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Abstract

We examine in this work the following graph theory problem that arises in neural computa-
tions that involve the learning of boolean expressions by studying the asymptotic connectivity
properties of G, 1 /(4,)1/2 random graphs, where k is a fixed positive integer. For an undirected
graph G = (VE) let N(X,Y) ={v e V- (XUY) | Iz € Xwith (v,z) € E}. For fixed k
construct an undirected graph G = (V, E) such that for all disjoint sets A, B C V such that
|Al =|B| =k, and C = N(A, B)NN(B, A), set C is such that |C| is either exactly k or as close

to k as possible. Asymptotic results for large values of k are also presented.
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1 Introduction

Let G = (V, E) be an undirected connected graph on a set of n vertices V' and let k be a constant.
We define set N(X,Y), where X, Y C V| to be the set of vertices in V — X excluding vertices in

Y that are adjacent to a vertex in X, in other words,
NX,)Y)={veV - (XUY) |3z e X with (v,z) € E}.

We investigate in this work solutions to the following graph construction problem posed by L. G.

Valiant [11, 12].

Problem 1 For fized k construct an undirected graph G = (V, E) with the following connectivity
property (CP). For all disjoint sets A, B C'V such that |A| = |B| =k, and C = N(A, B)NN(B,A)
set C' is such that |C| is either exactly k or as close to k as possible, in other words, one of the

following two properties must be satisfied.

IC] = k (Property CP1) or

IC] ~ k (Property CP2).

We are interested in the behavior of the construction, if such exists, for n asymptotically tending
to infinity. It has been shown in [8] that if such a graph G exists so that Property CP1 always
holds, then graph G must have exactly 3k vertices. We are thus more interested in cases where
Property CP2 applies. We examine in this work the connectivity properties of G,, 4 J(kn)1/2 random
graphs with respect to this problem since for such graphs Valiant observed in [11] that for random
choices of A and B of size k each, the expectation and the variance of |C| are both approximately
k asymptotically for large n.

In [11] the functional capabilities of sparse networks of neurons in accumulating knowledge
through interactions with the outside world were investigated. In the neural network model pro-
posed in [11, 12] the learning task in the sense of [10] is to establish in the network a circuit that
computes a boolean expression. The structure of the underlying network of neurons plays an im-
portant role in the various learning tasks supported by the model. Neurons A, B, C for example,
may store information related to some concepts or attributes c4,cp, and cc respectively. When
the neural network learns for example simple conjunctions, information related to conjunction

cc = c4 A cp needs to be stored in a neuron C' that is connected to both A and B [12]. Various



modes of learning thus require that the neural network maintain at minimum the property that for
every two neurons A and B there exists a third neuron C' which is connected to both A and B.
In addition redundancy requirements in modeling the human brain [12] stipulate that a concept
or attribute be stored not in a single neuron but in a collection of some k neurons; k is called the
redundancy parameter of the neural network. If we generalize the conjuntion example (a k = 1
case) to take into consideration this redundancy requirement, a concept or attribute becomes avail-
able not in a single neuron but in a collection of neurons. Let now A, B,C, ... be sets of neurons
storing information related to concepts or attributes c4,cp, co, ... respectively. Let sets A and B
be of size k each. Then, the requirement for set C' of neurons that will store concept cc = ca A cp
is that |C| be k (Property CP1) or very close to k (Property CP2), so that concept C' becomes also
available in about k neurons. This redundancy parameter k links neural networks to graphs and
a solution to Problem 1 will provide a solution to the problem of organizing a neural network in
such a way that would facilitate simple learning tasks (i.e. learning boolean expressions) and also
maintain some form of redundancy in the sense that if a neuron storing concept c¢ is knocked out,
knowledge about c¢ is still available in the network. Note that if neither Property CP1 nor CP2
are satisfied, then successive learning tasks that utilize concepts like C could cause instabilities in
the neural network by trigerring large number of neurons (if |C/| is much higher than k) during the
learning process of such tasks or diminishing number of neurons (if |C| is much less than k). For
example the successive learning task of learning co = ¢4 A ¢ A ¢p A cg, after learning concepts
cc and cp, where cc = ¢4 A cg and cp = cp A cg, could cause further instability if cc and cp
are available to more/less than about k neurons thus causing cg to be available in even more/less

neurons.

2 Definitions and Contents of the paper

We present below the following definitions for distinct vertices, a, b, and ¢ and distinct sets of

vertices A, B, and C of an undirected graph G with reference to Problem 1.

Definition 1 A vertex ¢ is common to vertices a and b if ¢ is adjacent to both a and b.

Similarly, a vertex c¢ is common to two sets of vertices A and B if there exist vertices a € A,
and b € B such that ¢ is common to a and b, and thus a set C' is common to two sets of vertices A

and B, if for every vertex ¢ € C, vertex ¢ is common to A and B. The notion of “commonness” in



this paper is related to the adjacency properties of a vertex or a set of vertices rather than to the

intersection of sets of vertices.
Definition 2 A set C is “bad” (or a-bad) if |C| =0 or |C| > ak for some positive constant a > 1.

Definition 3 A G, , random graph is a undirected graph on n labeled vertices such that every
edge, among the n(n — 1)/2 possible ones, is included in the graph with probability p independently

of the other ones.

All results presented in this paper hold for G, random graphs, where p = 1/(k - n)/2.

When we claim that a property holds with high probability it means that this probability tends
to one as n — oo or, in other words, the probability that this property fails to hold is bounded
above by a function €(n) — 0 for n — oco. All logarithms in this manuscript are to base e, unless
otherwise stated; in such exceptions lgz will denote the logarithm of z to base two. When the
approximation &~ symbol, it means that the ratio of the quantities on the two sides of this symbol
tends to one as n — co. The notation X ~ N(u,0?) indicates that random variable X follows a
normal distribution with expectation p and variance o2. The probability of having Sp,p successes
in n independent Bernoulli trials of individual success probability p is given by a binomial term

B(Sy p;n,p). The following bounds [2], for the tails of the binomial distribution will be used.

