
An algorithmic approach to exact power
series solutions of second order
linear homogeneous differential

equations with polynomial coefficients

Onur Kıymaz, S�eref Mirasyedio�gglu *

Department of Mathematics Education, Gazi University, Egitim Fakultesi, K-Blok,

06500 Teknikokullar-Ankara, Turkey

Abstract

In 1992, Koepf [J. Symb. Comp. 13 (1992) 581] introduced an algorithm for com-

puting a Formal Power Series of a given function using generalized hypergeometric

series and a recurrence equation of hypergeometric type. The main aim of this paper is

to develop a new algorithm for computing exact power series solutions of second order

linear differential equations with polynomial coefficients, near a point x ¼ x0, if its re-

currence equation is hypergeometric type. The algorithm, which has been implemented

in MAPLE, is based on symbolic computation.
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1. Introduction

In 1812, Gauss presented to the Royal Society of Sciences at G€oottingen his

famous paper [4] in which he considered the infinite series
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as a function of a, b, c, z where it is assumed that c 6¼ 0;�1;�2; . . . ; so that no

zero factors appear in the denominator of the terms of the series. He showed
that the series converges absolutely for jzj < 1 and for jzj ¼ 1 when

Reðc� a� bÞ > 0, gave its recurrence equation, and derived his famous for-

mula for the sum of the series when jzj ¼ 1 and Reðc� a� bÞ > 0.

Gauss series is also called the (ordinary) hypergeometric series. A general-

ization of Gauss series is the (generalized) hypergeometric series with p nu-

merator parameters and q denominator parameters.

Except Gauss, Euler (1748), Heine (1846, 1847, 1878), Vendermonde (1972),

Takacs (1973) and Askey (1975) had derived several results for hypergeometric
series.

In 1992, Koepf [6–9] used generalized hypergeometric series and the defi-

nition of a recurrence equation of hypergeometric type for calculating the

power series of a given function. Koepf showed that each Formal Laurent

Series of hypergeometric type satisfies a linear differential equations with

polynomial coefficients [6]. In this paper, we developed a new algorithm for

computing the exact power series solutions of the second order linear differ-

ential equation with polynomial coefficients by using some transformations
and the coefficient formula in [6]. Without loss of generality we assume that, all

solutions will be computed at the point x0 ¼ 0. For further background, see

[1,2,10].

2. Basic definitions

In this section, we introduce relevant material, which will be used later.

Definition 2.1. A (generalized) hypergeometric function has a series represen-

tation
P1

n¼0 cn with cnþ1=cn a rational function of n. The ratio cnþ1=cn can be

factored and it is usually written as

cnþ1

cn
¼ ðnþ a1Þðnþ a2Þ . . . ðnþ apÞx

ðnþ b1Þðnþ b2Þ . . . ðnþ bqÞðnþ 1Þ : ð2:1Þ

Then if c0 ¼ 1, the Eq. (2.1) can be solved for cn as

cn ¼
ða1Þnða2Þn . . . ðapÞnxn
ðb1Þnðb2Þn . . . ðbpÞnn!

where ðaÞn denotes the Pochammer symbol (or shifted factorial)

ðaÞn ¼
1 n ¼ 0

aðaþ 1Þ . . . ðaþ n� 1Þ n 2 IN

�
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and

pFq
a1 a2 � � � ap
b1 b2 � � � bq

; x
� �

¼
X1
n¼0

ða1Þnða2Þn . . . ðapÞn
ðb1Þnðb2Þn . . . ðbqÞnn!

xn ð2:2Þ

is the usual notation [3].

Definition 2.2. Let F ¼
P1

n¼n0
anxn ðan0 6¼ 0Þ be a formal Laurent series for

some n0 2 Z.

Then F is called to be hypergeometric type if it has a positive radius of

convergence, and if its coefficients satisfy a recurrence equation of form

anþm ¼ RðnÞan nP n0
an ¼ An n ¼ n0; n0 þ 1; . . . ; n0 þ m� 1

ð2:3Þ

for some m 2 IN , An 2 C ðn ¼ n0 þ 1; . . . ; n0 þ m� 1Þ, An0 2 C n f0g, and some

rational function R. The number m is then called the symmetry number of F. A
recurrence equation of type (2.3) is also called to be of hypergeometric type [6].

