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Abstract. We consider two on-line versions of the asymmetric traveling
salesman problem with triangle inequality. For the homing version, in
which the salesman is required to return in the city where it started
from, we give a 3+2‘/§-competitive algorithm and prove that this is best
possible. For the nomadic version, the on-line analogue of the shortest
asymmetric hamiltonian path problem, we show that the competitive
ratio of any on-line algorithm depends on the amount of asymmetry of
the space in which the salesman moves. We also give bounds on the
competitive ratio of on-line algorithms that are zealous, that is, in which
the salesman cannot stay idle when some city can be served.

1 Introduction

In the classical traveling salesman problem, a set of cities has to be visited in a
single tour with the objective of minimizing the total length of the tour. This is
one of the most studied problems in combinatorial optimization, together with
its dozens of variations [11,16]. In the asymmetric version of the problem, the
distance from one point to another in a given space can be different from the
inverse distance. This variation, known as the Asymmetric Traveling Salesman
Problem (ATSP) arises in many applications; for example, one can think of a
delivery vehicle traveling through one-way streets in a city, or of gasoline costs
when traveling through mountain roads.

The ATSP has been much studied from the point of view of approximation
algorithms. However, if the condition is that every city or place has to be visited
exactly once, the problem is NPO-complete and thus essentially no approxi-
mation is possible in polynomial time, unless P=NP [19]. Instead, in the case
where every city or place given in the input has to be visited at least once or,
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equivalently, the distance function satisfies the triangular inequality, approxima-
tion algorithms exist having a reasonable approximation factor. In particular,
the best algorithms known have an approximation ratio of O(logn) [10,13]. The
problem is also known to be APX-hard [18]. The question of the existence of an
algorithm with a constant approximation ratio for the asymmetric case is still
open after more than two decades.

Here we are interested in the on-line version of the ATSP, named OL-ATSP.
The on-line versions of a number of vehicle routing problems, including the
standard TSP, the traveling repairman problem, the quota TSP and dial-a-ride
problems have been studied recently [2,3,4,8,14,15,17]. In the on-line TSP and
ATSP, the places to visit in the space are requested over time and a server (the
salesman or vehicle) has to decide in what order to serve them, without knowing
the entire sequence of requests beforehand. The objective is to minimize the
completion time of the server. To analyze our algorithms, we use the established
framework of competitive analysis [5,9,20], where the cost of the algorithm being
studied is compared to that of an ideal optimum off-line server, knowing in
advance the entire sequence of requests (notice, however, that even the off-line
server cannot serve a request before it is released). The ratio between the on-
line and the off-line costs is called the competitive ratio of the algorithm and
is a measure of the loss of efficacy due to the absence of information on the
future. Our paper is the first to address the on-line ATSP from the point of view
of competitive analysis. Previous work, both theoretical and experimental, has
focused on the off-line version [7,10,13].

Our results are summarized in Table 1, where they are also compared with
the known results for the symmetric case. As we will see, the asymmetric TSP is
substantially harder than the normal TSP even when considered from an on-line
point of view; in other words, OL-ATSP is not a trivial extension of OL-TSP. In
fact, as Table 1 shows, most bounds on the competitive ratio are strictly higher
than the corresponding bounds for OL-TSP, and in particular in the nomadic
case there cannot be on-line algorithms with a constant competitive ratio.

Although our algorithms come essentially from the symmetric case, they
require some adjustment in order to attain useful competitive ratios. On the
other hand, our lower bound techniques are quite different from the previously
known ones and we hope they can be of some use in future work.

We should also mention that we present our algorithms in simplified versions
that compute optimal traveling salesman tours or paths. Thus, they do not run
in polynomial time unless P=NP. However, if one is interested in polynomial
running time, it is possible to compute approximately optimal tours instead,
the competitive ratio degrading by a factor that is essentially the approximation
ratio of the subroutine being used. For example, as a consequence of our results,
an O(1) approximation algorithm for the ATSP would automatically imply an
O(1)-competitive polynomial time algorithm for the OL-ATSP.