1.2

Pr(Spp>(1+¢€) - -n-p) <e 3P

and

Pr(S,p,<(1—¢€)-n-p) < e_%'ﬁz'""’,

where 0 < e < 1.
We examine in this paper Problem 1 in the context of G, ; J(kn)1/2 random graphs under an

iterative procedure outlined below for iteration r > 0.

Procedure 1 InaG, J(kn)1/2 random graph, the following binary-tree oriented iterative procedure
forms a set of vertices at some iteration v > 0; in the implied binary tree a node C' with two children

A and B indicates that set C is common to A and B.

o At iteration 0, 2" sets of vertices are formed by choosing arbitrarily at random k-subsets
among the vertices of the graph not previously selected. FEach such set becomes a leaf in a

complete binary tree of height r.



o A set of vertices formed at iteration i is common to the two sets of vertices formed at iteration
1—1 that are the children of the set in the implied binary tree depicting the iterative procedure.

The number of sets thus formed at iteration i is 2" .

Figure 1 illustrates this iterative procedure for r = 3. We call the implied binary tree of the

iterative procedure, tree of iteration r.

Iteration 3
Iteration 2
Iteration 1

CACTCDIC) GO ) )

Figure 1: Tree of iteration r = 3.

We investigate for any constant iteration r the distribution of |C|, where C is a set formed at
iteration r; with reference to Figure 1 such a set C' becomes the root of the tree of iteration r or a
node of height 7 in a tree of iteration m > r. Let Y, be the random variable that represents |C|.

Proposition 1 establishes bounds for the expectation of Y,., in terms of the expectation of Y, _1
representing |A| and |B|. We show this proposition in a more general form where C' is common to
two sets A and B and the expectation of |A| and |B| are py and pp respectively, by showing that
E[Y,] = papp/k thus deriving by induction that E[Y;] = k for every ¢ < r.

Proposition 1 Consider Procedure 1, and a set C formed at iteration v common to sets A, B
formed at iteration v — 1 > 0 such that |A| and |B| have expectations and variances pa, va and

up(= pa), vp(=va) respectively. Then asymptotically for large n

) . 2
£V, ~ ,UAkNB _ 5[Yr—1]k5[Yr—1] _ ,U?A'

Therefore, EY,] = k for every constant iteration r > 1.

Proposition 2 shows the corresponding result for the variance of Y,.. We can prove a tighter

bound for the variance as expressed by Proposition 3 after we establish Theorem 3 in section 4.

Proposition 2 Consider Procedure 1, and a set C formed at iteration v common to sets A, B

formed at iteration r —1 > 0 such that |A| and |B| have expectations and variances pa, va and



up(= pa), vp(=va) respectively. Then asymptotically for large n

var(Y,) = E[Y?] - £2[v,] < MAkMB n v22 UB n HA UB]:; up®-va

Since ug = pp = EY,—1] = k, and for v4 = vp = var(Y,_1) = v we have that
var(Yy) < k + 4% /k* + 4v.

Proposition 3 Consider Procedure 1, and a set C formed at iteration v common to sets A, B
formed at iteration r —1 > 0 such that |A| and |B| have expectations and variances pa, va and

up(= pa), vp(=va) respectively. Then asymptotically for large n

2 2
. VAU - UB + X
EQ[YT] ~ HA - UB A-UB | HA B T UB A

UCLT(YT’) = 5[}/;“2] - k kg kg

Since ug = pp = EY,—1] = k, and for v4 = vp = var(Y,_1) = v we have that
var(Y;) =~ k + 2v 4+ v? /K%

In section 4 we use bounds for the tails of the binomial distribution to derive bounds for the
tails of Y,.. For small values of k these bounds are rather trivial. The DeMoivre-Laplace bound
combined with the techniques in the proofs of Theorems 1 and 2 to follow is applied to examine
pieces of the binomial tail in order to derive the bound in Theorem 3 that is necessary to show
Proposition 3. The results obtained can be summarized below. In these theorems, the probability
that a set formed at some iterations has size y is bounded above by the probability that a set

formed at some iteration is declared to have size y.

Theorem 1 Consider Procedure 1, and a set C' formed at iteration r. Then, in the limit n — oo,

set C is declared to have size at most (1 —a)? =1 -k, 0 < a < 1 with probability at most

sz ~$a2(1-a)’ 2k

Theorem 2 Consider Procedure 1, and a set C' formed at iteration r. Then, in the limit n — oo,

set C is declared to have size at most (1 +a)? ~' -k, 0 < a < 1 with probability at most

ZZA ~3a? (1402 T2k



Theorem 3 Consider Procedure 1, and a set C' formed at iteration r. Then, in the limit n — oo,

set C' is declared to have size at most u® ~! -k, with probability at most

r—1 oA
Z 2)\ . (e/u)u2 -l
A=0

1_ l_
where u - (1 — u? 2'k) > 2 andw-n> 1, for any I such that 1 <[ <r.

n

The results described so far and to be proved in sections 3 through 4 hold for constant & and
n — o0o0. In sections 5, 6 we examine the case where in addition to having n — oo, k is also
large but independent of n. We show, through the use of exponential generating functions, that
Y, can be approximated by a normal random variable with mean k and variance approximately
(2" — 1)k + O(1). More precisely, the value of the variance is that obtained, though through other
techniques, in Proposition 3. In order to achieve this result we develop a new way to examine the
variance of |C|; we first approximate the product |A||B| by a normal random variable and then
express the probability of having a set C' of some size with respect to this newly introduced random

variable.

