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Dynamics and Control of Morphing Aircraft

by

Thomas Michael Seigler

(ABSTRACT)

The following work is directed towards an evaluation of aircraft that undergo structural
shape change for the purpose of optimized flight and maneuvering control authority. Dy-
namical equations are derived for a morphing aircraft based on two primary representations;
a general non-rigid model and a multi-rigid-body. A simplified model is then proposed by
considering the altering structural portions to be composed of a small number of mass parti-
cles. The equations are then extended to consider atmospheric flight representations where
the longitudinal and lateral equations are derived. Two aspects of morphing control are
considered. The first is a regulation problem in which it is desired to maintain stability in
the presence of large changes in both aerodynamic and inertial properties. From a baseline
aircraft model various wing planform designs were constructed using Datcom to determine
the required aerodynamic contributions. Based on nonlinear numerical evaluations adequate
stabilization control was demonstrated using a robust linear control design. In maneuvering,
divergent characteristics were observed at high structural transition rates. The second as-
pect considered is the use of structural changes for improved flight performance. A variable
span aircraft is then considered in which asymmetric wing extension is used to effect the
rolling moment. An evaluation of the variable span aircraft is performed in the context of
bank-to-turn guidance in which an input-output control law is implemented.



“Education is an admirable thing, but it is well to remember from time to time that nothing
worth knowing can be taught.” -Oscar Wilde
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Chapter 1
Introduction

Aircraft design has evolved at an extraordinary rate since the first manned flight in 1903.
In only a century engineers have created aircraft that can travel at many times the speed of
sound, traverse the earth’s circumference without refueling, and even breach the atmosphere
into space. Modern aircraft are capable of large payload transport, extreme-maneuverability,
high speeds, high altitudes, and long ranges; they are capable of stealth, vertical take-off
and landing, and long-range reconnaissance. Of course, no one design possesses all of these
qualities. In fact, as demonstrated in Fig. (1.1), aircraft designs may be radically different
depending on the operational requirements. To service the ever-growing mission requirements
of the military, since 1970 no less than 36 new aircraft have been designed—all but 3 have been
flight tested—under contract by the US Department of Defense. In the year 2000 there were
12 active aircraft production lines servicing the US arsenal, with one producing unmanned

aircraft [1].

The reason for the varying aircraft types is that mission capabilities are a result of at-
mospheric interactions which are dictated predominantly by vehicle geometry. As a result,
while an aircraft may be exceptional in some given flight regime, another can be found in
which the aircraft performs poorly. An obvious remedy to this situation is to generate the
capability of altering wing shape to enable a single aircraft to encompass a larger range of

flight missions. This, however, has proved to be a very difficult problem.

Morphing aircraft are flight vehicles that change their shape to effectuate either a change
in mission and/or to provide control authority for maneuvering, without the use of discrete

control surfaces or seams. Aircraft constructed with morphing technology promise the dis-
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Figure 1.1: Variations in Modern Planform Design; (a) Northrop Grumman B-2 Stealth
Bomber, (b) Grumman X-29, (c¢) Lockheed SR-71 Blackbird

)

tinct advantage of being able to fly multiple types of missions and to perform radically new
maneuvers not possible with conventional control surfaces. Work in morphing aircraft is
motivated by the US Air Force’s move to rely more heavily on unmanned aircraft and also
the desire to reduce the number of aircraft required for current demands—that is, the need for
one aircraft to accomplish the goals of many. As almost all currently designed aircraft are
centered around a fixed planform arrangement, the consideration of morphing calls for in-
vestigation into several research areas, including aerodynamic modeling, non-rigid dynamics,

and flight control.

1.1 Background

The first planform changing aircraft design was the variable sweep wing. Both theory and
experiments had shown that, while the straight wing was sufficient for most tasks, a swept
wing is more ideal for high-speed flight, particularly at supersonic speeds. The first aircraft

flown with the variable sweep design was the X-5 in 1951; later on, the F-111 and F-14 were



also equipped with variable swept wings. Ultimately, however, the additional weight of the
mechanisms to accommodate the wing changes were found to be too costly with regards
to fuel efficiency. It is this problem of weight that continues to be the largest difficulty
in designing a feasible shape changing aircraft. Nonetheless, designers have continued to
incorporate shape changing technology, albeit much smaller, into aircraft wings. Commercial
transport aircraft alter chord and camber shape using leading and trailing edge flaps; the

F-16 and F-18 also have leading edge flaps.

Wing shape changes currently in practice, while beneficial, provide only marginal improve-
ments within a given flight regime. They can not, for instance, transform a fighter into a
vehicle capable of long range and endurance. As an example, the F-16 has an aspect ratio
of 3.2 while the RQ-4A Global Hawk has an aspect ratio of 25. Current designers seek
to create the ability to alter the critical geometrical properties that would enable a single
vehicle to accommodate multiple mission requirements. Such geometry changes are much
more substantial than conventional methods and to accommodate large planform change
while overcoming weight penalties requires significant advancements in both materials and

actuator technology relative to what is currently applied in aircraft construction.

Active Wing Programs

Developments in active material technology over the past several years have been accom-
panied by advanced concepts in aircraft design. Active materials such as piezoelectric/
electrostrictive ceramics and shape memory alloy (SMA) were deemed as suitable replace-
ments for conventional actuation devices given their impressive energy density. Some of the
first work in the field of adaptive aerodynamic surface actuation was conducted by Crawley
et al who explored the beneficial coupling properties of active aeroelastic structures [2]. This
sort of aerodynamic tailoring was first suggested by Weisshaar, who showed the capacity for
improved control authority [3]. Later developments in active material technology applied to
flight vehicles have included the development of a bimorph piezoelectric hinged flap [4], a
trailing edge flap actuator for helicopter rotors [5, 6], and flexspar actuators for missile fins
7, 8].

As a result of previous successes, government sponsored research programs have sought to
investigate shape changing aircraft technology. The first of these was the Defense Advanced
Research Projects Agency /NASA /Air Force Research Laboratory (AFRL)/Northrop Grum-



man sponsored Smart Wing Program [9, 10, 11, 12, 13]. Begun in 1996, the Smart Wing
program consisted of two phases culminating in wind tunnel testing of an aircraft wing out-
fitted with a shape memory alloy (SMA) actuated, hingeless, smoothly contoured trailing
edge. Some benefits were a 15% increase in rolling moment and 11% increase in lift relative

to the untwisted conventional wing.

The second program, started in 1996, was the Active Aeroelastic Wing (AAW) program,
a joint program sponsored by DARPA/NASA/AFRL/Boeing Phantom Works [14, 15, 16].
The goal of this program was to demonstrate the advantages of active aeroelastic wing
technology. The final result of the project was the flight testing of a full-size aircraft (F/A-
18) equipped with flexible wings. Roll control was achieved by a differential deflection
of the inboard and outboard leading-edge flaps. In addition to significant aerodynamic
improvements, it was shown that active aeroelastic wing technology could reduce aircraft

wing weight of up to 20 percent.

Yet another program is the Active Aeroelastic Aircraft Structures (3AS) project in Europe
[17]. Under this program various active aeroelastic concepts have been developed and demon-
strated. Of note, Amprikidis et al investigated internal actuation methods to continuously

adjust wing shape while maintaining an optimal lift-drag ratio [18, 19, 20].

Morphing Aircraft Structures (M AS) Program

The program under which the current study is funded is the DARPA Morphing Aircraft
Structures (MAS) program. This program was initiated with goal of researching larger wing
shape changes than have been previously investigated. Under the MAS program a morphing

aircraft was defined as a multirole platform that:

e Changes its state substantially to adapt to changing mission environments.
e Provides superior system capability not possible without reconfiguration.

e Uses a design that integrates innovative combinations of advanced materials, actuators,

flow controllers, and mechanisms to achieve the state change

The program originally funded three main contractors: NextGen Aeronautics, Raytheon

Missile Systems, and Lockheed Martin. Several university partners were also included in the
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Figure 1.2: Morphing Aircraft Structures Conceptual Designs; (a) NextGen Aeronautics, (b)
Lockheed Martin

program resulting in numerous fundamental theoretical and experimental studies of material
applications and methods of altering structural geometry to obtain improvements in flight
performance. One of the first concepts from this program was an extension of leading and
trailing edge control surfaces to fully adaptive wings; that is, a wing capable of changing its
camber-shape at each section along the span of the wing. Like a bird’s wing, such a desgin
would be devoid of control surfaces, achieving flight control authority by changing wing
shape. Of note, Gern et al performed a structural and aeroelastic analysis of an unmanned
combat aerial vehicle (UCAV) with morphing airfoils [21, 22]. Petit et al performed similar
evaluations [23] and Bae et al investigated the 2-dimensional aeroelastic effects of a variable
camber wing. Since shaping a wing to achieve a desired control authority has non-unique
solutions, several researchers have investigated optimizing wing shape to minimize actuator
energy [24, 25, 26]. Others have investigated the methods to actuate morphing wing sections;

novel methods such as compliant mechanisms have been studied extensively [27, 28, 29].

The MAS program has recently focused on the development of aircraft that are capable
of significant planform alterations. Stated goals include a 200% change in aspect ratio,

50% change in wing area, 50% change in wing twist, and 20-degree change in wing sweep.



Furthermore, it is expected that the weight of the resulting wing should be no greater
than that of a conventional aircraft. Such a design could be optimized for a given flight
regime, such as loiter or take-off. Efforts to create these types of morphing aircraft are
currently underway. The concept morphing aircraft designs for NextGen and Lockheed
[30] are depicted in Fig. (1.2). Supporting research at the university level has included
investigation into various wing morphing designs. Bae et al performed an aeroelastic analysis
of a variable span wing for cruise missiles [31, 32]. Blondeau et al developed an inflatable
telescopic spar and performed wind-tunnel test of a variable-span wing [33], and Neal et al
developed a scaled morphing aircraft for wind-tunnel testing capable of variable span, sweep,

and wing twist [34].

1.2 Aircraft Dynamics and Control

Beyond the actual methods employed to generate the required shape changes, there are also
obstacles to overcome in the area of flight control. A morphing aircraft requires flight con-
trol laws capable of high performance while maintaining stability in the presence of large
variations in aerodynamic forces, moments of inertia, and mass center. These requirements
lead to underlying research aspects involving the interaction between the environment, air-
craft structure, and flight control system. Specifically, the issues are the identification and
approximation of the transient aerodynamic forces and moments of significant consequence,
and methods of dynamic/aerodynamic modeling that are suitable for analysis and control
design. The following is an overview of previous research that has been conducted in the

both aircraft flight dynamics and control.

Flight Dynamics

The standard rigid body equations of flight were first developed by Bryan in 1911 [35]. Al-
most 100 years later, these equations continue to be used in the analysis, simulation, and
design of almost every modern aircraft. This is of course no surprise since the laws of mo-
tion developed by Newton, Euler, Lagrange, and Hamilton continue to be valid for such
rigid-body evaluations. The more important contribution of Bryan was the extraction of the
longitudinal equations from the six-degree-of-freedom dynamics and furthermore, the incor-

poration of the applied aerodynamic forces and moments via the stability derivatives. The



result was a set of time-invariant ordinary differential equations that could be evaluated by
existing methods of stability analysis. Most notable is Routh’s stability criterion, developed
in the early 1900’s. Over the years the flight equations have evolved into a standardized
dimensionless form with the small perturbation motions being characterized by five modes:
phugoid, longitudinal short period, dutch roll, roll, and spiral. Along the way there have
been numerous contributions in both theory and experiment, a summary of which can be
found in the text by Abzug and Larrabee [36].

The first inclusion of nonrigid components, as an addendum to the standard rigid body equa-
tions, came from the desire to introduce the effects of spinning elements, such as propellers
or the rotors of a jet engine. This was accomplished by simply adding the resulting angular
momentum of the spinning rotors to the angular momentum of the rigid body. After several
years of research in the field of aeroelasticity [37], the importance of such effects on rigid
body motions became apparent [38, 39]. The first link of the two, seemingly separate, fields
was produced by Bisplinghoff and Ashley who derived the equations of motion for an unre-
strained flexible body [40]. Later Milne extended the former concepts of aircraft stability to
include aeroelastic effects [41]. Corrections and additions to the flexible aircraft equations
were made by several contributers [42, 43, 44]. Most recently, Meirovitch et al presented a
unified theory of flight dynamics and aeroelasticity [45]; this work was later extended to a

derivation of the explicit equations of motion in body-fixed coordinates [46, 47].

In the 1960’s, stemming from the need to model complex satellites and spacecraft, the new
field of multibody dynamics emerged. With the advancements in computer technology, as
well as numerical techniques, many previously intractable problems became approachable.
One of the first was the problem of simulating the motion of an arbitrary number of connected
rigid bodies [48]. Advancements also allowed the formulation of connected flexible bodies.
Methods currently available in multibody dynamics, and their contributers, are covered in
reviews by Huston [49], Shabana [50], and Schiehlen [51]. A substantial contribution to the
field of multibody dynamics is credited to Kane, and his method—generally termed ”Kane’s
Method”—was first formulated in 1965 [52]. Kane’s method provides a simple method of
formulating dynamic equations of both nonconservative and nonholonomic systems with-
out using energy methods or Lagrange multipliers. Similar to the Gibbs-Appell equations
[53, 54], Kane’s method constitutes a very different approach than previously established
methods (i.e., Newton, Lagrange, and Hamilton). Applications of Kane’s method include

complex spacecraft [55], robotics [56, 57|, and dynamic computational methods [58, 59, 60].



Nevertheless, many researchers continued the advancement of the more traditional methods.
Meirovitch et al derived the equations—coupled ordinary and partial differential equations—of
motion for a flexible body using Lagrange’s Equations for quasi-coordinates and the Ex-
tended Hamilton’s Principle [61, 62]; this work was later extended to flexible multibody
systems [63, 64]. Also, Woolsey derived the Hamiltonian description of a rigid body in a

fluid coupled to a moving mass particle [65].

Flight Control

The elements of classical and modern control theory can be attributed to a long and growing
list of researchers; a comprehensive review of the subject was performed by Lewis [66]. The
key elements of aircraft control are performance and robustness. According to Dorato [67],
robust control is divided into classical (1927-1960), state-variable (1960 to 1975), and modern

robust (1975-Present) periods. This division is used to outline the methods of aircraft control.

Methods stemming from the classical period are based on single-input single-output (SISO)
transfer function descriptions of the dynamic system represented in the frequency and
Laplace domain. They rely on the graphical methods such as the Nyquist, Bode, Nichols
and root-locus plots; robustness is accounted for by gain/phase margin and the sensitivity
function. Classical control has been implemented with great success for decades, however,
the methods generally do not extend well to multi-input multi-output (MIMO) systems. For
MIMO systems the classical approach is an iterative process-relying on both experience and
intuition—of designing a control law for each transfer function of the system. The underlying
assumption is that if the individual subsystems are well-behaved, then the total system will

also comply. Examples have been shown to the contrary.

State-variable control is based on system theory of dynamic systems represented in state-
space. During this period Kalman introduced key concepts of controllability, observability,
optimal state feedback, and optimal state estimation [67]. Linear system theory became the
basis for analysis; control theory was viewed as the altering of a system’s dynamic structure
via the eigenvalues and eigenvectors. In contrast to classical methods where control gains are
chosen, state-variable control allowed for the gains to be calculated based on more precise
analytical and numerical optimal methods—two major contributers are Bellman [68] and
Pontryagin [69]. Although in most ways deemed superior to classical control, state-variable

methods have lacked some of the useful tools of robust design.



Viewed as a blending of new and old, modern robust control design introduced methods
using multivariable frequency domain approaches. The singular value was established as
an important criterion in analyzing stability, coprime matrix factorization was introduced
as a design tool, and the small gain theorem was utilized extensively. Some important
contributions of this period can be attributed to MacFarlane and Postlethwaite [70], Doyle
and Stein [71], and Safonov et al [72], to name only a few. In addition to linear methods
there has also been an increased development of nonlinear analysis in flight control-this
might be considered an addendum to the modern robust period. Nonlinear methods of
analysis are based on the stability theorems of Lyapunov and include, most notably for
aircraft applications, a technique of feedback linearization termed dynamic inversion [73,
74]. Dynamic inversion is a mathematically elegant method of control that allows for the
consideration of nonlinear characteristics of a dynamic system. However, it lacks many of the
powerful design tools of linear theory that can be used for stability and robustness analysis—
the field of linear system theory, where much is known, is only a small subset of nonlinear

systems, where much more is not.

1.3 Perspective and Overview

Because aircraft control is model based, and the aerodynamic forces can change significantly
and with a degree of uncertainty, an enormous amount of information is required in the
design process. For a rigid aircraft the implementation of a flight control system involves
an extensive process of aerodynamic testing, analytical design, numerical simulation, and
flight testing. For a multi-configuration aircraft it is apparent that the task of control de-
sign becomes more involved. The overwhelming majority of conventional control design
employs linear methods that are optimized at various operating points. Therefore, consider-
ing a variable planform aircraft, these methods would require a robust, optimized design for
each operating point and for each aircraft configuration. The design process then becomes

equivalent to developing a flight control system for several different aircraft types.

In addition, there is also the question of the transient phase of morphing; that is, control of
the aircraft during the transition from one structural state to the next. Although modern
aircraft certainly contain various moving components, in the majority of cases the effect of
these components can be considered negligible due to small displacements and low relative

mass. As a result, the inertial forces caused by the moving components can be approximated



as constant without significant consequence. For an aircraft undergoing large structural
changes, however, standard rigid body analysis is insufficient. If the changes are slow, then
a quasi-steady dynamic and aerodynamic approximation may be sufficient. If, alternatively
the changes are desired to be very fast or while maneuvering, and the moving components
are of substantial mass, then it is uncertain whether this assumption is sufficient for ensuring

stable and high performance flight.

To begin to approach some of these problems requires an adequate state-variable description
(i.e. the equations of atmospheric flight) of the morphing aircraft. An important considera-
tion in generating this model is its level of complexity. This issue is addressed succinctly by
Zhou [75]:

“A good model should be simple enough to facilitate design, yet complex
enough to give the engineer confidence that designs based on the model will

work on the true plant.”

With this in mind, Chapters 2 through 4 are concerned with modeling the transient dynamics
of an aircraft undergoing large planform changes. In Chapter 2 a kinematic framework is first
developed as a means to describe both the gross aircraft motion and the relative translation
and rotation of moving components-the notation employed is similar to that of Roberson
[76]. Dynamic equations are then derived by Kane’s method based on the chosen kinematic
description. The choice of the quasi-coordinates uniquely determines the form of the dynamic
equations of motion. A particular set of coordinates are chosen so that the dynamics can
be expressed in detail. Two basic models are presented: a non-rigid body model and a
multi-rigid body model. As a compromise between the difficulties that result from these two
approaches, a rigid-body multi-point-mass model is derived. Using the models derived in
Chapter 2, the atmospheric flight equations are derived in Chapter 3. For reference, the full
scalar equations are given in Appendix A. Chapter 4 presents a framework to account for
the applied aerodynamic forces. Quasi-steady conditions are assumed, and the aerodynamic
derivatives that result from this assumption are evaluated using Datcom—input and output
files are provided in Appendix B. Similar to the research conducted by NextGen Aeronautics
[77], the planform of the Teledyne Ryan BQM-34 “Firebee” is used as a baseline aircraft.

There are two basic approaches to controlling a morphing aircraft. The first is to consider the
structural changes as additional dynamic/aerodynamic forcing inputs that can be controlled;

this will involve a complex interaction between inertial forces and applied aerodynamic forces.

10



In this scheme, structural changes would be controlled in an efficient manner by feedback,
thus taking into account the dynamic state of the aircraft. Besides morphing applications
researchers have begun to investigate making use of inertial forces to obtain better control
authority. Moving mass control has been explored for underwater vehicles [78, 79], space
structures [80, 81], kinetic warheads [82], and re-entry vehicles [83]. The second approach is
to change shape in an open-loop manner, without consideration of the overall vehicle state.
The objective is then control in spite of the structural changes, making the subject more
similar to the study of flexible aircraft control [45, 46]. The first approach is referred to
as control morphing and the second as planform morphing. In Chapter 5, both methods of
control are addressed. In particular, an investigation into the stabilizing a morphing aircraft
is presented using classical methods. Finally, control morphing-maneuvering using variable

span wings—is investigated using the nonlinear technique of dynamic inversion.

This thesis is concluded with the Chapter 6, which discusses the main results and provides

suggestions for further research.

11



Chapter 2
Dynamics of Morphing Aircraft

The goal of this chapter is to develop the equations of motion for a morphing aircraft that is in
the process of undergoing large planform changes. A kinematic framework is first developed
as a means to describe both the gross aircraft motion and the relative translation and rotation
of moving components. Kane’s method is then derived, alongside Lagrange’s equations and
the Gibbs-Appell equations, from D’Alambert’s principle to demonstrate the relationship
between the three “energy type” methods-to the author’s knowledge these relationships
have never been explicitly demonstrated in the literature. Furthermore, methods of dealing
with non-homogenous constraints, in the form of specified motion, are discussed. Dynamic
equations are then derived by Kane’s method based on the chosen kinematic description.
Specifically, the choice of the quasi-coordinate vector uniquely determines the form of the
dynamic equations of motion; a particular set of coordinates are chosen so that the dynamics
can be expressed in detail. Two basic models are presented: a non-rigid body model and
a multi-rigid body model. In choosing a particular model there exists a trade-off in one
complexity for another. In particular, the non-rigid body model is amenable to decoupling,
although the resulting equations are nonautonomous. Alternatively, the multi-body approach
has the capacity of time-invariance, but at the cost of a larger degree of complexity. As
an alternative to either of these derivations, we consider modeling the aircraft as a single
body coupled to a small number of moving masses. This approach can be thought of as a

compromise between the non-rigid and multi-body approaches.
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2.1 Kinematic Representations

We begin in the typical manner by defining two euclidean spaces: an inertial coordinate
frame F°(R) composed of origin and a dextral orthonormal basis set {O° e°}, and a moving
body coordinate frame F'(R), corresponding to body B;, with {O’,e'}. The motion of F*
with respect to F° can be determined by the location of O with respect to O°, given by the
Cartesian vector b”, and the relative orientation of € with respect to €°, determined by the

components of the operator A% € SO(3).