Note that a function of the form f ðxmÞ and so as the formal power series of

the form F ðxmÞ is called m-fold symmetric. It is clear that, each formal Laurent

series with symmetry number m can be represented as the sum of m shifted

m-fold symmetric functions [6].

3. Theoretical background

We consider the differential equation of the form

PðxÞ d
2y

dx2
þ QðxÞ dy

dx
þ RðxÞy ¼ 0 ð3:1Þ

where P ðxÞ, QðxÞ and RðxÞ are polynomials which has degrees m, p and q re-

spectively. The power series solutions of differential Eq. (3.1) is investigated
and explained extremely clear in [5,11].

Let the point x0 ¼ 0 be a regular singular point of differential Eq. (3.1). Let

r1 and r2 (where Reðr1ÞPReðr2ÞÞ be the roots of the indicial equation asso-

ciated with x0 and let yðr; xÞ be the general solution of differential Eq. (3.1). If

the recurrence equation of differential Eq. (3.1) is hypergeometric type then our

algorithm computes the second linearly independent solution of the differential

equation by using the following conditions.

(a) If r1 � r2 6¼ 0 or N then y1ðxÞ ¼ yðr; xÞjr¼r1
and y2ðxÞ ¼ yðr; xÞjr¼r2

(b) If r1 ¼ r2 then y1ðxÞ ¼ yðr; xÞjr¼r1
and y2ðxÞ ¼ o

or yðr; xÞ
��
r¼r1

(c) If r1 � r2 ¼ N then y1ðxÞ ¼ yðr; xÞjr¼r1
and y2ðxÞ ¼ o

or yðr; xÞðr � r2Þ½ �
��
r¼r2
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Lemma 3.1. Let x0 ¼ 0 be an ordinary point of an nth order linear differential
equation with polynomial coefficients. The recurrence equation of the differential
equation can be computed applying the transformation

xmyðkÞ ! ðnþ 1� mÞkanþk�m ð3:2Þ

to the all terms of the differential equation [6].

Lemma 3.2. Let x0 ¼ 0 be a regular singular point of an nth order linear dif-
ferential equation with polynomial coefficients. The recurrence equation of the
differential equation, can be computed applying the transformation

xmyðkÞ ! ðnþ r þ 1� mÞkanþk�m ð3:3Þ

to the all terms of the differential equation.

Proof. Since the point x0 ¼ 0 is a regular singular point of the differential

equation, we seek a solution of form y ¼
P1

n¼0 cnx
nþr where c0 6¼ 0. Differen-

tiating it k times, multiplying with xm and rewriting the power of x as nþ r, we
obtain

xmyðkÞ ¼
X1

n¼m�k

ðnþ r þ k � mÞ . . . ðnþ r þ 1� mÞanþk�mxnþr

Then the inner term in the sum is ðnþ r þ 1� mÞkanþk�m. �

Note that the lowest power of x is assumed to be nþ r in the recurrence

equation obtained in Lemma 3.2. In the method of Frobenius, the recurrence

equation is rearranged such that power of x could be the lowest.

Lemma 3.3. Let x0 ¼ 0 be a regular singular point of differential Eq. (3.1). The
recurrence equation, with the lowest power of x, can be computed applying the
transformation (3.3) and n ! nþ m� 2 respectively.

Proof. Since x0 ¼ 0 is a regular singular point of the differential equation, the

following proposition is valid.

fðm > qÞ ^ ½ðm6 p þ 1Þ ^ ðm6 qþ 2Þ�g _ fðm > pÞ ^ ½ðm6 p þ 1Þ
^ ðm6 qþ 2Þ�g

Let m > p. Then m ¼ p þ 1. So the powers of x are nþ r � 2þ ðp þ 1Þ,
nþ r � 1þ p and nþ r þ q respectively. Then the lowest power of x is

nþ r � 1þ p ¼ nþ r þ m� 2.
Let m > p. Then m ¼ qþ 1 or m ¼ qþ 2. First, let m ¼ qþ 1. Then q6 p. So

the powers of x are nþ r � 1þ q, nþ r � 1þ p and nþ r þ q respectively.

