
Continuations of Proof StrategiesJulian Ri
hardson1 and Alan Smaill21 Department of Computing and Ele
tri
al Engineering 2 Division of Informati
sHeriot-Watt University University of EdinburghRi

arton Campus 80 South BridgeEdinburgh EH14 4AS Edinburgh EH1 1HNjulianr�
ee.hw.a
.uk smaill�dai.ed.a
.uk1 Introdu
tionProof planning [1℄ is a te
hnique for automati
ally 
onstru
ting proofs from abstra
-tions of ta
ti
s 
alled methods. Proof planning has been su

essfully applied in manydomains, for example: mathemati
al indu
tion [1℄, higher-order program synthesis[7℄ and hardware veri�
ation [3℄. In the �rst proof planner, Clam [2℄, appli
ationof methods during the sear
h for a proof plan was 
ontrolled by a simple waterfall(x2.1). In this paper, we des
ribemethodi
al expressions, whi
h we use to de�ne more
omplex proof sear
h strategies. Methodi
als 
ompose methods in the same way thatta
ti
als 
ompose ta
ti
s. The work des
ribed in this paper has been implementedas part of the �Clam system [11, 10℄.We present a meta-interpreter whi
h gives a semanti
s to methodi
al expressions.In 
onjun
tion with a me
hanism for exe
uting methods and a sear
h strategy, thismeta-interpreter 
an be used as a proof planner. This planner does not have anynotion of proof state, and is unsuitable for intera
tive proof.We present a set of transformation rules whi
h we use to de�ne a new meta-interpreter whi
h does maintain a notion of proof state, is suitable for intera
tiveproof, and we prove that it is equivalent to the �rst in the sense that it produ
esthe same plans. This meta-interpreter has been used for some time as the basis ofthe intera
tive planner in �Clam , although it does not yet treat the whole of themethodi
al language.The transformation rules 
an be interpreted as de�ning a notion of 
ontinuation[9℄ for proof strategies. Previous work on a 
ontinuation semanti
s for Prolog [4℄ indi-
ates how the meta-interpreter should be extended to 
over the more problemati
alelements of the methodi
al language.The de�nition of methodi
als, use of formal proof to verify the equivalen
e ofproof planners, and use of 
ontinuations in the 
ontext of proof planning are novel.2 Ta
ti
s, Methods, Ta
ti
als and Methodi
alsA ta
ti
 [5℄ is a pro
edure whi
h 
onstru
ts a pie
e of proof in some logi
. The ta
ti
is de�ned as a 
omposition of primitive rules of inferen
e. For example, a ta
ti
 maystrip all universal quanti�ers from the front of a goal and then apply a lemma. Whena ta
ti
 is applied to a goal in the proof, one bran
h is 
reated for ea
h subgoal whi
hhas not been proved by the ta
ti
, and the goal is labeled with the ta
ti
, not with



the individual proof rules the ta
ti
 applied. LCF de�nes ta
ti
als for 
omposingta
ti
s.In proof planning, we distinguish between the obje
t-level, where proofs are 
on-stru
ted using ta
ti
s, and the meta-level (where the 
ontrol, sear
h and proof ex-planation properties are better than at the obje
t-level), where s
hemati
 proofs are
onstru
ted from abstra
tions of the obje
t-level ta
ti
s 
alled methods. Meta-levelgoals G are generated by the following grammar:G ::= emptyGoal jA j allGoal �v:G[v℄ jG ��Gwhere meta-level sequents A are abstra
tions of obje
t-level sequents formed byoperations (whi
h we do not here formalise) su
h as omitting hypotheses, annotatingterms, or repla
ing terms by meta-variables. allGoal represents meta-level universalquanti�
ation, and �� represents pairing of meta-level goals.A methodi
al expression 
onsists of methods linked by methodi
als. Methodi
alexpressions whi
h 
ontain no methodi
als are 
alled atomi
 methods, otherwise theyare 
ompound methods. The following methodi
als, and their types, are available:1Methodi
al Type Des
riptionid meth meth Does nothing.orelse meth meth!meth!meth. First, whi
h failing se
ond
ond meth (goal ! o) ! meth !meth ! meth. If 
ondition holds, then meth1, otherwisemeth2pair meth meth!meth!meth. Pair of methods for pair of goalstry meth meth ! meth. Either given method, or id methrepeat meth meth ! meth. Exhaustive re
ursion on subgoals { obligeto su

eed at least on
ethen meth meth!meth!meth. Chain se
ond method to all subgoals of �rstmap meth meth ! meth. Map method over 
ompound goal stru
ture
omplete meth meth ! meth. Only su