Theorem 4 If X1, Xy ~ N(u,02) and independent, then the random variable X = X1 - Xo follows,
for p = O(k) and 0® = O(k), for some parameter k independent of n, in the limit for large k, a

normal approxvimation N(u?, 0%+ 2 u? o?).

Theorem 5 Consider a Gn71/(kn)1/2 random graph, where k is independent of n. At iteration r,

where r is constant, random variable Y, approximates, for large k and n — 0o, a normal distribution

Nk, (2" — Dk +0(1)).

3 Iterated Mean and Variance

We now proceed to examining the expectation and the variance of Y, under Procedure 1. Suppose
we have two distinct sets in a G, ; J(kn)1/2 random graph, one of size 7 and another of size j. The
probability that a vertex ¢ of the graph is connected to some vertex a of the first set and some

vertex b of the second set is equal to 7;;

7 -

<.

rij=01-(01=p)") - A-0-p))= i-j-p°=

, (1)

P

-n
where p = 1/v/nk denotes the edge probability of Gha J(kn)1/2- The approximation in Equation (1)

holds provided pi < 1 (similarly for pj). We shall select sets of common vertices according to a



process outlined in [1]. This way with high probability for large n and constant r a set formed at
iteration r is disjoint from sets previously formed.

Procedure 1 is modified as follows and this modified version is referenced in all propositions and
theorems. Note that in the description below edges of the random graph are revealed one by one as
necessary during the course of execution of Procedure 1. Let V' be the set of vertices of the G, ),
random graph, F' a random subset of V' of size say n/>, P=V —F, and ng = |P| =n— /5 — 2k,
The term 2"k in the expression for |P| counts the vertices of 2" sets of k vertices each at iteration
zero. In the steps of Procedure 1 we select the vertices that will form a set at some iteration m
among the vertices of P rather than V. Such a set formed at iteration m will thus be common to two
sets formed at iteration m — 1. If the two sets of iteration m — 1 have sizes i and j respectively then,
the size of the set at iteration m is equal to [ with probability given by a binomial distribution
B(l;n0,7i;). If the set of iteration m thus formed is of size indeed [ we choose I vertices of P
uniformly at random without replacement. We select and then remove the so chosen vertices from
P and refill P to size ng by moving [ arbitrary vertices from F' to P. If the size of F' is less than
[ then we declare failure of this selection process and subsequently of the formation of a set at
iteration r. One can prove that with high probability in the construction of a tree of iteration r the
number of vertices that will be selected from P will be overall less than the cardinality of set F.
Thus this selection procedure will succeed with high probability. We call this method of selecting
common vertices Select and its correctness is proved by Claim 1.

One needs to show that any result that will be obtained in this paper by restricting the choice of
vertices to set P rather than V in Select could have been obtained, with probability 1—o(1), without
the use of Select. This is proved as follows. The probability that any of at most n!'/5 vertices that
can be selected from F by Select is connected to any vertex of a set of size at most n'/?, which is
the maximum size of F' during Select, is at most n'/?(1 — (1 —p)"1/5) <n'/5(1- e_"l/S/((l/p)_l)) <
n?/5/(v/kn — 1) = o(1). We used here the inequalities (1 — 1/n)" < 1/e < (1 —1/n)* 1, e* >
11—z (x> 0). Hence, with probability 1 —o(1), no two vertices among the ones included in a set
formed during the construction of a tree of iteration r will have a vertex in common in F.

The claim below summarizes the properties of Select that will be of interest in this paper. This
claim is to be proved at the end of this section. We note that the requirement that r be a constant

can be replaced by one that restricts r to be independent of n only.

Claim 1 If Select is used in Procedure 1 to form a set at some constant iteration r, then Select



will reveal overall edge dependencies of at most n'/> vertices with high probability.

3.1 Expectation of Y,

The proofs of Proposition 1 and 2 are inductive and one uses the other to establish the inductive
step.

Proof of Proposition 1: In the base case r = 1, two sets A and B of size k each have a vertex
in common with probability 7, given by Equation (1). Because of Select, the number of vertices
in P common to these two sets follows a binomial distribution B(k;ng,rgx). Since rgr — 0 and
noTpe — k, as n — oo, the binomial distribution can be approximated by a Poisson distribution
with mean k. Then the random variable Y7 is such that £[Y1] ~ k = k%/k and var(Y1) =~ k, as
required.

For any iteration t, where 1 < t < r—1, we assume that Proposition 2 is true and Proposition 1 is
also true thus implying that E[Y;] = E[Y;—1]E[Yi—1]/k, and E[Yi] ~ k since E[Yi—1] = pa = pup ~ k.
Let the expectations and variances of |A|, |B| be pa,v4 and pup,vp respectively. By the inductive
hypothesis u4 = pp = E[Y,-1] = k and by Proposition 2, v4 = vp = var(Y,_1) is also bounded
above by a term dependent on k and the iteration and independent of n. We then prove the
statement of Proposition 1 for iteration r. Let set A be of size ¢ with probability p; and B be of
size j with probability g;. We then get the following.

no
EW =D 1 pi-gi- (P)rigt (1 —rgg)rol.
=0 i
We now take into consideration the properties of the binomial distribution and get the following

three cases, depending on the range of the indices i, j with respect to vnk:
1. 7 and j are less than vnk,
2. ¢ and j are both at least v nk,

3. otherwise.

Let £,Y;] (m = 1,2,3) be the contribution to the expectation £[Y;] of each of the first two Cases,

and for Case 3, for each of its two subcases so that
ElY] = &Y, + EolY7] + 2 - E3[Yy].
We use the following inequalities.

1-1/n)"<1l/e<Q—1/m)" 1t e®>1—-z (z>0),e*<l—z+2%/2 (0<z<1).



