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Stiffness prediction of
multilayer-connected biaxial
weft-knitted fabric-reinforced
composites

Yexiong Qi1,2, Jialu Li1,2 and Liangsen Liu1,2

Abstract

Based on the representative volume element (RVE) model of single layer in multilayer-connected biaxial weft-knitted

(MBWK) fabric-reinforced composites, the elastic properties of multilayer-connected biaxial weft-knitted fabric-rein-

forced composites have been developed and presented hereafter. The average stiffness matrix of the multilayer-con-

nected biaxial weft-knitted fabric-reinforced composites, taking into account the contribution the final geometrical of the

knitting loops, can be obtained by the volume average stiffness of the unidirectional composites with different local

coordinate system, and the engineering elastic constants of this kind of composites have been figured out. Numerical

predictions have compared to the results of tensile tests performed on composite samples. The percentage error of the

numerical prediction results and the experimental results is less than 10%.
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Introduction

The non-crimp fabric (NCF)-reinforced composites,
owning excellent in-plane1–5 and out-of-plane
properties2,6–9 and low-manufacturing cost, have now
increasing proportion in the field of aerospace, individ-
ual protection, automobile manufacturing, sporting
goods, architectural engineering and medical treatment.
All the time, the experimental researches3,8,10 and the-
oretical analysis of the NCF-reinforced composites
have been conducted for the purpose of low-cost and
large-scale production. Unfortunately, the breakage of
fiber has happened, because of the penetration of the
needle in the process of NCFs production, which
greatly affects the in-plane properties of the NCF-
reinforced composites. Preventing the damage of
fibers in the process of NCFs production has become
a key problem that we should pay close attention to.
Moreover, as a competitive member of the NCFs
family, MBWK fabrics not only inherit the excellent
performance of NCFs but also avoid fibers damaged
in the process of knitting. In addition, the superior

formability on the complex surface11–13 has made
them more popular in the field of individual protection.
Nevertheless, little information has been devoted to
study the prediction of elastic constants of the
MBWK fabric-reinforced composites, which has
increased the manufacturing cost and production
cycle of the composites.

A series of recent analyses10,14,15 about the mechan-
ical properties of the MBWK fabric-reinforced com-
posites have been achieved by experimental data;
however, there were few literatures on the theoretical
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analysis of the mechanical. Li and Bai16 reported on the
multidirectional tensile properties of the MBWK
fabric-reinforced composites, in which the weft inser-
tion and warp insertion consisted of glass fibers. The
predicting data by the classical laminate theory (CLT)
without considering bundled yarns have agreed with
the experimental data, but the predicting data have
been less than the experimental data, which showed
that the polyester yarns have still played a certain role
on the tensile properties. If we have taken into account
the bundled yarns in the calculation of the CLT, the
results could be better convinced. Further studies are
still necessary to predict the elastic properties.

Motivated by earlier studies,6,17,18 the main objective
of this study is to present the elastic prediction method
by combining the stiffness averaging method and the
CLT, which put the bundled yarns into consideration,
to analyze the elastic properties of the MBWK fabric-
reinforced composites. More specifically, representative
volume element (RVE) model is the smallest repeating
unit in the single layer of multilayer-connected biaxial
weft-knitted (MBWK) fabric-reinforced composites.
The contribution of each single layer component
(tows, bundled yarns) over the total RVE stiffness
was calculated by means of stiffness averaging
method. Finally, we can calculate the stiffness of
MBWK fabric-reinforced composites by means of
CLT. Indeed, the real benefit of this model is its cap-
ability. Due to its inherent easiness of implementation
and its limited computational cost, this prediction
method can be adopted throughout the different
design phases, from preliminary design to detailed
verification phase, taking into account the variability
in material properties caused by the main geometrical
sources of the MBWK fabrics. In order to verify the
accuracy of the models, tensile tests of the composites
structures reinforced by the MBWK fabrics are con-
ducted in this research. The predicted results by this
model showed reasonable agreements with the
experimental results and proved that the model can

be developed to predict the elastic properties of the
MBWK fabric-reinforced composites.

In the next section, the theory behind the model is
presented with considering the contribution of the
knitted loops in the MBWK fabrics. The experimental
activities performed on MBWK fabric-reinforced
composite samples are then described. Finally, the val-
idation activity is reported.