The rest of this paper is organized as follows. After the necessary definitions

and the discussion of the model, we study in Section 3 the homing case of the
problem, in which the server is required to finish its tour in the same place



where it started; we give a 3+2‘/5—c0mpetitive algorithm and show that this is
also best possible. In Section 4, we address the nomadic version, also known
as the wandering traveling salesman problem [12], in which the server is not
required to finish its tour at the origin. For this case we show that in general an
on-line algorithm with a competitive ratio independent of the space cannot exist;
indeed, we show that the competitive ratio has to be a function of the amount
of asymmetry of the space. In Section 5 we explain how our algorithms can be
combined with polynomial time approximation algorithms in order to obtain
polynomial time online algorithms. In the last section, we give our conclusions
and discuss some open problems.

Problem Best Lower|Best Upper|References
Bound Bound

Homing OL-TSP 2 2 [1,3]

Homing OL-ATSP 2.618 2.618

Homing OL-TSP (zealous) 2 2 3]

Homing OL-ATSP (zealous) 3 3

Nomadic OL-TSP 2.03 2.414 [17]

Nomadic OL-ATSP VE| 1+ VK +1

Nomadic OL-TSP (zealous) 2.05 2.5 [3,17]

Nomadic OL-ATSP (zealous) 2(K+1) 2+ K

Table 1. The competitive ratio of symmetric and asymmetric routing problems.

2 The model

An input for the OL-ATSP consists of a space M from the class M defined
below, a distinguished point O € M, called the origin, and a sequence of requests
r; = (t;, ;) where z; is a point of M and ¢; € R is the time when the request
is presented. The sequence is ordered so that ¢ < j implies ¢; < t;.

The server is located at the origin O at time 0 and the distances are scaled
so that, without loss of generality, the server can move at most at unit speed.

We will consider two versions of the problem. In the nomadic version, the
server can end its route anywhere in the space; the objective is just to minimize
the completion time required to serve all presented requests. In the homing
version, the objective is to minimize the completion time required to serve all
presented requests and return to the origin.

An on-line algorithm for the OL-ATSP has to determine the behavior of the
server at a certain moment ¢ as a function only of the requests (¢;,2;) such that
t; <t. Thus, an on-line algorithm does not have knowledge about the number of
requests or about the time when the last request is released. We will use p©(¢)
to denote the position of the on-line server at time ¢. Sometimes we will let T’



be some tour or route over a subset of the requests; in this case, |T'| will be the
length of that tour.

We will use Z°% to denote the completion time of the solution produced
by a generic on-line algorithm OL, while Z* will be the completion time of the
optimal off-line solution. An on-line algorithm OL is c-competitive if, for any
sequence of requests, ZO < cZ*.

Finally, we would like to clarify the conditions that the space M should
satisfy. Usually, in the context of the on-line TSP, path-metric spaces are con-
sidered [3]. However, here the main issue is precisely asymmetry, so we have
to drop the requisite that for every = and y, d(z,y) = d(y,x). Thus we obtain
path-quasi-metric spaces. We review here the definitions. A set M, equipped
with a distance function d : M? — R*, is called a quasi-metric space if, for all
x,y,2 € M:

(l) d(%y) =0 if and only ifx= y;3
(i) d(z,y) < d(z,z) + d(z,y).

We call a space M path-metric if, for any x,y € M, there is a function
f:[0,1] = M such that f(0) =z, f(1) = y and f is continuous, in the following
sense: d(f(a), f(b)) = (b — a)d(z,y) for any 0 < a < b < 1. This function
represents a shortest path from z to y. Notice that the path-metric property
implies connectivity.

We will use M to denote the class of path-quasi-metric spaces. Notice that
discrete metrics (i.e., those with a finite number of points) are not path-metric.
However, we can always make a space path-metric by adding (an infinity of)
extra points between pairs of vertices.