Case 1: Since

_ i o p) (G-p) i L i
Tij = (1_(1_p))(1_(1_p)])§(l—p)(l—p)_k"n'(l—pyNk‘-n’
and
rijg = 1=(1=p)")(1—(1-py)>1L—e?") (1—eP)
> (z‘-p—z‘z-p2/2)-(j-p—j2-p2/2)=<i'j— B + o )
B kon 2-(k-n)32 2-(k-n32 4-(k-n?)’
we get
&y, = S piegg Y U ()t (L =)t = picqjomo -

i<vnk,j<vnk l iJ
i-J J < fpe Mz
< Zpi‘(Zj'nO‘R Nsz g - T: ZZ pi- Z] gj <

We examine the lower bound for r;; and get that

?’rl}—‘

51[}@] = Z Di - qj Zl TZ] 1_rzy)no_l: Z bi-q; - No - Tij5
i<vnk,j<vnk l i,j<Vkn

i-j i?-j j> - i2- 5
Z Di*qj-no- k:-n_2-(/<;~n)3/2_2'(k‘n)3/2+4'(k'n)2
i,j<Vkn

J;mpz q; - ( 7 (1/\/_))

> ZPZ“%"<%_O(1/”1/4>N ZZ Pi- Z] g = H- Mz
i

We explain below how the various inequalities were derived. We used the inductive assumption for

v

&Q

the mean and the variance to get

Z ijpiq; = Zijpiq]'— Z 1Jpiq;

i<vnk, j<Vkn 0] i>Vkn,j>Vkn
- > ijpig — ST dijpig =Y ijpig; — O(1/nt/*).
i>Vkn,j<Vkn i<Vkn,j>Vkn 1,J

In order to show this last derivation we need to show the case for

oo dgpgs =Y ipe Yy, dai < D iy Jg; < Y ipipa

i>Vkn,j<Vkn i>Vkn  j<Vkn i>vVkn J i>vVkn
= > ippat Y dpipp<n Y pipp+n*t DT pips
n>i>n3/4 n3/4>i>\kn i>n3/4 i>Vkn

IN

2 2
Iy U — 001 t?) + 001,



where we used Chebyshev’s inequality [7] to get the fourth inequality. The other two cases can be

derived similarly. The following is also true.

Di-aim ( 2. §2i 2 52 >> (1/v/n) (2)
Z VAR . 3/2 . 3/2 . 5| =0 :
= 2. (kn) 2 (kn) 4. (kn)

In order to prove this claim we need to use the inductive hypothesis and the fact that var(X) =
E[X?] — (€£[X])?, so that 3, i%p; is bounded above by a term dependent on p; and v1. A similar

claim can be made for the sum j2qj. Then the first term of the sum in Equation (2) gives

i?-j ,
Z pi‘(]j'no'<—m> = (— Z pi'Zz)'< kn3/2 Z J- qj)

1,j<Vkn i<vVnk j<Vkn
1
= szl)'(ﬁ)l@
. .n)1/2
( i<vVnk 2 (k n)
> —0(1/ym) ~0.

The second term of the sum in Equation (2) is treated similarly and the last one is at least zero.

Case 2: We now consider the expression

E = Y1 > pigi("0)rit (=) =" piginori

U i>Vnk,j>Vnk 2
< Z Digq;jTijMo = Mo Z Di Z qj
i,j>Vnk i>vnk  j>vnk
2 2
+v +wv 1

< # 112 2n0 < ¢;— for some constant c;

nk nk n

1

< cl_%07
n

where we claimed Chebyshev’s inequality to get an upper bound for Ziz Jaabi = Pr(i > v/nk). By
the inductive hypothesis, the contribution of this term to the expectation £[Y;] is negligible, thus
deriving the last two inequalities above. We now show that the contribution to the expectation
when the indices are constrained as in Case 3 is also negligible.

Case 3: For Case 3 suppose i < Vkn and j > v/nk. The other case is the one with j < vkn and
7> m, which can be treated similarly. Then we have

i 1

pi—pz'i2/2§mj=(1—(1—p)i)'(1—(1—p)j)Sp'i-1_p—\/n—k'1_p

and therefore, following the steps of the previous cases we get

lepz QJ TZ] (1 - Tij)no_l S Z Di - 1 i

i<vnk,j>vnk

ﬁ
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. 1 1)2-|-,uz2 1 1
= Zz-pi qu'—-no-fg,ul- “ng - —— — 0 as n— oo
i<Vnk >k L-p hn vk 1-p

5~
N

We then combine the various upper and lower bounds for &;[Y;], i = 1,2, 3, to get that the iterated
mean is asymptotically for large n

H - 2
ElY,] = T

We also have by the inductive hypothesis that pu; = s ~ k so that E[Y,] = k, asymptotically for

large n, for every constant iteration r. O

3.2 Variance of Y,

We follow the terminology and techniques of the previous section to find the variance of Y., r > 1.
The proof of Proposition 2 follows.

Proof of Proposition 2: It is true by definition [7] that var(Y;) = £[Y;?] — £2[Y;]. The three
cases distinguished in the Proof of Proposition 1 depending on the ranges of ¢, j are also considered
here. Case 1, following the steps of the proof of Proposition 1 and using the same approximations

for r;;, gives

51[Yr2] = Zl2 Z (nlo)rijl(l_rw "o lpij Z Dig;j Zl2 )rig( 1_7‘13)%_[

L ij<vEn i,j<Vkn l
~ > pigi(ngrs 4 norig (1 — 7))
i,j<vVkn
2.2 2 i
ngLJ o)
< Pigj +
ZZ; Y ((k2n2)(1 —p)t " (kn)(1— p)2>
N S i2p; S 524 . S ipi Y g - (v1 + p1?)(va + p2?) n 1 b2
L2 L k2 k-

Cantelli’s inequality [7] yields for a non-negative random variable X with mean p and variance
v the following bound:

[
Pr(X>a+u)§v+a2

(a>0).