Rotational Kinematics

By definition, the component vectors of €? = {e9, €3, e} can be written as a linear combi-
: i [l ol e el — (el el 0 _ (a0 a0 @0
nation of the vectors of ¢ = {e!, e}, e}}. Letting e' = (e}, €}, €}) and e’ = (e}, e),€3) the

previous statement indicates that
e’ =A% ¢ (2.1)

where A% is a non-unique matrix representation whose components are parameterized in
any convenient manner. In flight dynamics the parameterization is typically chosen as a
set of three Euler angles, although this is not always the case [84]. Due to the requirement
that the two bases be orthonormal A% is necessarily orthonormal (it is also unitary); that
is (A%)~1 = (A%)T 2 A Operators of this type belong to the special orthogonal group

SO(3). The inverse transformation is then
e’ =A" ¢ (2.2)

As a result of Egs. (2.1) and (2.2), a vector represented by its components ' € F' can be

alternatively expressed as r? € F° by the operation
r’ =AY ¢! (2.3)
and the inverse operation by

ri= A"’ (2.4)
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By Poisson’s kinematical equation, it can be shown that

A0 — _ 0 A0 (2.5)
or

A% = ADig0 (2.6)
where w® € F* is the angular velocity vector and (~) denotes the operator that transforms

a vector into its skew symmetric matrix representation (i.e., Xy =z x y V x,y € R?).

Now consider two bodies, B; and B;, as shown in Fig. (1). By analogy to Eq. (2.4) the

transformation of a vector between frames, 7/ — F?, can be found by
rt= AUy
Similarly, Poisson’s equation for adjacent bodies is
AV = AT (2.7)
or
AV = AT (2.8)

Note that in choosing the parameterization of A% it is important to consider the limits on
the relative motion of adjoining bodies. The Eulerian angles, as with any three dimensional
parameterization, introduce a singularity in the kinematic equations. The reason for this
is that it is not possible to find a global diffeomorphism between SO(3) and R* [85]. Thus
to avoid choosing multiple Eulerian angle sets that accommodate the relative rotation of
each adjoining body a four dimensional parameterization, such as Quaternions or Euler
parameters, may be appropriate. A discussion of the the many parameterizations on SO(3)

can be found in [86, 87].

Letting L(7) be the lower body array [87]-that is, the index of the adjoining lower numbered

body of B;-the transformation operator between any basis e’ and the inertial basis €’ can
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Figure 2.1: Adjacent Bodies with Relative Motion
be found by

A0 — H AL (2.9)

By application of Eq. (2.9), the transformation of, for example, A%’ can be expressed as
A20 — A21A10
and the derivative is evaluated by
A20 — A2IA10 | A21A10
From Eq. (2.7) this can be reduced as follows:

AQO — —(.:121A21A10 . A21&J10A10
— —(1)21A20 . A2O(A01(I)10A10>
— —(:121A20 o AQO(A01w10)~A02A20
— _&QIAQO o (A20A01w10)~A20
— _(w21 +A21w10>~A20

By Eq. (2.8) the inverse operation is

A02 — AOZ(w21 +A21w10>~
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Comparing the previous two equations with Eqs. (2.7) and (2.8) it is apparent that
W2 — 2 4 A21,10

With the goal of finding a more general expression we consider, for example, the case of
i=1{1,2,3,4,5,...} and L(i) = {0,1,1,2,3,...} represented by Fig. (2.2). We let L°(5) = 5,
L'(5) = L(5) =3, L*(5) = L(L(5)) = L(3) = 1, and finally L*(5) = L(L(L(5))) = L(1) = 0.
Using this notation, the transformation between any e and e, for any r € 4, can be

found by the operation
r—1
AL HALk(i)Lk+1(i) (2.1())
k=0

Then by repeated application of Eqs. (2.7) and (2.10) the angular velocity w*"®) € F? of

LP(i

basis e/’ relative to basis €’ can be found by

h—1
(H ALm(z‘)Lm“(z‘)> th(i)Lh“(i)] (2.11)

m=0

r—1
wiLT(z‘) _ wiL(i) + Z
h=1

Then, from Eq. (2.8)

ALT@) — ALT()igil" ()

)

The usefulness of Eq. (2.11) becomes apparent when the dynamic equations are defined

relative to a single main body, but the constraint equations by motion of connected bodies.

Translational Kinematics

Again referring to Fig. (2.2), the Cartesian vector ) and p! locate the same point in R?

relative to O° and O?, respectively. The location of this point can be expressed as

v — B 4 AVp} (2.12)

16



Figure 2.2: Kinematic Representation of a Constrained Multibody System

where b” locates origin O with respect to O°. With reference to Eq. (2.5), the time

derivative is
P — B AV B 4 A% i (2.13)

Note that i)m is the derivative as seen by an observer in the inertial frame and p} implies
differentiation as seen in the frame of F*. To be completely clear, the notation should include
some indication to both the basis in which the vector is expressed and in which the derivative
is taken. However, since the notation is somewhat cumbersome and the kinematic equations

are well established, the frame of reference is assumed to be implied.
Taking the second derivative with respect to time results in
P = b — AYG0pi w0 — 2AYpl w0 — ACpE GO - Al pt (2.14)
From Eq. (2.4), this can be expressed in F" as
i = A — oPplw® — 2piw’ — pla’ + Bl (2.15)
Defining v’ = Aiobm, Eq. (2.15) becomes
~ 0 ~i

7 = v+ @v' — &plw” — 2pw” — piw” + pi, (2.16)

17



Equation (2.16) is therefore the inertial acceleration of a mass particle expressed entirely
in body frame coordinates. Note that for a rigid body pi, = pi = 0. Due to the manner
in which the applied aerodynamic forces are specified in flight mechanics, it is beneficial to
work with a set of coordinates that identify the motion of the aircraft relative to the wind.

The relative wind velocity vector v’ is defined as
v} = v - Al

where 49 is the velocity of the wind relative to the inertial basis. After some substitution,

the inertial acceleration of O can be expressed as
. 0i » s .
AP = vl + 0%l + AAY (2.17)

If the wind speed is assumed to be non-accelerating (4%, = 0), then ¥’ and " are equal and
thus interchangeable in Eq. (2.16).

As an alternative to Eq. (2.12) we could also choose the representation
r) =b" + A% (b7 + A p}) (2.18)

in which motion of a point in B; is described relative to the frame F’; if B; is the lower
adjoining body of B; then ¢ = L(j). Alternatively, if i = L"(j), then by repeated application
of Eq. (2.10)

r—1
bl = pH0 4§

h=1

n—1
(H ALk“(j)Lk(a‘)) bLh“(”Lh(”] (2.19)

k=0

Equation (2.19) is the translational equivalent of the rotational equation given by Eq. (2.11).

Taking the first time derivative gives
=" — A% (b7 + ATp}) w4 A (67— AYplw) (2.20)

where a rigid body has been assumed; i.e., p, = 0. Letting 52] = (b + A pt)~, the second
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time derivative, again expressed in the coordinates of F?, is

i - ~ . ii o (Vi . ..ij i .ZJ
Moo= v+ 0" —§lw’ — 08w’ + b + 20"

— (20°AYp, + AVO Pl ) W — AV P’ (2.21)

where, for the general case of i = L"(j), w’® is determined by Eq. (2.11) and b” by Eq.
(2.19).

2.2 Coordinate Representations

For a dynamic system with n degrees of freedom, its configuration can be described by, at
least, n generalized coordinates while the kinematics are described by the derivatives of these
generalized coordinates. The choice of coordinates used to describe the motion of a system

uniquely determines the form of the dynamic equations of motion.

Rigid Body Coordinates

Considering an unconstrained rigid body B;, its configuration can be quantified by the
Cartesian vector b = (X% Y% 7%) and the relative orientation of the bases e’ and e°.
Assuming that orientation is defined by a particular Euler angle set, composed of the elements
of the scalar array ©% = (¢%, 6% %), an adequate choice for the generalized coordinates is
(q1,q2, G35 Q4 @5, @6) = (X, Y0 700 40 00 40 g0 that configuration space is the Cartesian
product R* x SO(3). The kinematics are then given by the coordinate derivatives ¢ =

(boz, ©%). For Euler angle sets, the rotational kinematics are
W’ = D(Q%) Q" (2.22)

where, unlike A%, the operator D™ is not unitary and its inverse always contains a singularity.

Equation (2.22) is typically referred to as Fuler’s kinematical equations, or the strapdown
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equations [88]. For the standard 3-2-1 Euler angle representation the transformation is

1 0 —sinf
D= |0 cos¢ singcosh
0 —sin¢g cos¢cosf

Expressing Eq. (2.13) in terms of the generalized coordinates gives
i =[1 —AYpD"] g (2.23)

where /'); = 0 for a rigid body. To avoid singularities associated with Eulerian angles, it

may be advantageous to employ Euler parameters ¢ = (¥ €)', €3’ €}) in which case the

rotational kinematics are
sz — 2E10(€01) 6'01

In flight dynamics it is typically more useful to work with, not the generalized coordinate
derivatives ¢, but a set of coordinates that can be easily measured using an on board sensor
array. This sensor array, composed of accelerometers and gyroscopes, is referred to as a
strapdown inertial navigation system (INS)-hence the terminology strapdown equations of
Eq. (2.22). The coordinates measured by the INS are ¢ = (9", w™) and the relationship

between the coordinates y = (v’,w™) and the generalized coordinate velocities is
q=Hy (2.24)

where for the case of Eulerian angles
0i
e
where D% £ (D)~!. Expressing Eq. (2.13) in terms of the quasi-coordinates results in
M=l -l 2.2
Furthermore, rewriting Eq. (2.16) in terms of ¢ and ¢ gives

M1 —pl @ -0y (226)
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The components of y are generally referred to as generalized velocities or generalized speeds
(89, 90, 87]. Instead of “coordinates”, the terminology quasi-coordinates is often used due
to the fact that, unlike the generalized coordinates, the generalized velocities are not the

derivative of any underlying physical quantity [91, 92, 93].

Non-rigid Body Coordinates

For a general non-rigid body the configuration becomes harder to describe because each of
the elements may be moving with respect to one another in such a manner that velocity
and attitude become difficult to define. This difficulty is somewhat alleviated if some of the
elements are stationary with respect to one another in that the origin of the reference frame
can be fixed relative to these elements and confined to translate and rotate with them. The
body would then be partially rigid having non-rigid elements. There are several ways to
describe such a system of particles. One method is to consider a single non-rigid body—B;
with F1 = {O',e'}- of N elements where it is assumed that the components of each p},
(k=1,2,...,N) is known as an explicit function of time, not to be solved for, belonging to
the class of twice differentiable functions C,. Under these conditions the configuration can,
as with the rigid body, be parameterized by the coordinates y = (v', w!?); the equations of
motion would be accompanied by N time-varying constraint equations for each p,. From

Eq. (2.13), the velocity can be expressed in terms of the quasi-coordinates by
= - Pl ) (2.27)
and from Eq. (2.16) the acceleration may be expressed as

ir=[1 —p]y+ [0 — (@ +20)] Y+ by (2.28)

Multi-Rigid Body Coordinates

Now considering a collection of p rigid bodies, B; and B;, the relative rotation of the cor-
responding body reference frames F° and F’ can be determined by Euler’s kinematical

equation:
Wit = DI (OY) oy (2.29)
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where ©% contains the three Euler angles that give the orientation of e’ relative to e’.

Similarly, using the Euler parameters, the rotational kinematics are
Wit = 2E7 () ¢V

Instead of describing motion in terms of inertial coordinates, as in Sec. (2.2), we may also

choose the relative coordinates ¢y = (v’, w™, bij, w’"). Thus, Eq. (2.20) becomes
Mot - (AT 1 - A (230)
and Eq. (2.21) may be written as
o= [1 — (B +AYp))" 1 — APy
+ [aﬂ'o — & (b9 + AYpl)” =2 ATpl 2007 — Aija)ﬁpi,] g (2.31)
where, in general, j = L"(i), r € i. Comparing this result with the representation of Eq.
(2.26), it is apparent a representation using relative coordinates is more complex. The reason
for using the more complex representation is that it is more natural to define the motion
of one body with respect its adjoining body. In computer simulations the representation
is arbitrary since transformations between reference frames are made with ease. However,

as will be demonstrated, the relative coordinates provide a more useful means of creating

time-invariant state-space representations of the dynamic equations of motion.

2.3 Dynamics of Lagrange, Kane, and Gibbs

Lagrange’s form of d’Alembert’s principle is the well-known scalar equation

N
D I+ £ = myiy] - orf =0 (2.32)
k=1

where 79 is the inertial position vector locating the k™ of N particles, having mass my; 679

is the virtual displacement, f{ is applied force, and f? is the constraint force.
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Dynamics of Generalized Coordinates

Supposing that each position vector can be written as a function of n generalized coordinates

and time, ) = r0(q1, ga, .-, Gn, ), then

. “or) . orY
T pLu Tt 233

where the vector coefficients 9r?/dq, and dr{/dt are termed partial velocities. Equation
(2.33) can also be expressed as

0 0
O_ark- ary,
rp = —— —=

34
T (2.34)

where q is an n X 1 array and thus 0r)/0q is a 3 X n rectangular array. Note that g is not
in general a vector quantity since its components may include rotational elements. Rotation
can not be expressed as a vector quantity, failing to commute under the operation of vector
addition [94]. The time derivative of rotation, however, is a vector-that is, ¢ € R". From

Eq. (2.34), the virtual displacement is

or?
or) = a—q’“éq (2.35)

Therefore, a restatement of Eq. (2.32) in generalized coordinates is

N
or - ory) .
3 [a_q (B — Sk } g =0 (2.36)
k=1

From Eq. (2.36) Lagrange’s equations of motion can be derived in terms of the kinetic energy

scalar function, T'= T'(q, q) [92]. The resulting equations, for a holonomic system, are

d (oT\ orT1" _
ii(55) 5 —are 230

where the generalized active force (Q) and generalized constraint force (Q) are defined as
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Proceeding toward an alternative expression for the dynamic equations of motion consider
the total derivative of Eq. (2.34):

or? or? o7
= G a5t g (2.38)

From Egs. (2.38) and (2.34) we note that

ory o) ord
dq  9q  0q
Therefore, Eq. (2.36) can be written as
N .
orY _ ory .
3 [a—k-(f£+f£) ~m | sg =0 (2.39)
1 q q

and assuming that the generalized coordinates are independent, then
N .
ord _
S m i -Q+Q (2.40)
oq
k=1
Defining the generalized inertial force (Q) as
N .
o .,
* — my—=z - 7 2.41
@ =y m G .41

then Eq. (2.40) may be expressed as

Q@ -Q+Q (2.42)

Attributed to Kane [52], these equations produce n second-order ordinary differential equations—
in terms of the n generalized coordinates—that are equivalent to those produced by Lagrange’s
equations. We may proceed further to generate an expression similar to Lagrange’s equations

by defining the acceleration energy

G =23 (i - ) (2.43)

k=1

N | —
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also known as the Gibbs function [91]-more precisely it is a functional. Note that since
i = ()T AD AR = i

the Gibbs equation is equal in value, but different in form, when expressed in either inertial

or body coordinates. From Eq. (2.43),

G ., O
- = mrry « ——
dq Z,“ R0

so that Eq. (2.39) can be written in terms of the Gibbs function as

Q+Q- (%)T] g =0 (2.44)

Again, assuming that the coordinates variations are independent results in
aG\" .
i - Q-+ 2.45
(%) —e+@ (2.45)

These equations are known as the Gibbs-Appell equations and yield n second-order differential
equations in terms of the generalized coordinates [53, 54]. Analogous to Lagrange’s equations
being expressed as a function of kinetic energy, the Gibbs-Appell equations are expressed
in terms of the acceleration energy, or Gibbs function. Finally, comparing Eqs. (2.37),
(2.40), and (2.45) it is apparent that the relationship between Lagrange’s, Kane’s, and

Gibbs’ equations for generalized coordinates is

d (6T) OT _0G _ oo

dt\oq) 0q 9q

The principal criteria for choosing the method of formulation is typically based on the objec-
tive of simplicity [55], although there may be other factors. For example, it may be necessary
to construct the energy expressions, in particular the kinetic and potential functionals, when

energy based control methods are employed [95].
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Dynamics of Quasi-Coordinates

To find an expression in terms of the quasi-coordinates, ¥, we begin by noting the relation-
ship between the generalized velocity and quasi-coordinates. From Eq. (2.24) the virtual

displacement of q is
0g =H iy (2.46)

Substituting this expression into (2.35) gives

0
o9 = (%—Z“H) Sy (2.47)

The fundamental equation, Eq. (2.32), then becomes
N
or? _ or
—H ) - (f) +1£)) — —H 0y =0 2.48
;K(?q ) (fi +£) (8q ) ] Y (248)
Taking the first and second derivatives of 7{ in terms of the quasi-coordinates results in

o Oor)

T = aqu Y+ —= ori

5 (2.49)

Using this expression, and assuming that the kinetic energy can be expressed as T =
T(q,y,t)-note that T' # T-the following can be verified:
d (0T\ OT oT al or?
— =) -=HH- _—H| = TEH) .5
{dt (ay) % dq } ;mk(aq ) "

Note that H may be reduced further [93]. Defining the generalized applied and constraint

forces in terms of quasi-coordinates

N N .
F—Za— P =H"Q an—"”g.FOHTQ (2.50)
_kzl 8y o 7 _k::l 6y t '

results in the reformulation of Lagrange’s equations given by

d (0T oT oT _
— [ = HH-"—"H| =F+F 2.51
{dt (ay> % dq } " (2:51)
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These are Lagrange’s equations in terms of quasi-coordinates [93], also referred to as the

Boltzmann-Hamel equations [55].

To arrive at Kane’s equations for quasi-coordinates, same approach is taken as in the previous

section; that is, by taking the second derivative

or? orY . or? or?
"k (861 )y+(8q )y+(0q )y+ ot

and noting that

Therefore, Eq. (2.48) takes the form

or . oy .

k=1

which is Lagrange’s form of d’Alembert’s principle expressed in quasi-coordinates.

defining the generalized inertial force in terms of quasi-coordinates

If the Gibbs function is expressed in terms of the quasi-coordinates then

N .
oG Lo OF)
a5~ 2" gy
k=1
Therefore, the Gibbs-Appell equations in terms of the quasi-coordinates is

T
<%) —F+F
oy

(2.52)

(2.53)

(2.54)

Upon

(2.55)

(2.56)

(2.57)

Comparing this form with Eq. (2.45) it can be seen that the Gibbs-Appell equations take
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the same form when expressed in either generalized coordinates or quasi-coordinates. This is
not the case for Lagrange’s equations. Comparing Eqs. (2.56) and (2.57), both are derived
from Eq. (2.54), the difference being the defining of the Gibbs function. Although the
Gibbs-Appell form was discovered first, it was Kane who recognized the usefulness of the
preceding form of the equation. In particular, the Gibbs-Appell equations require that the
acceleration vector be squared resulting in an unnecessary increase in complexity. More
important distinctions, although not apparent in this work, of Kane’s equations can be
found in the literature [96, 97, 98, 99, 100]. Of particular note, Kane’s method provides for
the efficient formulation of the equations of motion for nonholonomic systems [101]. Other

comparisons of Kane’s method and the Gibbs-Appell equations can be found in [102, 103].

Finally, a comparison of the methods of Lagrange, Kane, and Gibbs gives the relation

d T T . T

- (9_ _a_.HTH_a_H:a_('_;:(F*)T

dt \ Oy oy oq 0y

Each method results in an identical set of 2n-first-order differential equations. However, the
cost of producing these equations is different. In terms of the calculation effort for complex

systems, Kane’s equations provides an efficient means of derivation. For this reason, Kane’s

method will be employed in subsequent development.

Constrained Equations

In developing the dynamic equations of the previous section, it was assumed that both the
generalized coordinates and the quasi-coordinate variations (0g and Jdy) are independent,
such that for a system with v degrees of freedom, g € R¥ and dy € R”. This assumption
allowed further development of Eqgs. (2.39), (2.44), (2.48), and (2.54). For a constrained sys-
tem, however, these variations are not independent and to remedy the situation, independent
virtual displacements must be determined. The following will only consider quasi-coordinate
constraints, however a similar development can be achieved for generalized coordinate con-

straints.

A set of m independent constraint equations are taken to be of the form

Bdy—gdt=0 (2.58)
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where B € R™*". In order to be consistent with the constraints it is necessary that
Boy=0 (2.59)

Therefore, dy belongs to the null-space of B and is perpendicular to the range of B. That is,
B constitutes a matrix representation of a linear operator B : R — R™ where dy € ker(B)
and dy L Ran(B), where E £ Ker(B) is a linear subspace (or linear manifold) of R” and
Ran(B) is a linear subspace of R™ [104]. The number of degrees of freedom of the system
is equal to dimension of the null-space of B (termed the nullity of B) which can be found by

a well-known theorem of linear algebra:

nullity(B) = dim(R") — rank(B)

= n—-—m

The dynamic system, therefore, has n —m degrees of freedom which are being represented by
n coordinates. The task is then to determine an independent set of virtual displacements dy’.
To accomplish this consider constructing a basis set C = {cy,...,¢,_,} of E in which the
vector components of C must, by definition, be linearly independent and span the null-space

of E. The vector dy may be expressed in the basis of C by the operation
by = C &y’

where C is a matrix whose columns are the basis vectors of C and 0y’ is an arbitrary
vector of length n — m. The important contribution to this development is the operator
C € R From Eq. (2.54), and considering the definitions of Egs. (2.50) and (2.55),
d’Alembert’s principle may be stated as

[F+F—F]-0y=0
which according to the previous development may be written
C'[F+F—-F -6y =0
Since dy’ is arbitrary, then it is true that
C'"F*=C" (F+F)
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Although, expressed in quasi-coordinates and in the nomenclature of Kane’s method, the
procedure for arriving at this form can be attributed to Maggi [105, 106]; when derived in

terms of generalized coordinates the resulting equations are known as Maggi’s equations.

The basis set C is, of course, not unique and may be chosen at one’s convenience. There are
several ways of constructing this basis set; an excellent reference regarding this topic is the
work by Kurdila, et. al. [106]. An important feature of C' can be deduced by substituting
for Eq. (2.59):

B éy=BC dy =0 (2.60)

where it is apparent that BC = 0. Therefore, the vector components of C' belong to the
orthogonal complement of E. The orthogonal complement of E is the set of all vectors
orthogonal to E and is denoted E+ [104]. That is, ¢y, ..., ¢, € E+. Methods of generating
sets of vectors belonging to the orthogonal complement of an inner product space include
singular value decomposition, eigenvector decomposition, and the generalized inverse [87,
107]. For simplicity, the method chosen here is to make use of the zero eigenvectors of BYB.
More specifically, BIB is a square matrix (n x n) with rank m-the same rank as B-and has
n — m eigenvectors ¢, ..., ¢,_,,, corresponding to same number of zero-valued eigenvalues.