Then the lowest power of x is nþ r � 1þ q ¼ nþ r þ m� 2.
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Let m ¼ qþ 2. Then ðqþ 1Þ6 p. So the powers of x are nþ r þ q,
nþ r � 1þ p and nþ r þ q respectively. Then the lowest power of x is
nþ r þ q ¼ nþ r þ m� 2. �

Theorem 3.1. If the corresponding recurrence equation of a second order linear
differential equation with polynomial coefficient is hypergeometric type, then the
exact power series solutions of differential equation can be computed.

Proof. If the recurrence equation is hypergeometric type then it is of the form

(2.3). So the symmetry number is equal to m. If we apply the transformation
n ! mn to recurrence Eq. (2.3) we get

amðnþ1Þ ¼ RðmnÞamn: ð3:4Þ

Applying a second transformation amn ! cn to Eq. (3.4), we get

cnþ1 ¼ RðmnÞcn: ð3:5Þ

Then we get Eq. (2.1) by multiplying Eq. (3.5) the variable x. Making similar
calculations with the transformations n ! mnþ 1; . . . ;mnþ ðm� 1Þ, we get m
equations of form (2.1). For each equation, we can find the coefficients of

corresponding power series. So, we can represent the solutions as the sum of m
shifted m-fold symmetric functions. �

4. The algorithm and the maple implementation

Here we present two sub-algorithms that compute the exact power series

solutions of a given second order linear differential equation with polynomial

coefficients at the point x0 ¼ 0 if its recurrence equation is hypergeometric type.

The first algorithm work for ordinary point and the second algorithm works

for regular singular point.

Algorithm 4.1

(1) Apply transformation (3.2) to the all terms at the left hand side (lhs) of the

input. Write the results in the equation. Then construct the recurrence

equation.

(2) In the right hand side (rhs) of the recurrence equation, apply a substitution

which makes the index of coefficient c, n. Determine the symmetry number

m. Represent the solutions as the sum of m shifted m-fold symmetric func-

tions.

(3) From these, choose the series, which are of form (2.1). Find the explicit for-
mula using some calculations and hypergeometric coefficient formula (2.2).

Then construct the results.
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Theorem 4.1. Let x ¼ x0 be the ordinary point of the second order linear homo-
geneous differential equation with polynomial coefficients. Then Algorithm 4.1
computes the exact power series solutions correctly if the recurrence equation of
the differential equation is hypergeometric type.

Proof. The proof of step (1) is given by Koepf in [6]. In step (2), we transformed

the recurrence equation to form (2.3) by a substitution that makes the index of

coefficient c, n. Then applying the transformations described in proof of

Theorem 3.1 we get m shifted m-fold symmetric functions. After choosing the

series which are of form (2.1) in step (3), the proof of the calculations for

finding the explicit formula is also given in [6]. �

Algorithm 4.2

(1) Apply transformation (3.3) to the all terms at the (lhs) of the input. Write

the results in the equation. Make the transformation described in Lemma

3.3. Then construct the recurrence equation.

(2) Apply substitution n ¼ 0 to the term which has the coefficient of maximum

index in the recurrence equation. Equate it to zero. Find the roots r1, r2 of
the indicial equation. Let r1 > r2.

(3) Write the root r1 into the recurrence equation. In the rhs of the recurrence
equation, apply a substitution which makes the index of coefficient c, n.
Determine the symmetry number m. Apply the transformations n ! mk
and amk ! ck. Find the explicit formula for the coefficients using some cal-

culations and hypergeometric coefficient formula (2.2). Then construct the

result.

(4) Find t ¼ r1 � r2.
a. If t 6¼ 0 or positive integer then apply steps (3) for the root r2.
b. If t ¼ 0 then differentiate the recurrence equation with respect to r. Sub-

stitute r ¼ r1. Then construct the result.

c. If t ¼ N (positive integer) then multiply yðr; xÞ with ðr � r2Þ. Differentiate

yðr; xÞðr � r2Þ with respect to r. Substitute r ¼ r2. Then construct the re-

sult.