We apply Cantelli’s inequality in Case 2 to get the second inequality below.

Y = Y0 Y (Pt —ry)mgg = Y piaj(ngry; + norig(L— i)
L ig>vVin i,j>vkn
< Z piq; n0+n0 Z Di Z QJnO+ Z Di Z q;no
i>Vnk,j>Vkn i>Vnk  j>Vnk i>Vnk  j>Vnk
< vy U2 2 U1 U2 _ 1v2

vl+knvg+knn0+vl+knv2+knn0N k2

11



For i < vnk and j > Vkn of Case 3 we have that r;; < i/v'kn and subsequently

EVH = Y Y (Ot —ry)pigix Y pigi(ngrd 4+ nori(1—1i))
L i<VEn,j>VEn i<Vkn,j>Vkn
. 2 .
? 9 i
< Zm(\/n—k) : ZQj'n0+Zpi‘\/n—k qu'no
i<vnk §>Vnk i<vnk §>Vnk
< v1 + 43 2 v2 v1 + 43 1 vy (v 4 pi)vy

kn 0" vy + kn kn v+ kn k2

The symmetric case j < vnk and ¢ > v kn of Case 3 yields a similar bound.

Adding all contributions in the limit n — oo we get

dvivg 212 + 2u0v
var(Yy) = £ - S < S 4 S S

as desired. By the inductive hypothesis of Propositions 1 and 2, u1, e and vy, vo depend on k and

the iteration only and not on n therefore var(Y,) is bounded above by a term that depends on k

and the iteration only and not on n. O

The Proof of Claim 1 that utilizes Propositions 1 and 2 follows.

Proof of Claim 1: In Propositions 1 and 2 we showed that the mean and variance of Y;., for
constant r, depends on k and the iteration only and is thus constant for a constant r.

The probability of having a set of common vertices formed at some iteration ¢ < r of size greater
than n'/5/27+1 by Chebyshev’s inequality (see [7]) and Propositions 1 and 2 is at most 1/0(n?/?).
There are at most 2" sets formed at iterations 1 < i < r, therefore the probability that the vertices
of all these sets is more than (n'/5/27+1) 27 < nl/5 overall is also, by subadditivity, 1/0(n?/®).

This proves Claim 1. O

4 Left and Right tails of Y,
We examine first the left tail of the distribution of Y,.. The following definition is needed.

Definition 4 In Procedure 1 a set formed at iteration r is declared to be of size at most (1—a)? ~'k,
where 0 < a < 1, if either this set is of size at most (1 —a)* ~'k, or any of the sets formed at some

intermediate iteration m < v is of size at most (1 — a)?" k.

The probability that a set is of size at most (1 — a)? ~'k is bounded above by the probability that

this set is declared to be of size at most (1 — a)? ~'k. The latter probability will be easier to find.

12



In the tree of iteration r, at iteration zero, 2" sets each of size k, are paired in 2"~! pairs to form
271 sets of vertices at iteration one. Sets are formed according to Select and Procedure 1. Then,
a vertex of set P (of Select) is common to two such sets of size exactly k with probability 74 given
by Equation (1). The size of a set formed at iteration one follows a binomial distribution with
parameters ng and rg,. The bounds for the left tail of the binomial distribution [2] are applied,
since rig - nog = k, to get that the probability of having a set of size less than (1 — a)k formed at
iteration one is at most exp(—a?k/2), for large n. Hence, the probability that any of the 27! sets
of iteration one is of size at most (1 — a)k is, for large n, at most 2"~ exp(—a®k/2). We shall call
this term p;.

Similarly for two sets formed at iteration one whose sizes are at least (1—a)k each, the probability
that a vertex in P is common to both sets is at least, by Equation (1), 7(1_a)k (1—ak). Thus at
iteration two the mean 7(;_q)x (1-q)x70 Of the size of the set common to the two sets of iteration
one is by Proposition 1 and in the limit n — oo at least (1 — a)? - k. Thus by the bounds in [2] the
set formed at iteration two is of size at most (1 — a)3k, which is at most (1 — a) times the lower
bound of its mean, with probability exp(—a?(1 —a)?k/2) in the limit n — oco. Since there are 2"~2
such sets in the tree of iteration r, we conclude that the probability that any of these sets is of size
at most (1 —a)3k is at most 272 - exp(—a®(1 — a)?k/2). We call this last term py. Therefore, with
probability at least 1 —p; —py for n — oo all sets formed at iteration one are of size at least (1—a)k
and all sets formed at iteration two are of size at least (1 —a)?k. Otherwise we declare the set that
is to be formed at iteration 7 to be of size at most (1 — a)? ~'k. Inductively at iteration I < r,
given that all 2771 sets formed at iteration I — 1 are of size at least (1 — a)2171_1 - k, the size of a
set common to two such sets and thus formed at iteration [ has mean at least (1 — a)2l_2k:. Hence,
the probability that this set is of size at most (1 —a)? -k is at most ezp(—a2(1 — a)? ~2k/2).
We then conclude that in the tree of iteration r, the probability that any of the 27! sets formed
at iteration I is of size at most (1 — a)? ~! - k is at most 27! - exp(—a?(1 — a)* ~2k/2). We call this
term p;. Consequently, with probability at least 1 — p; — ... — p; all 2777 sets at iteration i < I
2i—1

are of size at least (1 — a) - k, otherwise the unique set at iteration r is declared to have size at

most (1 —a)? k.
This way for [ = r we get Theorem 1 stated in section 2. The bound given in Theorem 1, for

large n, is an upper bound of the probability that a set at iteration r is of size at most (1 — a)? ~! - k.
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For a constant a, the term of the sum in Theorem 1 for A =  — 1 becomes equal to 1/e , for
log (a® k/2)
=lg| —=——L2 +2
" g(—log(l—a)+ ’
and thus r can grow as much as O(lglgk) before this expression gives trivial bounds.
The discussion of the right tail of Y, is symmetric to the discussion for the left tail except
that the bound in [2] for the right tail of the binomial distribution is used. A definition similar to

Definition 4 is also needed.