eed if subgoals all trivial
ut meth meth ! meth. Only give �rst solution2.1 Hierar
hi
al Proof PlanningClam employed a two-deep method hierar
hy, 
onsisting of methods and submeth-ods. Clam's waterfall is a list of methods whose appli
ability is tested whenevera new subgoal is generated. Submethods must be invoked expli
itly by methods(or submethods), and 
annot appear in the waterfall. The need to expli
itly invokesubmethods made expressing 
omplex proof strategies de
laratively diÆ
ult. For ex-ample, the 
ontrol stru
ture of Clam's step 
ase method, depi
ted in Figure 1, wasrealised by making expli
it 
alls to the planning apparatus, thereby spoiling any
han
e of a de
larative reading of the method.In �Clam , we use methodi
als to de
laratively de�ne a 
ompound method whi
himposes the stru
ture of the step 
ase strategy:1 For reasons of 
larity we simplify a little and do not distinguish between then meth andthen meths.
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G ripple out strongfertiliseripple inand out strongfertiliseweakfertiliseFig. 1. The stru
ture of Clam's step 
ase method. The result of method appli
ation is the generatedsubgoal with the lowest numeri
al index.method_def step_
ase(
ut_meth (then_meth(repeat_meth ripple_out_on
e)(orelse_meth strong_fertilise(then_meth(repeat_meth ripple_inout_on
e)(orelse_meth strong_fertiliseweak_fertilise))))).Su
h stru
tures make expli
it the 
ontrol 
omponent of the planning strategy,whi
h eases 
omprehension and may permit some formal reasoning about the plan-ning pro
ess.In �Clam , the simple waterfall of Clam is repla
ed by a 
ompound methodtop meth. Planning normally starts by trying to expand top meth. This is the defaultde�nition, but others are used to 
reate spe
ial-purpose proof strategies with more
omplex forms of top-level 
ontrol.method_def top_meth(
omplete_meth (repeat_meth(orelse_meth all2i(orelse_meth taut(orelse_meth sym_eval(orelse_meth existential(orelse_meth (repeat_meth generalise)ind_strat))))))).3 A Meta-Interpreter for Methodi
alsWe now present rules whi
h de�ne a meta-interpreter for methodi
als. We use thenotation M1 : G 7! G0 to mean that method M1 applies to goal G resulting insubgoal G0 (whi
h 
ould 
onsist of one or more subgoals paired with ��). The rulesbelow 
an be interpreted as an indu
tive de�nition of the (non-deterministi
) 7! re-lation. Methodi
al expressions are expanded by applying the rules in a goal-dire
ted



bottom-to-top way. id meth : G 7! G (1)M : G 7! G0repeat meth M : G 7! G0 (2)M : G 7! G00 repeat meth M : G00 7! G0repeat meth M : G 7! G0 (3)M1 : G 7! G00 M2 : G00 7! G0then meth M1 M2 : G 7! G0 (4)M1 : G 7! G0orelse meth M1 M2 : G 7! G0 (5)M2 : G 7! G0orelse meth M1 M2 : G 7! G0 (6)try meth M : G 7! G (7)M : G 7! G0try meth M : G 7! G0 (8)M1 : G1 7! G01 M2 : G2 7! G02pair meth M1 M2 : G1 �� G2 7! G01 �� G02 (9)M : G 7! G0 if G is not a pairmap meth M : G 7! G0 (10)map meth M : G1 7! G01 map meth M : G2 7! G02map meth M : G1 �� G2 7! G01 �� G02 (11)M1 : G 7! G0 if C holds
ond meth C M1 M2 : G 7! G0 (12)M2 : G 7! G0 if :C holds
ond meth C M1 M2 : G 7! G0 (13)M : G 7! G0 if G0 trivial
omplete meth M : G 7! G0 (14)M : G[x=v℄ 7! H[x=v℄ x does not appear in G or HM : allGoal �v:G 7! allGoal �v:H (15)We do not here de�ne 
ut meth, sin
e (as for the Prolog 
ut, !) its meaning ispro
edural. We show how to handle 
ut meth in Se
tion 7.These rules are non-deterministi
, but when applied in 
onjun
tion with a sear
hstrategy (for example depth-�rst sear
h), and a me
hanism for interpreting atomi
methods, they de�ne a proof planner. Proof planning is applied to a goal G, yieldingsubgoals G0, by expanding the expression top meth : G 7! G0.4 Representation of Proof StateIt is natural to represent the state of a partial proof as a tree, in whi
h nodes arelabeled with subgoals, and bran
hing represents 
onjun
tion. As a proof pro
eeds,