Modeling approach

Geometries and fibers volume fraction of RVE

As the smallest repetitive portion, the elastic properties
of the RVE are representative of the global elastic prop-
erties of the single layer in MBWK fabric-reinforced
composites. If we want to understand the RVE deeply
and clearly, it is necessary to have a clear understanding
for MBWK fabrics. The structure of MBWK fabrics is
presented in Figure 1. The surface morphology of the
MBWK fabrics and the schematic diagram of MBWK
fabrics are also shown. The first layer of the MBWK
fabric is composed of the weft yarns, the middle layer is
composed of the warp yarns and the last layer is the
same as the first one, all of which are bundled together
as 1+1 rib loops by the polyester yarns (PET DTY).
The MBWK fabrics were applied to produce compos-
ites with a 4 -, 5 - and 6-layer order lay-up (i.e. [0/90/0/
90], [0/90/0/90/0] and [0/90/0/90/0/90]) to assure the
different carbon fiber volume fraction. During the pro-
cess of solidification, all parts in the composites had
changed. The weft carbon fiber bundles shifted from
the approximate circular to racetrack-shaped, the
warp carbon fiber bundles shifted from the approxi-
mate circular to trapezoid and the tied polyester loops
became wide and short because of pressure in the pro-
cess of solidification (see Figure 2). According to above
description and careful observation on the structure,
the RVE of the MBWK fabric-reinforced composites
is obtained as shown in Figure 3.

Weft 

Warp 

1+1 rib loops

X 

Y 

X 

Y 
Z 

(a) (b)

Figure 1. Structure of MBWK fabric.
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Figure 2 shows the microscope images of the
cross-sections and surface morphology of the studied
MBWK carbon fabric-reinforced composite. The path
of the 1+1 rib loops and the compaction of weft yarns
result in trapezoid warp fiber bundles cross-section
instead of the approximate circular. Separately, there
are few effects on the weft yarns by the path of the
1+1 rib loops. The main effect is the pressure in the
process of solidification, as a matter of course, the weft
yarns are modeled as the racetrack-shaped weft fiber
bundles cross-section. Hence, the geometries of the
warp and weft insertion yarns can be modeled.

The geometric parameters of the fiber bundles and the
RVE of the single layer are listed in Table 1, which are
measured and averaged from many microscope figures.
The fiber packing factor k in Table 1 is also derived
from the geometric parameters and the fineness of the
warp and weft fiber bundles.

Basic assumptions

Before establishing the model, four basic assumptions
to simplify the analysis are made based on the obser-
vation, as listed below:

1. There are no gaps between the yarns, namely the
contact between yarns is very close.

2. The yarn surface is smooth.
3. In the RVE of single layer of the MBWK fabric-

reinforced composites, the first layer of the
MBWK fabric is composed of the weft yarns, the
middle layer is composed of the warp yarns and
the last layer is the same as the first one. All material
properties and geometric dimension are symmetric
on the mid-plane.

4. All inserted yarns are arranged into a straight line in
the composites, which is the compaction effect. The
cross-section of the warp yarns is trapezoid, and the
cross-section of the weft yarns is racetrack-shaped.

5. The diameter of the knitted loops cannot be ignored.
The knitted loops are evenly distributed in MBWK
fabric-reinforced composites.
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Figure 2. Cross-sections and surface morphology of MBWK fabric/epoxy composite.

Figure 3. Repetitive volume elements with dimensions.
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Decomposition of representative
volume element

For the whole single layer in the MBWK fabric-
reinforced composites, the local RVE as the small
microregion for the entire body keeps same averaged
volume variables with global body by homogeniza-
tion.19,20 The contribution of each NCF component
(warp tows, weft tows and bundled yarns) over the
total RVE stiffness has been calculated by means of
the stiffness averaging method. The proposed approach
is based on the decomposition of the RVE into distinct
sets of sub-element, respectively. Based on the structure
of MBWK fabrics in the composites, the RVE of the
MBWK fabric-reinforced composites is mainly divided
into three parts: warp sub-element, weft sub-element
and knitted sub-element. These are regarded as a

separate structure. With regard to warp sub-element
and weft sub-element in the RVE, a local reference
system is introduced with x-axis in the fiber direction
and y-axis and z-axis normal to the fiber direction.
Under this assumption, the material can be considered
transversely isotropic with respect to x-axis direction.
The stiffness matrix can be obtained in the subsequent
sections. The path of the knitted loops is complex, so
each local coordinate system of tiny unit is different
from global coordinate system. It is necessary to
develop the mathematical model of knitted loops,
which is described in detail in subsequent sections.
Finally, the elastic constants of RVE can be obtained
by means of collecting the analysis results of each part.
The structure, separated from the RVE, is shown in the
Figure 4. All sub-elements, such as warp sub-element,
weft sub-element and knitted sub-element, can be ana-
lyzed by means of stiffness averaging method.