Definition 5 In Procedure 1 a set formed at iteration r is declared to be of size at most (1+a)? 'k,
where 0 < a < 1, if either this set is of size at most (14 a)? ~'k, or any of the sets formed at some

intermediate iteration m < 1 is of size at most (14 a)*" =1 - k.

Similarly to Theorem 1 we then get Theorem 2 stated in section 2. Since a is positive,
(14 a)? =1 -k is polynomial in k as long as » = O(Iglgk). If however a > 1 then for constant
r and a bound (1 + a)? ! - k that may depend on n one will have to rely on the DeMoivre-Laplace
Theorem or its extensions (see [5],pages 13-14). If one claims Theorem 7 of [5] (page 14) that states
that foru-¢>2,g=1—p,andp-n>1

P(Spp>u-p-n) < (e/u)P".

and repeating the claims that resulted in the proof of Theorem 2, using u in place of (1 4 a) and
using the DeMoivre-Laplace bound instead of the Angluin-Valiant bounds, the variant of Theorem
2 expressed by Theorem 3 is derived.

Let in Theorem 3 choose u2 ~! -k = vk - n. This requires u = (\/n/k)?"". For r a constant
it is straightforward that the upper bound given by Theorem 3 decreases exponentially fast with
n. This in turn shows that a sum of the form Ziz Vi Di like those calculated in Proposition 2 is
at most 1/n> for sufficiently large n. The tighter bound claimed in Proposition 3 follows easily as

the contributions of £5[Y,?], £3[Y;%] become o(1).

5 Introduction to asymptotic results for large £

In all previous sections we examined the distribution of the random variable Y, in Gml J(kn)1/2 random
graphs for a constant k. In this section we examine the distribution of Y, for large values of k£ in
addition to having n — oco. The redundancy parameter k remains in this discussion independent

of n. We first introduce some results from Probability Theory.
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Let {Upn}, {Vin} be sequences of random variables. We are interested in cases with large m.

Definition 6 (Convergence in Distribution) The sequence {Up,} converges in distribution to

the cumulative distribution function F(u) if for all u that are continuity points of F(u)
lim Pr(Uy, < u) = F(u)

Equivalently one may require that E[h(Upy,)] tends to E[h(U)], where U is a random variable
having probability distribution function F(u) and h(u) is any bounded continuous function.

For the sake of an example, the Central Limit Theorem states that for a positive integer n,
X1,...,X,, independent and identically distributed random variables with mean p and variance
o2, and for each u, Fy;, (u), where U, = (X, — £[X,])/(c//n), converges in distribution to ®(u)
as n approaches infinity. ®(-) denotes the cumulative distribution function of the standardized
normal distribution N(0,1). Therefore X, is approximately distributed N (u,0?/n), and thus
asymptotically normal.

The notation U ~ F will be used in such convergence cases. We shall thus write X,, ~ N (u, 0?)
to indicate that the sequence {X,,} is asymptotically normal that is, it converges in distribution
to the normal distribution with mean p and variance o2. We shall also write U ~ F, U ~ V to
indicate that U has distribution function F' and U and V have the same distribution.

For sequence U,, we shall write U,, ~ asN (,um,a,zn) to indicate that U, is asymptotically
normal that is, (U, — pm)/0m converges in distribution to the standard normal distribution.

In many cases we shall use the “=” sign to indicate a limit but such a usage will be evident by
the context of the relevant arguments.

Let X be a random variable that follows, possibly in the limit, a Poisson distribution with
mean k. We examine below the limiting distribution of the product aX, where a is a positive real
number, for large k. We shall show that for large k, aX has a normal approximation.

The exponential generating function (e.g.f. in short) of a Poisson random variable with expec-
tation k is Elexp(t X)] = exp(—k(1 — exp(t))) [7]. In order to examine the limiting distribution of
aX, we first standardize X thus examining the e.g.f. of (aX — £[aX])/\/var(aX).

>
>

g

g’ avi] = e tVEgl! %] — ot VE k(e VE)

2 J 3
ot VE e—k(l—(1+#+(t/g/f) +...+(t/f) +.)) _ /200 /k)

For large k all terms of the exponent of the e.g.f. of (aX — E[aX])/y/var(aX) other than the first

one tend to zero. Hence, the standardized random variable has an exponential generating function
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approaching in the limit for large k£ that of the standard normal distribution. Therefore, for large

k,
aX — ak N

v =N,

and consequently,

aX ~ asN(a k,a* k).

6 Behavior of Y, for large k

Let X1, X2 be two independent random variables which follow, possibly in the limit, the same

distribution N (u,0?). We are interested in the behavior of the product X; Xo.

Fact 1 Let X1, X5 be two independent random variables that follow, possibly in the limit, a normal

N(u,o?) distribution. Then,
E[X1Xo) = p?, and E[X?X3Z] = (u? + 0?2

Proof: The central moments £[(X7X32)"] can be derived easily by considering the exponential gen-
erating function of a bivariate X = (X, X3) normal distribution, where the correlation between X;
and X is zero since they are independent, and using the fact (see say, [3], page 131) that £[( X1 X2)"]
is the coefficient of (] t5)/(r! 7!) in the expansion of mx (t1,t2) = E[e!X] = E[etX1H2X2] An ex-
pansion of the exponential generating function of a bivariate normal distribution, remembering

that

g[et1X1+t2X2] pt1+1/202t%+ut2+1/202t§’

=e
gives the following results after some calculations.
EX1X,] = 117,
EIXTX5] = (1 + %),

and also,

EXPX3] = P (1? + 3 0%)°.