nodes are added to or deleted from the tree. Presenting su
h a proof tree to a userprovides an ex
ellent form of feedba
k, allowing the user to 
omprehend and perhapsin
uen
e the 
ourse of the proof attempt, as was demonstrated in the XBarna
le [8℄intera
tive proof planner (x8).In �Clam , however, the hierar
hi
al nature of the proof strategy as representedby methodi
al expressions means that we must also label ea
h node in the partialproof tree with the state of meta-interpretation of the proof strategy. For example,
onsider the proof 
onstru
ted by applying a proof strategy repeat meth (then methM1 M2) to a goal G. In (4) below, we see the state of meta-interpretation (pro
eedingfrom bottom to top, as in Se
tion 3) up to the point where method M1 has beensu

essfully applied for the �rst time. Goals whi
h are yet to be determined aredenoted by \??".M1 : G 7! G0 M2 : G0 7!??then meth M1 M2 : G 7!?? repeat meth (then meth M1 M2) :?? 7!??repeat meth (then meth M1 M2) : G 7!??Suppose we wish the pause the proof at this point. What information do we needto re
ord in order that we 
an return later and 
orre
tly 
ontinue where we lefto�? We must re
ord the generated subgoal, G0, but we must also re
ord the stateof interpretation of repeat meth (then meth M1 M2), spe
i�
ally that we shouldnext apply M2 to G0, and then either apply repeat meth (then meth M1 M2) to thesubgoal whi
h arises, or stop. In the planner of Se
tion 3 there is no way to deriveor represent this information about how to 
ontinue.In the next se
tion, we give transformation rules whi
h allow us to systemati
allyderive this \
ontinuation" information and represent it as a methodi
al expression,in this 
ase then meth M2 (orelse meth id meth (repeat meth (then meth M1 M2))).5 Methodi
al Transformations and Proof StateWe now present rewrite rules whi
h 
an be used to transform any methodi
al ex-pression M into an equivalent form F � L su
h that F is a singleton method (nota 
ompound methodi
al expression), and appli
ation of then meth F L to a goalG produ
es the same subgoals as applying M to G. This transformation 
an beneatly de�ned without referen
e to the stru
ture of goals, and so the transforma-tion rules are only applied to expressions whi
h are not of the form pair meth M1M2 or map meth M | these are handled by rules (9,10,11). We leave treatment of
ut meth (see Se
tion 7) and 
ond meth as further work.We transform ea
h methodi
al expression into an equivalent form F �L using aterminating, non-deterministi
 rewrite relation ) de�ned as follows:M ) M � id meth if M is a singleton (16)then meth M1 M2 ) M1 �M2 if M1 is a singleton (17)then meth M1 M2 ) F � (then meth L M2) (18)where M1 ) F � Lrepeat meth M ) F � (then meth L (orelse meth (19)(repeat meth M) id meth)) where M ) F � L



orelse meth M1 M2 ) F � L where M1 ) F � L (20)orelse meth M1 M2 ) F � L where M2 ) F � L (21)try meth M ) F � L where M ) F � L (22)try meth M ) id meth� id meth (23)The state of a partial proof is represented in a proof tree whose nodes are labelledby triples hG;M;Xi of a subgoal G, the atomi
 method M applied at the nodeto generate its 
hildren (if it is not a leaf node), and the methodi
al expressionX to apply to G in order to generate its subgoals. Planning pro
eeds at a nodehG;M;Xi by transforming X into the form F � L, applying the atomi
 method Fand extending the proof tree with the new node(s), labelling the new node(s) withthe 
ontinuation L. We 
an then pause for intera
tion with a user or with proof
riti
s. Proof planning 
an then be 
ontinued at some arbitrary (user-sele
ted) nodeby applying the 
ontinuation asso
iated with that node.6 Equivalen
e of the Two PlannersWe now prove that a planner whi
h applies the transformation rules to transformea
h methodi
al into the form F �L before applying the meta-interpreter of se
tion3 is equivalent to a planner whi
h uses only the meta-interpreter.First some preliminaries. Two methodi
al expressions are equivalent if they havethe same e�e
t on goals when the standard meta-interpreter is applied:M1 �M2 $ (8G;G0 :M1 : G 7! G0 $M2 : G 7! G0)We need two important properties of then meth:then meth (then meth M1 M2) M3 � then meth M1 (then meth M2 M3) (24)F � L � then meth F L if F is atomi
 (25)The �rst of these follows easily from the de�nition of then meth in se
tion 3 aslong as the derivations of M1, M2 and M3 are independent, whi
h is the 
ase in theabsen
e of side-e�e
ts. The se
ond is de�nitional.Given a methodi
al expression M de�ne the size of M , jM j to be the number of(o