Theorem 4.2. Let x ¼ x0 be the regular singular point of the second order linear
homogeneous differential equation with polynomial coefficients. Then Algorithm
4.2 computes the exact power series solutions correctly if the recurrence equation
of the differential equation is hypergeometric type.

Proof. The proof of step (1) is given in Lemma 3.2 and Lemma 3.3. Step (2)
computes the roots of the indicial equation. The proof of step (3) is similar with

the proof of step (2) in Algorithm 4.1. Step (4) computes the second linear

independent solution using the method of Frobenius. �
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Example 4.1. Consider the equation y00 þ xy 0 þ y ¼ 0. Applying transformation

(3.2) to all terms of the given differential equation we get the recurrence
equation as

ðnþ 2Þanþ2 þ an ¼ 0: ð4:1Þ

The recurrence equation is hypergeometric type and the symmetry number

is 2. Applying the transformations n ! 2k and a2k ! ck to Eq. (4.1), we get

ckþ1 ¼ �ck=2ðk þ 1Þ: ð4:2Þ

This is of form (2.1) and it is the first solution of the differential equation. So

with setting the coefficient c0 ¼ 1 in Eq. (4.2), we obtain the result as

y1ðxÞ ¼
P1

n¼0
ð�1Þnx2n

2nn! . Similarly, applying the transformations n ! 2k þ 1 and

a2kþ1 ! ck to (4.1), we get

ckþ1 ¼ ck=2ðk þ 3=2Þ: ð4:3Þ

This is of form (2.1). So with setting coefficient c1 ¼ 1 in Eq. (4.3), we get

second linearly independent solution of the differential equation as y2ðxÞ ¼P1
n¼0

ð�1Þn2nn!x2nþ1

ð2nþ1Þ! .

Example 4.2. Consider the equation 4xy 00 þ 2y0 þ y ¼ 0. Applying transfor-

mation (3.3) to all terms of the given differential equation and the transfor-

mation described in Lemma 3.3 we get the recurrence equation

½4ðnþ rÞ2 � 2ðnþ rÞ�anðrÞ þ an�1 ¼ 0: ð4:4Þ

Substituting n ¼ 0 on the lhs of the coefficient which has the maximum index

in Eq. (4.4) and solving it for r, we get the roots of the indicial equation as 1/2

and 0. Rewriting the root 1/2 in the recurrence equation and applying step (3)

we get the solution as y1ðxÞ ¼ x1=2
P1

n¼0
ð�1Þnxn
ð2nþ1Þ!. Because of the difference of the

roots is not a positive integer or zero we apply the step (5a). So applying the
steps (3) and (4) for the smaller root r2 ¼ 0, we obtain second linearly inde-

pendent solution of the differential equation as y2ðxÞ ¼
P1

n¼0
ð�1Þnxn
ð2nÞ! .

Example 4.3. Consider the equation y00 þ 2y0 þ y ¼ 0. Applying trans-

formation (3.2) we get the recurrence equation as ðnþ 1Þðnþ 2Þanþ2 þ 2

ðnþ 1Þanþ1 þ an ¼ 0. The recurrence is not hypergeometric type because it is

not of form (2.3). So the algorithm cannot compute the solutions for this case.

The implementation of the algorithm via MapleV is given below. The pro-
cedure ssolve computes the exact power series solutions of the second order

linear homogeneous differential equation with polynomial coefficients at the

point x0 ¼ 0 if its recurrence equation is hypergeometric type.
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###

# This symbolic Maple program was developed to find the exact power series
# solutions of a given differential equation (DE).

# Conditions:

# 1. DE must be second order linear homogeneous with polynomial coeffi-

cients.

# 2. The corresponding recurrence equation (RE) must be hypergeometric

type.