Figure 4. Decomposition sketch of the RVE.

RVE: Repetitive volume element.

Table 1. Geometric parameters of fiber bundles and the RVE of single layer.

Fabrics

structure Yarn

Fiber

packing (%) Dimension (mm)

Volume

fraction (%)

Dimension of

RVE (mm)

3l4p Weft insertion 70.4 b¼ 1.17, c¼ 1.84, h¼ 0.22 10.7 L0¼ 4.3

W0¼ 1.9

T0¼ 1.0
Warp insertion 64.6 a¼ 1.31, t¼ 0.29 24.2

Stitch 75 d¼ 0.14 2

3l5p Weft insertion 78.1 b¼ 1.32, c¼ 1.81, h¼ 0.19 12.3 L0¼ 4.4

W0¼ 1.9

T0¼ 0.85
Warp insertion 68.3 a¼ 1.50, t¼ 0.23 28.5

Stitch 75 d¼ 0.14 2

3l6p Weft insertion 84.7 b¼ 1.37, c¼ 1.92, h¼ 0.17 14.9 L0¼ 4.4

W0¼ 2.0

T0¼ 0.7
Warp insertion 72.6 a¼ 1.52, t¼ 0.22 32.9

Stitch 75 d¼ 0.14 2
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Mathematical model of knitted loops

With regard to the MBWK fabric-reinforced compos-
ites, the actual three-dimensional structure of knitted
loops is very complex. From plane 2 to plane 1, the
yarns of the knitted loop have been distorted, such as
‘‘region a–d’’ (see Figure 5(a)). In this case, the estab-
lishment of the mathematical model is very difficult. In
order to facilitate the mathematical analysis, the actual
shape of the knitted loops has been simplified
(see Figure 5(b)). The yarns in ‘‘region a’’ and
‘‘region d’’ project on the plane 2; similarly, the yarns
in ‘‘region b’’ and ‘‘region c’’ project on the plane 1. On
the whole, the yarns in the knitted loops distributed on
three planes, which are plane 1, plane 2 and the plane
perpendicular to plane 1.

Because of the uniformity and symmetry of the
knitted loops, a half of the knitted loop is analyzed.
As shown in Figure 6, the geometric model of knitted
loops is presented. The plane ‘‘XAY’’ is distributing
across the area of that plane where the MBWK fabrics
are. The simplified knitted loop structure consists of the
following several parts: top arc ‘‘AB,’’ transition arc
‘‘BC,’’ line segment ‘‘CD,’’ transition arc ‘‘DE,’’ line
segment ‘‘EF,’’ transition arc ‘‘FG,’’ line segment
‘‘GH,’’ transition arc ‘‘HI’’ and top arc ‘‘IJ’’. From
Figure 6, we would find that, the geometrical morph-
ology of top arc ‘‘IJ’’, transition arc ‘‘HI,’’ line segment
‘‘GH,’’ transition arc ‘‘FG’’ are same as the top arc
‘‘AB,’’ the transition arc ‘‘BC,’’ the line segment
‘‘CD,’’ and the transition arc ‘‘DE’’ respectively. That
is to say, they have the same mathematical equations,
but they located in different locations in the space.

Mathematical derivation of simplified curve can be
used to solve the equations of the circular and liner
through the knowledge of advanced mathematics.
Through the known point and the relationship between
each curve, the mathematical equations of the simpli-
fied knitted loop can be obtained, as follows:

ðx� 0:56Þ2 þ ð yþ 0:07Þ2 ¼ 0:562 x 2 ½0, 0:22�
ðx� 0:34Þ2 þ ð y� 0:22Þ2 ¼ 0:22 x 2 ½0:22, 0:41�
y ¼ �0:26xþ 0:52 x 2 ½0:41, 1:46�
ðx� 1:54Þ2 þ ð y� 0:43Þ2 ¼ 0:32 x 2 ½1:46, 1:80�

