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ABSTRACT

A very fast algorithm to generate a semitriangular basis for trades consisting of
minimal trades (sparsest basis) is given. By augmenting the elements of this basis, we
construct an infinite family of 2-designs.
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1. INTRODUCTION AND NOTATIONS

Let v,k,t and X be positive integers such that t < k < v. Let vt denote the
set of all {-subsets of a v—set V(0 < 1 < v}). An element of vEi consisting of elements
Tpy...,2; is denoted by zy...2;. A t—(v,k,}) design is a collection B of elements of vEk
(called blocks) with the property that every element of vIt occurs in exactly A blocks of
B. Any collection of blocks is usually referred to as an incomplete block design. A {v,k,1)
trade of volume s {or simply a trade} consists of two incomplete block designs T} and T}
each of & blocks such that for every element of vIt, the number of blocks containing this
element is the same as in T and T;. A trade is void if s = 0. The definitions of {—designs
and trades allow repeated blocks. Both Ty and T3 must cover the same set of elements of
V which is called the foundation of the trade.

Hwang [5] has shown that
(1} the minimum foundation size of non-void {v,k,t) trade is £+t + 1, and
(2} for v > k +t + 1, the minimum volume of a non—void (v, k,¢) trade is 2¢,

(3) the non-void trades with foundation size k + ¢t + 1 and volume 2°, exist and
have unique structures. These trades are called minimal trades.

Following Graver and Jurkat {3], Graham, Li and Li [2], in a fundamental paper
cast these minimal trades in terms of polynomials: Consider the polynomial

(%) ¢(11;- . -,-‘l?u) = (I1 - 12) (Ia - -’54) (£2¢+1 - Iz:+2)$2¢+3 v o Thpt+1

If we multiply the factors out and identify each z; with i, then the result is clearly a
minimal trade.

Now, let M be the free Z-module generated by all subsets of ¥, In this termi-
nology, an incomplete block design D, is Y. fpB, where fp denotes the multiplicity

BevEk
of the block B in D. Thus an element X fp B is a t-design if fz > 0 and such that for

t-gubsets X of V',
Y fa=A
BIAX

A submodule of M which is defined by

Nkz{ Z tgB|Etg =0 Vt—aubsetsXCV},
BevIk

is precisely the collection of (v,k,t) trades. It has been shown [2] that for v > k+¢ +1
and k >t + 1, we have
. v v
dtme_ (k) - (t)-
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Finally we consider the (:) by (:) “t-set inclusion” matrix Py ke = (px.v)
with | X[ =1,|Y| =k and

1 i xcv,
PXY =10 otherwise.

Py 1. is a full rank matrix [1,2]. The mininal trades form a sparsest basis for the kerP, ; ;.

In [3] a generating system for a special structure called “(k,t)-pod” was given.
In [2], linearly dependent generators were ruled out and a basis for trades was cbtained. In
(4}, Hedayat and Hwang presented a computer algorithm for generating such a basis. They

i
criterion given in (2] and then applied it to (#). Clearly, the number of computations per-

formed in this algorithm is of the order of an exponential function and the algorithm suffers
from a complexity of computations in time. Later on, Khosrovshahi and Mahmoodian {6
gave another algorithm which utilizes the Gauss elimination procedure to reduce P,  ; to
echelon form. Since these computations are performed in rational arithmetic, it requires a
large space of computer memory to store many large matrices. Therefore, this algorithm
suffers from a complexity of computations too, not in time, but in space and besides, part
of the elemenis of the basis are not minimal trades.

generated v! permutations and chose from them only (Z) — u) ones which satisfy the

In this paper, we take a fresh look at the elements of the basis of trades and
we give an algorithm which (i) does not involve any kind of complexity, (i) can be easily
carried out manually, (iii) the elements of the basis are minimal trades, the whole basis is
in semitriangular form, and the elements of the basis have some sort of canonical property,
(iv) and finally by augmenting. the elements of the basis it is possible to construct t—designs.
We give an example.