# 3. The power series solutions will be computed at the point x0 ¼ 0.

# Input: A differential equation.
# Output: Exact power series solution of DE at the point x0 ¼ 0 if possible.

###

### MAIN PROGRAM ###

ssolve :¼ proc(de)

typecheck(lhs(de));

if DEtype ¼ 1 then findRE(lhs(de)); sop(RE, sn); RETURN (yðxÞ ¼
pss op)
elif DEtype ¼ 2 then findRE(lhs(de)); ssp(RE, sn); RETURN (yðxÞ ¼
pss sp) fi

end

### CHECK THE TYPE OF THE GIVEN DE ###

typecheck :¼ proc(f) local a, i, term, index, px, qx; global DEtype;

with(PDEtools, difforder);

if difforder(f)<> 2 then ERROR(�Not A second degree ODE!�)
else for i to nops(f) do

term½i� :¼ op(i, f); index :¼ difforder(term[i]);

if index<> 0 then a½index� :¼ lcoeff(term[i], diff(y(x), x $ index))

else a½index� :¼ lcoeff(term[i], y(x)) fi od;

px :¼ simplify(a[1]/a[2]); qx :¼ simplify(a[0]/a[2]);

if traperror(subs(x ¼ 0, px))<> �division by zero�
and traperror(subs(x ¼ 0, qx))<> �division by zero� then DEtype :¼ 1

elif traperror(subs(x ¼ 0, x�px))<> �division by zero�
and traperror(subs(x ¼ 0, x^2�qx))<> �division by zero� then

DEtype :¼ 2

else ERROR(�x0 is an irregular singular point!�) fi fi

end

### FIND THE CORRESPONDING RE OF THE GIVEN DE ###

findRE :¼ proc(f) local i, g, m, m1, k, term, ind1, ind2; global RE, sn, rts;

RE :¼ 0; g :¼ expand(f);
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for i to nops(g) do

term½i� :¼ op(i, g); k :¼ difforder(term[i]);
if type(term[i], ���) then

if k<> 0 then m :¼ degree(subs(diff(y(x), x $ k)¼ 1, term[i]), x)

else m :¼ degree(subs(yðxÞ ¼ 1, term[i]), x) fi else m :¼ 0 fi;

if i ¼ 1 then m1 :¼ m fi;

term½i� :¼ lcoeff(term[i])�Poch(nþ rþ 1�m; k)� a[nþ k�m];

RE :¼ REþ term½i� od;
for i to nops(f) do RE :¼ collect(RE, a[nþ i� 1]) od;

if DEtype ¼ 1 then RE :¼ subs(r ¼ 0, RE) else RE :¼ subs(n ¼ nþ
m1� 2, RE) fi;

rts :¼ solve(subs(n ¼ 0, op(1, op(1, RE))), r);

if nops(RE)<> 2 then ERROR(�RE is not hypergeometric type!�) fi;
if type(op(1, RE), ���) then ind1 :¼ op(1, op(nops(op(1, RE)), op(1, RE)))

else ind1 :¼ op(1, op(1, RE)) fi;

if type(op(2, RE), ���) then ind2 :¼ op(1, op(nops(op(2, RE)), op(2, RE)))

else ind2 :¼ op(1, op(2, RE)) fi;

if ind2< ind1 then sn :¼ ind1� ind2 else sn :¼ ind2� ind1 fi;
if ind2< ind1 then

RE :¼ solve(RE ¼ 0, a[ind1]);

RE :¼ subs({n ¼ nþ solve(ind2 ¼ 0, n), a½ind2� ¼ 1},RE);

RE :¼ factor(simplify(numer(RE)))/factor(simplify(denom(RE)))

else

RE :¼ solve(RE ¼ 0, a[ind2]);

RE :¼ subs({n ¼ nþ solve(ind1 ¼ 0, n), a½ind1� ¼ 1},RE);