8>><
>>:

ð1Þ

In the ‘‘XAY’’ coordinate system, we can get the
equations of top arc ‘‘AB,’’ transition arc ‘‘BC,’’ line
segment ‘‘CD,’’ transition arc ‘‘DE’’ as shown in
equation (1), in the ‘‘123’’ coordinate system, we can
get the equation of line segment ‘‘EF’’ as shown in
equation (2).

y ¼ 0:79x� 0:23 x 2 ½0:29, 1:56� ð2Þ

Based on the geometric analysis method of the
knitted loops, we can get the accurate mathematical
equations of the knitted loops in the MBWK fabric-
reinforced composites, which can the reasonable assur-
ance for predicting mechanical property on the MBWK
fabric-reinforced composites.

The in-plane elastic constants of
knitted yarn

Generally, the elastic properties of polyester fiber
bundles are kept unchanged with respect to an arbitrary
rotation around a given axis. In this paper, the binder
yarns are defined as the transverse isotropic materials.
The binder yarns, a free space curve, are divided into an
infinite number of tiny segments. For each tiny

Figure 5. Simplified process of knitted loop.
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Figure 6. Geometric models of knitted loops.
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segment, let its symmetric axis (the fiber axis in the tiny
segment) be x1. The compliance matrix of the material
is the same as that given by equations (3) to (5).

Sij
� �
¼
½Sij�� 0

0 ½Sij��

� �
ð3Þ

½Sij�� ¼

S11 S12 S12

S12 S22 S23

S12 S23 S22

2
64

3
75 ð4Þ

½Sij�� ¼

2ðS11 � S12Þ 0 0

0 S44 0

0 0 S44

2
64

3
75 ð5Þ

It is worth noting that the angle is existent between the
local coordinate system ‘‘123’’ and the global coordinate
system ‘‘XOY’’. By the previous assumptions, the cross-
section shape of the polyester fiber bundles is circular.
The in-plane effective elastic constants of the tiny segment
NO; i can be calculated through the rule of mixture for-
mulae (see Appendix) and stress–strain relationship. We

can get the compliancematrix of the tiny segment Sij
� �L

i
in

the local coordinate system ‘‘123’’. When the transform-
ation is a rotation of specific angle, we can get the com-

pliance matrix of the tiny segment Sij
� �G

i
in the global

coordinate system ‘‘XOY,’’ as follows.

½Sij�
G
i ¼ T½ � Sij

� �L
i
½T�T ð6Þ

With, the superscript ‘‘L’’ and ‘‘G’’ are, respectively,
the local coordinate system ‘‘123’’ and the global
coordinate system ‘‘XOY’’. The subscript ‘‘i’’ is the
tiny segment no. i. The orthogonal transformation
matrix is obtained by

In the global coordinate system ‘‘XOY,’’ the compli-
ance matrix of the knitted loops can be obtained, as
follows:

½S�l, xy ¼
1

L

Z L

0

½S�Gi dL ð8Þ

In equation (8), the length of tiny segment can be
obtained, as follows

dL ¼ AlDd� ð9Þ

With, ‘‘�’’ is the corresponding central angle of the
each arc in the knitted loop curve.

The range of ‘‘�’’ can be obtained from the curvilin-
ear equations in mathematical model of knitted loops.
Finally, all calculations come down to calculating
the central angle of each arc in the knitted loop
curve. The in-plane elastic constants of the knitted
loop can be obtained.

The in-plane elastic constants of
inserted yarns

In accordance with the global coordinate system
XYZ represented in Figure 7, the plane of the lamina
is the XY-plane and Z is the through-thickness direc-
tion. The local coordinate system 123 corresponds to
the actual direction of the fiber bundles. As shown in
Figure 7(a), the direction is consistent between the
material axis of the inserted weft yarns and the
‘‘X’’ axis of the global coordinate system. In the local
coordinate system, the stress-strain relationship is
known by the rule of the mixture formula
(see Appendix). Naturally, the elastic constant of the
inserted weft yarn lamina can be obtained as same as
the elastic constant in the local coordinate system.
The study carried out in this section aims to evaluate
the compliance matrix of the inserted weft yarns.
The compliance matrix of the material in the global
coordinate system is the same as that given by equa-
tions (10)to (12).