Finally, we would like to note that trades are very important and complicated
combinatorial objects. In fact, they can be viewed as building blocks of t—designs. If
all the trades of all possible volumes could be catalogued, then the problem of existence
of t-designs could become much more tractable. Recently, Ray—Chaudhuri and Singhi
[7] utilized simple trades {called by them elementary signed t—designs) to prove a very
important existence theorem on t—designs.

2. A BASIS FOR TRADES

In this section, we will estbalish the existence of a semitriangular basis for trades.

Definition 1 Let w = (w',w?,...,w™)} be a nonzero element of Z™ and suppose
4,1 < 7 < n, is the smallest natural number for which w! # 0. Then we call j the starting

tndezx of w.

Definition 2  Let B = {wy,...,wx} be an ordered set of k nonzero vectors in Z" and
suppose ); is the starting index of w;. Then we call B semitriangular if

1‘5)«1<...</\kSn.

Lemma 1  Every semitriangular set of vectors is linearly independent.

We are looking for a semitriangular basis, consisting of minimal trades, for trades.
Every minimal trade T is associated with the following type of polynomial [2]:

(**) P(z1,..- %0} = (2o, — 2,) .- (xbl+1 - z¢¢+1)zb¢+: Lbyyy v« > Thys
in which all the b}s and ¢}s are distinct. First we look for the starting index of T. Since
the starting indices of ' and —T are equal, therefore, we can assume that

by < g, 1<i<t+1,
by < by < ...<b¢+1, (1)
beya < ... < bg.

Now, the “smallest block” (i.e. in lexicographical ordering) of T is B, = by ... bs.
Therefore, the starting index of T' is the number of B, in the lexicographic order.

Lemma 2 The block B = j;...jx such that §; < jz < ... < ji 15 the “smallest block”
of @ minimal trade T «f and only if

Jesv—k—t+2£-2, 1<8<t+1, (2)
Jesv—k+¢L, t+2<i<k

Proof (Necessity) Let T be a minimal trade with “smallest block” B,, then the distinct
elements ey,...,ci41;b1,. .., b4 exist which satisfy (1) and B, = j1...jk = b1.. . bx.

Let 1 < <t-+ 1. From (1) and the definition of B,, it follows that
Im < b, < ey, n=mm+1,...,t+ 1.
Therefore, there are at least t — + 2, ¢}s which are greater than j,. Moreover, there are

exactly k —m, b\s greater than jn,. Hence, at ieast k — 2m + 2+ postive integers s exist
such that j, < s < v. Hence

JnSv—k—-t—-2+2m

Moreover, we have jiyz < jegs < ... < jx < v. Therefore,
Im<v-k+m, t+2<m<k
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(Sufficiency) Suppose ji,...,5k{f1 < j2 < ... < ji) satisfy (2). We let b, = jm,
for m = 1,...,k. Now, it suffices to choose distinct ¢y,...,¢s41 such that

bn <em<v, for 1<m<t+1.

First, we observe that

bH.l:jg.HSv—k—t—2+2t=u—k+t.

Hence, there are at least ¥ — ¢ postive integers n such that &.; < n < v. From these
integers, we have already chosen k — ¢t — 1 numbers to be equal to b{s. Hence, there is
at least one integer distinct from all b!s and such that b;4; < n < v. Therefore, we can
define €:11 to be one of these integers. Now, suppose that ¢pn41,...,¢t+1 are chosen.
Since b, £ v — k — £+ 2m — 2, hence there are at least k + ¢t + 2 — 2m positive integers
such that b; < b,,, and since for ¢ < m, we have & < b,, and so far we have chosen
t + 1 — m of /s and exactly k — m of these bls are greater than b,,. So there are at least
k+t+2—2m—(t+1~m)— (k- m) =1 positive integers, n, distinct from bis and cls
which satisfies b,,, < n < v, Thus we can choose C,,. The end of the proof.