RE :¼ factor(simplify(numer(RE)))/factor(simplify(denom(RE))) fi
end

### COMPUTE THE POCHAMMER OF A GIVEN EXPRESSION

###

Poch :¼ proc(exp, k) local i, num, den; global P;

num :¼ numer(exp); den :¼ denom(exp); P :¼ 1;

if type(k, integer) then

if k<> 0 then
if den ¼ 2 then P :¼ ðnumþ 2 � k� 1Þ! � ð1=2�num�1=2Þ!�
ððnum� 1Þ! � ð1=2 � num� 1=2þ kÞ! � 2^ð2 � kÞ
else for i from 0 to k� 1 do P :¼ P � ðexpþiÞ od fi else P :¼ 1 fi

elif has(num, r) then P :¼ Productðnumþ ðj� 1Þ�den, j ¼ 1::kÞ/den^k

else

if den ¼ 1 then P :¼ ðexpþk� 1Þ!=ðexp�1Þ!
elif den ¼ 2 and 0 < num then

P :¼ ðnumþ 2 � k� 1Þ! � ð1=2 � num� 1=2Þ!=ððnum� 1Þ!�
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ð1=2 � num �1=2þ kÞ! � 2^ð2 � kÞÞ
else P :¼ ð½num, numþ den, numþ 2 � den, �..�,numþ den � ðk� 1Þ�Þ/
den^k fi fi

end

### THE TRANSFORMATIONS ###

maketr :¼ proc(req) local i, deg, part, new_part; global sol;

sol :¼ 1;

if DEtype ¼ 1 and has(req, nþ 1) or DEtype ¼ 2 then

for i to nops(req) do
part½i� :¼ op(i, req);

if numer(part[i])<> 1 and denomðpart½i�Þ ¼ 1 then deg :¼ degree

(part[i], n)

else deg :¼ �degree(denom(part[i]), n) fi;

if deg ¼ �1 then part½i� :¼ denom(part[i]) fi;

if deg < �1 then part½i� :¼ op(1, denom(part[i])) fi;

if 1 < deg then part½i� :¼ op(1, part[i]) fi;

if is(part[i], real) then new part½i� :¼ part[i]^n
elif part½i� ¼ n then new part½i� :¼ 0

else new part½i� :¼ ðlcoeffðpart½i�Þ^nÞ^deg�Poch(�solve(part½i� ¼ 0, n),

n)^deg fi;

sol :¼ sol�new_part[i] od else sol :¼ 0 fi

end

### COMPUTE THE SOLUTION AT ORDINARY POINT ###

sop :¼ proc(req, snum) local i, new_req; global pss_op;
pss op :¼ 0;

for i from 0 to snum� 1 do

new req :¼ simplify(subs(n ¼ snumnþ i, req)); maketr(new_req);

if sol<> 0 then pss op :¼ pss opþ Sum(sol � x^(snum � nþ i),

n ¼ 0 . . . infinity)
else pss op :¼ pss op fi od

end

### COMPUTE THE SOLUTION AT REGULAR SINGULAR POINT

###

ssp :¼ proc(req, snum)local i, new_req, b_root, s_root, sol1, sol2, prd, spn,

n_s, n_p, t_num, ns; global pss_sp;

pss sp :¼ 0; spn :¼ 0;

if rts½1� � rts½2� < 0 then b root :¼ rts½2�; s root :¼ rts½1�
else b root :¼ rts½1�; s root :¼ rts½2� fi;
if not type(b root� s root, integer) then
for i to 2 do
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new req :¼ simplify(subs(fn ¼ snum�n, r ¼ rts½i�g, req)); maketr

(new_req);
pss sp :¼ pss spþ x^rts[i]�Sum(sol�x^(snum�n), n ¼ 0:: infinity) od

elif b root ¼ s root then

new req :¼ simplify(subs(n ¼ snum�n, req)); maketr(new_req);

pss sp :¼ pss spþ subs(r ¼ b root,x^r�(1þ Sum(sol�x^(snum�n),
n ¼ 1:: infinity)));
sol1 :¼ diff(x^r�(1þ Sum(sol�x^(snum�n), n ¼ 1:: infinity)),r);
pss sp :¼ pss spþ subs(r ¼ b root, sol1)

else
if 1 < lcoeff(denom(req), r) then

new req :¼ simplify(subs(fn ¼ snum�n, r ¼ b rootg, req)); maketr

(new_req);

