti
er = 3:density = 7=56 = 0:125;w = 56; h = 1; � = 10,SR = f(0; 0); (7; 0); (14; 0); (21; 0); (28; 0); (35; 0); (42; 0)g.See Figure 14.r = 4:density = 8=85 � 0:0941;w = 85; h = 1; � = 38,SR = f(0; 0); (2; 0); (12; 0); (21; 0); (33; 0); (54; 0), (66; 0), (75; 0)g.See Figure 15.r = 5:density = 2=25 = 0:08;w = 25; h = 1; � = 7,SR = f(0; 0); (2; 0)g.See Figure 16.r = 6:density = 3=46 � 0:0652;w = 46; h = 1; � = 8,SR = f(0; 0); (17; 0); (20; 0)g.See Figure 17.
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Figure 14: A 3-identifying 
ode for the square latti
e.

Figure 15: A 4-identifying 
ode for the square latti
e.the ele
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Figure 16: A 5-identifying 
ode for the square latti
e.

Figure 17: A 6-identifying 
ode for the square latti
e.
the ele
troni
 journal of 
ombinatori
s 9 (2002), #R11 19



7.4 The hexagonal gridr = 2:density = 8=38 � 0:2105;w = 38; h = 1; � = 15,SR = f(0; 0); (6; 0); (10; 0); (13; 0); (18; 0), (21; 0), (25; 0), (31; 0)g.See Figure 18.r = 3:density = 1=6 � 0:1667;w = 6; h = 1; � = 3;SR = f(0; 0)g.See Figure 19.r = 4:density = 2=18 � 0:1111;w = 6; h = 3; � = 3;SR = f(0; 0); (0; 2)g.See Figure 20.r = 5:density = 8=70 � 0:1143;w = 70; h = 1; � = 19,SR = f(1; 0), (16; 0), (19; 0), (23; 0), (26; 0), (33; 0), (58; 0), (61; 0)g.See Figure 21.r = 6:density = 8=88 � 0:0909;w = 88; h = 1; � = 21,SR = f(1; 0), (11; 0), (18; 0), (25; 0), (28; 0), (35; 0), (42; 0), (52; 0)g.See Figure 22.r = 7:density = 4=48 � 0:0833;w = 48; h = 1; � = 11;SR = f(1; 0); (6; 0); (19; 0); (24; 0)g.See Figure 23.r = 8:density = 2=26 � 0:0769;w = 26; h = 1; � = 7;SR = f(0; 0); (15; 0)g.See Figure 24.
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Figure 18: A 2-identifying 
ode for the hexagonal grid.

Figure 19: A 3-identifying 
ode for the hexagonal grid.

Figure 20: A 4-identifying 
ode for the hexagonal grid.
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Figure 21: A 5-identifying 
ode for the hexagonal grid.

Figure 22: A 6-identifying 
ode for the hexagonal grid.
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Figure 23: A 7-identifying 
ode for the hexagonal grid.

Figure 24: An 8-identifying 
ode for the hexagonal grid.
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Still for the hexagonal grid, we add some upper bounds slightly better than those ofthe general 
onstru
tions (17){(20). For ea
h, we give a 
onstru
tion, whi
h has been
he
ked by our software.r = 9 : density = 1/14, w = 14; h = 1; � = 5; SR = f(0; 0)g:r = 10 : density = 1/14, w = 14; h = 1; � = 5; SR = f(0; 0)g:r = 11 : density = 1/16, w = 16; h = 1; � = 5; SR = f(0; 0)g:r = 12 : density = 1/16, w = 16; h = 1; � = 5; SR = f(0; 0)g:r = 13 : density = 1/18, w = 18; h = 1; � = 3; SR = f(0; 0)g:r = 14 : density = 1/18, w = 18; h = 1; � = 3; SR = f(0; 0)g:r = 15 : density = 1/18, w = 18; h = 1; � = 3; SR = f(0; 0)g:r = 16 : density = 1/18, w = 18; h = 1; � = 3; SR = f(0; 0)g:r = 17 : density = 1/22, w = 22; h = 1; � = 3; SR = f(0; 0)g:r = 18 : density = 1/22, w = 22; h = 1; � = 3; SR = f(0; 0)g:r = 19 : density = 1/22, w = 22; h = 1; � = 3; SR = f(0; 0)g:r = 20 : density = 1/22, w = 22; h = 1; � = 3; SR = f(0; 0)g:r = 21 : density = 1/26, w = 26; h = 1; � = 3; SR = f(0; 0)g:r = 22 : density = 1/26, w = 26; h = 1; � = 3; SR = f(0; 0)g:r = 23 : density = 1/28, w = 28; h = 1; � = 5; SR = f(0; 0)g:r = 24 : density = 1/28, w = 28; h = 1; � = 5; SR = f(0; 0)g:r = 25 : density = 1/30, w = 30; h = 1; � = 3; SR = f(0; 0)g:r = 26 : density = 1/30, w = 30; h = 1; � = 3; SR = f(0; 0)g:r = 27 : density = 1/32, w = 32; h = 1; � = 5; SR = f(0; 0)g:r = 28 : density = 1/32, w = 32; h = 1; � = 5; SR = f(0; 0)g:r = 29 : density = 1/34, w = 34; h = 1; � = 3; SR = f(0; 0)g:r = 30 : density = 1/34, w = 34; h = 1; � = 3; SR = f(0; 0)g:These results suggest general 
onstru
tions with densities 1=(r + 5) for odd r and1=(r + 4) for even r, whi
h would be weaker however than (17){(20) for growing r.Referen
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