Theorem There ezists a sernstriangular basis for trades.

Proof It is sulficient to prove that there are exactly (:) - (:) blocks which satisfy

{2). To accomplish this, we let A(v,k,t) = {J1...Jx|f's satisfy(2)}. In addition we require
that k > t+ 1, and v > k+ ¢t + 1, and also we suppose that ¢ > 0. Although for t = 0
trades are not defined but the set 4(v,k,t), for ¢ = 0 makes sense.

The proof follows by induction on .

For t = 0, {2) becomes

E<v—k,
Je<v—k+4¢ 1<E<k,

and the only block which does not satisfy the above conditions is (v — k){v —k + 1) ... 0.
v v v
Therefore, |A{v, k,0)| = (k) —-1= (k) - (0)

Now assume that for ¢ < n, we have {A(v, k1) = (;) - (:) For t = n, we

define the following sets:

Hi = {Jl ---jk'j]. ---J'k =3 A(U,k,t), jl = '.} 1
K; = {fi ---ik—lli(il + I:)(l'g + 3) (ik_l +1€ H,‘} ,
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for 1 <{ < v —k—n. Clearly, Hfs are disjoint, |H;| = |Ki],

v—k-n

Alv,k,n) = U H;,

and
vek—n
A kG = 3 |l
=1
Proposition K;=A{v—-i,k—1,n—1).
Proof

(Leekm1 € K= 0+ 0)(F 4 02) .. (§ + iy € Alv, k,2)

by (2) t<v—k-n,
L it <v—k-n—-2+2(m+1), 1<m<n,
tttm <v—k+(m+1), n+1<m<k-—-1

tmZ{v—i)—(k=-1)—-(n—-1)—2+2m,
1<m<n=(n—-1)+1,

im<(v—1)—-(k—-1)+m,
(n—1)+2=n+1<m<k—1

= igp... g EAlv - k—1,n~1).

From induction hypothesis, we have

|A(v —isk—1,n—1)| = (;:;)w(::;)

From the Proposition it follows that

|H| = | K] = (L’Zi)-(:ii)

O T



Now, we finish up the proof of the theorem.

|A(v,k,n)1=":" |
-y [(Zii) —(,‘::i)]
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3. AN ALGORITHM

In this section we present an algorithm to produce a semitriangular basis for
trades. The algorithm consists of two parts: first it chooses the starting block one at a
time, then it constructs the associated trade based on the starting block. Clearly, there is
no time and space computational complexity involved in this algorithm.

The following is a description of the algorithm. As before, we make the following
netational conventions. We will denote every starting block of a minimal trade of the form
(**) by (Ibl - mcl) LN (xb¢+1 - $c|+1)mb¢+n or o Thy-

Finally, we define

. Ju—k—-t—-2+2, i=1,..,t+1,
B"“"’d(')‘{u—kﬂ, i=t+2,... .k

Table 1 An algorithm to produce a basis for trades.
1. Fori=1,...,k, set b =1,

2. Fori=t+1,...,1
I_ set A; = {b;+1,...,0} — {Citpser-sCittsBints---sberi}

and ¢; = min4;.

3. Construct a trade using (++).

- P

AT ERnRERIN RN L ...

4. Find the largest value of j such that 1 < j < k and b; < bound (7).
If such a j exists, then set m = b;.

Fort =3,...,k
L bi=m41+5—i
Go to 2.

Otherwise stop.

Notes (1) In step 2, since we have b <v—k —¢ — 2 + 2, hence
|A;]| > (k+t+2-20—(t+1—1)
=k+1-1>1.
Therefore A; # ¢.
(2) Since
Bound{j) < Bound{j + 1) < ... < Bound(k),
and if &; < Bound(y), then for ¢ > 7,

bi=b;+1+j i <Bound(y) +1+j -1
< Bound(s).

(3) By choosing e!s differently, one can construct other kinds of basis too.