Therefore, from the standard eigen-problem

(B"B)¢, = 0

(B'B)¢,., = O

Letting these zero eigenvectors be the components of the basis set C' (i.e. C = [Cl Cn_m} T)
then

(B"B)C =0

which requires that BC = 0

The generalized constraint force F', results from imposed constraints on configuration of
the body. For morphing applications the imposed constraints are manifested by actuators
that either inhibit or generate motion of the moving portion of the aircraft. In general, the

actuation forces and moments are difficult to specify and, to complicate matters, they will be
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resisted by workless constraints whose form depends on the nature of the joint interactions
[108]. Therefore, it is typically more convenient to either solve for the constraint forces and
moments or to eliminate them from the equations of motion. The generalized constraint

force can be related to the constraint equations by
F=B")\ (2.61)

where A is a m x 1 array of unknown values; the validity of Eq. (2.61) has been demonstrated
by Huston and Wang [87, 107]. Substituting this new expression into Kane’s equations results

in
C'F*=C" (F+B")) (2.62)
Defining K = CTF and K* = CTF*, since C'B” = 0, Eq. (2.62) reduces to
K=K (2.63)

The terms K* and K are denoted, respectively, as the constrained inertial force and the
constrained applied force. In constructing the basis set (', the constraint forces have been
eliminated from the equations of motion. The remaining m equations come from differenti-
ating Eq. (2.58):

Biy = g — By (2.64)

where g is a m x 1, possibly time dependent, array that acts as a kinematic input. The

constrained inertial force may be expressed in the general form
K'=Ay+Qy+k
and the total constrained equations of motion become

A
B

K +k

y=— Y+ . (2.65)
g

B

In general, these constitute a set of n nonlinear, nonautonomous, first-order differential

equations.
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2.4 Morphing Aircraft Dynamics

In the following sections, three methods of modeling variable planform aircraft are presented.
The first case develops a general non-rigid description, the second a multi-rigid model, and
the final case approximates the multi-body system by a collection of concentrated masses.
In deriving the flight equations it is typically advantageous to make some simplifying as-
sumptions to reduce the complexity of the dynamics. As such, it is assumed that the aircraft
of interest flies at a speed sufficiently slow such that the rotation of the earth may be ne-
glected. Furthermore, the aircraft traverses a sufficiently small distance so that the earth
may be considered flat. These assumptions produce the so-called flat-earth equations of

motion [88].

Non-Rigid Model

For a general non-rigid body analysis, a single body B; with frame {O' e'} is considered.
The position of body elements is given by Eq. (2.12) where each p; (k = 1,2,...,Ny) is
considered to be a known function of time. From Eq. (2.16), and repeated from Eq. (2.28),

the acceleration may be expressed in the coordinates y = (v', w!?) by
tr=[1 —p] g+ [0 — (&P +201)] ¥ + By
Noting that

oy . 0P
k',rngOz k-AOZ'r'Z:

0y 0y

..Z'
ory, .,

ay |k

and carrying out the operation from Eq. (2.55) results in

N- ~ ~ ~ ~ 3 .
N 1 —pp |, @ (@ +2pp) | . Pi
_ka YT a0 a1~10a1 951 Yy+| .
— Py —PiLPk Prw pr(@ " py + 2py) PPy

32



The basis superscripts have been excluded since all vectors are expressed in F'. Respectively

defining the zeroth, first, and second moments of inertia as

N;
k=1
N;
~17
S; = M Py
k=1
N;
_ ~1 =1
Ji = _E MkPy Py
k=1

the inertial force can be written in the form

" M, -S; |.
F" = Y+ .
S, J, > PPy,

M ~ 10 . ~IOS 28 -1
li‘Jlo ~10 s ~1 ! y + zmk?kl (2.66)
Si0' &I -2 pioy)

Derived by Meirovitch [62] using Lagrange’s equations for quasi-coordinates, Eq. (2.66) is
nonautonomous in nature since S; and J; are considered to be explicit functions of time.
The time dependence is in contrast to the coupled form produced by Meirovitch in which the
small motions of each p; was determined by considering the elastic properties of the body.

Here, the motions are considered to be much larger and directly controlled.
Note that J; and S; have been defined about an origin whose location is arbitrary. The
inertia tensors may also be expressed with reference to the center of mass by

Si = S{+Mp.=Mp,

Ji = J5=Mipp, =I5 — Milp(pe)" — 1(p)" P (2.67)
where S§ and J§ are the inertial moments measured about the center of mass which is located
relative to O by the vector p'-by definition, S, = 0.

The generalized applied force from Eq. (2.50) can be written in terms of force and moment

couple, expressed in frame F!, by

N N
(97" ovt  _ dwt?
F = Z A0k AlOf,S:Z(a. — Py, )-f,g,
= Y Y
3_
Jy

10
. (2.68)

9y
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where f1 = S0 fl and m' = S0, pifl. Therefore, the generalized applied force is
PR (269

where again the basis notation has, again, been excluded. Since there are no constraints
involving the coordinates y, the generalized constraint force is F' = BT\ = 0. Physically,
this means that the the constraint forces are internal with each force being equal and opposite
and thus the summation is zero. Since the constraint the generalized constraint force is zero,
F* = K" and F = K. The components of Eq. (2.65) are then

A | M-S
'S
0 _ [ Mo —(@S +29)
| Sw (@I +23 py.oy)
| > PPy
B = B=0 (2.70)

These dynamics consist of a set of 6 nonlinear time-varying differential equations, in which

S, J, and k are explicitly defined functions of time.

Multi-Rigid Body System

As depicted in Fig. (2.3), a body is composed of a set of u rigid bodies where a reference
frame origin O within B;. The location of O with respect to O'—considered to be the origin
of the main body B;-is specified by the vector b'’. Furthermore, the angular velocity of
the basis e’ with respect to e! is specified by w'’. The 6(y — 1) constraint equations of Eq.
(2.58) can be written

. ) T
[ b2 w2l ... Blu yrl ] =g (2.71)
These type of constraints, where the motions are specified, are generally termed program

constraints or servocontraints. An interesting problem that stems from partly specified

motion is that of determining the actuation forces required to achieve the desired motions
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Figure 2.3: Depiction of the Multibody Representation

[109, 110, 108]. Here we do not consider such problems; that is, the program constraints are
achieved independent of external influence.
Choosing the coordinates y = (v!, w0, b'2 w? . b wk) results in the m x n (m =

6(i — 1) and n = 6u) constraint array

o _
0 O
B=|: :
0O 0 0O
0O 0 0O 0

As previously discussed, elimination of the constraint forces is accomplished by constructing
a basis set for the null-space of B. This basis set, C', is composed of vectors which belong
to the orthogonal complement of this null space. As such, the matrix C is generally termed
an orthogonal complement of B, although the terminology is not precise. To construct the
orthogonal complement, the columns of C are set equal to the zero eigenvectors of B'B

resulting in

»r 1000 - 00
0100 -~ 00
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From Eq. (2.16) the acceleration of an element of B; can be expressed by

+[<.b10 _‘bmﬁﬂl Ch ]
w10

in which case the constrained inertial force of B is

M; -S; 0 -+ 0|, M@ —-&'S; 0 -+ 0
K = + 2.72
! [S1 J 0 - @]y [Slaﬂo &5 0 - 0| (272)

If the reference frame origin O! is placed at the center of mass of Bj, then by definition
S; = 0. From Eq. (2.21), the acceleration of a point belonging to any B; # Bj can be

expressed relative to the origin of By by

v
<10
o sli i «
wil
ol
. . o w'?
+ |:C:J10 _QlOgllgz 2@10 _2&10A11ﬁ’;€ —Ah(;)llﬁz :| bli
Wil
The constrained inertial force, K, contributed by B; is then
'i)l 'Ul
- 10 10
K} = A’L blZ + Qz l‘)lz ) 1= 27 »
wil wil
where
A (M, -S, M, 0
“ S J0 MbY —ANYg,
0 _ | M@’ oS Mo 0
L Mif)“&m ijji Sia)m (QL' _ Alia)il']i)




with the additionally defined terms

ji _ _le)lzf)lz _ AlZJlAﬂ
N;

Ii - _ Z AllﬁZAﬂa)loAhﬁZ
k=1

The total inertial force is
7 %
i=1 i=1

Forces and moments applied to B; contribute to the generalized applied force as given by

Eq. (2.68). Forces and moments applied to B; may be expressed as

F‘:i Aila_vl_Ail (b1i+A1ipi)~ w1 LAl . ._pi
bE 0y Yoy oy " oy

1

For a system of p bodies the constrained generalized force is
K=C'F = | (f'+ Y0, AVF) (m!+ 300, bUAY) |

where the forces and moments are defined at the center of mass of each body. In flight
dynamics the applied forces and moments will be dependent on both the configuration and
kinematic states; that is, f* = fi(v’, w®, %) and m’ = m‘(v’, w®, ). The common practice
is to define the aerodynamics about a single origin, the location being at a point within the
main fueselage (i.e., O'). This means that only the gravitational contribution need be

considered for the remaining bodies of aircraft. Hence, Eq. (2.73) becomes
X T
K= | (f'+mgA ) (m'+ gSA"e?) |

There remains the matter of relating g to the desired planform changes. This relationship
will be specific to the design of the morphing structure. In general, the planform changes
required for optimal regime flight will involve a complex kinematical interaction among the

moving portions of the aircraft.

For an “open tree” structure, such as depicted in Fig. (2.2), in which the motion of each
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body is controlled by its lower adjoining body, the components of g may be determined by
Egs. (2.19) and (2.11)-Eq. (2.19) requires a time derivative and Eq. (2.11) requires the
specification of each €'*. The morphing control equations would then be of the form

éL(z)z

pLG)i .\ .
= f(bL(Z)Z, éL(W’ u) 1=2,..,p (2.73)

Summarized for convenience, the complete dynamics for the multi-rigid body system are

again given by Eq. (2.65) where

- N =T B ~ A~ ~ T
M (S; +98) \Y <81 + S) @10
S$i48) 3143 o (si48) & (34 )
M, 0 oM, Sy
A = | Mb®  —ARL 0= 0 (21, — A2,
MN# 0 ZMHG:IO SML:JIO
| My AN, i 0 (21, — ArG13,)
. T
K = | (' +mgA"g) (m'+gSAe)) |, k=0
(0010 - 0 0]
0001 -+ 00 ; F(BL22 L2 qy)
B = |t g=o : (2.74)
0 0 F(bLn ¢Lin q)
0 1

Point Mass Approximation

As depicted in Fig. (2.4), the multi-rigid body is approximated by a system composed of
a single rigid body (Bj) and a set of (u — 1) point masses each capable of motion relative
to the main body. A body-fixed frame {O!,e'} is placed at the center of mass of the rigid
body and the position of each mass, m; (i = 2,3,..., ), is located with respect O! by the
vector b'*. The equations of motion are developed in the same manner as the rigid body

case. Choosing y = (v',®'%, b'2, ..., b') and ignoring the rotational terms from Egs. (2.72)
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Figure 2.4: Depiction of the Multi-Mass Approximation

and (2.73), the constrained inertial force is

. ‘M-S M, - M, |.
K* = . . : ! 1
S J,+J Myb2 ... M,bl#
. [ I\A/I&)w _olg A MEGJIO My&lo J (2'75)
| Sot (I +J) MpbPe™ .. M bH&!

If the aerodynamic forces are defined about O!, then the only external force applied to the
moving masses is gravity. The constrained inertial force is then
. T

K= | f' 4 gmrA m'+gA"Sel | (2.76)
Note that by choosing to approximate each body as a point mass, one of the major dif-
ficulties in multibody dynamics has been eliminated; that being the problems associated
with quantifying relative rotation. This representation combines the more favorable features
of the non-rigid and multibody representations; the non-rigid representation having a less
complex form—in terms of the length of the equations—and the multibody representation hav-

ing the capacity for time-invariance. It is then left to determine whether, and under what

circumstances, the approximation is insufficient.
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2.5 Summary

Equations of motion for evaluating the dynamics of variable geometry aircraft were presented
in this chapter. A kinematic framework was first developed to account for various desired
dynamical representations. Specifically equations were developed to calculate the rotation
of any basis relative to another. Such development is thought to be useful when the dynamic
equations are defined relative to a single main body, but the constraint equations by motion

of connected bodies.

Kane’s method is derived based on variational principles. Kane’s method is also explicitly
compared with both the Gibbs-Appell equations and Lagrange’s equations of motion. To
account for constraints, Maggi’s equations were derived in terms of quasi-coordinates. It was
shown that through the use of an orthogonal complement the dynamical equations could be
expressed without the appearance of constraint forces. Using Kane’s method two different
models were derived. The first is a nonrigid body model in which only one body-fixed
basis is defined and the motion of the aircraft is defined about this point. The nonlinear
model leads to terms that are difficult to define explicitly, particularly for complex structural
changes. The resulting model is considered to be time-varying, including the first and second
inertial moments, in that the shape changes of the aircraft are assumed to be a known
function of time. Development of an autonomous model was performed by considering
the aircraft structure to be composed of a finite number of rigid bodies. FExplicit state
equations were developed to identify the motion of the total aircraft relative to the main
body-fixed frame. Finally, as a compromise between the time-varying nonrigid equations
and the complex multibody expression, a point mass approximation was presented. The
resulting form produces autonomous equations of significantly reduced form relative to the

multibody approach.
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Chapter 3
Equations of Atmospheric Flight

Before the advent of computer technology, the process of investigating the behavior of rigid
aircraft involved the concept of steady state flight, which was was introduced by G. H. Bryan
in 1911 [35]. The steady state condition allows the nonlinear equations of flight to be de-
coupled into longitudinal and lateral equations. Furthermore, linearizing these equations
produces a set of state equations that are amenable to the application of the many tools of
analysis and design provided by linear system theory. In modern times, the process of lin-
earizing the nonlinear equations of motion is based upon sophisticated numerical techniques
[88]. This process requires a very specific knowledge of the aircraft design in that all of the
parameters, such as moments of inertia and aerodynamic forces/moments, must be known
with some degree of certainty. For this reason, the concept of steady-state flight continues

to be of use in analyzing fundamental aspects of aircraft and aircraft control design.

The process of decoupling the nonlinear flight equations involves choosing a steady-state
condition in which all of the applied forces and moments are constant (perhaps zero) in the
body fixed frame. For instance, in the condition of steady wings-level flight this results in a
constant configuration; if the configuration is described with the Eulerian angles, then the
time derivative of these angles must be constant ((b =0,0 =01 = 0). Strictly speaking,
the configuration may not be steady for a morphing aircraft. In particular, for the mutli-
body description presented in the previous section, the configuration of the various morphing
components of the aircraft may be allowed to change at a non-constant rate. Therefore, in
speaking of steady-state conditions, it is implied that the main part of the aircraft (i.e.

the fuselage) is steady; from the previous nomenclature, the fuselage is always identified by

41



body B,. The un-steadiness of the morphing sections of the aircraft can be resolved by the
implementation of state feedback control, in which the planform error-the difference between
the planform and its desired configuration—is chosen as a configuration state. This will be

further explained in subsequent development.

As a brief note on notation, in keeping with the standard practices of flight dynamics [88, 111,
112] the body translational velocity is defined as v = (U, V, W), the wind-relative velocity is
v, = (U, V',W’), and the body angular velocity is w = (P,Q, R). Other variables will be

defined as the need arises.

3.1 Stability and Wind Axis Equations

Thus far the dynamics have been derived in terms of a set of body-axis quasi-coordinates,
namely v and w. However, due to the manner in which the applied aerodynamic forces are
specified in flight mechanics, it is beneficial-the benefit will be demonstrated later—to work
with kinematic expressions in either the stability-azis or wind-axis frame, or a combination
of the two. These frames are defined as follows. A vector belonging to F* is transformed
to the wind axis by two successive rotations, o and 3. The basis € is transformed, via the
angle of attack («), to the basis of the stability axis frame e®, which is then transformed to

the wind-axis basis e by the sideslip angle (3). The basis transformations are

eS — ASZeZ

ew — Awses
and, therefore
e’LU — A’LUSAS'L 7 — Awlel

The transformation matrices are given as

ca 0 sa cB sB 0
A= 0 1 0|, A= | —s8 ¢ 0 (3.1)
—sa 0 ca 0 0 1
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The relative rotation of these bases results in the angular velocity vectors w*!, w®*, and w™?;

these vectors are

wt =0 —a 0
w' = [-sBa —cBa BT
where w®® = w® — A"w*. Since the vector e is always oriented into the wind, the wind-

relative aircraft velocity is v¥ = Vy e¥ = (V7,0,0). A transformation into the basis of F*

gives

Vr cosa cosf3
v = AMY = Vi sin 3 (3.2)

Vr sina cosf3
The relative velocity in the stability frame is

cos 3 Vp
s _ SW, W __ .
v, = A" = | sinf Vy

0

Assuming that the wind velocity is constant (i.e. v = v'), the acceleration of the origin O°

18

By substituting for the relative velocity and implementing Poisson’s kinematical equation,

the inertial acceleration becomes

A i W, W ~80 A tw, w
a = dt<A vY)+ P A"
= A™Y 4+ A" + 0" A Y
— Aiw [’U:f} + (&sz + Awia)iOAiw) ,U;Lnu}

— A™ g¥ (3.3)

43



or in terms of the stability frame

ai — Ais [,Ui + ((:Jsz + Asi‘biOAis) ’US}

T

= A" a’ (3.4)

In the development of the previous section the dynamics were constructed based on the
particular choice of the quasi-coordinates. In all cases, the dynamic equations can be put in

the form

(3.5)

M ('Ul +(IJ10’U1) _ hv<yay7t>
m' + gAlOSeg

[ lelo + alOlel(] hW(ya y7 t)

1 + gmp A€l ]

where the functions h, and h,, result from the inertial forces and will depend on the chosen

formulation. Note that the dependence on time will not be apparent in all formulations.
The task is to determine expressions for the dynamics in the stability and wind axes, F* and
F, respectively. Using Egs. (3.3) and (3.4) the right side of Eq. (3.5) may be expressed as
M (o' + @) = APM (0] + o%v) + AT O A Y))
— Ale ('U;U + (:le,v;u + Awld)IOAlwv;v)

Moving on to the rotational equations, let *w'® = A% w!% (note that *w!® € F*) be the

body-fixed rotational velocity expressed in the coordinates of the stability axis:

P, Pcosa+ Rsina
swl() L Qs — Q (36)
R, Rcosa — Psin«

Also let “w!® = A“! w10 (note that “w!® € F*) be the body-fixed rotational velocity

expressed in the coordinates of the stability axis:

P, Pcosacos B+ Rsinacos 3+ Q) sin
W2, | = Qcosf — (Pcosa+ Rsina)sin (3.7)
R, Rcosa — Psin«

Note that @' can now be replaced by either (A'® *w!®)~ = Als sGYA! or (AW Yw'0)~ =
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A w0 AW depending on the desired representation. Taking the derivatives

swlO — AslwlO _ (:Jsl swlo wwlO — AwlwlO _ ajwl wwl()

9

and substituting into the rotational portion of Eq. (3.5) results in

lem +(:JIOJ1L010 — Als (Ji swlO +Jiajsl swlo + 5(:)10']? 8@10)

1 10 ~wl w, 10 10 10
= A" IV Y@ + IV W' + YTy “w'?)

where J§ £ As1J;A'® and J¥ £ A¥'J;A'™. Combining these results the general form of

the equations of motion, given by Eq. (3.5), can be restated in the stability axis

M (95 4+ @* v + @) [ A,
Ji ( swlO —f—(I)SI swlﬂ) + SaJlOJi swm - Aslhw
[ ASIfl—{— m Asoeo
+ oo o (3.8)
A®'m" 4+ gA*’Se]
and in the wind-axis
M(’U;U—l-(bwl’v}nu—l- wGJlO,U;Lnu) B [ Awlhv
Jiu ( wwl() + (:le wwlﬂ) + waJIOJqlu wwlo Awlhw
[ Aw1f1+ m AwOeO
+ Lo Sl (3.9
A"Y"'m" 4+ gA""Se]

Equations (3.8) and (3.9) give the general form of the dynamic equations of motion for a
variable planform aircraft—with specific reference to the origin of the aircraft’s main body
(i.e., O' of B,)-where the dynamics are formulated in the coordinates of both the stability
and wind axes. Therefore, we have three moving frame representations of the dynamical
equations: body-fixed frame, stability frame, and the wind frame. For convenience, the full

equations have been included in the appendix.

Note that, we are not restricted to choosing any one frame description; any combination of
these may be employed. For example, it is common to express the translational dynamics
in the wind-axis and the rotational dynamics in the stability axis [88]. However, this prac-
tice is difficult for non-rigid aircraft due to the coupling of the translational and rotational

dynamics. When this coupling is present the most convenient reference frame, in terms of
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the length of the equations, is the body-fixed frame.

3.2 Longitudinal Dynamics

One of the most fundamental tasks of an autopilot system is to maintain a desired pitch and
attitude (termed a pitch-attitude-hold autopilot). For a rigid aircraft the goal is simply to
maintain steady and level flight in the presence of unknown disturbances such as wind gusts
and turbulence. For a an aircraft that changes shape, the disturbances are both extraneous
(i.e. unknown aerodynamic effects) and induced. The induced disturbances come from
altering the structural geometry of the aircraft, thus altering the aerodynamics behavior. It
is almost certain that these induced aerodynamic effects can not be accurately predicted and
thus a portion must be considered as an unknown disturbance. Nonetheless, the equations

required for this type of autopilot are the longitudinal dynamics.