Sweij

h i
¼
½Sweij �� 0
0 ½Sweij ��

� �
ð10Þ

T½ � ¼

cos2 � sin2 � 0 0 0 � cos � sin �

sin2 � cos2 � 0 0 0 cos � sin �

0 0 1 0 0 0

0 0 0 cos � sin � 0

0 0 0 � sin � cos � 0

2 cos � sin � �2 cos � sin � 0 0 0 cos2 � � sin2�

2
666666664

3
777777775

ð7Þ
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½Sweij �� ¼
S11 S12 S12
S12 S22 S23
S12 S23 S22

2
4

3
5 ð11Þ

½Sweij �� ¼
2ðS11 � S12Þ 0 0

0 S44 0
0 0 S44

2
4

3
5 ð12Þ

All of the coefficients in the matrix of equations (11)
and (12) can be obtained from the rule of mixture
formulae. The rule of mixture formulae has been
employed as an averaging technique to estimate their
values as a function of the elastic properties of the
carbon fiber and of the epoxy resin (see Table 2).
The epoxy resin employed is characterized by a tensile
modulus Em¼ 3.50GPa, a Poisson’s ration �m¼ 0.42
and a corresponding shear modulus Gm¼ 1.23GPa.
Transversely isotropic carbon fibers are characterized
by identical elastic properties in all planes containing
the fiber axis: Ef11¼ 230GPa, �f12¼ 0.25 and
Gf12¼ 94.8GPa.

In the case of the inserted warp yarns as shown in
Figure 7(b), the direction is not consistent between the
material axis of the inserted warp yarns and the ‘‘X’’
axis of the global coordinate system. The local coord-
inate system can be parallel to the global coordinate
system, which needs to rotate the global coordinate
system along ‘‘Z’’ axis by 90�. Therefore, the transform-
ation laws for the elastic compliance ½Sij�

G
wa of the warp

yarn in the global coordinate system are shown as
follows:

½Sij�
G
wa ¼ T½ � Sij

� �L
wa
½T�T ð13Þ

This procedure requires the use of the elastic com-
pliance matrix of warp yarn in the local coordinate
system Sij

� �L
wa

which can be calculated from equations
(14) to (16)

Sij
� �L

wa
¼
½Swaij �� 0
0 ½Swaij ��

� �
ð14Þ

½Swaij �� ¼
S11 S12 S12
S12 S22 S23
S12 S23 S22

2
4

3
5 ð15Þ

½Swaij �� ¼
2ðS11 � S12Þ 0 0

0 S44 0
0 0 S44

2
4

3
5 ð16Þ

The mechanical quantities given in the local coord-
inate system may have to be transformed into those in
the global one or vice verse. This can be accomplished
based upon the tensor transformation rules governing
the stress and strain between any two rectangular
coordinate systems,21 as shown in equation (17),

T½ � ¼

0 1 0 0 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 �1 0 0
0 0 0 0 0 �1

2
6666664

3
7777775

ð17Þ

As aforementioned, we can obtain the elastic com-
pliance matrix of the inserted warp yarns and weft
yarns. The elastic compliance matrix of knitted loops
is also obtained from the mathematical derivation of
simplified curve and the tensor transformation matrix.
Based on reasonable assumption, the inserted warp
yarns, inserted weft yarns and the knitted loops suffer

Figure 7. Relationship between material coordinate system and global coordinate system.

Table 2. Elastic properties of the tows obtained with the rule

of mixtures.

E11

(GPa)

E22

(GPa) �12 �23

G12

(GPa)

G23

(GPa)

Fiber 220 40 0.26 – 24 14.3

Epoxy 3.5 – 0.34 – 1.23 –

Tow 198.3 16.3 0.27 0.39 6.9 8.3
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the same stress, and the elastic compliance matrix of
RVE can be combined as follows

½S�RVE, xy ¼ ½S�
w
i,xyVw þ ½S�

j
i,xyVj þ ½S�l,xyVk ð18Þ

According to the relationship between the coefficient
in the elastic compliance matrix of RVE and the elastic
modulus of RVE, the elastic constant of the RVE of the
MBWK fabric-reinforced composites can be received
by the elements of the compliance matrix.