In particular, to see how a directed graph with positive weights on the arcs
can define a path-quasi-metric space, consider the all-pairs shortest paths matrix
of the graph. This defines a finite quasi-metric. Now we add, for every arc (z,y)
of the graph, an infinity of points 7, indexed by a parameter v € (0,1). Let m
and m; denote xz and y respectively. We extend the distance function d so that:

d(my, my) = (v —7)d(z,y) forall 0 <y <o <1

It can be verified that 7 represents a shortest path from z to y. For v ¢ {0,1},
the distance from a point 7, to a point z not in 7 is defined as d(m,,z) =
d(my,y) + d(y, 2); that is, the shortest path from 7, to z passes through y.
Viceversa, the distance from z to my is defined as d(z,m,) = d(z,z) + d(z, 7).
Finally,

d(myr,my) = (1= (' —7))d(z,y) + d(y,z) forall 0 <~y <~ <1

We say that such a space is induced by the original directed weighted graph. We
remark that our model, differently from the originally proposed one [3], allows
to consider the case in which the server is not allowed to do U-turns.

3 This condition is not strictly essential; we could consider quasi-pseudo-metric spaces,
for which this condition is relaxed to d(z,x) =0 for all x € M.



It will be useful to have a measure of the amount of asymmetry of a space.
Define as the mazimum asymmetry of a space M € M the value

d(z,y)
K(M)= sup .
( ) z,yeM d(y,x)

We will say that a space M has bounded asymmetry when K(M) < co.

3 Homing OL-ATSP

In this section we consider the homing version of the on-line ATSP, in which
the objective is to minimize the completion time required to serve all presented
requests and return to the origin. We establish a lower bound of about 2.618
and a matching upper bound. Note that in the case of symmetric on-line TSP,
the corresponding bounds are both equal to 2 [3,14].

Let ¢ denote the golden ratio, that is, the unique positive solution to x =
1+ 1/z. In closed form, ¢ = %5 ~ 1.618.

Theorem 1. The competitive ratio of any on-line algorithm for homing OL-
ATSP is at least 1 + ¢.

Proof. Fix any € > 0. The space used in the proof is the one induced by the
graph depicted in Figure 1. The graph has 7 4+ 4n nodes, where n = 1 + W;l],
and the length of every arc is €, except for those labeled otherwise. Observe
that the space is symmetric with respect to an imaginary vertical axis passing
through O. Thus, we can assume without loss of generality that, at time 1, no
request being released yet, the on-line server is in the left half of the space. Then
at time 1 a request is given in point A, in the other half. Now let ¢ be the first
time at which the on-line server reaches point D or E.

If t > ¢, no further request is given. In this case ZOF > t + 1 4 2¢ while
Z* <1+ 3¢ so that, when e approaches zero, Z°%/Z* approaches 1+t > 1+ ¢.

Otherwise, if t € [1, ¢], at time ¢, we can assume that the on-line server has
just reached F (again, by symmetry). At this time, the adversary gives a request
in B;, where i = [*=1]. Now the on-line server has to traverse the entire arc EC
before it can go serve B;, thus

t—1
€

ZOL2t+1+3e+1+e[ }+2ez2t+1+5e.

Instead, the adversary server will have moved from O to B; in time at most ¢+ 2¢
and then served B; and A, achieving the optimal cost Z* < t 4 4e. Thus, when
€ approaches zero, Z9V/Z* approaches 2 + % > 14 ¢. O

To prove a matching upper bound on the competitive ratio, we use a variation
of algorithm SMARTSTART, first introduced by Ascheuer et al. [1].

Algorithm SMARTSTART(«)
The algorithm keeps track, at every time ¢, of the length of an optimal tour
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Fig. 1. The space used in the homlng lower bound proof.

T*(t) over the unserved requests, starting at and returning to the origin. At the
first instant ¢’ such that ¢’ > «|T*(t')|, the server starts following at full speed
the currently optimal tour, ignoring temporarily every new request. When the
server is back at the origin, it stops and returns monitoring the value |T*(t)],
starting as before when necessary. As we will soon see, the best value of « is

a* = ¢.
Theorem 2. SMARTSTART(®) is (1 + @)-competitive for homing OL-ATSP.

Proof. We distinguish two cases depending on whether the last request arrives
while the server is waiting at the origin or not.