pss sp :¼ pss spþ subs(r ¼ b root,x^r�Sum(sol�x^(snum�n), n ¼ 0::
infinity));

new req :¼ simplify(subs(fn ¼ snum�n, r ¼ s rootg, req)); maketr

(new_req);

pss sp :¼ pss spþ subs(r ¼ s root, x^r�Sum(sol�x^(snum�n), n ¼ 0::
infinity))

else

new req :¼ simplify(subs(n ¼ snum�n, req)); maketr(new_req);

pss sp :¼ pss spþ subs(r ¼ b root, x^r�(1þ Sum(sol�x^(snum�n),
n ¼ 1:: infinity)));
if not (select(has, denom(sol), Product)¼Product()) then

for i to nops(select(has, denom(sol), Product)) do

prd :¼ op(i, select(has, denom(sol), Product));
if has(op(1, prd), Product) then prd :¼ op(1, prd) fi;

if not has(prd, Product) then prd :¼ select(has, denom(sol), Prod-

uct) fi;

if 0 < solve(op(1, prd) �rþ s root, j) then

spn :¼ solve(op(1, prd) �r þ s root, j); t num :¼ i fi od;

if not has(op(1, denom(sol)), Product) thent num :¼ t num� 1 fi;

else

prd :¼ denom(sol);
if 0 < solve(op(1, prd) �rþ s root, j) then spn :¼ solve(op(1, prd)

�r þ s root, j) fi;

t num :¼ 1 fi;

if spn ¼ 1 then

if t num ¼ 1 then prd :¼ denom(sol) else prd :¼ op(t_num, de-

nom(sol)) fi;

n p :¼ subsop(2 ¼ subs(1 ¼ 2, op(2, prd)), prd);

n s :¼ subs(prd ¼ n p, sol);
ns :¼ subs(Product ¼ product, sum(sol�x^(snum�n)�(r� s root),
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n ¼ 1:: 1)) þ Sum(n_s�x^(snum�n), n ¼ 2:: infinity); ns :¼ eval(ns) fi;

if 1 < spn then
if t num ¼ 1 then prd :¼ denom(sol) else prd :¼ op(t_num, denom

(sol)) fi;

n s :¼ subs(prd ¼ Product(op(1, prd), j ¼ 1:: spn� 1Þ� Prod-

uct(op(1, prd), j ¼ spnþ 1:: n),sol);
ns :¼ subs(Product ¼ product, sum(sol�x^(snum�n)�(r� s root),

n ¼ spn:: spn)) þ Sum(n_s�x^(snum�n), n ¼ spnþ 1:: infinity);
ns :¼ eval(Sum(sol�x^(snum�n)�(r� s root), n¼ 1 :: spn� 1Þ þ ns) fi;

sol2 :¼ diff(x^r�(r� s rootþ nsÞ, r); pss sp :¼ pss spþ subsðr ¼ s root,
sol2) fi fi

end

5. Examples

In this section some examples are presented to demonstrate the applicability
of the method described in Section 4 via Maple V.

Example 5.1. Consider the differential equation y 00 þ y ¼ 0. We observe that

x0 ¼ 0 is an ordinary point of the differential equation. Then the computer

output for the given differential equation is below.

> ssolveðdiffðyðxÞ; x$2Þ þ yðxÞ ¼ 0Þ;

yðxÞ ¼
X1
n¼0

�1
2

� �n
22nx2n

2nð2nÞ!

 !
þ
X1
n¼0

2
�1
2

� �nðnþ 1Þ!22nx2nþ1

2nð2nþ 2Þ!n!

 !

Example 5.2. Consider the differential equation x2y00 þ xy 0 þ ðx2 � 1=4Þy ¼ 0.

We observe that x0 ¼ 0 is a regular singular point of the differential equation

and the roots of the indicial equation are 1/2 and �1/2. Then the computer

output for the given differential equation is below.