urren
es of) methodi
als 
ontained in M . If M is atomi
 then jM j = 0.We �rst prove that every methodi
al expression 
an be transformed into therequired form F�L, and then that transformation does not 
hange the interpretationof the methodi
al expression a

ording to the rule of Se
tion 3.Theorem 1. Every methodi
al expression 
an be transformed8M:9F;L:M ) F � LProof. The proof is by indu
tion on the stru
ture of M . We give the proof for the
ase where M = repeat meth M'. The other 
ases are similar.Base 
ase: M atomi
. Then by (16), M )M � id meth.Step 
ase: by the indu
tion hypothesis, assume 9F 0; L0 :M 0 ) F 0 � L0.Then repeat meth M') F 0 � (then meth L0 (orelse meth (repeat meth M)id meth)) by (19), i.e. we have produ
ed witnesses for F and L as required.



Theorem 2. Transformation does not alter the interpretation of methodi
al expres-sions. 8M;F;L8G;G0 :M ) F � L! [M : G 7! G0 $ F � L : G 7! G0℄Proof. Again, the proof is by indu
tion on the size of M .Base 
ase: If M is atomi
 then there is nothing to prove, sin
e 
learly M )M � id meth and M : G 7! G0 $M � id meth : G 7! G0.Step 
ase: Assume the result for all methodi
al expressions of size k < n. Wenow prove the result for methodi
al expressions of size n.We here prove the result forM=repeat meth M' andM=orelse meth M1 M2. Theproof is similar for the other 
ases.{ M=repeat meth M':Assume repeat meth M 0) F � L (by Theorem 1, su
h a de
omposition ex-ists). From rule (19) of the de�nition of ), M 0 ) F � L0 for some L0 andL = (then meth L0 (orelse meth (repeat meth M 0) id meth)). Sin
e jM 0j <jrepeat meth M 0j, we 
an apply the indu
tion hypothesis and assume (IH) thatM : G 7! G0 $ F � L0 : G 7! G0. ThenF � then meth L0 (orelse meth (repeat meth M 0) id meth) : G 7! G0$ By (25,24)then meth (then meth F L0) (orelse meth (repeat meth M 0) id meth) : G 7! G0$ By (4)then meth F L0 : G 7! H V orelse meth (repeat meth M 0) id meth) : H 7! G0$ By IHM 0 : G 7! H V orelse meth (repeat meth M 0) id meth) : H 7! G0$ By (5,6)(M 0 : G 7! H V repeat meth M 0 : H 7! G0) W M 0 : G 7! G0$ By (3,2)repeat meth M 0 : G 7! G0{ M=orelse meth M1 M2:Suppose that M1 ) F1 � L1 and M2 ) F2 � L2 (again, Theorem 1 guaranteesthat su
h a de
omposition exists). Then by the indu
tion hypothesis (IH): Mi :G 7! G0 $ Fi � Li : G 7! G0.By (20, 21), orelse meth M1 M2 ) F�L$ F = F1^L = L1WF = F2^L = L2.Consider the 
ase where F = Fi and L = Li:Fi � Li : G 7! G0$ By IHMi : G 7! G0$ By (5 if i = 1 or 6 if i = 2)orelse meth M1 M2 : G 7! G07 Developing the Notion of ContinuationContinuations have been used in 
omputer s
ien
e for, amongst other things, pro-viding a semanti
s for programming languages. We now outline how previous workdes
ribed in [4℄ on a 
ontinuation semanti
s for Prolog 
an be exploited to bothdes
ribe and extend the implementation of our planner.