In the first case, let ¢ be the release time of the last request. If the server
starts immediately at time ¢, it will follow a tour of length |T*(¢)| < t/a, ending
at time at most (1+1/a)t, while the adversary pays at least ¢, so the competitive
ratio is at most 1 + 1/a. Otherwise, the server will start at a time ¢’ > ¢ such
that ¢ = a|T*(t)| (since T* does not change after time ¢) and pay (14 «)|T*(t)],
so the competitive ratio is at most 1 + a.

In the second case, let T*(t) be the tour that the server is following while
the last request arrives; that is, we take ¢ to be the starting time of that tour.
Let T'(t) be an optimal tour over the requests released after time ¢. If the server
has time to wait at the origin when it finishes following T*(t), the analysis is
the same as in the first case. Otherwise, the completion time of SMARTSTART is
t+ |T*(t)| + |T'(t)]. Since SMARTSTART has started following 7*(t) at time ¢, we
have t > «|T*(¢)|. Then

t+[T"(t) < (1 +1/a)t.

Also, if ry = (t7,xs) is the first request served by the adversary having release
time at least ¢, we have that |T"(t)| < d(O,zy) + Z* —t (recall that Z* is the



off-line cost), since a possibility for T” is to go to zy and then do the same as
the adversary (subtracting ¢ from the cost since we are computing a length, not
a completion time, and on the other hand the adversary will not serve ry at a
time earlier than ¢).

By putting everything together, we have that SMARTSTART pays at most

(1+1/a)t +d(0,zp) + Z* —t

and since two obvious lower bounds on Z* are t and d(O, z¢), this is easily seen
to be at most (2 + 1/a)Z*.

Now max{l+ a,2+ 1} is minimum when a = a* = ¢. For this value of the
parameter the competitive ratio is 1 + ¢. a

3.1 Zealous algorithms

In the previous section we have seen that the optimum performance is achieved
by an algorithm that, before starting to serve requests, waits until a convenient
starting time is reached. In this section we consider instead the performance that
can be achieved by zealous algorithms [4]. A zealous algorithm does not change
the direction of its server unless a new request becomes known, or the server is
at the origin or at a request that has just been served; furthermore, a zealous
algorithm moves its server always at full (that is, unit) speed when there are
unserved requests.

We show that, for zealous algorithms, the competitive ratio has to be at least
3 and, on the other hand, we give a matching upper bound.

Theorem 3. The competitive ratio of any zealous on-line algorithm for homing

OL-ATSP s at least 3.

Proof. We use the same space used in the lower bound for general algorithms
(Figure 1). At time 1, the server has to be at the origin and the adversary gives
a request in A. Thus, at time 1 4 € the server will have reached wlog E (by
symmetry) and the adversary gives a request in By. The completion time of the
on-line algorithm is at least 3 + 6e, while Z* < 1 + 3e. The result follows by
taking a sufficiently small e. a

The following algorithm is best possible among the zealous algorithms for
homing OL-ATSP.

Algorithm PLAN AT HOME

When the server is at the origin and there are unserved requests, the algorithm
computes an optimal tour over the set of unserved requests and the server starts
following it, ignoring temporarily every new request, until it finishes its tour at
the origin. Then it waits at the origin as before.

Theorem 4. PLAN AT HOME is zealous and 3-competitive for homing OL-ATSP.



Proof. Let t be the release time of the last request. If p(¢) is the position of PLAN
AT HOME at time ¢ and T is the tour it was following at that time, we have that
PLAN AT HOME finishes following 7" at time t' < ¢ + |T]. At that time, it will
eventually start again following a tour over the requests which remain unserved
at time #'. Let us call T” this other tour. The total cost payed by PLAN AT HOME
will be then at most ¢ + |T'| + [T’|. But ¢t < Z*, since even the off-line adversary
cannot serve the last request before it is released, and on the other hand both
T and T’ have length at most Z*, since the off-line adversary has to serve all of
the requests served in T and T”. Thus, t + |T| + |T'| < 3Z*. O

4 Nomadic OL-ATSP

In this section we consider the nomadic version of the on-line ATSP, in which
the server can end its route anywhere in the space. We show that no on-line
algorithm can have a constant competitive ratio (that is, independent of the
underlying space). Then we show, for spaces with a maximum asymmetry K,
a lower bound v/ K and an upper bound 1 + /K + 1. Note that in the case of
symmetric nomadic on-line TSP, the best lower and upper bounds are 2.03 and
1 + /2, respectively [17].