> ssolveðx^2 � diffðyðxÞ; x$2Þ þ x � diffðyðxÞ; xÞ þ ðx^2� 1=4Þ � yðxÞ ¼ 0Þ;

yðxÞ ¼
ffiffiffi
x

p X1
n¼0

2
�1
2

� �nðnþ 1Þ!22nx2n
2nð2nþ 2Þ!n!

 !
þ 1ffiffiffi

x
p

X1
n¼0

�1
2

� �n
22nx2n

2nð2nÞ!

 !

Example 5.3. Consider the differential equation x2y 00 þ xy 0 þ x2y ¼ 0. We ob-

serve that x0 ¼ 0 is a regular singular point of the differential equation and the

roots of the indicial equation are 0. Then the computer output for the given

differential equation is below.

> ssolveðx^2 � diffðyðxÞ; x$2Þ þ x � diffðyðxÞ; xÞ þ x^2 � yðxÞ ¼ 0Þ;

176 O. Kıymaz, S� . Mirasyedio�gglu / Appl. Math. Comput. 139 (2003) 165–178



yðxÞ ¼ 1þ
X1
n¼1

ð�1Þnx2nQn
j¼1ð2jÞ


 �2
0
B@

1
CAþ lnðxÞ 1

0
B@ þ

X1
n¼1

ð�1Þnx2nQn
j¼1ð2jÞ


 �2
1
CA

þ
X1
n¼1

0
B@� 2

ð�1Þnx2n
Pn

k¼1

Qk�1

j¼1 2j

 � Qn

j¼kþ1 2j

 �
 �

Qn
j¼1ð2jÞ


 �3
1
CA

Example 5.4. Consider the differential equation x2y 00 þ xy 0 þ ðx2 � 1Þy ¼ 0. We

observe that x0 ¼ 0 is a regular singular point of the differential equation and
the roots of the indicial equation are 1 and �1. Then the computer output for

the given differential equation is below.

> ssolveðx^2 � diffðyðxÞ; x$2Þ þ x � diffðyðxÞ; xÞ þ ðx^2� 1Þ � yðxÞ ¼ 0Þ;

yðxÞ ¼ x 1

 
þ
X1
n¼1

ð�1Þnx2nQn
j¼1ð2jÞ

Qn
j¼1ð2þ 2jÞ

!

þ lnðxÞ
x

 
� 1

2
x2 þ

X1
n¼2

ð�1Þnx2nQn
j¼1ð2jÞ

Qn
j¼2ð2j� 2Þ

!

þ 1

x
1

0
B@ þ x2

4
þ
X1
n¼2

0
B@�

ð�1Þnx2n
Pn

k¼1

Qk�1

j¼1 2j

 � Qn

j¼kþ1 2j

 �
 �

Qn
j¼1ð2jÞ


 �2Qn
j¼2ð2j� 2Þ

�
ð�1Þnx2n

Pn
k¼2

Qk�1

j¼2 ð2j� 2Þ

 � Qn

j¼kþ1ð2j� 2Þ

 �
 �

Qn
j¼1ð2jÞ

Qn
j¼2ð2j� 2Þ


 �2
1
CA
1
CA

Example 5.5. Consider the differential equation y00 þ y0 þ y ¼ 0. Then the

computer output for the given differential equation is below.

> ssolveðdiffðyðxÞ; x$2Þ þ diffðyðxÞ; xÞ þ yðxÞ ¼ 0Þ;

Error, (in findRE) RE is not hypergeometric type!

Example 5.6. Consider the differential equation y000 þ 2xy 0 þ y ¼ 0. Then the

computer output of the given differential equation is below.

> ssolveðdiffðyðxÞ; x$3Þ þ 2 � x � diffðyðxÞ; xÞ þ yðxÞ ¼ 0Þ;

Error, (in typecheck) Not a second degree ODE!

Example 5.7. Consider the differential equation x3y 00 þ ðx� 1Þy0 þ y ¼ 0. Then

the computer output for the given differential equation is below.
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> ssolveðx^3 � diffðyðxÞ; x$2Þ þ ðx� 1Þ � diffðyðxÞ; xÞ þ yðxÞ ¼ 0Þ;

Error, (in typecheck) x0 is an irregular singular point!
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