Referring to the coordinates of the main body the attitude is represented by the 3-2-1 set
of Euler angles (¢,0,1), where ¢ is a rotation about €2, § denotes rotation about eg, and 1)
denotes rotation about €?. By convention e? is directed along the horizontal length of the
fuselage, eg is directed along the right wing, and €? is directed downward. The orientation
angles are termed the roll (¢), pitch (0), and yaw (v)) angles. The longitudinal equations are
arrived at by restricting the aircraft’s motion so that ¢, 1b, V' = 0. From Euler’s kinematical
equation, Eq. (2.22), this means that P = R = 0 and 6 = Q. For this particular set of

Eulerian angles, the vector transformation matrix is

ch cl sy —s0
AV = | (—co s+ 56 s0 ) (co cip+ sp s 1)) s¢ ch (3.10)
(s s+ co s cip)  (—sd e+ co s sy) co cl

The components of S are taken to be (S’x, Sy, SZ), and the applied aerodynamic force and
moment are f' = (F,, F,, F,) and m' = (£, 4, ./"). The longitudinal equations are derived

from Eqs. (3.5) and are given as

mT(U + QW) hy F, — gmps6
mer(W —=QU) | = | h, | + F, — gmpch (3.11)
Jyé R, M — g(S’mcﬁ + SZSG)
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where the function hy, denotes the longitudinal reduction of h. Now turning to the
wind /stability axis equations, since P = R = 0 then from Eq. (3.6), P, = Ry = 0 and
Qs = Q = 6. Also, since V = 0 then from Eq. (3.2) we have # = 0. Carrying out the algebra
from Eq. (3.8) with the appropriate assumptions, the corresponding longitudinal equations,

in the stability axis, are

my Vi hs F3 — gmp(chsa — sfear)
meVp(a—0) | = | he | + | F* — gmp(chea + sfsa) (3.12)
J;Q hs, M* — g(S,ch + S.50)

Finally, the wind-axis equations are

mo Vi hY FY — gmp(chsa — sfca)
meVe(a—6) | = | b2 | + | F* — gmy(chea + s0sa) (3.13)
Jef he MY — g(Spcl + S.50)

As a final addition, the longitudinal equations require that the altitude state be included.
This requirement necessary for an accurate representation of the phugoid mode [88, 112].

The altitude is a component of the navigation equations and is determined by

h = s0U — s¢pcOV — copcdW
Application of the longitudinal assumption gives

h = s0U — cOW
= (sbca — clsa)Vp (3.14)

3.3 Lateral Dynamics

The lateral dynamic equations are derived by specifying the behavior of the longitudi-
nal variables—the longitudinal variables are (0,Q,U, W) or (0,Q, Vr,«) depending on the
chosen reference frame. Likewise, the longitudinal equations were derived in the previ-
ous section specifying the lateral variables were zero-these variables are (¢,v¢, P,Q,V) or
(¢, Ps, Rs, ). As such, for the body axis equations it is assumed that 0, Q, W, U, &, Vi =0,

and also that 3 is small such that sin 3 ~ 3. The constant forward speed of the aircraft is
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Up in the body axis and V), in the wind axis. From Eq. (3.5), the lateral equations in the

body axis are

mr(V + UyR) hy
JoP — Jo.R+ JoyPR |
—JpP+ (Jy— J)PR+ Jo.(P+RY(P—R) | | hm
J.R— J,.P P
Fy - ng8¢
.,g/ﬂ S - gz
M — gco S,
N+ gsp S,

Excluding the stability axis equations for brevity, from Eq. (3.9), the lateral equations in

the wind axis are

mrVa (6 + Ry) B
JYP, — J4 R, | A
(Jo — J)P,R, + J&(P, — R)(P,+ R | | h¥
—JU P, + JYR, h

F) —mrgsing
2L + glea(cpS, — s10S,) + sasp(chS, + s1S,)]
MY — gep(c S, + st S’y)
N 4 g[sa(sypS, — cwgy) + casd(cp S, + szbgy)]

N (3.16)

Comparing these results with the longitudinal equations, it is apparent that complexity of
the lateral equations has been increased. Furthermore, there are four differential equations
opposed to the three longitudinal equations. Generally, some additional assumptions are
made to reduce the complexity. For example the third equation describing the pitching
dynamics may be ignored with the assumption of small perturbations (i.e. the products of

small perturbations are ignorable).
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3.4 Inertial Contributions

The atmospheric flight equations have thus far been presented in the same manner as would
be done for a rigid aircraft. In fact, without the terms of h(¢, ¢,t) (and S), Eqs. (3.5 - 3.9)
are the standard rigid-body flight equations. The rigid body equations can be thought of as

a subset of non-rigid body equations—both are subsets of the non-rigid body, non-constant

mass equations. The aim of this section, is to develop the inertial forces due to morphing.

These forces are contained within the function h(y,y,t) and, as previously mentioned, the

precise form depends on the particular representation.

Nonrigid Body Terms

Starting with the non-rigid body approach of Eq. (2.70), where the quasi-coordinates were

chosen as y = (v!, w'%), the inertial forces are

hy = S&'+&"Sw' + 28w — Y “myp,

hy = =S +&"0") +20)  mipp)w’® =D mipyby
Given the definitions from the previous section, this can also be expressed as
h, = SA"(W'+&"0") + APG ATSA W + 2SA W — ) " mypy,
h, = —SA"(0+ &) +@'v)) + 200 b AW = i,
or
h, = SA"™(&"+&"@") + AMGUASAM W + 28AM W — Y " mypy,
he = SAMG 4 &MY +60) +2Y pu AN — S i
Therefore, we have

h = S +0w) + @°S°wt 25w — ALY mup,
hy = —S°(0) + &) + @) + 2% (O b)) Alw’ — AT " mypypy,
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(3.18)

(3.19)

(3.20)



and
hy = SY(W" + @ w") + @US"w" + 28"w"” — AV “mypy
BY = —SU(Y + G+ 6Mu?) + A (Y ) AT
A " pyy (3.21)
where S* = ASISA!'S and S* = AY!ISA. It would be beneficial if some of the terms of
h could be ignored, however at this point there are no such candidates. The appearance of

ignorable terms will be apparent when the dynamics are decoupled into the longitudinal and

lateral equations.

For the multibody representation, the inertial contribution can be expressed as

he = (So+9)w' =Y Mb" — Y Mb & + &S, + §)w'

-2y M,o'0%"
hw — _(Sz + S)'Ul o jwlO + ZAIZJszI o (Sm + S)GJIO,UI o a)lewl()
— Y 861" (2L - Alei T, )w'! (3.22)

where the sum is taken to be from 2 to p. The transformation to the stability and wind-axis

is the same process as previously identified.

3.5 Summary

This chapter develops the equations of motion in the form of atmospheric flight equations.
The representations of Chapter 2 are reduced to a set of equations describing the motion of
the main body. The remaining terms resulting from aircraft structural changes are grouped
into a single term. Stability axis and wind axis equations for the entire aircraft are de-
rived expressly. Furthermore, the longitudinal and lateral equations are derived by standard
approximations. The longitudinal equations consist of a group of three equations and the
longitudinal consist of four. Once again, the reduced equations are expressed in the stability

and wind axes.
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Chapter 4
Aerodynamic Modeling

In the previous section the dynamic equations of motion were developed for a morphing
aircraft. They are, of course incomplete because the applied aerodynamic forces and moments
were not defined. In general, the aerodynamic contributions are complex functions of the
kinematic state of the aircraft and also the flight conditions (i.e., altitude, Reynold’s number,
etc.). For an aircraft that is undergoing shape changes, these contributions are evidently
much more complex as they will necessarily involve a time-dependent component. This
chapter demonstrates approximate methods by which these aerodynamic forces and moments

are incorporated into the dynamic flight equations for morphing aircraft.

4.1 Aerodynamic Derivatives

The method of introducing the aerodynamic forces and moments into the equations of motion
is by the aerodynamic derivative, first introduced by Bryan [35]-this method is in contrast
to solving the complex differential equations that are produced from fluid mechanics. The
aerodynamic derivatives can be explained by considering an aircraft flying in steady state,
such that the aerodynamic reactions are balanced with the inertial and gravitational forces.
A change in the aerodynamic reaction takes place due to a changes in the aircraft configu-
ration relative to the airflow. Letting & be the state vector, a single aerodynamic reaction,
represented by A (this could be F,, F,, M,, etc.), is assumed to be a continuous function of

the instantaneous state values; A = A(ax). This is known as the quasi-steady approximation.
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The function, which is not really known, can be approximated by a Taylor series expansion:
Alx) = A(z,) + VA(z,) - Az + h.o.t

where Ax denotes a variation from a given reference state, x,., such that Ax = & —x,. Disre-
garding the higher order terms, the components of VA(x,) are the aerodynamic derivatives
which are divided into two categories: damping derivatives and acceleration derivatives. The
damping derivatives are the components of VA(x,) that result from differentiating with re-
spect (P, @, R) and the acceleration derivatives are those components associated with (&, ﬁ)
If the reference state is also a stationary point (&, = @) then the resulting derivatives are
termed trimmed coefficients; otherwise they are untrimmed coefficients. In either case the

aerodynamic forces and moments show up in the equations of motion in the form
AA(z) = VA(z,) - Ax

For an aircraft that has a large operating range, several reference points (or “operating
regions”) are identified and the untrimmed coefficients are evaluated at each of these points.
A “lookup-table” combined with a interpolation algorithm may then be constructed for

simulation purposes.

For an aircraft that changes configuration, it is apparent that an evaluation of the aerody-
namic reactions becomes much more involved. Specifically, one must determine the aerody-
namic derivatives for various operating regions as well as for various planform configurations.
This process is the equivalent of evaluating multiple aircraft, the number being equal to the
number of planform configurations. In addition there is also the task of evaluating the tran-
sient stage of morphing in which the aircraft is in the process of changing shape. One option
of incorporating the resulting aerodynamic effects is to simply create the aforementioned
lookup table. However, once again, unsteady aerodynamic effects will have been ignored
and the uncertainty is further increased. Accurate simulation—a neccessary tool for flight
control design—would require extensive wind-tunnel testing for each aircraft configuration
as well as for the transition between shapes. As an example, data for the Lockheed F-22

Raptor, a rigid aircraft, consists of thousands of aerodynamic tables [88].

For analytical evaluation, it would be beneficial to incorporate the structural changes into

the state vector. As an example, if §, is an input controlling the wing sweep angle, the
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associated aerodynamic reaction due to a change in sweep angle might be approximated by

0A
AA(ds) = = s
(0:) = 35,
Although extremely convenient, the ability to accommodate such a representation may prove
difficult depending on the complexity of the shape change and the corresponding aerodynamic

behavior.

The following sections are devoted to determining an adequate representation of the aerody-
namic forces and moments of a morphing aircraft. For simplicity, it is desirable to maintain
the quasi-steady approximation; hence, aerodynamic derivatives will be determined for a
specific aircraft design. Datcom is used to calculate these derivatives for the aircraft when
symmetric planform changes are implemented. For the case of non-symmetric changes, Dat-

com is no longer useful, and alternative methods must be used.

4.2 Morphing Aircraft Model

The Teledyne Ryan BQM-34 “Firebee”, depicted in Fig. (4.1), was chosen as the platform
for investigating morphing aircraft flight control. This choice is based on the work of Joshi
et al, in which both the wing shape and camber were optimized for various flight mission
requirements [77]. Using basic aircraft performance equations, as might be found in standard
design texts [113, 114], the wings for the Firebee were optimized for operating regimes which

can be divided into loiter, maneuvering, take-off, and dash.

The Firebee, first flown in 1985, is an unmanned remotely controlled aircraft originally
constructed as a target drone for use by the military for training intercept pilots and for
missile targeting practice. Many variants of this aircraft have been constructed, utilizing
various planform designs, to accommodate mission requirements such as subsonic targeting,
supersonic targeting, reconnaissance, and attack configurations. The baseline configuration

chosen for evaluation is the BQM-34C. Some important specifications are listed in Table 4.1.
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Voot

Figure 4.1: Teledyne Ryan BQM-34 Firebee

Table 4.1: BQM-34C Baseline Specifications

Span
Length
Weight

Maximum Speed

Range
Service Ceiling

12 ft. 11 in.
22 ft. 11 in.
2000 1Ibs.
580 mph
600 miles
60,000 ft.
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(c) (d)

Figure 4.2: Morphing Planform Configurations; (a) Standard, (b) Loiter, (¢) Dash, (d)
Maneuver

Planform Configurations

To refrain from performing an exercise in aircraft planform optimization, four distinct wing
shapes were chosen based on the design of NextGen Aeronautics—this design was depicted
in Fig. (1.2). The planform configurations include designs for loiter, maneuver, dash, as well
as the standard configuration of the Firebee. These four basic configurations are shown in
Fig. (4.2); more detailed design specifications are given in Appendix B. It is important to
note that none of the configurations were analyzed for mission optimality, and in fact, such
matters are of less importance in the current investigation. In contrast, the configurations
were chosen as to provide large changes in aerodynamic behavior and mass distribution.

Such models will provide the necessary complexity and uncertainty for flight control studies.

To determine the applied aerodynamic forces and moments for each aircraft configuration
Missile Datcom was employed. Missile Datcom provides methods for calculating the stability

derivatives previously discussed for subsonic, transonic, and supersonic conditions. A similar
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Figure 4.3: Variation in Lift Coefficient for Morphing Configurations

program available for such purposes is Stability and Control Datcom [115], the functionality
of which exceeds the demands of modeling the given aircraft design. Moreover, many of the
methods that are applied in Missile Datcom are derived from Stability and Control Datcom
[116].

Some basic differences in the aerodynamic properties of each planform configuration, as
calculated by Datcom, are demonstrated by the lift and pitching moment coefficients, shown
in Figs. (4.3) and (4.4) over range of angle of attack (a). For the pitching moment, it was
assumed that the center of gravity (c.g.) could be located, through morphing control, at any
desired position. The c.g. position was chosen such that each configuration was statically
stable (i.e., a negative value of C,, ), but with a very small static margin at low angles of
attack. A high static margin leads to both increased drag and reduced maneuverability—
aircraft such as the F-16 and SR-71 are designed to be statically unstable for these reasons,
and are made dynamically stable through feedback control. Active location of the aircraft
c.g. requires an additional method of control other than what is provided solely by the
change in wing geometry. This is because the weight of the wings is typically not large

enough to move the center of gravity in proportion with the aerodynamic center (a.c.). For
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Figure 4.4: Variation in Moment Coefficient for Morphing Configurations

instance, a reconfiguration from loiter to dash produces a shift in the aerodynamic center
that is larger than that of the center of gravity. This causes the aircraft to be more stable
which may not be beneficial. Designers of the variable sweep F-14 remedied this problem
moving the pivot point further outboard causing the static margin to initially rise and then

fall with increasing wing sweep angle [117].

The position of the a.c. can be located at will by proper design of the tail, specifically by
design of the horizontal tail volume ratio. For morphing applications, Neal et al investigated
a variable position and camber fuselage effector for actively controlling both the a.c. and
c.g. locations [34]. Another method of redistributing mass that has been used previously is

to pump fuel from a forward fuel tank to an aft tank.

Here, we assume that the a.c. location is fixed by the planform design and the c.g. location
is determined by both the planform distribution and an additional mass that may be located
through structural control. The additional mass, denoted m 4, is calculated based on a
desired c.g. location taking into account the mass distribution of the shape-changing wings

and the rigid feuselage. Further details of these assumptions are given in Chapter 5.
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Aerodynamic Buildup

The aerodynamic derivatives calculated by Datcom are given in Table (4.2). These deriv-
atives are calculated in the body-fixed frame and follow conventionally accepted standards
with regards to nomenclature and non-dimensionality [111, 118]. Basic familiarity of aircraft

nomenclature is assumed in this section (see [88], for example).

Table 4.2: Datcom Aerodynamic Derivatives

Cx Axial force

Cy Side force

Cy Normal force

C Rolling moment

Cn Pitching moment

Cn Yawing Moment

Ch, Normal force due to pitch rate

Crn, Pitching moment due to pitch rate

Cx, Axial force due to pitch rate

Cz, Normal force due to angle of attack rate
Cn,, Pitching moment due to angle of attack rate
Cy. Side force due to yaw rate

Ch, Yawing moment due to yaw rate

., Rolling moment due to yaw rate

Cy, Side force due to roll rate

Ch, Yawing moment due to roll rate

C Rolling moment due to roll rate

In general, the aerodynamic forces involve complex interactions and are a function of a
very large number of parameters. Therefore, approximate modeling methods are typically
constructed via component buildup. Using practices presented by Stevens and Lewis [88], for

each configuration the aerodynamic forces are calculated by

Cy = CYB(OQM) 6+ Cyér(a,ﬁ, M) Oy —f—Oyéa(Oé,ﬁ, M) Oa
b
+ —[C’yp(oz,M) P+CYT(Oé,M) R]
2Vp
CZ = Cz(Od,ﬁ, M) +0266(C(,6, M) 5@ (41)
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and the aerodyamic moments by

Cl = Clg(aaM)ﬁ+Cl5a(avﬁaM) 5a+Cl5r(a7ﬁaM) 57“
b
+ —[CZP(Q,M) P—i—ClT(O./,M) R]

2V
Cpn = Chla, M)+ Cyy (, M, 1) G, + %[Cmq Q+ Ch, d
T
Cn = CnB(Oé, M) ﬁ+ Cn(;r(aaﬁa M) or + Cn5a<05,ﬁ,M) da
+ L[Cn (a, M) P+ C,, (o, M) R] (4.2)
2V

Egs. (4.1) and (4.2) constitute the aerodynamic contributions utilized in nonlinear flight
simulations. Lookup tables were constructed based on the Datcom aerodynamic data for
each configuration. Transition from one configuration to another was accommodated adding
aircraft planform as an additional dimension in the lookup tables; interpolation was used to
construct the aerodynamic data during transition. The detailed aerodynamic data used for

simulations is included in Appendix B.

4.3 Variable Span Morphing

The structural changes discussed so far have been limited to those that preserve symmetry.
This, however, is somewhat of a limitation since assymmetry may be quite useful. For
example, a bird will exhibit significant assymmetry in various stages of flight for control
authority while maneuvering. An example of assymmetry, one which is investigated in
this section, is variable span morphing-span change may also be symmetric. Symmetric
span changes, such as depicted in Fig. (4.5), are considered to be particularly well suited
for the highly varying mission requirements. Variable span morphing has been previously
investigated for application in cruise missiles with the specific goal of increasing range and
endurance [119, 32, 31].

The following investigates the aerodynamics of variable span morphing, first with regards to
symmetric and then for the asymmetric case. Particular focus is given to the calculation of

the roll producing and roll damping moments resulting from asymmetric wing extension.
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Wings Contracted

Wings Extended

Figure 4.5: Aircraft with Variable Span Morphing

Spanwise Circulation

The lifting line theory used in this section is based on Prandtl’s assertion that an unswept
wing of finite span acts as a collection of isolated two-dimensional wing sections [120, 121].

General spanwise circulation distribution is approximated by the Fourier series

['(y) = 4sUx Z A, sin(ng) (4.3)

n=1

where s is the half span, U, is the free-stream airspeed, p. is the air density, and ¢ is

defined by the coordinate transformation

y = —scos(y) (4.4)

The sectional lift force is given by

1) = pocUscT () = 4pocUZs Y Ay sin(ng) (4.5)

n=1

60



Respectively, the lift and moment can be expressed as

L= [ pulare) dy (4.6
and
Z = /_ PcUsT(0)y dy (4.7)
The sectional lift coefficient is
cr(p) = ngpgzs = 255:2) (4.8)
The boundary condition at each section can be expressed as
c; = (Ccll_co:l) (o — ;) = ap(o + ap + g — ) (4.9)

where ag, ag, o; are, respectively, the initial angle of attack, zero-lift angle of attack, and
induced angle of attack. Also, o, is the angle of attack due to roll rate P and can be written

as

Py

o) =~ (4.10)

The induced angle of attack can be expressed by

i= 4.11
o N (4.11)

where w is a downwash, which can be expressed as

TaAmy—dy T sin(e)

—w

1 / dr/dy _ . Ynd,sin(ng) (4.12)

From Eqs. (4.8), (4.9), and (4.12) we have

> nA, sin(ny)
sin(p)

8
il Z A, sinng = (o + o, — o) — (4.13)
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Defining p = cag/8s, the final governing equation is

p(ao + o — agy) sing = Z A, sinnp(pun + sin @) (4.14)

which is known as the monoplane equation. Applying Eq. (4.14) to N span locations, we

can obtain A; (n =1,...,N), and from this the circulation can be established.

Symmetric Span Extension

The lift distribution along the wingspan is symmetric about the wing root, therefore the
even terms of the series representation given by Eq. (4.3) can be eliminated; that is Ay =
0 (k=1,2,...). Therefore, the circulation I'(¢) becomes

T(y) = 45U > Aga_ysin[(2n — 1)¢] (4.15)

n=1

The resulting wing lift is

L= [ plil@ dy= [ pulasl()sing do
0

—S

r N
- 4pooU02032/ ZAgn_l sin[(2n — 1)¢] sin g dp (4.16)
0 p=1
where all terms n # 1 are zero. Therefore, the lift coefficient becomes
CL == A17TAR (417)

where AR = 45?/2S is the aspect ratio and S is the wing area. The spanwise lift coefficient

of Eq. (4.8) can now be written

culp) = 1 f?f(_lf)r?o)s . ; Agp_y sin[(2n — 1)¢] (4.18)
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where A is the taper ratio. Substituting Eq. (4.3) into (4.7), the total moment expression

becomes
£ = —ZpOOUozos?’/ ZAgn_l sinny sin2p dp =0 (4.19)
0

The moment generated by, for instance, the left wing is

Lrepr = meUOQOs?’/ ZAgn_lsinmp sin 2¢ dp
0

2 2 2 2 2
= 2pOOU3083 |:§A1 + gAg - ﬁA5 + £A7 — 7—7A9 + ... (420)

= 2Pso Ufo53As
where A, can be deduced by observation. The moment is expressed in terms of the moment
coefficient, Cj, by

1
L = époonoSsCl

From Eq. (4.20), the moment coefficient for a single wing—in this case the right one—is

therefore

C) =2AAR

Asymmetric Span Extension

The lift distribution due to roll speed P is asymmetric about the wing root axis. As such,
the odd terms of the series given by Eq. (4.3) can be eliminated. The spanwise circulation

can be written

N
['(y) = 4sUx Z Ay, sin(2np) (4.21)
n=1
The sectional lift becomes
2AR(1+1))
cr(p) = > Ay, sin(2np) (4.22)

B 1+ (A—1)cosp <
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The lift on the left wing is

/2 x N
L = / PooUsosT () sinp dp = 4pooU02052/ Z Ay, sin(2np)dy
0 0 n=1

4 8 12 18
= 2pooU§oS2 |:§A2 — EA4 + %AG + @Alo - .. :|

= 2p..U%s*A, (4.23)
The lift coefficient on the left wing is
Cp = 2A,AR (4.24)

Similarly, the moment is calculated as

<z = 2pOOU§o$3/ ZAQTL sin(2nep) sin(2p) dy
0
= TpeU2Zs* Ay = pacU2 SsCy (4.25)

and the moment coefficient is

Q:gAAR (4.26)

Drag and Range

The main benefit of symmetric wing extension is an increase in the lift to drag ratio, which
results in an increase in range and endurance. The total drag of the aircraft wing is a

combination of the induced drag and the profile drag:
Cp =Cp, +Ch, (4.27)
The profile drag can be approximated based on an empirical database and can be defined as
Cpo=ag+ a,Cr + aQC’E (4.28)

where ag, a;, and as are constants which are obtained by curve-fitting the profile drag. As

an example, consider a wing with the physical dimensions given in Table (4.3). As shown
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Table 4.3: Baseline Wing Properties

Root Chord 0.5 m

Wing Span 1.0 m
Sweep Angle 5.7 deg
Taper Ratio 0.6

Wing Area 0.413 m?
Aspect Ratio 5

Airfoil NACA-0010

by Fig. (4.6), the wing has the ability of increasing its span by up to %50 in which case the
aspect ratio is increased to 8.18 and the wing area increases to 0.568m?-the area ratio is

1.38. The increase in range can be calculated using the following equation [114]:

_ / 2 1 (CLS)1/2 1/2 1/2
Range =2 p;c_tW(WO Wl ) (429)

where ¢;, Wy, and Wi are the fuel consumption rate, gross vehicle weight with full tank,
and gross weight with empty tank, respectively. As shown in Fig. (4.7), as the wingspan
increases, the induced drag decreases, whereas the profile drag increases linearly; the increase
of the profile drag is due to the increase of the wing area. The total drag is decreased by

approximately 25%, and therefore the range is increased by approximately 30%.