J/O\ .
e
s

Fig. 2. The space used in the nomadic lower bound proof.

Theorem 5. For every L > 0, there is a space M € M such that the competitive
ratio of any on-line algorithm for nomadic OL-ATSP on M is at least L.

Proof. For a fixed ¢ > 0, consider the space induced by a directed cycle on
n = [%1 nodes, where every arc has length e (Figure 2). At time 0 a request is
given in node As. Let ¢ be the first time the on-line algorithm reaches node As.



Now ift > 1, the adversary does not release any other request so that Z* = 2e,
ZOM >1+eand Z°V/Z* > L + 1.

Otherwise, if ¢ < 1, at time ¢t the adversary releases a request at the origin.
It is easily seen that Z* < ¢+ 2¢ and ZO% >t +¢([£] —1) >t +2e+ L —3e so
that

L — 3¢ L — 3¢

ATV AP >1 .

27z 1+ 142 — + 1+ 2e¢
By taking € close to zero we see that in the first case the competitive ratio
grows indefinitely while in the second case it approaches L. a

Corollary 1. There is no on-line algorithm for nomadic OL-ATSP on all spaces
M € M with a constant competitive ratio.

We also observe that the same lower bound can be used when the objective
function is the sum of completion times.

Thus, we cannot hope for an on-line algorithm which is competitive for all
spaces in M. Indeed, we will now show that the amount of asymmetry of a space
is related to the competitive ratio of any on-line algorithm for that space.

Theorem 6. For every K > 1, there is a space M € M with mazximum asym-
metry K such that any on-line algorithm for nomadic OL-ATSP on M has
competitive ratio at least v K.

Proof. Consider a set of points M = {z : v € [0,1]} with a distance function

_ Y= if v <+
d(x'hx'}”) - {K(’7 _7/) lf’}/ Z ’Y/'

The origin is zo. The adversary releases a request at time 1 in point x;. Let ¢ be
the time the on-line algorithm serves this request. If ¢ > v/K, no more requests
are released and Z°F > VK, Z* =1, ALYV AN VK.

Otherwise, if ¢t < V'K, at time ¢ a request is given at the origin. Now ZOL >
t+K,Z*<t+1and
t+ K _ K-1 S K-1

1+ + =
t+1 t+1 — VK +1

ZOL/Z* >
O

A natural algorithm, on the lines of the best known algorithm for the symmet-
ric version of the problem [17], gives a competitive ratio which is asymptotically
the same as that of this lower bound.

Algorithm RETURN HOME(«)

At any moment at which a new request is released, the server returns to the origin
via the shortest path. Once at the origin at time ¢, it computes an optimal route
T over all requests presented up to time ¢ and then starts following this route,
staying within distance at’ of the origin at any time t’, by reducing the speed at
the latest possible time.



Theorem 7. For every space M € M with mazimum asymmetry K, there is a
value of a such that RETURN HOME(«) is (1 4+ v K + 1)-competitive on M.

Proof. There are two cases to consider. In the first case RETURN HOME does not
need to reduce its speed after the last request is released. In this case, if ¢ is the
release time of the last request, we have

ZM <t 4+ Kat+|T|< Z*+ KaZ*+ Z* = (2+ Ka)Z*.

In the second case, let ¢ be the last time RETURN HOME is moving at reduced
speed. At that time, RETURN HOME has to be serving some request; let x be
the location of that request. Since RETURN HOME is moving at reduced speed
we must have d(O, z) = at; afterwards RETURN HOME will follow the remaining
part T, of the route at full speed. Thus

ZR <t 1 |T,| = (1/a)d(O, x) + |Ty|.