[In case X1, X» are in the limit N (i, 0?), the equality signs in the three formulae above should

be interpreted as limits.] O
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Although this way we can find the moments of the product X7 Xs, we cannot get its exponential
generating function easily. We now give a direct method for finding the e.g.f. of X = X;X5. This
is expressed by Theorem 4 of section 2 proven below.

Proof of Theorem 4: For either of the two independent random variables X7, X9 we have
possibly in the limit for large k that E[e!i] = et+1/20% with 1 = O(k), 02 = O(k).

Since X1, X5 are also independent, we get the following.

tX
mx(t) = &[]
— g[e,utXl—l—%crzth%]
1 o0 1 2,2 ,2 _(a-w?
VG / TR T T 0T dy
mwoJ—0
pto? pt ?
T 170'Z tE
- 7 2 (02 t+1)
1 1 o0 5 o2 L e
e 1—c4 2 e (1*04 t2) dx
£/ 4 42 ./ a
1—0*t 27 \/?—41‘/2 —00
2 2
z_bBto ut)
—o4 42

1 #2)5(02“1) 1 . _(21%

— e (1—c% t2) — / e 1—o4 12 daj
\/1—0’4 t2 \/27’(’ 7,—1_04 = —00
1 /,1.2 t (0'2 t+1)

= E——— (1*‘74 tz)

V1—octt2

Since £[X?] = mg?(O), the ith derivative of mx(t) at t = 0, we get after a number of calculations

that

5[X2] :N4+2N2 O'2+O'4,
EIX3) =pb +6put o +9 py o,
Therefore, the variance of X is var(X) = £[X?] — £2[X] = o* 4+ 2 p? 2.
We are interested in examining the limiting behavior of X for large &, for the case where both
and o2 are such that = O(k), 0> = O(k), where k is some parameter of interest. We standardize

X and examine the e.g.f. of (X — £[X])/y/var(X) by taking into consideration the e.g.f. of X

derived earlier.

S CVE —t 2 t X1 Xo
g[e \/0’4+2 /,1.2 0'2] — e \/0'4+2 ,u,2 o2 . g[e\/a4+2 ,u,2 0'2]
1 ,u,z 0'2 t2
2 ) AR W T
— e [od42 12 o2 . e o442 p2 o2
2 1/2
1—o0* ¢
o2 :U'Q o2



1 ;1,215

(1704 2 ) Voti2 u2 o2
& .

12 12 o2

For u = O(k) and 0? = O(k) and for large k we have the convergences (04)/(2u? 02 + o) — 0,
(u? 0%)/(2u? 0% + 0*) — 1/2, thus getting
X —p?
E[et \/TW] 5 el/f2e,

Hence, in the limit for large k, the standardized X converges to the standard Normal distribution
N(0,1), which implies X ~ asN(u?,0* 42 u? ¢?). O

Theorem 4 also holds if X1, Xs ~ asN(u,0?) by interpreting the equalities in the proof of the
theorem in the limit for large k. Suppose we have two sets A, B of sizes x1, x5 respectively. The sizes
of the two sets can be treated as random variables and let X; (resp. X3) be the random variable
that assumes value z; (respectively x2) when set A (respectively B) is of size x1, (respectively x2)
with some probability. We resume the discussion of Problem 1.
Example 1. For sets A, B formed at iteration one, X;, i = 1,2, are binomial random variables
B(k; ng, r)) identically distributed with random variable Y7 of section 2. Such a binomial random
variable has a normal approximation with expectation and variance k for large k and n — ooc.
Theorem 4 then implies that X1 X ~ asN(k?,2k% + k?). We have by Equation (1) that ry, ,, ~
(x122)/(kn), if 1,22 = o(y/n). We thus get that x129 = o(n). Let X = X;X,. The probability
that set C' formed at iteration two and common to A, B has size j is given by the following

expression.
Pr(Y, =j)~ > Pr(X =i) (") () (1 - &),
i

where Y, is the random variable that represents the size of C. We examine the exponential gener-

ating function of Y,. by showing Proposition 4 below.

Proposition 4 Let X be the random variable defined in Theorem / that, in the limit for large k,
has a normal approzimation X ~ asN(k? c?), where o2 depends on k only. Then the random

variable Y, such that,
Pr(Y, =j) =Y Pr(X =i) (") (55) (1 - g5)mo~d

has an exponential generating function that is given, for large k and n — oo, by the following

exTPTeSSLON.

02_2*’“3 L 3_ 2y t, o2 2t
[ed

g[etyr] %e( 12 )+k_2(k -0 )6+2k2€ X
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Hence, E|Y;] =~ k and var(Y,) = k + o2 /k?.

Proof of Proposition 4: The approximation ry, ;, =~ %2 holds when both z1,zy are o(y/n).

For i = Q(y/n), the sum over such ¢ of Pr(X = i) is O(e™™). This can be proved as follows. By

the limiting behavior of X we have
. 1 o0 g2 \/_ — k2
Z Pr(X =i~ Elmﬂ e dr =1 — @(T).
i=Q(v/n) v

We now claim (see [5], page 9) that for z — oo,

11
1—<I>(x)%\/—2_wge 2,

A substitution for x = (y/n — k)/o yields that in the limit n — oo and for large k the sum
> i—a(ym) Pr(X = i) tends to zero exponentially fast.

In the following discussion we shall examine the e.g.f. of Y, in the limit for large £ and n — oc.
When we consider expectations we shall use the ones of the limit rather than that of the limiting
quantity as this is implied by Definition 6 and the discussion following it.