Roll Producing and Damping Moments

Let Sy, so, and ARy be, respectively, the area, half-span length, and aspect ratio of the
wing before changing shape. Using these definitions, the relative moment coefficient, C},, is

expressed as

S's

cl=C
: ZSOSO

As demonstrated by Fig. (4.6), let y. be the initial wing extension and Ay, be the additional
extension. Furthermore, let the wings be coupled such that an extension of one wing results in

a retraction of the other by the same amount. The half span is then given by s = so+y.+Aye
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and the moment coefficient can be written
Ci = Ci(1+)* = 2A,ARo(1 + 5.)° (4.30)

where y. = y./so. When the wing span of the right wing is increased by d,, = Ay./so—and
subsequently the left wing is reduced by this amount—the total moment coefficient can be

expressed by

AC] = 2A4,ARy [(1+4 5 +6,.)° = (143 — ,.)%]

AR
= 24 [ 546, = (149 = 6,.)°] (4.31)

The spanwise lift distribution for varying wing extensions is shown in Fig. (4.8). The moment
produced by each wing is shown by Fig. (4.9) and the total roll producing moment due to
wing extension is shown by Fig. (4.10).

For the roll damping moment, let the initial angle oy be equal to zero. Following the same
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procedure as before, the roll damping moment of the right wing is
Ci = Gl +5.) = — S A AR(1 + i)’
Therefore, the roll damping moment due to a small wing extension Ay, is

AC, = —gAaARo (149 +6,)° + (1 + e — 6,.)°]

TAAR
= ——— (4% +0,)° + (1 + 7 —6,.)°
8(1 +ge) |:( + y + ye) +( +y ye) :|

(4.32)

(4.33)

The spanwise lift distribution while the wing is rotating at constant angular velocity is shown

in Fig. (4.11), the roll damping moment supplied by each wing is shown in Fig. (4.12), and

the total roll damping moment is demonstrated by Fig. (4.13).

The roll producing moment due to asymmetric wing extension is a function of the Mach

number, angle of attack, altitude, and sideslip angle. The explicit dependence on sideslip

was not demonstrated with the assumption that this parameters remained very small. The

dependence on Mach number and altitude is indirectly implied through the free-stream air
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density. Treating the wing extension and an actuation device, similar to an aileron, the

change in the roll producing moment coefficient is approximated by
ACZ%E (Oé, ﬁ, h, M, ge) ~ Cl5ye (a, h, M, ge) 5ye (434)

The total roll damping moment due to wing extension, as shown by Fig. (4.12), is approxi-
mately constant throughout a range of 0 < §,, < 0.1. Hence, the derivative Cj, is considered

to be unaffected by a small increase in wing extension.

Replacing the function of the aileron J, by the wing extension parameter ¢,,, the rolling

moment coefficient of Eq. (4.2) becomes

C(l == CI(OC,M) ﬁ—i_Cl(sye (aaﬁu M7ge) 5?/@ +Clgr(a7ﬁ7M) 57‘

b
+ —[Cl (Ck, M, ge) P—l—ClT(OJ,M) R] (435)
2vp- 7

which may be linearized for control design purposes.

4.4 Summary

In this chapter, representations for the aerodynamic forces and moments were developed.
Four aircraft configurations—three of these are used in later analysis—were considered as a
platform for studying the dynamic effects of morphing aircraft. Based on the work performed
by NextGen Aeronautics, the Teledyne Ryan Firebee was used as a baseline aircraft. The
specific configurations considered were dash, where the aircraft wings are swept back at 60
degrees, a loiter design with a large wing-span and a maneuver configuration. Methods of
developing aerodynamic models were discussed based on widely accepted methods. Datcom
was introduced as the method used in determining the aerodynamic derivatives used in flight

analysis.

Specific to morphing control, an aerodynamic representation for a variable span aircraft
was developed. In particular, it was shown that a asymmetric wing extension could be
used to generate a large moment that may be suitable for control authority in maneuvering
flight. Based on Prandtle’s lifting line theory, an expression for the both the roll producing

and damping moments were calculated. It was further shown, that for wing deflections of
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less than 10% of half span, the roll producing moment remains constant thus allowing the

standard linear roll damping derivative approximation.
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Chapter 5
Flight Control Design and Analysis

There are multiple types of automated flight control systems that are designed to accommo-
date various flight demands. One of the first of these was the pitch attitude hold system in
which the goal was to maintain a desired pitch angle. These “pilot relief” control systems
are more commonly known as simply autopilot. Over the years, the autopilot systems have
become more sophisticated and have grown to aid the pilot in such tasks as altitude hold,

speed/Mach hold, automatic landing, roll-angle hold, turn coordination, and heading hold.

An autonomous aircraft, which is the subject of current interest, must have the capability of
handling each of the aforementioned flight regimes in addition to those accounted for by a
pilot. In the following sections a subset of these autopilot control systems will be examined.
In particular, we will investigate the stabilization of an aircraft undergoing large structural
changes and also some tracking and guidance systems. For the latter, we will examine flight
systems suitable for control morphing, in which the structural changes are used for control

authority.

The following sections on control design and analysis will focus on two particular autonomous
design problems. The first is a stabilization autopilot in which the goal is to maintain a
desired trimmed flight condition in the presence of large variations in both inertial and
aerodynamic forces-this is generally referred to as the standard regulator problem. The
second is a navigation problem in which the aircraft controller attempts to achieve a desired

spatial location formulated by a guidance system.
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5.1 General Considerations

The equations of motion for a morphing aircraft can be expressed in the state space by the

general form

= f(x,t)+ f,(x,u,t) (5.1)

where & € R? is the state vector (comprising both the configuration and kinematic coordi-
nates), and u € R™ is the control input (comprising the aerodynamic and planform controls).
The first term in Eq. (5.1) includes the kinematics and dynamics states of the system and the
second term denotes the applied forces and moments due to aerodynamic and gravitational
effects. As discussed in the previous section, the aerodynamic forces and moments are a
complicated function of the aircraft’s dynamic state and the external atmospheric flight con-
ditions. The manner in which they are incorporated into the flight dynamic equations is via

the quasi-steady assumption; this assumption results in the linear aerodynamic derivatives.

Since it is difficult to work with the full nonlinear equations directly, it is sometimes conve-
nient to approximate Eq. (5.1) by a reduced set of equations. There are at least two ways
to accomplish this task. The first is to linearize the dynamic equations directly about some

specific (xg, ug, tp), resulting in the linear equations
z=(A+A,)z+ Gu (5.2)

where the constant matrices are determined by

_of _ 90f,
_% ) Aa_ 633 3

Lo, to Lo, to

_ 0f,

A G = Ja
ou

U, to

A particular set (xg, g, to) is said to be an equilibrium point (or stationary point) of the Eq.

(5.1 if
f(w()’to) + fa(wOa U’O)tO) =0

The determination of these equilibrium points typically results in solving a complex nonlinear
algebra problem which can be evaluated by numerical iteration techniques. This technique

of linearization, although the predominant method, is dependent on a specific aircraft design
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and, therefore, does not allow a general analysis.

Equation (5.2) is extremely convenient for evaluating stability and designing control laws
for rigid aircraft due to the numerous methods of analysis provided by linear system theory.
However, this linearized form is only suitable for small perturbations about the stationary
point. Often times it is desired to work equations that are accurate for much larger pertur-
bations. For this reason, another approach used is to decouple Eq. (5.2) into longitudinal
and lateral equations. To decouple the equations a steady-state flight condition is chosen,
such as steady wings-level or steady turning flight, so that some of the states go to zero.
Furthemore, the acrodynamics are divided into longitudinal and lateral components and the

resulting equations of motion are of the form
= f(x)+Axz+Gu (5.3)

where the second term, A,x, consists of the state-dependent aerodynamic forces and mo-
ments. Note that the matrices A, and G result from the quasi-steady aerodynamic ap-
proximation. For a symmetrical rigid aircraft, Eq. (5.3) produces nine equations which
are divided into four longitudinal and five lateral equations; the longitudinal equations are
naturally decoupled from the lateral, but not vice-versa. Supposing that the aerodynamic
parameters are valid for the desired perturbations (the operating range), each nonlinear set
of equations may be evaluated independently, although the lateral equations require some

additional assumptions.

For a non-rigid aircraft these dynamics are more complex. The general form of the equations
of motion for a morphing aircraft is given by Eq. (5.1). For the rigid aircraft the next step in
the process was to approximate the aerodynamics in a quasi-steady manner, thus eliminating
the time dependence of the state equations. For an aircraft that is changing shape, however,
the time dependence will invariably appear in the aerodynamics and also in the inertial
forces, even if they are not accounted for explicitly. The equations of motion may still be
linearized into the form of Eq. (5.2). However, this form is only suitable for a single instant
in time and does not extend to the necessary perturbations of large planform alterations. If
the equations are linearized at several intermittent steps as the aircraft changes shape, then
Eq. (5.2) becomes

z=[At)+A,(t)]x+ G(t)u (5.4)

5



This process can be thought of as a quasi-steady dynamic approach, analogous to the quasi-
steady aerodynamic approach previously described. The difficulty of Eq. (5.4) is that it is
nonautonomous. In general, evaluating the stability of and designing control laws for nonau-
tonomous systems is more difficult than time-invariant systems. The process of removing
the time-dependence, if desired, involves relating the structural changes to a control input

and constructing the aerodynamics as solely state-dependent functions.

To explain further, consider the particular case in which the aircraft is at a steady-state
wings-level trimmed flight condition. For simplicity of expression, let the morphing portion
of the aircraft be approximated by only 2 particles of total mass m = m; + mo-these
may represent the aircraft wings. The longitudinal dynamics of this representation may be

expressed as

mVT —mbx 0 m Q
—mVpb, J, +m(2+0?) mb, —mb, 6
0 0 1 0 by
0 0 0o 1 b.
mb,0 + mb,0% + mVy F,
—mbyb,0 — mb.b.0 — mVrb,0 — mVrb.0 M
_ m m mvr mvr n (55>
0 Uy
0 U,
where symmetry has been assumed (b)* = b, = b,, b}* = b}* = b,, and b,* = —b,*). With

the goal of linearizing Eq. (5.5), the state vector representation is chosen as

. T
r=|a 0 0 e, &, e, e,

where e, = b, — 0§ and e, = b, — b are the position errors and b and b are the com-
manded positions—both assumed to be constant. The mass positions are then controlled by
defining u, = f(e,,é,) and u, = f(e,,é.). Given the state definition of Eq. (5.6), the state

representation of Eq. (5.5) thus be written in the form
z=f(x,F., ) (5.6)

For a rigid aircraft the longitudinal aerodynamic forces and moments are typically taken
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to be a function of a, ¢, 6, and J,-the longitudinal aerodynamic control. For morphing
flight, there will be additional dependencies on b,, b,, and also time. To maintain the state
dependence and avoid time-varying forcing functions it would be helpful if the forces and

moments could be expressed as

FZ:FZ(wa(Se)
M= M (x,5.)

such that the changes in normal force and pitching moment contributed by planform varia-
tions may be approximated in a quasi-steady manner using constant aerodynamic derivatives.
With this assumption Eq. (5.6) may be written as @ = f(x,J.) and then upon linearization
about an equilibrium point € = Az + GJ.. Subsequently, the linearized equations can be
used for longitudinal control design and stability analysis via conventional time-invariant

linear techniques.

Such an evaluation could be considered a wunified approach to morphing flight control. The
difficulty with this approach is that the aerodynamic effects involve highly complex depen-
dencies on the aircraft structure. An accurate aerodynamic description typically relies on
complex numerical routines involving both theory and interpolation methods such as used by
Datcom; wind tunnel testing is also substantially important. One such attempt was made by
Meirovitch for flexible aircraft [45]; to alleviate the complexity of aerodynamic effects basic

strip theory was employed.

Instead of an attempt on the unified approach, the following sections are concerned with
the control of a morphing aircraft using the standard aerodynamic approximations provided
by Datcom. As such, the aerodynamic forces and moments can not be determined as an
analytic function. Thus, a control design must either attempt to compensate for the changing
aerodynamics on a discrete basis, such as relying on aerodynamic tables, or simply ignore

the nonlinear variations.

5.2 Morphing Stabilization Analysis

We first consider the problem of stabilizing an aircraft during a configuration change. The

aircraft is initially operating in steady, wings-level, trimmed flight. A configuration change
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is then initiated in which the aircraft morphs into a different shape. Referring to Fig. (4.2),
we will specifically consider a transformation from loiter to dash, since these configurations

represent the largest variations in both mass center and aerodynamic properties.

Longitudinal Dynamics

The longitudinal dynamics that describe this motion are given by Egs. (3.11-3.13). The
main body of the aircraft, of mass my and inertia .J,, is assumed to be of uniform density
and the aircraft wings, of mass m,,, are approximated by a concentrated mass located at 50%
of the mean aerodynamic chord. The center of gravity is specified for each configuration,
therefore, and additional mass (m,) is positioned accordingly to accommodate the required
c.g. location. As previously discussed, the additional mass could be an extending tail section
as developed by Neal et al [34].

The motion of both masses is confined to the z-direction; the position of m, with respect to
the origin of the body-fixed reference frame is defined as x, and the position of m,, as x,

where x, = f(zy, ). Note that the total mass of the aircraft is
mp = my + My, +m, (5.7)

With the additional assumption that the aircraft is throttled such that it maintains a constant

velocity Vi (i.e., Vi = 0), the equations of motion, in the wind axis, are

mrVr(d— Q) = hY + F' + gmp(chea + sOsa)
J,Q = B A A — gcos (Mt + Maty) (5.8)

where

hY = cosa(myz, + maxa)Q + 2 cos a(mydy + mei,)Q
—  28ina(MmyTy + MeTa) Qi
hy = =Vp(myZy + mexe) (& — Q) — 2(My Xy + MaTay)Q

— (M + mez®)Q (5.9)
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The applied aerodynamic normal force and pitching moment are

Sinw = (cosa) C,
! M) = C
Sqge v ™"

where C, and C,, were previously defined by Eqgs. (4.1) and (4.2). Furthermore, the elevator

dynamics are modeled as a first-order lag with gain K, ; that is
56 = Kﬁe(_(se + U§e>

where u;, is the commanded elevator input. For numerical simulations, both rate and satu-

ration limits are enforced. Choosing the state vector as

T

h a6 Q 6,

where h is the altitude from Eq. (3.14), the equations of motion may be expressed in state-

space form as

1 0 0 0 0
0 mg;/T + <& S zsa) 0 —é}é}ca 0
r = 0 0 1 0 0
0 5‘30596 0 ch(J + mex? + myx2) 0
0 0 0 0 1

Vr(sOca — clsa)
‘S/—EQ + S%I(ma:ta + My Ty ) ca + gg”—qT(cﬁca + sbsa) + caC,
* Q (5.10)
ch S.Q — (mascaxa + My TopEay) Q — Siqccﬁgx + Ch,
—Ks.0c + Ks,us,

where S, = (MypTy + Maxy).
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Linear Control Design

The current task is to design a pitch-attitude hold autopilot control design that will achieve
a desired pitch reference command during transition from loiter to dash. The form of Eq.
(5.10) is the standard nonlinear form given by Eq. (5.1). To perform a classical control
design we wish to linearize these equations about a given operating point-not necessarily
an equilibrium value-with the assumption that the states will remain “close” to the given
operating values. Performing the operation of linearization, however, will result in non-
constant coefficients since both z,, and x, will vary with the commanded configuration
changes. Another option would be to include z,, and z, as components of the state vector,
and then linearize. This assumes that the aircraft is rigid and is equivalent to defining the

dynamics about the body-fixed origin.

We will proceed by designing a control law for both the loiter and dash configurations
separately, using the rigid aircraft equations. Assuming that the control structure is the same
for each configuration, the gains can be scheduled (i.e., gain scheduling) during transition
based on the the c.g. location. Both before and after the aircraft changes shape, the short-

period steady state dynamics are given by

h = Vp(sBea — chsa)
mpVra = VpQ + (cosa)Sqe C,

J,Q = Sqc Cy (5.11)

where J is the second inertial moment measured about the center of gravity. Upon lineariz-

ing the aerodynamic forces the small perturbation values are

C. = Ca+0C 0
Co = Coct %((Jma + Cruy@) + Coy 6. (5.12)
where the steady-state conditions are chosen as a = 2 deg, M = 0.5, h = 30,000 ft, and
Vr =500 ft/s. The parameters for both configurations are listed in Table (5.1). The reference
quantities are those of the loiter configuration. Linearizing Eq. (5.11) results in the linear

state-space representation

fB = ACB—}-B’LL(;e
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Table 5.1: Morphing Aircraft Parameters

Loiter Dash

Teg 10.8 ft  13.2 ft
Con., -0.1373  -0.7269
s 0.2537  0.3088
5> Chn, -0.0508 -0.02875
52 Crn, -0.0253  -0.0302
o 0.8136  0.8193
Cing, 2.8533  1.9940
where
[0 —499.7 499.7 0 0 | 0 ]
0 —0.9913 0 1 0.1351 0
Loiter : A=10 0 0 1 0 , B= 0
0 —05736 0 —0.3899 14.58 0
0 0 0 0 —20.2 | | 20.2 |
[0 —499.7 499.7 0 0 | [0 ]
0 —0.6567 0 1 0.1361 0
Dash : A=10 0 0 1 0 , B= 0 (5.13)
0 —2.029 0 —0.1659 5.71 0
0 0 0 0 —20.2 | | 20.2 |

The root locus of both configurations is shown in Fig. (5.2)-note that there is a real pole at
—25.2 due the actuator time constant that is not shown. Both systems have a pole at the
origin resulting in a Type 1 system. Since the dynamics were linearized about the initial
pitch angle 8 = 0, gravity does not appear in the linearized equations. For non-zero pitch
angle the zero pole will be moved away from the origin to the left resulting in a Type 0

system.

The procedure for designing the pitch attitude autopilot is to first design the inner-loop
pitch rate feedback, analyze this subsystem and the design the outer-loop compensation
based on pitch attitude feedback. The block diagram for this design is shown in Fig. (5.1).
The inner-loop control is a gain feedback, K, is used to increase the damping of the short-

period oscillation. A proportional-integral (PI) compensator—Kjy and K are respectively the
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Figure 5.1: Pitch Attitude Hold with Dynamic Compensation
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Figure 5.2: Root Locus for Loiter and Dash Configurations, 0(s)/us,(s)

proportional and integral gains—based on pitch feedback is used to move the zero-value poles
away from the right-half plane. Additional lead compensation is then designed to fine-tune

the dynamic performance via the gain and phase margins. The two control designs are

s+0.3)(s +2.5)
s(s +25)

(s +0.3)(s+ 2.5)

s(s + 25)

Loiter : K,=0.3, G.(s)= 21(

Dash : K,=0.7, G.s)=40 (5.14)
The resulting open-loop Bode plots are shown in Fig. (5.3). The stability margins were
designed to be sufficiently large to accommodate model uncertainty. Typical desired values
are a phase margin of 30 to 60 degrees and a gain margin of 6 to 15 dB [88]. The respective

step responses are shown in Fig. (5.4).
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Figure 5.5: Comparison of Linear and Nonlinear Simulations for Pitch-Attitude Control
Design

Numerical Simulations

The numerical simulations are based on the nonlinear dynamics given by Eq. (5.8), thus
accounting for the changes in mass distribution and changing aerodynamic effects. As dis-
cussed previously Chapter 4, the aerodynamics forces and moments were constructed in the
form of look-up tables to account for variations due to both orientation, altitude, and aircraft

configuration.

The control laws given by Eq. (5.14) were simulated for both configurations to test the
performance of the compensator designs. A comparison of both the linear and nonlinear
simulations for both cases is shown if Fig. (5.5). In general, the nonlinear results exhibit
an increases in both in overshoot and settling time; this is an expected result due to the
ignored nonlinear effects. Nonetheless, the designs exhibit adequate performance for each

configuration.

Having designed suitable controllers for both loiter and dash, we now consider the dynamics

of a configuration change. This consideration introduces some complexity in the control
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design. Although it is not demonstrated, the control design for loiter does not provide a stable
response for the dash configuration. In an attempt to alleviate this difficulty the control gains
are scheduled linearly as a function of the center of gravity position. It is noted that typical
pitch control gain scheduling for a rigid aircraft with constant mass center is performed by
attempting to maintain a constant ratio, —KgCh,;_/Cm,, by updating the proportional gain
[122]. This, however, relies on the assumption that the aerodynamic derivatives do not alter
substantially. Stability analysis for a gain-scheduled control design is inherently difficult
due to the time-varying nature of resulting closed-loop dynamics. Furthermore, even if the
dynamics are stable at each discrete transition point, this does not imply dynamic stability.

In general, the rate of transition must be sufficiently small to ensure stability [123].

To begin, we consider a transitioning from loiter to dash while attempting to maintain a zero
pitch angle. The transition rate is controlled by a first order time lag 7.,. As demonstrated
by Fig. (5.6), for slow transition rates the response exhibits small angle deviations with
a maximum of approximately 2 degrees. As the transition rate is increased the overshoot
becomes much larger and with greater oscillation. A transition rate of 7., = 5 sec appears to
be a limiting value in that the maximum overshoot demonstrates no further increase. The
main reason for this behavior is the lack of sophistication in the aerodynamic model. The
aircraft quickly transitions into the dash configuration with the corresponding steady-state
aerodynamics. Although not investigated here, it is probable that transient aerodynamic

effects will have a significant effect.