On the other hand, Z* > |T| > d(O, )+ |T%|. Thus, in this case, the competitive
ratio is at most 1/a.

Obviously, we can choose a in order to minimize max{2 + K«,1/a}. This
gives a value of a* = @, for which we obtain the competitive ratio of the

theorem. O

4.1 Zealous algorithms

Also in the case of the nomadic version of the on-line ATSP, we wish to consider
the performance of zealous algorithms. Of course, no zealous algorithm will be
competitive for spaces with unbounded asymmetry. Here we show that the gap

between non-zealous and zealous algorithms is much higher than in the homing
case, increasing from O(v'K) to O(K).

Theorem 8. For every K > 1, there is a space M € M with mazximum asym-
metry K such that the competitive ratio of any zealous on-line algorithm for

nomadic OL-ATSP on M is at least (K + 1).

Proof. We use the same space used in the proof of Theorem 6 (Figure 2). At
time 0, the adversary releases a request in point z;. The on-line server will be
at point x; exactly at time 1. Then, at time 1, the adversary releases a request
in point xg. It is easy to see that ZOU > 1 4+ K, while Z* = 2. O

We finally observe that RETURN HOME(1) is a zealous algorithm for nomadic
OL-ATSP and, by the proof of Theorem 7, it has competitive ratio K + 2.

5 Polynomial time algorithms

None of the algorithms that we have proposed in the previous sections runs in
polynomial time, since all of them need to compute optimal tours on some subsets



of the requests. On the other hand, a polynomial time on-line algorithm with a
constant competitive ratio could be used as an approximation algorithm for the
ATSP, and thus we do not expect to find one easily. However, our algorithms use
off-line optimization as a black box and thus can use approximation algorithms as
subroutines in order to give polynomial time on-line algorithms, the competitive
ratio depending of course on the approximation ratio.

The basic problem that has to be solved in the homing version is the off-line
ATSP. The best polynomial time algorithm for this problem has an approxima-
tion ratio of 0.842logn [13]. For the nomadic version, the corresponding off-line
problem is the shortest asymmetric hamiltonian path, which also admits O(logn)
approximation in polynomial time [6].

We do not repeat here the proofs of our theorems taking into account the
approximation ratio of the off-line solvers, since they are quite straightforward.
However, we give the competitive ratio of our algorithms as a function of p, the
approximation ratio, and K, the maximum asymmetry of the space, in Table 2.

|Problem |A1gorithm |Competitive ratio |
i <
Homing OL-ATSP |SMARTSTART(a™) (1+2p+1+4p)/2 ?f ps2
2p if p>2

Homing OL-ATSP |PLAN AT HOME 1+2p
Nomadic OL-ATSP|RETURN HOME(a™)|2K (1/(1+ p)2 + 4K — (14 p)) '
Nomadic OL-ATSP|RETURN HOME(1) [1+p+ K

Table 2. The competitive ratio as a function of p and K.

6 Conclusions

We have examined some of the on-line variations of the asymmetric traveling
salesman problem. Our results confirm that the asymmetric problems are indeed
harder and not simply extensions than their symmetric counterparts.

The main conclusion is that, as usual in on-line vehicle routing when mini-
mizing the completion time, waiting can improve the competitive ratio substan-
tially. This is particularly evident in the case of nomadic ATSP on spaces with
bounded asymmetry, where zealous algorithms have competitive ratio 2(K)
while RETURN HOME is O(v/K)-competitive.

We expect the competitive ratio of the homing OL-ATSP to be somewhat
lower than 1+ ¢ when the space has bounded asymmetry. Also, since the proof
that no on-line algorithm can have a constant competitive ratio in the nomadic
case also applies when the objective function is the sum of completion times (the
traveling repairman problem [15]), it would be interesting to investigate this last
problem in spaces with bounded asymmetry.



Finally, we remark that the existence of polynomial time O(1)-competitive
algorithms for the homing version is indissolubly tied to the existence of an
O(1)-approximation algorithm for the off-line ATSP.
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