We now calculate the exponential generating function my, (t) = E[ef Y] of Y,. We have that
X ~ asN (k% 0%). We also approximate the binomial term in the expression for Pr(Y, = j), by
a Poisson distribution with mean i/k. After some calculations similar to the ones that led to the

calculation of £[e! X] in the Proof of Theorem 4, we get the following.

2

o 7k3 2
2 1
g[et YT.] ~ e(—k2 )+k_2(k3_02) et+20k2- e2t.

From this expression we easily get that in the limit for large k
E(Y;) = my, (0) = k,

and
" o? o?
var(Y;) = —m§(0) +my, (0) ~ —k* +k* + k + 2= k+ 72
O
Example 2. From the discussion of Example 1 we get that at iteration two we have var(X) =
0? = 2k3 + k? thus getting by Proposition 4 that £[Ya] ~ k and var(Y2) ~ 3 k + 1.
We then standardize Y5 and examine the generating function for the standardized random

variable Yy = (Yo — k)/(y/k + %;) Using the expansion ef = 3", t'/i!, we get the following

1.2 _1 .3
Elet 2] ~ 2! T,
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For large enough k the exponent of e in &[et Y ] is asymptotically 1/2t2, that of the standard normal
distribution. Thus for large k Yy is approximately N(0,1) and consequently, Y5 is approximately
N (k,3k + 1) at iteration 2. This allows us to proceed iteratively to the third iteration. Random

variable Y3 can similarly be shown to be approximately N (k, 7k + 11).

We shall then show that random variable Y, previously defined at a constant iteration r ap-
proximates, in the limit for large k, N(k, (2" — 1)k + O(1)). The term O(1) describes contributions
which are due to the propagation in higher iterations of the additive one in the variance 3k + 1 of
iteration two. For large iterations but small k it may be the case that this constant is the overall
dominant term in the variance. We must thus bear in mind that the results we claim in this section
hold for large k only. These results are summarized in Theorem 5 whose proof follows.

Proof of Theorem 5: The proof is by induction on the iteration. The basis of the induction
has been proved in Example 1.

In the inductive step we take two sets A and B formed at iteration r, with sizes represented by
random variables, which are identically distributed and approximately N (k, (2" — 1)k + O(1)). Let
us call b2 = (2" — 1)k + O(1). The product of these random variables, by Theorem 4, can be thus
approximated by a normal random variable N (k% b + 2 k? b,) = N(k? o?2).

Random variable Y, that represents the size of set C formed at iteration r+1 and common to
A and B has, by Proposition 4, expectation £[Y;11] = k independent of the iteration and variance
var(Yrp1) =~ k + (b + 2 k? b2)/k?. Substituting for b> we get that in the limit for large k and
constant 7 var(Y,41) = (2" — 1)k + O(1).

The hidden constants grow exponentially fast with the iteration. That is, for b2 = (2" —1)k+ A,
we get A1 = (2" —1)2 + A, + A2k + (271 —2) A, /k.

We now standardize Y;11 and for the standardized random variable (Y, 11 —k)/(y/var(Y,41)) we
find its exponential generating function in the limit for large k. Let for clarity in the computations
that will follow k + 02/k? = var(Y,11) = (2"t — 1)k + O(1). The limiting e.g.f. of Y is given by

Proposition 4 as well. We thus get

‘ Yyri1—k

5[6 «/k+o‘$/k2] — e—tk/\/k+crg/k2 5[et}/r-+1/«/k+0$/k2]
2 2
o th/\/k+o?/k? exp <(L — k) _,_%(k?,_gg)et/\/k—i—a%/kz + Oy 62t/\/k+03/k2>

2 k2 2 k2
2
e—tk/«/k-l—cr%/kQ exp (20-1::2 _ k)
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<k3—a,% < t t2 t3
exp| —— 1+ +

o? 2t 4 t? 8 13
r 1
exp(? W ( R TRY yE T ery  E ))

_ P2H0((k43 07 /k?) /3! (\/R+o2[K2)%)

We then substitute the value for o2 and for large k the O term in the expression above becomes
o1/ \/ﬂ) thus approaching zero. The standardized variable Y, has then e.g.f. that approaches in
the limit for large k£ that of the standard normal distribution and the claim of the Theorem follows.
Note that at each iteration in order to establish our result we take limits over k. Since our claims
hold for constant number of iterations only this eliminates problems caused by having a constant

number of nested limits.O

6.1 Tails of the distribution

Since Y., the random variable representing the size of a set formed at some iteration r, for large
enough k, n — oo, and constant r, follows a normal distribution N (k, (2" — 1)k 4+ O(1)), we get

that the probability that Y, is zero is given by

_* Yo —k 1-k
PT0<YT’S1 :PT S S .
Then
I S
Pr(0<Y,<1) = L VEDROM —2%/2 4,

- B Vo2n ) —=k
VET-1k+0(1)

1 1 .

= — 9] —k/2 ]

var Ve )

7 Conclusions

We examined in this paper the properties of a class G,, J(kn)1/2 of random graphs for an iterative set
forming procedure described by Procedure 1. We got some non-trivial upper bounds for the tails of
the distribution of random variable Y, that represents the size of a set formed after r iterations of
this procedure. We concluded a dependence of these bounds on the iteration and the redundancy
parameter k. The bounds imply that moderate values of k (say, 25-50) are sufficient for various
applications such as those involving the learning of simple boolean expressions and sets formed at

the first few iterations of Procedure 1 have rarely sizes greater than 3 — 5 times the parameter
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k. We also showed some asymptotic results for large k. We proved a normal approximation for

random variable Y.

The author would like to thank L.G.Valiant for suggesting this problem and for his various

comments in an earlier draft of this work.
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