We next consider a configuration change while maneuvering. As shown in Fig. (5.7), a
transition takes place while the aircraft attempts to achieve a pitch angle of 30 degrees.
Compared to Fig. (5.5) the response shows a large increase in both overshoot and settling
time. Note that aft moving mass promotes a greater rise time, but also the undesirable
overshoot effects. Also, the compensator proves to be incapable of providing stability for

rate transitions of more than approximately 7., = 2 sec.

Now considering a reverse transformation—from dash to loiter—Fig. (5.8) shows an opposite
effect of rate transition. That is, the rate of structural transition provides a stabilizing
effect on the regulated response. This result is, in part, caused by the forward moving
mass which provides a negative stabilizing moment. Another contribution is that the loiter
configuration is inherently more stable with larger valued aerodynamic damping derivatives.
The maneuvering case is considered in Fig. (5.9). Once again the stabilizing rate transition

effects are apparent; the stable compensation range is shown to be for values 7., > 0.5 sec
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5.3 Nonlinear Navigation Control

Linear control methods are used in the overwhelming majority of aircraft flight control
systems. This is due to the vast amount of knowledge available in the field of linear system
theory. Linear control methods, however, are all built upon the assumption that the dynamic
model behaves linearly within some perturbation of a stationary point—there is also the
underlying assumption that the system is indeed linearizable. Once the bounds of this
perturbation are exceeded, the dynamic system is likely to behave poorly or even possibly
be unstable. Therefore, the design of a flight control system will necessarily require the
design of multiple controllers, one for each operating region. For a morphing aircraft, the
complexity is compounded since a flight control law must be designed for each operating

region and for each planform configuration.

In this section, some alternative concepts are discussed. Particularly, nonlinear methods of
flight control are investigated as a means of overcoming some of the restrictions of linear
systems. Nonlinear control design relies on Lyapunov’s second method in which a Lyapunov
function is used to derive a stabilizing control law. In general, finding the required Lyapunov
function is a non-trivial task. One way of getting around this problem is to employ a method
of differential geometry termed feedback linearization in which the dynamical equations are

placed in a form where finding the required Lyapunov function is trivial.

In the following sections feedback linearization is presented as a candidate method for con-
trolling the motions of a variable planform aircraft. Unfortunately, the robustness properties
of this control design are shown to be less than adequate. The main focus of this section will

be to investigate the possible benefits of variable span morphing for maneuvering control.

Bank-to-Turn Flight

The necessity of BTT guidance is due to the air-breathing propulsion system that requires
direct access to the relative wind motion for power. There are two major aspects that
must be addressed in designing an autopilot system for bank-to-turn (BTT) aircraft. The
first involves the inherent nonlinearities involved in flight dynamics. That is, there exists a
significant cross-coupling of the rotational dynamics whose effect is especially influential for
BTT aircraft due to the high roll rates required for achieving high performance. As opposed

to skid-to-turn guidance where the acceleration commands are in the form of a yaw and
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pitch angle, BTT guidance commands are ultimately given as a roll angle and and pitch
acceleration. The difference in these guidance schemes stems from the associated propulsion
system involved. For an air-breathing propulsion system, the angle between the total velocity
vector and the longitudinal axis (i.e., the sideslip angle (3) of the aircraft must be kept small
to ensure proper air intake-this is the second aspect of importance. STT guidance is not
sufficient for meeting such requirements and hence the development of BTT guidance and

control has been a significant topic of research.

One method for dealing with the nonlinearities that has been studied as applied to missile
guidance is to treat the roll rate as a constant at each instant in time. This is termed as
an adiabatic approrimation by Williams and Friedland [124] and in their work, the familiar
method of gain scheduling is implemented. The missile dynamics are linearized at multiple
operating points and optimal linear techniques are used to schedule the control gains as a

function of dynamic pressure.

The commands for BTT guidance come from navigation commands in the form of body-axis
accelerations. The target location is modeled as a point mass and is located with respect to
F° by the vector 7 € F°, and with respect to F! by 'r%p, u € F! with the relationship

ry =b" + Ar} (5.15)
The relative velocity between the aircraft and target is
Py =Ty — v+ Py w'’ (5.16)

The guidance scheme used in subsequent simulations is the classical proportional navigation.

Mathematically, the guidance law known as proportional navigation is stated as
al = NV,\ (5.17)

where a! is the acceleration command, N is the effective navigation ratio, V, is the closing

velocity and A is the line of sight angle [125]. It can be shown that this guidance law can be

reduced into acceleration commands in F! [125]. The acceleration commands are given as
1 ""1T,M + (f%F,M)tgo

a, = (5.18)

c 2
loo
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where t,4, is time-to-go until intercept and is defined as

too = V%/—“”' (5.19)
Referring to Fig. (5.10) the roll angle error is determined as
¢ =tan"'(a; - €} /a, - €}) (5.20)
The roll angle command can then be calculated by
Ge =+ ¢ (5.21)

The angle of attack is limited to positive values thus requiring a 180 degree roll angle to

perform a pitch-down maneuver. Therefore, the angle of attack command is given as

Q. = Ka\/(ag cel)’+al el (5.22)

where K, is a control gain. Qualitatively, Equations (5.21) and (5.22) state that the direction
of acceleration is determined by ¢. and the acceleration magnitude by «.. Here it is assumed
that the acceleration is proportional to the angle of attack; it is actually proportional to c.

Angle of attack tracking will be shown as an adequate method.

Input-Output Linearization

In this section, we consider a complete dynamic model and attempt to control only a sub-
set the state vector via linearization; this process known as input-output linearization or
sometimes input-output decoupling. The development that follows may be found in many

references, some of these are [126, 127, 123, 128], for example.

To begin, it is assumed that the dynamics of interest can be expressed as a nonlinear, time-
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Figure 5.10: Geometry of Bank-to-turn Guidance

invariant, multi-input, multi-output square system of the general form

& = f(@)+Af(@)+ ) [gu(@) + Agy(a)u
= fl@)+Af(x) + [G(x) + AG(z)]u
y = h(x) (5.23)

where £ € R", y € RP, and v € R™. The terms Af(x) and AG(x) account for model
uncertainty. Note that when Af(x) # 0 the so-called matching condition is not satisfied.
That is, the uncertain terms are not directly attached to the control inputs. This will be a

topic of interest in later discussion.

The nominal dynamics are taken to be those of Eq. 5.23 where Af(x) = 0 and AG = 0.

The nominal system can be input-output decoupled provided that

e p=m,
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e there exists finite non-negative integers rq, ..., r,, such that

Lo Ly hi(x) =0, k=1,..,m,
Lg L hi(x) £0, i=1,..,m

The second condition states that y has vector relative degree r = > r; < n. Note that if
r = n, then the system can be fully decoupled. Taking the p;-th derivative of the j-th output

of y; with respect to time results in
Yy =LY hy+ Z Ly, LY ) (5.24)

where, in general

Lih(z) = O f(a)

is the Lie Derivative of the function h(x) along the smooth vector field f(x). The vector
relative degree r; of y; is the derivative order p; for which Z;Zl(LgiL;j 71hj)ui # 0. From
the previous conditions, if the total relative degree r = ZT=1 r; < n, then the output state

equation can be constructed as

Yy L}y Ly L3 hy o LgmL’; "y o
: = I ; : | (5.25)
o Ly Ly Ly hy - LgmL;m—lh Unm

The input-output decoupled system is obtained by defining the control law

-1

U1 Lg1 L;l_lhl cee Lgm L;l_lhl L;lhl (4
| = : : : - (5.26)
Uy Lo Ly -+ Lgngm Y Ly B, U
so that
yyl) Vi
o= (5.27)
fom) U
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The dynamics are then defined by the new inputs v; which may be chosen in any convenient

manner.

A complete dynamical description may be presented by assuming the existence of a smoothly
differentiable map (i.e., a diffeomorphism), T'(-) : R* — R" such that

VT(2)G(z) = 0

where VT'(x) denotes the gradient of T'(x)-the conditions under which such a diffeomor-

phism exists can be found in the literature [123, 126]. Given the change of coordinates

[77] =T(x), neR"™™, £cR™

§
where
- T
n = | Ti(x) - T.(x)
- T
& = _ hy --- L:}’lhl coe Ry, e L}m‘lhm }
[ -1 e
= i Y1 - y71n1 e Yy e y;’nm_ i|

With this coordinate change the dynamics of Eq. (5.23) are transformed into the system of
Eq. (5.25) plus the system

n=fo(n€) (5.28)

Equation (5.28) represents the internal dynamics the system which are unobservable from

the output y(¢). Evaluated at the stationary point €& = &, this becomes

1= fo(n,&) (5.29)

which are the zero dynamics of the system. The system is minimum phase if the origin
the zero dynamics are asymptotically stable-this ensures that m(¢) will be bounded for all

possible y(t) and all intitial conditions 1(0).

The method of feedback linearization, as applied to missile systems, has been previously sug-
gested by [73, 129, 130, 131, 132]-first derived about 20 years before the author’s discovery—
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and some of the derivation that follows is included in these works. In applying input-output

linearization to control the BTT aircraft previous section, the state vector is defined as

w:[¢ 0 v as P QR (5.30)

and the input vector is defined as u = (4, d., d,)7. Assuming a principle axis, the equations

of motion may be expressed as

[ P+ @singtanf + Rcos¢tanf |
@ cosp — Rsin ¢
Q@ sin ¢ secd + R cos ¢ sec 6
Fat g, +Q-Pp

flx) = Y (5.31)
V—iﬁ+gyw+Pa—R
L,P+ L.R+ Lgp
I,PR + Mya + M,Q
I,PQ + N,P + N,R+ Nyf3
and
000 0 Y3/Vr O 0 N
G=|000 Z/Vr 0 0 M; O (5.32)
000 0 0 Ls, 0 N

The principle axis assumption is not a required assumption and is employed for simplicity.

The output state vector is chosen to be
y=h(x) = [o,a,0]" (5.33)
Differentiating the outputs defined by Eqn. (5.33) according to Eqn. (5.24) we find that
Y1 =
Yo =
ys = f (5.34)

where it is apparent that ro = r3 = 1. To determine the total relative degree the output
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hy(x) is differentiated once again

i = Lfchl + (Ns, cos g tan 0)0, + (Ms, sin ¢ tan 0)6,
+ (Ls, + N5, cos ptan )i, (5.35)

In Eqn. (5.35) an input appears in the second derivative of hy(x) and therefore y; has vector
relative degree r; = 2. The system has total relative degree r = 4, and therefore meets the
first requirement for 1/O linearization. The second requirement comes from constructing the

output state equation. Referring to Eq. (5.25) we have

L2h
A(x) = %a +Q— PR+ § (5.36)
Jyw
V—5ﬁ + Poa— R+ T

and
Ns.co td Ms sp td Ls, + Ns,co t0
Ys./Vir 0 0
The matrix B(zx) is well-defined and nonsingular for all # € (-7, ), which is also a stipula-

tion for the inversion of A% when implementing the 3-2-1 Euler angle representation. The

input-output linearized equations of motion are
. .17
(6 5] =A@ +B@u (5.38)
We can then define the state control feedback law as
u=-B Yz)A(z) + B }(z)v (5.39)
resulting in the linear system

KX B]T:’v (5.40)
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The input to this linear system is then chosen to be

b = Koy (0 = 6c) = K0 — o)
v = Qe — Koz(a - ac) (541)
Bc - Kﬂ(ﬁ - Bc)

where the K values are control gains and ¢.., a., and 3. are the commanded state values. Note
that v may be defined in any manner and can be cast in the form of, for example, optimal
control or robust control. For simplicity we consider solely the PD control. Substituting
(5.41) into (5.40) gives the linear system

ée + Kd)lée + K¢2¢e =0
Qe + Ko, =0
B+ Kgfe =0 (5.42)
where the e subscript denotes the signal error. Note that for every K > 0 the error is assured
to converge to zero.

There are three actuators that control the 3 desired state trajectories. The actuator blending

is defined as follows:

5r = 51
0o = 09+03
5. = —by+ 6 (5.43)

where 0 is the vertical tail fin, ds is the right tail fin (aft looking forward), and 3 is the left
tail fin.

To demonstrate the effectiveness of the (¢, a, () controller, numerical simulations of the
nominal dynamics were constructed using the Maneuver planform design described in Chap-
ter 4 (see Fig. (4.2))-the complete aerodynamic data tables are given in Appendix B. The
aircraft is considered to be tail-controlled with all-moving vertical and horizontal fins. As
before, actuator constraints were imposed in the form of both rate and saturation limits.
Fixed input tracking control is demonstrated in Fig. (5.11). Using proportional guidance, a
fixed spatial command is tracked to within a small distance as shown by Fig. (5.13). The

time-varying input commands and the resulting aircraft orientation associated with this
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Figure 5.11: Nominal I/O Linearization Control Tracking Stationary Commands

simulation are shown in Fig. (5.13).

Variable Span Roll Control

The nonlinear controller presented in the previous section is implemented here to evaluate
the flight performance improvements of variable span morphing. Again considering the ma-
neuver planform, we implement the existing design with wings that are capable of extending
asymmetrically up to 10% of the half span length. As discussed in Chapter 4, the wings are
considered to be coupled such that an extension of one wing results in a retraction of the
other. The coupled deflection is given by the input ratio J,,. With the tail control fins there
are a total of 4 actuators controlling only 3 states. The actuator blending of Eq. (5.43) is
now not so easily expressed. Furthermore, the input-output linearization design was devel-

oped under the assumption of a square system. Consider the yawing and rolling moments
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due to actuation where the aileron-like controls are displayed;

Ls,00a + Ls, 0y, = Ls, (62 + d3) + Ls, 04 (5.44)
N5a5a + N(;ye 5ye = Nga ((52 + (53) + N5ye 04 (545)

It is apparent that J, # (d2 + d3 + d4) which would be required for a square system. To
proceed define 0} = (Ls,/Ls,)04 and 82 = (Ng, /N;, )04 so that

Ls, 00 + Ls, (02 + 63 + 541)
Ns, 6, + Ns, (02 + 5+ 62) (5.46)

Noting that the yawing moment due to small aileron extension can be considered negligible
in comparison with the fin deflections (i.e., N5,, = 0), the aileron input can be defined as
00 = (02 +03+0; +07). Both . and 4, are as previously defined and the system is once again
square. Now, however, determining the actuator commands is a non-unique (non-invertible)

problem given by

5
. 0 1 51
s. =10 -1 10 52 (5.47)
5, 10 0 ;

Oy

This dilemma is referred to a the control allocation problem [133, 134]. To solve this problem
we consider an optimal approach. Let § = (81, 0, d3,d;) and the dynamics associated with

these actuators be described by the first-order system

5 = A55—|—G5U§
y; = Co (5.48)

where As and Gg are diagonal matrices containing the actuator time constants. The span
extension is given a rate limit of 0.2 seconds; in comparison, the tail controls were given a

0.0495 second time constant.

The method of inversion is only slightly different in that we assume modal control; that is,
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@ = Bu and define the linearizing control law

u=—-A(x)+v (5.49)
The control inputs are then determined by minimizing the cost function
ty
J = / (er - e; + ui Rus)dt (5.50)
0
subject to the previously defined actuator state equations where
e;=u—ys;=u—Cu; (5.51)

is the error between the desired and actual modal force vector. This is the standard linear
quadratic regulator problem (LQR) and allows for consideration of the varying time constants

associated with the individual actuators.

Before continuing, it was previously stated that B of Eq. (5.37) is invertible for all suitable
values of . The assumption with this statement was that Ls, is a constant value. If the
value is zero, then invertibility can not be assumed. For less than zero angles of attack the
lift of an aircraft wing goes to a zero value; for a un-cambered wing this this angle of attack
value is zero. This means that the the differential lift (i.e., the rolling moment) created by
one wing compared to another becomes negligible at small angles of attack. This is also true

for a tail fins at high angles of attack where the control authority reduces drastically.

Referring to Fig. (5.19), a comparison is shown for the maneuvering performance for the
conventional and variable span aircraft configurations. For this simulation a random excita-

tion applied to the aerodynamic coefficients was applied with a maximum of 5% error. In
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Fig. (5.19) the error was increased to 10%. The angle of attack tracking for both cases was

approximately equivalent and thus is not shown.

We now implement the proportional navigation as before to track a fixed-point spatial ref-
erence. In Fig. (5.17), the conventional design is subjected to commanded inputs from the
guidance system. Given the same conditions Fig. (5.18) demonstrates the improved perfor-
mance of the variable span design. The ultimate result is demonstrated by Fig. (5.19) in

which both designs are subjected to the same guidance location.

Discussion

In applying the input-output control design it was assumed that the zero dynamics of the sys-
tem are stable. In many cases this assumption is necessary due to nonlinearity of the resulting

equations. Furthermore, determining the required diffeomorphism is often non-trivial. Lin-
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earization and numerical simulations are both methods of investigating the stability of the
zero dynamics. Also, it was noted that the dynamic equations do not satisfy the matching
condition, which stipulates that parametric uncertainty in the model appears at the same
order of differentiation as the control input. There are several methods of guaranteed stabil-
ity given that the system meets the matching condition. For an ideal case, when the physical
model is in controller canonical form, robust techniques such as as sliding mode control can
be easily implemented. Methods such as the Lyapunov redesign attempt to add additional
control input to the system based on bounds of the matched error. Matching conditions have
been relaxed for certain limited classes of systems. Of particular interest, Qu and Dawson
demonstrated robust linearization given a system that does not meet the matching condition,
but can be represented as a cascaded system where each subsystem individually satisfies the

condition [127]. The current system does not fall under any of these requirements.

Although used solely for the purpose of investigating control morphing, given the desirable
attributes of the (¢, «, ) nominal control design presented in the previous section, a means
of providing robustness would be beneficial. As a final topic of discussion, we consider

augmenting the 1/O linearization control design with variable structure control.
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Consider the nonlinear nonautonomous system of the form
z=f(z,t)+v (5.52)

where z is the state vector, f(:) is an unknown function and v is the control input. The
dynamical system given by Eq. (5.52) corresponds to Eq. (5.40) when dynamics have not
been canceled completely due considering only the nominal system of Eq. (5.23). Letting
zZ. = z. — zg4 be the error vector we define the sliding surface s = A - z, where A is a vector

whose components are contained in the expression
s=(d/dt+ Nz, (5.53)
where ) is a positive constant. Suppose that the control input is selected as
v=—F(z,1) + 24— A€ sgn(s) (5.54)
for some £ > 0. Substituting this control into Eq. (5.52) gives
$ = —¢& sgn(s) (5.55)

stating that s converge to zero in finite time; consequently so must the error vector z.. The
error dynamics are said to exhibit sliding mode behavior if confined to this manifold. Of
course, it is obvious that f(-) is not a known function. Otherwise we would have canceled the
term in the inversion process. This, however, does not prevent us from applying the control
design via trial and error parameter design. Although it is of no significance to the current
investigation, it can be demonstrated through simulation that the variable structure control
design provides some robustness to the nominal 1/O design. Such a “proof by simulation”,

however, would add very little to the content.

5.4 Summary

In this chapter we studied the dynamic behavior of an aircraft while undergoing planform
changes. A commonly implemented robust pitch-attitude-hold compensator design was de-

veloped for analysis. Specifically, the control design was proportional-integral (PI) controller
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with pitch rate feedback and additional lead compensation for robustness. To accommodate
for configuration changes, the gains were scheduled according to the center of mass location
of the aircraft. Nonlinear numerical simulations were conducted for a transformation from a
loiter aircraft configuration to dash; the reverse transformation was also considered. When
regulating a zero pitch angle it was shown that the compensator was capable of maintaining
stability for various structural transformation rates. However, while attempting to maneu-
ver a critical transformation speed was observed for both cases in which the pitch attitude
became divergent. In general, if the transformation was sufficiently slow then adequate

stabilization could be obtained.

A nonlinear control design was implemented to demonstrate its usefulness for morphing air-
craft designs. Opposed to designing several control laws for each morphing configuration and
for a range of flight conditions a single controller was developed. The input-output linearized
model was shown to be adequate in tracking a fixed spacial point such as would be employed
in waypoint navigation. The design was used as basis for investigating a variable span missile
design. Using asymmetric wing extension bank-angle maneuvers could be achieved at higher
accuracy as compared with the conventional tail-controlled aircraft. Navigation results were

included to demonstrate the resulting improvements with regards to guidance tracking.

Although a very useful means of compensation, the I/O control design is inadequate in
accounting for model uncertainty. Furthermore, due to not meeting the matching condition,
there are very few tools that are helpful to ensure robustness. As a means of overcoming
the difficulties with the nominal I/O nominal control design, a variable structure control

addition was discussed as a means to add a measure of robustness.
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Chapter 6

Conclusions and Recommendations

6.1 Conclusions

This thesis was concerned with examining the flight performance of morphing aircraft. The
two distinct topics covered were the stabilization of an aircraft undergoing large changes in
aerodynamic and inertial properties, and the flight performance improvements of morphing
control actuation. In leading to these investigations, a complete dynamic description was
constructed for aircraft undergoing large structural changes. Using Kane’s method two dif-
ferent models were derived. The first is a nonrigid body model in which only one body-fixed
basis is defined and the motion of the aircraft is defined about this point. The nonlinear
model leads to terms that are difficult to define explicitly, particularly for complex struc-
tural changes. The resulting model is considered to be time-varying, including the first and
second inertial moments, in that the structure of the aircraft is assumed to be a known
function of time. Development of a autonomous model was peformed by considering the
aircraft structure to be composed of a finite number of rigid bodies. Explicit state equa-
tions were developed to identify the motion of the total aircraft relative the main body-fixed
frame. Finally, as a compromise between the time-varying nonrigid equations and the com-
plex multibody expression, a point mass approximation was presented. The resulting form
produced time-invariant equations of significantly reduced form relative to the multibody

approach.

Three aircraft configurations were considered as platforms for studying the dynamic effects

of morphing aircraft. The Teledyne Ryan Firebee was used as a baseline aircraft; the specific
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configurations considered were dash, a loiter design and a maneuver configuration. Methods
of developing aerodynamic models were discussed based on widely accepted methods. Dat-
com was introduced as the method used in determining the aerodynamic derivatives used in
flight analysis. Specific to morphing control, an aerodynamic representation for a variable
span aircraft was developed. In particular, it was shown that a asymmetric wing extension
could be used to generate a large moment that may be suitable for control authority in
maneuvering flight. Based on Prandtle’s lifting line theory, an expression for the both the
roll producing and damping moments were calculated. It was further shown, that for wing
deflections of less than 10% of half span, the roll producing moment remains constant thus

allowing the standard linear roll damping derivative approximation.