[4℄ de�nes a language B whi
h des
ribes the 
ontrol element of Prolog, treat-ing 
onjun
tion, disjun
tion, predi
ate de�nition and 
ut. There are no terms oruni�
ation on terms; instead, predi
ates 
an perform primitive a
tions. Exe
utionof a program indu
es a 
ertain sequen
e of primitive a
tions. Certain features ofB and their treatment with 
ontinuations 
an be usefully adapted to extend ourmeta-interpreter:{ Disjun
tion is handled in [4℄ by the 
on
ept of a frame. Exe
ution of a disjun
tionintrodu
es two frames, ea
h of whi
h models one of the possible subsequentexe
ution paths. If exe
ution fails in one of these frames then it is deleted andexe
ution swit
hes to the other frame.Similarly, in our meta-interpreter interpretation of orelse meth results in the
reation of two frames, ea
h modelling one of the two possible subsequent in-terpretation paths. More pre
isely, let �(G;M ;E; T ) denote that applying themethodi
al expressionM and then applying the 
ontinuation methodi
al expres-sion E. Let frames be separated by a 
olon, so �(S : T ) denotes the result ofinterpreting two alternatives, S and T . Then �((orelse meth M1 M2;E) : S) =�((M1;E) : (M2;E) : S).We anti
ipate that expli
itly modelling disjun
tion in this way will be useful forproof 
riti
s (x8). Clearly it also introdu
es spa
e ineÆ
ien
y, sin
e it resultsin 
opying the 
ontinuation E. This 
an be addressed by distinguishing twodi�erent forms of orelse meth: one whi
h is interpreted expli
itly using frames,and a se
ond whi
h is interpreted impli
itly using �Prologba
ktra
king.{ In [4℄, when a 
ut is en
ountered in the body of a pro
edure 
all, the frames whi
hrepresent the alternatives whi
h will be employed if the 
urrent frame fails arerepla
ed by the frames whi
h represented the alternatives when the pro
edure
all was initiated.Analogously, whenever the body M of a methodi
al expression 
ut meth M hasbeen su

essfully 
on
luded, the frames immediately subsequent to the 
ut shouldbe repla
ed by those immediately pre
eding it. More pre
isely, �((
ut methM ;E) :S) = �((M ; !S;E) : S) where �((!S;E) : T ) = �(E) : S.8 Appli
ationsThe de�nition of proof strategies using methodi
al expressions, and the 
ontinuation- based proof planner des
ribed in this paper have been implemented in �Clam . Theplanner provides a global view of the state of a partial proof whi
h supports aprototype implementation of proof 
riti
s [6℄. Des
ribing the 
riti
s me
hanism isoutside the s
ope of this paper.A user interfa
e has been developed for �Clam , based on the XBarna
le [8℄ userinterfa
e for Clam. The 
ombined system is 
alled x�Clam . The user interfa
e itselfis written in T
l/Tk. It runs as a Unix pro
ess, and it 
ommuni
ates with �Clam ,whi
h is running in a separate pro
ess, via a so
ket interfa
e. The T
l/Tk pro
esskeeps a 
opy of the partial proof state, while the proof plan data stru
ture andplanner des
ribed in this paper enable �Clam to also keep a 
opy of the proof plantree. Whenever �Clam makes a 
hange to the proof plan tree, this is 
ommuni
ated



to the T
l/Tk pro
ess, and 
onversely, instru
tions from the user to modify theproof plan tree are passed from the T
l/Tk pro
ess to the �Clam pro
ess. The useof 
ontinuations in the proof planner makes the planning pro
ess interruptible andpla
es it under 
ontrol of the user | the user may pause the proof, run the proofplanner in non-stop mode, for
e the proof planner to ba
ktra
k at a node, 
hangethe 
urrent planning node, or load and edit theory �les.9 Further WorkWe mention here a few of the many dire
tions for future resear
h:{ We have demonstrated how to de�ne a proof planner for a persistent proof plandata stru
ture in an entirely de
larative way. How to optimise this proof plannermust be the subje
t of future work.{ The 
ontinuation semanti
s outlined in Se
tion 7 must be 
eshed out. In [4℄, Pro-log programs generate sequen
es of primitive a
tions, whereas we would preferto generate trees of primitive a
tions. We should also in
orporate failure 
ontin-uations into our formalism.{ A 
ontinuation-based treatment of the 
omplete methodi
al language, and im-plementation of 
ut meth and orelse meth as des
ribed in Se
tion 7 will also bethe subje
t of further work.{ The use of 
ontinuations suggests extension of the methodi
al language with
onstru
ts (su
h as ex
eptions) found in programming languages.10 Con
lusionsIn this paper we have outlined how proof planning strategies 
an be de�ned usingmethodi
als. We de�ned a meta-interpreter for methodi
al expressions whi
h 
an benaturally interpreted as a proof planner. There is, however, no notion of proof state,so interpretation of methodi
al expressions 
annot be paused.We presented a set of transformation rules whi
h we used to de�ne a new meta-interpreter whi
h is equivalent to the �rst (in the sense that it produ
es the sameplans) and whi
h does maintain a notion of proof state, and is suitable for intera
-tive proof. This meta-interpreter has been used for some time as the basis of theintera
tive planner in �Clam .Finally, we showed how previous work on a 
ontinuation semanti
s for Prolog[4℄ 
an provide us with appropriate representations and algorithms for handling
ut meth and orelse meth.11 A
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