SAMPLE OUTPUT

Kk KK AR IR Rk AT NI hhh ke k
* *
* A BASIS FOR TRADES *
* Y= B K= 4 T= 2 *

Ak kxhkxhkakhkhhhkkkhkkhnnk

ek ke Ao dkok ok kb ok ok w ok ok kok K &
* *
* B BASIS FOR TRADES *
* V= 7 K= 3 T= 2 *
LA RS A L ELESELEESE SRS

I
jaiza
———————————————————————— K P
012 I+ { e 1
'
1013 |-+ ‘ oz | !
1014 |-+ ! L1 CE
Er .
1015 | -+ ! 0137 1 -
i0L6 reo- \ e '
v 1ola |
1023 | + | 10147
1024 | =+=— -+ | 10156 i
_ 10157 |
1925 | + + | ju1s7
1026 b+ I oz -
RIS -
{034 I+ - F 5
10236 | .
1035 | —+——+ | n23r
. - 10225 0 - s !
1636 i ‘ 16246 |
1045 } + - | |uzu; | - 4
—t 1025 I
(045 I i 16257 .
10556 ! + | (0267 |
- + 10345 [4eu f
1123 f ' 10346 3« .
1124 | e -+ | 10347 f .
1125 |- +- -+ | }gggg ! LA
‘ - 4+ - - 4
11258 | + | 10367 | -
1134 e loaas | " .

z | oL
1135 R Joter | '
1135 | + -+ o+ -] ETH, '

2 _ - 1123& | - .
1145 |+ ++ | 11235 | - +
|14l: | +- —+1 11236 |- +

i N 11231 4 +
1156 | + | 11245 | - —
1234 I + - P24 | - v +
1235 | <=+ = nzse |- '
1235 | - - + {1257 - . - -
1245 ) +- -+ EESF "

i 1345 | . . R -
1246 | F=tt- | 11346 fer - - | -

- _ 11347 | - 4 - -
FZS:_: | + | [1356 | 44 —— 44 = 44 o= 4 a4 = — s
1345 (i + 1 2257 1. - Yo '
|34b | +— | 11367 | - i+

2 LT I -- +o4e
|35l3 | += | 11457 - [T
1456 | - | ey
_________________________ 11567 | -

12349% | +

12346 | ' .

12347 B

2356 |- 44

12357 - -
12357

| 2456 | 44 ===

1245 | + - 1
12467 i

12867

13456

13457

13467 | +
13967 | 1edoos
14567 | ----

The blanck is to be considered zero

The "+" is to be considered +i

The "-" is to be considered -1

4. AN APPLICATION

In this section we demonstrate that by suitable augmentation of the elements of
the basis of trades produced in Section 3, one can produce the family of simple

n(d4n + 1){4n 1+ 2)

3 yn(4n +1),3,2n}

BIB(4n + 2,

designs. The existence of these designs was established in [8]. The idea of the algorithm

comes from the fact that the existence of this family of simple designs with & = % (Z)

corresponds to the existence of (4n + 2,3,2) trades with volume 1 (l':) These trades, of
course, are linear combinations of the elements of the basis of trades.
In what follows via a simple algorithm we produce the above mentioned trades,

and it is assumed that T is a z integral vector.

Table 2 An algorithm to produce BIB (4n+2, ﬂﬂ}[“—“l, n(4n+1),3,2n)
designs.
1. Set T =0.

2. Find the first nonzero component of T. This component corresponds to a
starting block B of a base trade. If such a block does not exist, stop.

3. Construct the base trade T} which has B as its starting block.

4, If T+ T, is a simple trade, then set T = T + T}, otherwise set T =7 — T}.

5 Goto2

The above algorithm generates a trade with volume % (z) for the case

Proposition
v=4dm+2,k=3,m=12,...
Proof  We use induction on n. For n = 1, the statement can be easily verified.