In the final chapter a numerical study was conducted on the dynamic behavior of an aircraft
while undergoing planform changes. A commonly implemented robust pitch-attitude-hold
compensator design was developed for analysis. Specifically, the control design was gain-
scheduled proportional-integral (PI) controller with pitch rate feedback and additional lead
compensation for robustness. Nonlinear numerical simulations were conducted for a trans-
formation from a loiter aircraft configuration to dash; the reverse transformation was also
considered. When regulating a zero pitch angle it was shown that the compensator was
capable of maintaining stability for various structural transformation rates. However, while
attempting to maneuver a critical transformation speed was observed for both cases in which
the pitch attitude became divergent. In general, if the transformation was sufficiently slow

then adequate stabilization could be obtained.

A nonlinear control design was implemented to demonstrate it usefulness for morphing air-
craft designs. Opposed to designing several control laws for each morphing configuration
and for a range of flight conditions a single controller was developed. The input-output
linearized model was shown to be adequate in tracking a fixed spacial point such as would
be employed in waypoint navigation. The design was used as basis for investigating a vari-
able span aircraft design. Using asymmetric wing extension bank-angle maneuvers could
be achieved at higher accuracy as compared with the conventional tail-controlled aircraft.
Navigation results were included to demonstrate the resulting improvements with regards to

guidance tracking.
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6.2 Recommendations

As all currently designed aircraft are centered round a fixed planform arrangement, the
consideration of morphing aircraft opens up several new research areas. In fact, the prospect
calls for a complete reinvestigation of the theory of aircraft dynamics and control. Morphing
aircraft research contains within its bounds a large variety of topics including material and
actuation design, aerodynamics, dynamics, and flight control. Futhermore, any one of these

individual topics contains vast opportunity for investigation.

The current trend is the design of aircraft that are capable of significant geometry alterations
with the goal of optimality in any given flight regime. As such, a main topic of consideration
is flight control design. A morphing aircraft requires flight control laws capable of high
performance while maintaining stability in the presence of large variations in aerodynamic
forces, moments of inertia, and mass center. These requirements lead to underlying research
aspects involving the interaction between the environment, aircraft structure, and flight
control system. Current methods of flight control rely on small perturbation linear models
about a given operating points. For a single configuration aircraft the implementation of a
flight control system involves an extensive process of aerodynamic testing, analytical design,
numerical simulation, and flight testing. For a multi-configuration aircraft it is apparent that
the task of control design becomes exceedingly more involved. A significant contribution if
the field of autonomous morphing flight control would be the development of stable, robust
controllers to accommodate the required trajectory tracking for the highly nonlinear present
in variable configuration aircraft. In general, the dynamics of flight are not amenable to
robust nonlinear designs. The matching condition is of significant consequence in that it
remains a large obstacle for robust design. In flight dynamics, uncertainties are included
in almost every aspect of the dynamical equations. As such, the highly desirable controller

canonical form is difficult to obtain.

Recommendations for future work are experimental investigations into the flight behavior
through extensive wind-tunnel testing. Specifically, the issues of immediate concern are
the identification and approximation of the transient aerodynamic forces and moments of
significant consequence, and methods of dynamic/aerodynamic modeling that are suitable

for analysis and control design.
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Appendix A

The following appendices give the full equations of motion of a shape-changing aircraft for
various dynamic representations. The equations are expressed in coordinates of F!, that is,
the origin of the main body located within the fuselage. The inertial contributions are left

undeveloped, but may be easily derived from the vector equations given in Chapter 2.

Body-Axis Equations

The body axis equations, expressed in the basis of the body frame, are given as:

U — RV +QW =1/mg(hy, + F, — gmrpsb)
V. + RU— PW = 1/mqp(hy, + F, + gmrchsd)
W — QU+ PV =1/myp(hy. + F. + gmpchc)
J.P — J1Q — JisR — J13PQ — Jp3Q* + J1oPR + (J. — J,)QR + Jos R?
By, + 2L + gcb(ch S, — 56 S.)
—JiwP 4+ J,Q — JsR+ (J, — J.)PR + Ji3(P — R)(P 4+ R) + JosPQ — J12QR
P, + M — g(cOce S, + s0 S‘z)
—JisP = JQ+ LR+ (J, — J)PQ + JisQR — J1sP* + J15Q* — Jps PR
P, + N + g(s0 S, + chs¢ S,)
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Stability-Axis Equations

The body-axis equations, expressed in the basis of the stability axis are given as:

CﬁVT
SﬂVT
VTCﬁéé

J2P,

J,Q

5BV — sBVrR, = L/mrplh}, + Fy — gmp(c cd sa — ca s)]
VB + cBVrR, = 1/my[hf, + Fy + gmrchsg)]

cBQVr + sBPVr = 1/mry[h}, + F; + gmy(ca cf) cg + sa s0)]
TisBs = (J3Rs + Ty Po)é = JQPs + (T = J})QR,

s, 4+ M? + gleach(coS, — s¢S.) + sa(s0S, + chspS,)]

(J7 = S PeRs + Jig(Pe — Ro)(Ps + Ro)

hs,, + M; — g(chcpS, + s0S.)

JRa+ (J2Ps + JigRo)a = (Jy = JQPs + JiQR,

hy, + M + gl(caslS, + cB(spcal, — cosaS, + spsasS.))
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Wind-Axis Equations

The body-axis equations, expressed in the basis of the wind axis are given as:

Vr
Vrf3
cBVra
JYP,

TQu,

—J%R,,

o+ o+ o+ 4

- -

L/mrlh% + F,’ + gmr(cBchepsa — cfeast + chsBs¢)]

ViR, =1/mp [hf + F) + gmr(casfst — ccpsasB + chcBse)]
VrQ. = 1/mT[hwz + F 4+ gmr(cactcd + sasb)]
J8Quw — JSRy — [(J4 Py + J°Ry)eB + (J4Quw — J%Ry)sB]d

(S5 Pu + T2 Qu)B = (15 P + J35Quw) Qu + [Ji5Pu + (J — J2)Qu] Ru
JyRe = h¥ + MY + g[cﬁsas@gy — sBcbcpS, — 58505, + cBchsaspS,
cacﬁc@(cgbgy — 5¢5.)]

3B + eBl(J35 R — T3 Pw) + sB(J53Qu + Jy Ru)la

(Jy P+ J$5Qu) B + J33 PuQu + (J¥ = J) PRy — Ji5Qu Ruy

J(Py — Ru)(Py + Ry) = hts + MY — g[eB(cOcpS, + s05.)
sBcach(coS, — s¢S.) + sBsa(s0S, + chspS,)]

JEQuw + J Ry + (BT Ry — 88J35 Ry + cBIY Py — 88T Qu)
(J15Quw — J5Pu)B — (T Py + JEQuw) P + (JE Py + J5Q0) Qu
(J15Qw — Jo3Py) Ry = by, + MY + g[cozs@é’y - c@cqbsozgy

chsd(caS, + saS’z)]
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Appendix B - Datcom Aerodynamics

Loiter Configuration

1 **** THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS

CONERR - INPUT ERROR CHECKING

ERROR CODES - N* DENOTES THE NUMBER OF OCCURENCES OF EACH ERROR
A - UNKNOWN VARIABLE NAME

B - MISSING EQUAL SIGN FOLLOWING VARIABLE NAME

C - NON-ARRAY VARIABLE HAS AN ARRAY ELEMENTDESIGNATION - (N)

D - NON-ARRAY VARIABLE HAS MULTIPLE VALUES ASSIGNED

E - ASSIGNED VALUES EXCEED ARRAY DIMENSION

F - SYNTAX ERROR

*hkkkkkkkkkkkkkkkkhkhkkkkkkk IN PUT DATA CARDS *kkkkkkkkkkkkkkkhkkkkhkkkkkkx

1 $FLTCON NALPHA=13.,,NMACH=1.,MACH=0.5,ALT=30000.,BETA=0.,
2 ALPHA=-2.-1.,0.,1.,2.,3.,
3 ALPHA(7)=4.,5.,6.,7.,8.,9.,10.,%
4 $REFQ XCG=10.7,SREF=46.9288,LREF=2.2566,LATREF=22.3154,$
5 $AXIBOD LNOSE=4.95,DNOSE=2.33,BNOSE=0.1532,LCENTR=15.0,DCENTR=2.33,
6 LAFT=2.95DEXIT=1.13,$
7 $FINSET1 XLE=8.9121,NPANEL=2.,PHIF=90.,270.,SWEEP=15.9724,STA=0.,
8 CHORD=2.8816,1.1192,SSPAN=1.1654,11.1577,
9 SECTYP=NACA,$
** SUBSTITUTING NUMERIC FOR NAME NACA
10 NACA-1-4-0010-53
11 $FINSET2 XLE=16.9637, NPANEL=3.,PHIF=0.,90.,270.,
12 SWEEP=43.7736,STA=0.,.SSPAN=1.1650,3.9113,CHORD=2.3188,2.0995,
13 SECTYP=NACA,$
** SUBSTITUTING NUMERIC FOR NAME NACA
14 NACA-2-4-0010-53
15 $DEFLCT DELTA2=0.,0.,0.,$
16 DERIV RAD
17 DAMP
18 WRITE DB12,1,8
19 PLOT
20 SAVE
21 NEXT CASE
22 $TRIM SET=2.,$
23 PRINT AERO TRIM
24 PLOT

25 NEXT CASE
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1

AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 1

CASE INPUTS
FOLLOWING ARE THE CARDS INPUT FOR THIS CASE

$FLTCON NALPHA=13.,,NMACH=1.,MACH=0.5,ALT=30000.,BETA=0.,
ALPHA=-2.,-1.,0.,,1,,2.,3,,

125



1

ALPHA(7)=4.,5.,6.,7.,8.,9.,10.,$

$REFQ XCG=10.7,SREF=46.9288 LREF=2.2566,LATREF=22.3154,$
$AXIBOD LNOSE=4.95,DNOSE=2.33,BNOSE=0.1532,LCENTR=15.0,DCENTR=2.33,
LAFT=2.95DEXIT=1.13,$

$FINSET1 XLE=8.9121 NPANEL=2.,PHIF=90.,270.,SWEEP=15.9724,STA=0.,
CHORD=2.8816,1.1192,SSPAN=1.1654,11.1577,

SECTYP=1.,$
NACA-1-4-0010-53

$FINSET2 XLE=16.9637 ,NPANEL=3.,PHIF=0.,90.,270.,

SWEEP=43.7736,STA=0.,SSPAN=1.1650,3.9113,CHORD=2.3188,2.0995,
SECTYP=1.,$
NACA-2-4-0010-53
$DEFLCT DELTA2=0.,0.,0.,%
DERIV RAD
DAMP
WRITE DB12,1,8
PLOT
SAVE
NEXT CASE
THE BOUNDARY LAYER IS ASSUMED TO BE TURBULENT
THE INPUT UNITS ARE IN FEET, THE SCALE FACTOR IS 1.0000

e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****

AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS
STATIC AERODYNAMICS FOR BODY-FIN SET 1 AND 2

weswess £ |IGHT CONDITIONS AND REFERENCE QUANTITIES *+++++

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG
REF AREA = 46.929 FT**2 MOMENT CENTER = 10.700 FT
REF LENGTH= 226 FT LAT REF LENGTH= 2232 FT
----- LONGITUDINAL ----- -- LATERAL DIRECTIONAL --

ALPHA CN CM CA CcYy CLN CLL

-2.00 -0.211 0.004 0.017 0.000 0.000 0.000

-1.00 -0.106 0.002 0.021 0.000 0.000 0.000

0.00 0.000 0.000 0.022 0.000 0.000 0.000

1.00 0.106 -0.002 0.021 0.000 0.000 0.000

200 0.211 -0.004 0.017 0.000 0.000 0.000

3.00 0.314 -0.007 0.010 0.000 0.000 0.000

400 0417 -0.010 0.001 0.000 0.000 0.000

5.00 0.518 -0.012 -0.010 0.000 0.000 0.000

6.00 0.615 -0.017 -0.023 0.000 0.000 0.000

7.00 0.706 -0.024 -0.039 0.000 0.000 0.000

8.00 0.786 -0.036 -0.054 0.000 0.000 0.000

9.00 0.859 -0.053 -0.063 0.000 0.000 0.000

10.00 0.930 -0.069 -0.064 0.000 0.000 0.000

ALPHA CL CDh CL/CD X-C.P.

-2.00 -0.210 0.024 -8.700 -0.021

-1.00 -0.105 0.023 -4.672 -0.021

0.00 0.000 0.022 0.000 -0.021

1.00 0.1056 0.023 4.672 -0.021

2.00 0.210 0.024 8.700 -0.021
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3.00 0.313 0.027 11.701 -0.022
400 0415 0.031 13.620 -0.023
5.00 0.516 0.035 14.607 -0.024
6.00 0.614 0.041 14919 -0.027
7.00 0.705 0.048 14.802 -0.034
8.00 0.786 0.056 13.983 -0.046
9.00 0.858 0.072 11.896 -0.061
10.00 0.927 0.098 9.422 -0.075

X-C.P. MEAS. FROM MOMENT CENTER IN REF. LENGTHS, NEG. AFT OF MOMENT
CENTER
1 = THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 3
STATIC AERODYNAMICS FOR BODY-FIN SET 1 AND 2

weseess £ IGHT CONDITIONS AND REFERENCE QUANTITIES *++++*

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA = 46.929 FT**2 MOMENT CENTER = 10.700 FT
REF LENGTH= 226 FT LAT REF LENGTH= 22.32FT

---------- DERIVATIVES (PER RADIAN) ----------
ALPHA CNA CMA CYB CLNB CLLB
-2.00 59838 -0.1339 -0.6103 0.0692 -0.0385
-1.00 6.0320 -0.1276 -0.6042 0.0693 -0.0422

0.00 6.0562 -0.1245 -0.6005 0.0691 -0.0458
1.00 6.0320 -0.1276 -0.6026 0.0687 -0.0493
2.00 59693 -0.1373 -0.6071 0.0681 -0.0525
3.00 59012 -0.1458 -0.6119 0.0672 -0.0557
4.00 5.8284 -0.1570 -0.6165 0.0663 -0.0587
5.00 5.6867 -0.2040 -0.6210 0.0654 -0.0618
6.00 5.3997 -0.3261 -0.6256 0.0645 -0.0642
7.00 4.9081 -0.5577 -0.6305 0.0639 -0.0656
8.00 4.3723 -0.8217 -0.6358 0.0634 -0.0658
9.00 4.1133 -0.9549 -0.6400 0.0626 -0.0669
10.00 4.0607 -0.9868 -0.6434 0.0617 -0.0689

PANEL DEFLECTION ANGLES (DEGREES)
SET FIN1 FIN2 FIN3 FIN4 FIN5 FIN6 FIN7 FINS8
1 0.00 0.00
2 0.00 0.00 0.00
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 4
BODY + 2 FIN SETS DYNAMIC DERIVATIVES

Freexx FLIGHT CONDITIONS AND REFERENCE QUANTITIES *******

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA = 46.929 FT**2 MOMENT CENTER = 10.700 FT
REF LENGTH= 226 FT LAT REF LENGTH= 2232 FT

------------ DYNAMIC DERIVATIVES (PER RADIAN) -----------

ALPHA CNQ CMQ CAQ CNAD CMAD
-2.00 7981 -53.218 -0.459 18.747 -18.070
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-1.00 8.044 -53.447 -0.488 18.747 -18.070
0.00 8.090 -53.614 -0.503 18.747 -18.070
1.00 8.094 -53.628 -0.505 18.747 -18.070
2.00 8.080 -53.571 -0.497 18.747 -18.070
3.00 8.052 -53.464 -0.480 18.747 -18.070
400 8.012 -53.316 -0.454 18.747 -18.070
5.00 7.963 -53.130 -0.421 18.747 -18.070
6.00 7.907 -52.909 -0.378 18.747 -18.070
7.00 7.844 -52.646 -0.322 18.747 -18.070
8.00 7.768 -52.323 -0.249 18.747 -18.070
9.00 7.666 -51.940 -0.159 18.747 -18.070
10.00 7.548 -51.519 -0.050 18.747 -18.070

PITCH RATE DERIVATIVES NON-DIMENSIONALIZED BY Q*LREF/2*V
1 **** THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 5
BODY + 2 FIN SETS DYNAMIC DERIVATIVES

weeeess £ |GHT CONDITIONS AND REFERENCE QUANTITIES *++++*

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA = 46.929 FT**2 MOMENT CENTER = 10.700 FT
REF LENGTH= 226 FT LAT REF LENGTH= 22.32 FT

———————————— DYNAMIC DERIVATIVES (PER RADIAN) -----------
ALPHA CYR CLNR CLLR CYP CLNP CLLP
-2.00 0417 -0400 0.033 0.189 -0.068 -0.512
-1.00 0418 -0401 0.033 0.193 -0.069 -0.519
0.00 0.419 -0.401 0.033 0.195 -0.070 -0.522

1.00 0418 -0401 0.033 0.195 -0.070 -0.519
200 0417 -0.400 0.033 0.193 -0.069 -0.512
3.00 0415 -0400 0.033 0.190 -0.068 -0.505
400 0413 -0399 0.033 0.189 -0.068 -0.500
500 0411 -0.398 0.032 0.183 -0.066 -0.495
6.00 0409 -0.398 0.032 0.168 -0.060 -0.471
7.00 0407 -0.397 0.032 0.139 -0.050 -0.420
8.00 0.405 -0.396 0.032 0.102 -0.037 -0.357
9.00 0403 -0.395 0.032 0.088 -0.031 -0.331
10.00 0.402 -0.395 0.031 0.087 -0.031 -0.329

YAW AND ROLL RATE DERIVATIVES NON-DIMENSIONALIZED BY R*LATREF/2*V
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 2
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 1
CASE INPUTS
FOLLOWING ARE THE CARDS INPUT FOR THIS CASE

$TRIM SET=2.,$
PRINT AERO TRIM
PLOT
NEXT CASE
THE BOUNDARY LAYER IS ASSUMED TO BE TURBULENT
THE INPUT UNITS ARE IN FEET, THE SCALE FACTOR IS 1.0000
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 2
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 2
STATIC AERODYNAMIC COEFFICIENTS TRIMMED IN PITCH
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Freexxr FLIGHT CONDITIONS AND REFERENCE QUANTITIES *******

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA = 46.929 FT**2 MOMENT CENTER = 10.700 FT
REF LENGTH= 226 FT LAT REF LENGTH= 2232 FT

ALPHA DELTA CL CD CN CA
-2.00 0.18 -0.209 0.024 -0.209 0.017
-1.00 0.09 -0.105 0.023 -0.105 0.021
0.00 0.00 0.000 0.022 0.000 0.022
1.00 -0.09 0.105 0.023 0.105 0.021
200 -0.18 0.209 0.024 0.209 0.017
3.00 -029 0.311 0.027 0.312 0.010
400 -040 0413 0.030 0.414 0.002
5.00 -051 0513 0.035 0.514 -0.010
6.00 -0.69 0609 0.041 0.610 -0.023
7.00 -097 0.699 0.047 0.699 -0.038
8.00 -146 0.776 0.065 0.776 -0.053
9.00 -210 0.843 0.070 0.844 -0.062
10.00 -2.75 0.908 0.096 0.910 -0.063

PANELS FROM FIN SET 2 WERE DEFLECTED OVER THE RANGE -25.00 TO 20.00 DEG

PANEL 1 WAS FIXED

PANEL 2 WAS VARIED

PANEL 3 WAS FIXED

*** END OF JOB ***

Dash Configuration

1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS

CONERR - INPUT ERROR CHECKING

ERROR CODES - N* DENOTES THE NUMBER OF OCCURENCES OF EACH ERROR
A - UNKNOWN VARIABLE NAME

B - MISSING EQUAL SIGN FOLLOWING VARIABLE NAME

C - NON-ARRAY VARIABLE HAS AN ARRAY ELEMENTDESIGNATION - (N)

D - NON-ARRAY VARIABLE HAS MULTIPLE VALUES ASSIGNED

E - ASSIGNED VALUES EXCEED ARRAY DIMENSION

F - SYNTAX ERROR

* INPUT DATA CARDS *

1 $FLTCON NALPHA=13.,NMACH=1.,MACH=0.5,ALT=30000.,BETA=0.,
2 ALPHA=-2.,-1.,0.,1.,2.,3,,
3 ALPHA(7)=4.,5.,6.,7.,8.,9.,10.,%
4 $REFQ XCG=13.2,SREF=65.4031,LREF=6.3483,LATREF=12.6058,$
5 $AXIBOD LNOSE=4.95,DNOSE=2.33,BNOSE=0.1532,LCENTR=15.0,DCENTR=2.33,
6 LAFT=2.95DEXIT=1.13,$
7 $FINSET1 XLE=8.9542,NPANEL=2.,PHIF=90.,270.,SWEEP=60.0008,STA=0.,
8 CHORD=7.8661,0.9392,SSPAN=1.1654,6.3029,
9 SECTYP=NACA,$
** SUBSTITUTING NUMERIC FOR NAME NACA
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10 NACA-1-4-0010-53
11 $FINSET2 XLE=16.9637, NPANEL=3.,PHIF=0.,90.,270.,
12 SWEEP=43.7736,STA=0.,SSPAN=1.1650,3.9113,CHORD=2.3188,2.0995,
13 SECTYP=NACA,$
** SUBSTITUTING NUMERIC FOR NAME NACA
14 NACA-2-4-0010-53
15 $DEFLCT DELTA2=0.,0.,0.$
16 DAMP
17 WRITE DB12,1,8
18 PLOT
19 SAVE
20 NEXT CASE
21 $TRIM SET=2.,$
22 PRINT AERO TRIM
23 PLOT

24 NEXT CASE
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1

AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 1

CASE INPUTS
FOLLOWING ARE THE CARDS INPUT FOR THIS CASE

$FLTCON NALPHA=13.,NMACH=1.,MACH=0.5,ALT=30000.,BETA=0.,
ALPHA=-2.-1.,0.,1.,2.,3.,
ALPHA(7)=4.,5.,6.,7.,8.,9.,10.,$
$REFQ XCG=13.2,SREF=65.4031,LREF=6.3483, LATREF=12.6058,$
$AXIBOD LNOSE=4.95, DNOSE=2.33,BNOSE=0.1532,LCENTR=15.0,DCENTR=2.33,
LAFT=2.95 DEXIT=1.13,$
$FINSET1 XLE=8.9542,NPANEL=2.,PHIF=90.,270., SWEEP=60.0008,STA=0.,
CHORD=7.8661,0.9392,SSPAN=1.1654,6.3029,
SECTYP=1.$
NACA-1-4-0010-53
$FINSET2 XLE=16.9637,NPANEL=3.,PHIF=0.,90.,270.,
SWEEP=43.7736,STA=0.,SSPAN=1.1650,3.9113,CHORD=2.3188,2.0995,
SECTYP=1..$
NACA-2-4-0010-53
$DEFLCT DELTA2=0.,0.,0.$
DAMP
WRITE DB12,1,8
PLOT
SAVE
NEXT CASE
THE BOUNDARY LAYER IS ASSUMED TO BE TURBULENT
THE INPUT UNITS ARE IN FEET, THE SCALE FACTOR IS 1.0000
1 w0 THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 2
STATIC AERODYNAMICS FOR BODY-FIN SET 1 AND 2

Freexxr FLIGHT CONDITIONS AND REFERENCE QUANTITIES *******

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA= 65.403 FT**2 MOMENT CENTER = 13.200 FT
REF LENGTH= 6.35FT LAT REF LENGTH= 12.61FT

----- LONGITUDINAL -----  -- LATERAL DIRECTIONAL --
ALPHA CN CM CA CcY CLN CLL
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-2.00 -0.098 0.007 0.014 0.000 0.000 0.000
-1.00 -0.049 0.004 0.015 0.000 0.000 0.000
0.00 0.000 0.000 0.016 0.000 0.000 0.000
1.00 0.049 -0.004 0.015 0.000 0.000 0.000
2.00 0.098 -0.007 0.014 0.000 0.000 0.000
3.00 0.148 -0.010 0.012 0.000 0.000 0.000
4.00 0.198 -0.013 0.009 0.000 0.000 0.000
5.00 0.249 -0.016 0.005 0.000 0.000 0.000
6.00 0.300 -0.018 0.001 0.000 0.000 0.000
7.00 0.351 -0.020 -0.004 0.000 0.000 0.000
8.00 0.402 -0.022 -0.009 0.000 0.000 0.000
9.00 0.454 -0.024 -0.011 0.000 0.000 0.000
10.00 0.505 -0.026 -0.011 0.000 0.000 0.000

ALPHA CL Ch CL/CD X-C.P.