CLT prediction of elastic constants of
MBWK fabric-reinforced composites

It is well known that the CLT has gained great success
in composite analyses over the decades.22 In MBWK
fabric-reinforced composites, the thickness of single
layer, which is consist of MBWK fabrics, is far less
than the other plane dimensions. All single layers do
not intersect with each other. In Li and Bai,16 tensile
modulus predictions using the CLT are introduced to
compare with the available experimental results of the
composite structures reinforced by the MBWK fabrics.
The results are very ideal. Before calculating the tensile
modulus, the assumption of plane stress is necessary, as
follows.

1. MBWK fabric-reinforced composites are close-
grained. The gaps and defects, because of processing,
are neglectful. It is directly connected between the
single layers.

2. The single layer is homogeneous, and each single
layer in the MBWK fabric-reinforced composites
has the same thickness. That is to say, the arbitrary
tiny unit has the same macro mechanical parameter.

3. The normal stress on all cross-section paralleling to
the mid-plane is far less than the other stress. We can
approximately think each single layer is in a state of
plane stress.

4. The tangential path, being perpendicular to mid-
plane before deformation, is still perpendicular to
the mid-plane after deformation. The length is con-
stant before and after deformation.

On the basis of CLT, the stress–strain relations are
described by the following relation

�f g ¼

Q11 Q12 0

Q21 Q22 0

0 0 Q66

2
64

3
75

"f g ¼

E11

1��12�21
�21E22

1��12�21
0

�12E11

1��12�21
E22

1��12�21
0

0 0 G12

2
64

3
75 "f g

ð19Þ

Note that the above stress and strain components
are expressed in the global coordinate system of the
MBWK fabric-reinforced composites. In order to per-
form further analysis, the off axis coordinate system,
the stiffness matrix [Qij] can be written as

½Qij�� ¼ T½ �� Qij

� �
T½ �T� ð20Þ

where

½T�� ¼

cos2 � sin2 � �sin2�

sin2 � cos2 � sin2�

sin�cos� �sin�cos� cos2�

2
64

3
75 ð21Þ

is the transformation matrix from the material coord-
inates to the off axis coordinates, and the stress–strain
relations in the global coordinate can be written as

�f g�¼ ½Qij�� "f g� ð22Þ

The neighboring layers are continuous along the
thickness direction of the composites. Thus, these
forces and moments, inflicting on the materials, must
be balanced with the internal stress resultants.
According to the equilibrium condition, we obtain

dNxx

dNyy

dNxy

dMxx

dMyy

dMxy

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;
¼

A11 A12 A16 0 0 0

A12 A22 A26 0 0 0

A16 A26 A66 0 0 0

0 0 0 D11 D12 D16

0 0 0 D12 D22 D26

0 0 0 D16 D26 D66

2
666666664

3
777777775

�

d"0xx
d"0yy

2d"0xy

dk0xx
dk0yy

2dk0xy

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

ð23Þ

With regard to the studied MBWK carbon fabric/
epoxy composites, the x axis of the global coordin-
ates is designated in the mid-plane and along
the warp direction; consequently, the y axis is along
the warp direction. All coefficients in the stiffness
matrix can be calculated through the elastic proper-
ties of the RVE in the MBWK fabric-reinforced
composites.
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Experimental details

Materials and coupons production

In this article, the MBWK fabrics, made in the Institute
for Composite Materials in Tianjin Polytechnic
University, were used. As shown in Figure 1, the first
layer of the three-layer-connected biaxial weft knitted
fabric is composed of the weft carbon fiber bundles, the
middle layer is composed of the warp carbon fiber bun-
dles and the last layer is the same as one. The weft yarns
and the warp yarns, made of carbon fibers, are knitted
together by the polyester yarns (PET DTY) with the
1+1 rib loops. The thickness of the fabric is about
1.0mm. All composite plates were fabricated with nom-
inal dimensions 600mm� 360mm� 4mm. It is import-
ant to note that the MBWK fabrics were applied to
produce composites with a 4 -, 5 - and 6-layer order
lay-up (i.e. [0/90/0/90], [0/90/0/90/0] and [0/90/0/90/0/
90]) to assure the different carbon fiber volume fraction.
Each plate was characterized by the MBWK fabrics
reinforcement, consolidated with epoxy resin by resin
transfer molding process. The nominal dimensions of
samples for the mechanical characterization have been
chosen according to ASTM D3039 for tensile test.