Now, suppose that the statement is correct for n = m, we will verify it for
n = m+ 1. To do this, we study the algorithm very carefully and we analyse the resulting

trade in every step of the algorithm.
Notation In what follows we will denote a minimal trade represented by {(z; — z2)—
(za ~ z4)(zs — zg) by (1 3 5)(2 4 6),
1. Clearly the first two trades on the basis are
G, =(123)(654),
Gz =(125){436).
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At the end of this step we will have

T:T+G1‘”Gg.

2. Now, the next trades on the agenda to be considered are

Tu=(122+1)(432{42), i=3,...,2m.

These trades are mutually disjoint and we cbtain

Zm

T=T+)Y Tu.

i=3

Note At the end of this step all the blocks of the form 12: have been included in T.

3. Now we consider

Gs = (13 4)(2 6 5).

Notice that so far 134 and 135 have not appeared in T and this trade is also
disjoint from 7. Therefore,
T'=T+Gs.

4. Up to now, out of the blocks of the form 145 only 145 and 146 have appeared
in T'. Hence, the next batch of trades to be considered are of the form

Ty =(1420+1)(25242), i=3,...,2m.

These trades are mutually disjoint, and they are disjoint from Gy — G2 + G5 too. f i # 7,
then Ty; and Ty are disjoint, but Ty; and T; are not. Therefore, we have

2m
T=T-Y_ Tu.

=3

5. At this state of the game, if a block e¢be € T, then d < 6. Hence, the next

class of trades are
Sp=(12020+1)(22+32i+2)

S;= (12027 +1)(22+12j+2),
i=3,...,2m; j=141+1,...,2m+2

11

Cleatly (4,7} # (&,5'), then S;; and Si-;+ are disjoint. If ¢ # 1, then Sy and Sy are also
disjoint. But S and Si4; are not, At the end of this stage we end up with the following

T:
2m 2m+2
T=7T+ z (Si.' — Siig1+ Z S.',') .

=3 F=i4-2

6. Now, the only blocks of the form lab which have not appeared in T so far
are those with 4m + 2 < b. And they are

Vi=(14m + 2 4m + 3}(2 4m + 5 4m + 4},
V= (14m + 2 4m + 5)(2 4m + 3 4m + 6}, ,
Vs = (1 4m + 3 dm + 4)(2 4m + 6 4m + 5). {

Clearly, to have a simple T, we have to have

T=T+V,—-Vo2+Va.

With this addition, all the blocks of the form lab have appeared in T'.

7. Out of the blocks of the form 2¢b, only blocks of the form 23 and 24{ have
not appeared in T. Therefore, we have

Tae = (23 26+ 1)(5 4 20+ 2),
1=3,...,2m+ 2. \

These trades are mutually disjoint and clearly among all those trades used on the structure
of T, Ty and Ty; are not disjoint from Ty — Ta;. Hence we can have

242
T=T+ Z Ta,‘.

=3

8. Now, every block abe which is present in T at this stage satisfy the following

conditions

a<3 or ¢<7, or a=3 and b<S5.

The trades which now have to be considered are the following: )
Fy=(32021+1)(42¢ +3 2i +2)
Fij= (32025 +1)(4204+125+2)

i=3...,2m, j=2+1,...,2m+2

12



These irades are disjoint from T and with a similar argument as in 5, we conclude that

2m 2m+2
T= T+Z (F;-' - Fit1+ Z F-';‘)-

1=3 F=i+2
9. Finally we consider the following trades:

Hi=(34m+24m+3)(44m+5 4m 1 4),
Hy={34m +2 4m +5)(4 4m+ 3 4m + 6),
Hy=(34m+34m+4)(4 4m + 8 4m + 5).
T=T+H - Ha+ Hs.

At this stage of the process of completing T, any block abc has appeared in T
if and only if @ < 4, The remaining blocks are formed from 4m + 2 remaining elements,
namely {5,6,...,4m + 8}. According to our induction hypothesis, we can find a simple

trade of volume é ; based on the v = 4m + 2 elements. Clearly this trade, T, is

disjoint from T' and T + T* will be the desired trade.
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