-2.00 -0.097 0.017 -5.613 -0.071
-1.00 -0.048 0.016 -3.008 -0.073
0.00 0.000 0.016 0.000 -0.073
1.00 0.048 0.016 3.008 -0.073
2.00 0.097 0.017 5.613 -0.071
3.00 0.147 0.019 7.536 -0.068
4.00 0.197 0.023 8.703 -0.065
5.00 0.247 0.027 9.232 -0.063
6.00 0.298 0.032 9.305 -0.060
7.00 0.349 0.038 9.088 -0.058
8.00 0.400 0.047 8.466 -0.056
9.00 0.450 0.060 7.475 -0.054
10.00 0.499 0.077 6.471 -0.052

X-C.P. MEAS. FROM MOMENT CENTER IN REF. LENGTHS, NEG. AFT OF MOMENT
CENTER
1 = THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 3
STATIC AERODYNAMICS FOR BODY-FIN SET 1 AND 2

weswess £ |IGHT CONDITIONS AND REFERENCE QUANTITIES *++++*

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA= 65.403 FT**2 MOMENT CENTER = 13.200 FT
REF LENGTH= 6.35FT LAT REF LENGTH= 1261 FT

---------- DERIVATIVES (PER DEGREE) ----------
ALPHA CNA CMA CYB CLNB CLLB
-2.00 0.0494 -0.0033 -0.0079 0.0001 -0.0008
-1.00 0.0488 -0.0035 -0.0077 0.0001 -0.0009

0.00 0.0485 -0.0035 -0.0075 0.0000 -0.0010
1.00 0.0488 -0.0035 -0.0074 0.0000 -0.0011
2.00 0.0495 -0.0032 -0.0073 -0.0001 -0.0012
3.00 0.0502 -0.0030 -0.0073 -0.0002 -0.0013
400 0.0506 -0.0028 -0.0072 -0.0003 -0.0014
5.00 0.0509 -0.0026 -0.0071 -0.0004 -0.0015
6.00 0.0511 -0.0024 -0.0070 -0.0005 -0.0016
7.00 0.0512 -0.0022 -0.0069 -0.0006 -0.0017
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8.00 0.0513 -0.0020 -0.0068 -0.0007 -0.0018
9.00 0.0514 -0.0018 -0.0067 -0.0008 -0.0019
10.00 0.0513 -0.0017 -0.0066 -0.0008 -0.0019

PANEL DEFLECTION ANGLES (DEGREES)
SET FIN1 FIN2 FIN3 FIN4 FIN5 FIN6 FIN7 FIN8
1 0.00 0.00
2 0.00 0.00 0.00
e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 4
BODY + 2 FIN SETS DYNAMIC DERIVATIVES

e FLIGHT CONDITIONS AND REFERENCE QUANTITIES *******

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA= 65.403 FT**2 MOMENT CENTER = 13.200 FT
REF LENGTH= 6.35FT LAT REF LENGTH= 1261FT

------------ DYNAMIC DERIVATIVES (PER DEGREE) -----------
ALPHA  CNQ CMQ CAQ CNAD CMAD
-2.00 0.036 -0.088 0.000 0.054 0.006
-1.00 0.036 -0.089 0.000 0.054 0.006
0.00 0.036 -0.089 0.000 0.054 0.006

1.00 0.036 -0.089 -0.001 0.054 0.006
200 0.036 -0.089 -0.001 0.054 0.006
3.00 0.037 -0.089 -0.002 0.054 0.006
400 0.037 -0.089 -0.002 0.054 0.006
5.00 0.037 -0.089 -0.002 0.054 0.006
6.00 0.037 -0.089 -0.003 0.054 0.006
7.00 0.037 -0.088 -0.003 0.054 0.006
8.00 0.037 -0.088 -0.002 0.054 0.006
9.00 0.037 -0.088 -0.001 0.054 0.006
10.00 0.037 -0.088 0.000 0.054 0.006

PITCH RATE DERIVATIVES NON-DIMENSIONALIZED BY Q*LREF/2*V
**** THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 5
BODY + 2 FIN SETS DYNAMIC DERIVATIVES

weeeess | |GHT CONDITIONS AND REFERENCE QUANTITIES *++++*

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA = 65.403 FT**2 MOMENT CENTER = 13.200 FT
REF LENGTH= 6.35FT LAT REF LENGTH= 12.61FT

------------ DYNAMIC DERIVATIVES (PER DEGREE) -----------
ALPHA CYR CLNR CLLR CYP CLNP CLLP
-2.00 0.007 -0.020 0.001 0.001 0.000 -0.004
-1.00 0.007 -0.020 0.001 0.001 0.000 -0.004
0.00 0.007 -0.020 0.001 0.001 0.000 -0.004

1.00 0.007 -0.020 0.001 0.001 0.000 -0.004
2.00 0.007 -0.020 0.001 0.001 0.000 -0.004
3.00 0.006 -0.020 0.001 0.001 0.000 -0.004
400 0.006 -0.020 0.001 0.001 0.000 -0.004
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5.00 0.006 -0.020 0.001 0.001 -0.001 -0.004
6.00 0.006 -0.020 0.001 0.001 -0.001 -0.004
7.00 0.006 -0.020 0.001 0.001 -0.001 -0.004
8.00 0.006 -0.020 0.001 0.001 -0.001 -0.004
9.00 0.006 -0.020 0.001 0.001 -0.001 -0.004
10.00 0.006 -0.020 0.001 0.001 -0.001 -0.004

YAW AND ROLL RATE DERIVATIVES NON-DIMENSIONALIZED BY R*LATREF/2*V
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 2
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 1
CASE INPUTS
FOLLOWING ARE THE CARDS INPUT FOR THIS CASE

$TRIM SET=2.,$
PRINT AERO TRIM
PLOT
NEXT CASE
THE BOUNDARY LAYER IS ASSUMED TO BE TURBULENT
THE INPUT UNITS ARE IN FEET, THE SCALE FACTOR IS 1.0000
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 2
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 2
STATIC AERODYNAMIC COEFFICIENTS TRIMMED IN PITCH

Freexr FLIGHT CONDITIONS AND REFERENCE QUANTITIES *******

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA= 65.403 FT**2 MOMENT CENTER = 13.200 FT
REF LENGTH= 6.35FT LAT REF LENGTH= 12.61FT

ALPHA DELTA CL CD CN CA
-2.00 1.62 -0.089 0.017 -0.090 0.014
-1.00 0.83 -0.044 0.016 -0.044 0.015
0.00 0.00 0.000 0.016 0.000 0.016
1.00 -0.83 0.044 0.016 0.044 0.015
200 -162 0.089 0.017 0.090 0.014
3.00 -236 0135 0.019 0.136 0.012
400 -3.05 0.182 0.022 0.183 0.009
500 -3.68 0.229 0.026 0.231 0.006
6.00 -426 0277 0.031 0.279 0.001
7.00 -479 0326 0.036 0.328 -0.004
8.00 -526 0374 0.045 0.376 -0.008
9.00 -568 0422 0.057 0.426 -0.010
10.00 -6.07 0.469 0.073 0.475 -0.009

PANELS FROM FIN SET 2 WERE DEFLECTED OVER THE RANGE -25.00 TO 20.00 DEG

PANEL 1 WAS FIXED

PANEL 2 WAS VARIED

PANEL 3 WAS FIXED

*** END OF JOB ***

Maneuver Configuration

1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS
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CONERR - INPUT ERROR CHECKING

ERROR CODES - N* DENOTES THE NUMBER OF OCCURENCES OF EACH ERROR

A - UNKNOWN VARIABLE NAME

B - MISSING EQUAL SIGN FOLLOWING VARIABLE NAME

C - NON-ARRAY VARIABLE HAS AN ARRAY ELEMENTDESIGNATION - (N)
D - NON-ARRAY VARIABLE HAS MULTIPLE VALUES ASSIGNED

E - ASSIGNED VALUES EXCEED ARRAY DIMENSION

F - SYNTAX ERROR

* INPUT DATA CARDS *

1 $FLTCON NALPHA=13.,NMACH=1.,MACH=0.5,ALT=30000.,BETA=0.,
2 ALPHA=-2.,-1.,0.,1.,2.,3.,
3 ALPHA(7)=4.,5.,6.,7.,8.,9.,10.,%
4 $REFQ XCG=10.3,SREF=45.9381,LREF=2.9157 LATREF=16.6058,$
5 $AXIBOD LNOSE=4.95,DNOSE=2.33,BNOSE=0.1532,LCENTR=15.0,DCENTR=2.33,
6 LAFT=2.95DEXIT=1.13,$
7 $FINSET1 XLE=8.9115,NPANEL=2.,PHIF=90.,270.,SWEEP=15.0125,STA=0.,
8 CHORD=3.5672,1.6531,SSPAN=1.1654,8.3029,
9 SECTYP=NACA,$
** SUBSTITUTING NUMERIC FOR NAME NACA
10 NACA-1-4-0010-53
11 $FINSET2 XLE=16.9637, NPANEL=3.,PHIF=0.,90.,270.,
12 SWEEP=43.7736,STA=0.,.SSPAN=1.1650,3.9113,CHORD=2.3188,2.0995,
13 SECTYP=NACA,$
** SUBSTITUTING NUMERIC FOR NAME NACA
14 NACA-2-4-0010-53
15 $DEFLCT DELTA2=0.,0.,0.,$
16 DAMP
17 WRITE DB12,1,8
18 PLOT
19 SAVE
20 NEXT CASE
21 $TRIM SET=2.,$
22 PRINT AERO TRIM
23 PLOT

24 NEXT CASE
= THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1

AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 1

CASE INPUTS
FOLLOWING ARE THE CARDS INPUT FOR THIS CASE

$FLTCON NALPHA=13.,NMACH=1.,MACH=0.5,ALT=30000.,BETA=0.,
ALPHA=-2.-1.,0.,1.,2.,3.,
ALPHA(7)=4.,5.,6.,7.,8.,9.,10.,$
$REFQ XCG=10.3,SREF=45.9381,LREF=2.9157, LATREF=16.6058,$
$AXIBOD LNOSE=4.95,DNOSE=2.33,BNOSE=0.1532,LCENTR=15.0,DCENTR=2.33,
LAFT=2.95 DEXIT=1.13,$
$FINSET1 XLE=8.9115,NPANEL=2.,PHIF=90.,270.,SWEEP=15.0125,STA=0.,
CHORD=3.5672,1.6531,SSPAN=1.1654,8.3029,
SECTYP=1.$
NACA-1-4-0010-53
$FINSET2 XLE=16.9637,NPANEL=3.,PHIF=0.,90.,270.,
SWEEP=43.7736,STA=0.,SSPAN=1.1650,3.9113,CHORD=2.3188,2.0995,

SECTYP=1.,$
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NACA-2-4-0010-53
$DEFLCT DELTA2=0.,0.,0.,%
DAMP
WRITE DB12,1,8
PLOT
SAVE
NEXT CASE
THE BOUNDARY LAYER IS ASSUMED TO BE TURBULENT
THE INPUT UNITS ARE IN FEET, THE SCALE FACTOR IS 1.0000
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 2
STATIC AERODYNAMICS FOR BODY-FIN SET 1 AND 2

weswest £ |GHT CONDITIONS AND REFERENCE QUANTITIES **+++*

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA= 45.938 FT**2 MOMENT CENTER = 10.300 FT
REF LENGTH= 292 FT LAT REF LENGTH= 16.61FT

----- LONGITUDINAL ----- -- LATERAL DIRECTIONAL --
ALPHA CN CM CA CcY CLN CLL

-2.00 -0.194 0.003 0.017 0.000 0.000 0.000
-1.00 -0.097 0.002 0.021 0.000 0.000 0.000
0.00 0.000 0.000 0.022 0.000 0.000 0.000
1.00 0.097 -0.002 0.021 0.000 0.000 0.000
2.00 0.194 -0.003 0.017 0.000 0.000 0.000
3.00 0.291 -0.004 0.012 0.000 0.000 0.000
4.00 0.387 -0.005 0.005 0.000 0.000 0.000
5.00 0.483 -0.006 -0.005 0.000 0.000 0.000
6.00 0.579 -0.006 -0.016 0.000 0.000 0.000
7.00 0.672 -0.008 -0.029 0.000 0.000 0.000
8.00 0.755 -0.014 -0.040 0.000 0.000 0.000
9.00 0.827 -0.025 -0.045 0.000 0.000 0.000
10.00 0.890 -0.040 -0.044 0.000 0.000 0.000

ALPHA CL Ch CL/CD X-C.P.

-2.00 -0.193 0.024 -7.995 -0.016
-1.00 -0.096 0.022 -4.324 -0.018
0.00 0.000 0.022 0.000 -0.018
1.00 0.096 0.022 4.324 -0.018
2.00 0.193 0.024 7.995 -0.016
3.00 0.290 0.027 10.621 -0.014
400 0.386 0.032 12.166 -0.013
5.00 0482 0.038 12.836 -0.012
6.00 0.578 0.045 12.892 -0.010
7.00 0.670 0.053 12.599 -0.011
8.00 0.7563 0.065 11.531 -0.018
9.00 0.824 0.085 9.711 -0.030
10.00 0.884 0.111 7.940 -0.045

X-C.P. MEAS. FROM MOMENT CENTER IN REF. LENGTHS, NEG. AFT OF MOMENT

CENTER
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1
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AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS
STATIC AERODYNAMICS FOR BODY-FIN SET 1 AND 2

weseest £ |IGHT CONDITIONS AND REFERENCE QUANTITIES **++++

PAGE 3

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG
REF AREA= 45.938 FT**2 MOMENT CENTER = 10.300 FT
REF LENGTH= 292FT LAT REF LENGTH= 16.61FT
---------- DERIVATIVES (PER DEGREE) ----------

ALPHA CNA CMA CYB CLNB CLLB

-2.00 0.0971 -0.0013 -0.0108 0.0019 -0.0010

-1.00 0.0969 -0.0016 -0.0107 0.0019 -0.0010

0.00 0.0968 -0.0017 -0.0107 0.0019 -0.0011

1.00 0.0969 -0.0016 -0.0108 0.0019 -0.0012

2.00 0.0970 -0.0012 -0.0109 0.0019 -0.0012

3.00 0.0967 -0.0010 -0.0110 0.0019 -0.0013

400 0.0963 -0.0008 -0.0111 0.0019 -0.0013

5.00 0.0961 -0.0004 -0.0113 0.0019 -0.0014

6.00 0.0941 -0.0010 -0.0114 0.0019 -0.0014

7.00 0.0877 -0.0038 -0.0115 0.0019 -0.0015

8.00 0.0777 -0.0085 -0.0116 0.0019 -0.0015

9.00 0.0677 -0.0134 -0.0117 0.0019 -0.0015

10.00 0.0586 -0.0181 -0.0118 0.0019 -0.0016

PANEL DEFLECTION ANGLES (DEGREES)
SET FIN1 FIN2 FIN3 FIN4 FIN5 FIN6 FIN7 FINS8

1 0.00

0.00

2 0.00 0.00 0.00

e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****

AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS
BODY + 2 FIN SETS DYNAMIC DERIVATIVES

Freeer FLIGHT CONDITIONS AND REFERENCE QUANTITIES *******

MACH NO = 0.50
ALTITUDE = 30000.0 FT
SIDESLIP = 0.00 DEG
REF AREA= 45.938 FT**2
REF LENGTH= 292 FT
ALPHA CNQ CMQ
-2.00 0.122 -0.577
-1.00 0.123 -0.579
0.00 0.123 -0.581
1.00 0.124 -0.582
200 0.124 -0.582
3.00 0.123 -0.581
400 0123 -0.581
5.00 0.123 -0.580
6.00 0.122 -0.579
7.00 0.122 -0.578
8.00 0.120 -0.577
9.00 0.119 -0.576
10.00 0.118 -0.575

REYNOLDS NO = 1.419E+06 /FT

DYNAMIC PRESSURE =

ROLL=  0.00 DEG

MOMENT CENTER =
LAT REF LENGTH =

CAQ
-0.005
-0.006
-0.007
-0.007
-0.008
-0.009
-0.009
-0.009
-0.009
-0.009
-0.009
-0.008

-0.007

DYNAMIC DERIVATIVES (PER DEGREE)

CNAD CMAD
0.186 -0.231
0.186 -0.231
0.186 -0.231
0.186 -0.231
0.186 -0.231
0.186 -0.231
0.186 -0.231
0.186 -0.231
0.186 -0.231
0.186 -0.231
0.186 -0.231
0.186 -0.231
0.186 -0.231
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PITCH RATE DERIVATIVES NON-DIMENSIONALIZED BY Q*LREF/2*V
1 = THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 1
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 5
BODY + 2 FIN SETS DYNAMIC DERIVATIVES

weeeess £ |GHT CONDITIONS AND REFERENCE QUANTITIES *++++*

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA = 45938 FT**2 MOMENT CENTER = 10.300 FT
REF LENGTH= 292FT LAT REF LENGTH=  16.61 FT

———————————— DYNAMIC DERIVATIVES (PER DEGREE) -----------
ALPHA  CYR CLNR CLLR CYP CLNP CLLP
-2.00 0.010 -0.013 0.001 0.003 -0.001 -0.008
-1.00 0.011 -0.013 0.001 0.003 -0.001 -0.008
0.00 0.011 -0.013 0.001 0.003 -0.002 -0.008

1.00 0.011 -0.013 0.001 0.003 -0.002 -0.008
200 0.010 -0.013 0.001 0.003 -0.002 -0.008
3.00 0.010 -0.013 0.001 0.003 -0.002 -0.008
400 0.010 -0.013 0.001 0.003 -0.002 -0.008
5.00 0.010 -0.013 0.001 0.003 -0.002 -0.008
6.00 0.010 -0.013 0.001 0.003 -0.002 -0.008
7.00 0.010 -0.013 0.001 0.003 -0.001 -0.007
8.00 0.010 -0.013 0.001 0.002 -0.001 -0.006
9.00 0.010 -0.013 0.001 0.001 -0.001 -0.005
10.00 0.010 -0.013 0.001 0.001 0.000 -0.005

YAW AND ROLL RATE DERIVATIVES NON-DIMENSIONALIZED BY R*LATREF/2*V
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 2
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 1
CASE INPUTS
FOLLOWING ARE THE CARDS INPUT FOR THIS CASE

$TRIM SET=2.,$
PRINT AERO TRIM
PLOT
NEXT CASE
THE BOUNDARY LAYER IS ASSUMED TO BE TURBULENT
THE INPUT UNITS ARE IN FEET, THE SCALE FACTOR IS 1.0000
1 e THE USAF AUTOMATED MISSILE DATCOM * REV 3/99 *****  CASE 2
AERODYNAMIC METHODS FOR MISSILE CONFIGURATIONS PAGE 2
STATIC AERODYNAMIC COEFFICIENTS TRIMMED IN PITCH

Freexxr FLIGHT CONDITIONS AND REFERENCE QUANTITIES *******

MACH NO = 0.50 REYNOLDS NO = 1.419E+06 /FT
ALTITUDE = 30000.0 FT DYNAMIC PRESSURE = 110.19 LB/FT**2
SIDESLIP = 0.00 DEG ROLL=  0.00 DEG

REF AREA= 45.938 FT**2 MOMENT CENTER = 10.300 FT
REF LENGTH= 292 FT LAT REF LENGTH= 16.61FT

ALPHA DELTA CL CD CN CA
-2.00 0.16 -0.192 0.024 -0.193 0.017
-1.00 0.08 -0.096 0.022 -0.096 0.021
0.00 0.00 0.000 0.022 0.000 0.022
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1.00 -0.08 0.096 0.022 0.096 0.021
200 -0.16 0.192 0.024 0.193 0.017
3.00 -0.21 0.288 0.027 0.289 0.012
400 -0.25 0.384 0.032 0.385 0.005
5.00 -0.28 0480 0.037 0.481 -0.005
6.00 -0.30 0576 0.045 0.577 -0.016
7.00 -0.38 0.667 0.053 0.669 -0.029
8.00 -0.67 0.748 0.065 0.750 -0.040
9.00 -1.21 0815 0.084 0.818 -0.045
10.00 -1.97 0.870 0.109 0.876 -0.043

PANELS FROM FIN SET 2 WERE DEFLECTED OVER THE RANGE -25.00 TO 20.00 DEG

PANEL 1 WAS FIXED

PANEL 2 WAS VARIED

PANEL 3 WAS FIXED

*** END OF JOB ***
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