Testing

The tensile properties of the MBWK fabric-reinforced
composites are studied with 0� and 90� directional testing
with different carbon fiber volume fraction. According to
the structure characteristics of the samples the term of

‘‘90� samples’’ refers to that of the length direction of
MBWK fabric-reinforced composite samples is alone the
weft direction of the first piece of the samples and the term
of ‘‘0� samples’’ refers to that the length direction of the
MBWK fabric-reinforced composite samples is alone the
warp direction of the first piece of the samples. The sam-
ples geometry is 250mm� 25mm� 4mm, and three sam-
ples were tested in every group. 50mm� 25mm� 2mm
aluminum tabs are affixed to both ends of every sample on
both sides. The extensometer with a gauge length of 50mm
was attached in the middle of the sample. Since the extens-
ometer measured a large region containing a number of
the textile unit cells, an overall average mechanical behav-
ior was exhibited. And the tensile tests were conducted at
the room temperature. A series of tensile tests are con-
ducted by SHIMADZU AG-250KNE universal material
testing machine in the room temperature, according to the
standard of ASTMD 3039, as shown in Figure 8. In order
to reduce the error of the experimental results, three spe-
cimens are evaluated for each fiber volume fraction. Since,
in this paper, the carbon fiber layers of the MBWK fabric
are defined as layer, the MBWK fabrics of the composite
plate are defined as piece.

Results and discussion

Mechanical characterization: Tensile tests

Elastic modulus, in tensile configuration, was evaluated
by linear fitting considering the stress–strain curve
between "¼ 1000�" and 3000�". In the initial stages

Figure 8. Tensile test setup.
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of tension, surely, the composites are in the elastic
range. In the stress–strain curve, evaluating the data
points in the range of the "¼ 1000�"–3000�" by
linear fitting, the slope of the stress–strain curve can
be obtained. Further to say, the slope of the curve is
the elastic modulus of the MBWK fabric-reinforced
composites. Figures 9 to 11 show the results, respect-
ively, for different fiber volume fraction samples tested
in tensile mode, showing a repeatability of the data.
Note that, all stress–strain curves have the trend of
linear increasing, the linear correlation is very well.
The similar conclusion has been reported earlier.10,16

In contrast to the investigation in Rong et al.,23 the
reinforced fiber in the composites is carbon fibers

rather than glass fibers. No matter which kind of
fiber, carbon fiber or glass fiber, is used in the compos-
ites, the trend of linear increasing is consistent.
Obviously, the results of ‘‘R’’ value, shown in the
sheet of the Figures 9 to 11, quantitatively illuminate
the linear correlation. If the ‘‘R’’ value is close to 1, the
linear correlation is well. In other words, the size of
‘‘R’’ value determines the linear correlation signifi-
cantly or not. For the linear fit of all samples, the
‘‘R’’ values are higher than 0.99. We know that all
stress–strain curves have the trend of linear increasing,
and there is a small difference in the same category
samples, which shows that the experimental results
have high reliability.
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Figure 10. Experimental tensile results within the range 1000–3000�" with Vf¼ 39.9%.
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Figure 9. Experimental tensile results within the range 1000–3000�" with Vf¼ 33.0%.

1122 Journal of Reinforced Plastics and Composites 34(14)

 at PENNSYLVANIA STATE UNIV on September 17, 2016jrp.sagepub.comDownloaded from 

http://jrp.sagepub.com/


Contrastive analysis of the predict results
and experiment results

The elastic modulus predicted by the present model has
been compared to the measured data in tension config-
uration for the samples described above, as shown in
Figure 12. From the experimental data, we find that
when the carbon fiber volume fraction in the MBWK
fabrics is 33% and 48.8%, there exists a slight differ-
ence in the elastic modulus Ex and Ey, and the values
are, respectively, 1.2% and 1%. Unlike above result,
when the carbon fiber volume fraction in the MBWK
fabrics is 39.9%, elastic modulus Ex and Ey exist obvi-
ous difference, and the corresponding values are 7.7%.
The main reason for this condition is the difference of
the warp yarns and weft yarns in the MBWK fabric-
reinforced composite. The fiber volume fraction of the
warp yarns in the MBWK fabric-reinforced composite
is 18.6%; however, the fiber volume fraction of the weft
yarns is 21.3%. The carbon fiber volume fraction plays
the decisive role on the tensile modulus of the MBWK
fabric-reinforced composites.

Another important result is that the numerical pro-
cedure results show reasonable accordance with the
testing data for the tensile modulus. Numerical results
were compared to the experimental data reporting the
relative percentage error. The percentage error of all
predicting results is less than 10%, which reveals the
accuracy of the numerical procedure based on RVE of
the MBWK fabric-reinforced composites. But the per-
centage error is different under different carbon fiber
volume fraction. From Figure 12, we can see that the
percentage error of the Ex and Ey, respectively, are
7.3% and 8.7%, when the carbon fiber volume fraction
is 33%. The percentage error is larger than the other

two fiber volume fraction in this research. The small
percentage error of the Ex and Ey, respectively, are
4.6% and 3.5%, when the carbon fiber volume fraction
is 48.8%. Separately, the percentage error of the Ex and
Ey is small under the condition Vf¼ 48.8%. It is worth
that the difference of the percentage error between Ex

and Ey is large under the condition Vf¼ 39.9%.
The percentage error of the Ex is 0.9%; however, the
percentage error of the Ey is 7.4%. The difference of
carbon fiber volume fraction caused the difference of
the percentage error between the experimental results
and predicting results. There are varieties of factors
that cause the change of the percentage error, such as
deviation of theoretical prediction, experimental error,
etc. On the whole, the percentage error of all predicting
results is stable and reasonable.
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Figure 11. Experimental tensile results within the range 1000–3000�" with Vf¼ 48.8%.
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Additionally, the tow waviness, stitching geometrical
parameters and matrix porosity, researched in earlier
works,24–27 are the main reason for the in-plane elastic
properties decreasing of composites. According to the
reports in the literatures, the decrease due to stitch in
the composites can reach 10–20%. However, all studies
tend to the negative effect on the in-plane properties of
the composites, the positive influence is neglected. In
this paper, the elastic modulus of knitting loops in
global coordinate system can contribute positive
effect. Although the contribution is little, it cannot be
neglected. With respect to Figure 12, the discordance of
the tensile properties is revealed by the experiment
results, e.g. the modulus along the warp directions is
smaller than that along the weft directions, respectively.
Apart the negative effects of tow waviness, stitching
geometrical parameters and matrix porosity, the contri-
bution of the knitting loops is the main reason for this
discordance of composites. In this paper, the effects of
tow waviness and matrix porosity are neglected, and
only the weft knitting loops is taken into consideration.
If these positive factors and negative factors can be
considered in the model, the predicting results will be
more accurate. It also is our next target.

Conclusions

Based on the RVE model, the elastic properties of mul-
tilayer-connected biaxial weft-knitted fabric-reinforced
composites have been developed and presented. The
numerical procedure has been applied to predict the
elastic modulus of MBWK fabric-reinforced compos-
ites. The knitting loops structure, contributing the final
performance of the composites, is accounted for in the
presented numerical procedure. The mathematical
model of the knitting loops has been completed,
which simplifies the mathematical description of
MBWK fabric-reinforced composites structure. The
MBWK fabric/epoxy composites have been manufac-
tured and the tensile modulus is investigated. The pre-
dictions by the present analytical approach show a
good agreement with the experiment results, which
proves the practicability of the numerical procedure
in the prediction of the elastic properties of MBWK
fabric-reinforced composites.
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Appendix

The apparent stiffness properties of the tows in the
longitudinal planes (Et

11, �
t
12 and Gt

12) and the transverse
planes (Et

22, �
t
23 and Gt

23) have been estimated from the
resin stiffness properties (Em, �m and Gm) and the stiff-
ness properties of the fibers in the longitudinal plane
(Ef

11, �
f
12 and Gf

12), using the rule of mixtures. The long-
itudinal elastic modulus Et

11, the transverse elastic mod-
ulus Et

22, the Poisson’s ratio �t12, the longitudinal shear
modulus Gt

12 and the transverse shear modulus Gt
23 are

interpolated using the following expressions

Et
11 ¼ Ef

11V
t
f þ EmVt

m

�t12 ¼ �
f
12V

t
f þ �

mVt
m

Et
22 ¼

Em

1�Vfð1�Em=Ef
22
Þ

Gt
12 ¼ Gt

13 ¼
Gf

12
Gm

Gf
12
Vt

mþG
mVt

f

Gt
23 ¼

Gm

1�Vfð1�Gm=Gf
23
Þ

8>>>>>>>>>><
>>>>>>>>>>:

ðA:1Þ

With, Vt
f and Vt

m being, respectively, the fiber and
matrix volume fraction in the tow.
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