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Abstract. We propose axiomatizing some stochastic games, in a continuous state
space setting, using continuous belief functions, resp. plausibilities, instead of
measures. Then, stochastic games are just variations on continuous Markov chains.
We argue that drawing at random along a belief function is the same as letting the
probabilistic player P play first, then letting the non-deterministic player C play
demonically. The same holds for an angelic C, using plausibilities instead. We
then define a simple modal logic, and characterize simulation in terms of for-
mulae of this logic. Finally, we show that (discounted) payoffs are defined and
unique, where in the demonic case, P maximizes payoff, while C minimizes it.

1 Introduction

The theory of Markov chains is well established. Such a system evolves from state
x € X by drawing the next state y in the state space X according to some probability
distribution o (z). One may enrich this model to take into account decisions made by a
player P, which can take actions ¢ in some set L. In state x € X, P chooses an action
¢ € L, and draws the next state y according to a probability distribution o,(x) depend-
ing on ¢ € L: these are labeled Markov processes (LMPs) [8]. Adding rewards r(x)
on taking action ¢ from state x yields Markov decision processes [10]. The main topic
there is to evaluate strategies that maximize the expected payoff, possibly discounted.

These notions have been generalized in many directions. Consider stochastic games,
where there is not one but several players, with different goals. In security protocols,
notably, it is meaningful to assume that the honest agents collectively define a player P
as above, who may play probabilistically, and that attackers define a second player C,
who plays non-deterministically. Instead of drawing the next state at random, C delib-
erately chooses its next state, typically to minimize P’s expected payoff or to maximize
the probability that a bad state is reached —this is demonic non-determinism.

A nice idea of F. Laviolette and J. Desharnais (private comm., 2003), which we
develop, is that the theory of these games could be simplified by relaxing the require-
ments of Markov chains: if v = oy (z) is not required to be a measure, but the additivity
requirement is relaxed to sub-additivity (i.e., v(A)+v(B) < v(AUB) for disjoint mea-
surable sets A, B), then such “preprobabilities” include both ordinary probabilities and
the following funny-looking unanimity game u 4, which represents the demonic non-
deterministic choice of an element from the set A: the preprobability u4 (B) of drawing
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an element in B is 1 if A C B, 0 otherwise. The intuition is as follows. Assume that,
starting from state =, you would like the next state y to be in B. A demonic adversary
C will then strive to pick y outside B. Now if C’s moves are given by dy(z) = u 4, then
either A B, then it is C’s interest to pick y from A\ B, so that the preprobability that
ybein Bis 0; or A C B, then C is forced to play y € B, and the preprobability is 1.

However, sub-additive set functions are not quite the right notion; and second (which
does not detract from F. Laviolette and J. Desharnais’ great intuition), the right notions
had been invented by economists in the 1950s under the name of “cooperative game
with transferable utility” [21] and by statisticians in the 1960s under the names of be-
lief functions and plausibilities, while capacities and Choquet integration are even more
ancient [4]. A nice survey is [12]. These notions are well-known in discrete state spaces.
Our generalization to topological spaces is new, and non-trivial. The spaces we consider
include finite spaces as well as infinite ones such as R™, but also cpos and domains.

Outline. We introduce necessary mathematical notions in Section 2. We then de-
velop the theory of continuous games, and continuous belief functions in particular in
Section 3, showing in a precise sense how the latter model both probabilistic and de-
monic non-deterministic choice. We then recall the Choquet integral in Section 4, and
show how taking averages reflects the fact that C aims at minimizing P’s gains. We
briefly touch the dual notion of plausibilities (angelic non-determinism) in passing. Fi-
nally, we define ludic transition systems, the analogue of Markov chains, except using
continuous games, in Section 5, and define a notion of simulation topologies. We show
that the coarsest simulation topology is exactly that defined by a simple modal logic, a
la Larsen-Skou [18]. This illustrates how continuous games allow us to think of certain
stochastic games as really being just LMPs, only with a relaxed notion of probability.

This work is a summary of most of Chapters 1-9 of [13], in which all proofs, and
many more results can be found.

Related Work. Many models of Markov chains or processes, or stochastic games
are discrete or even finite-state. Desharnais et al. [8] consider LMPs over analytic
spaces, a class of topological spaces that includes not only finite spaces but also spaces
such as R™. They show an extension of Larsen and Skou’s Theorem [18]: two states are
probabilistically bisimilar iff they satisfy the same formulae of the logic whose formulae
are ' ::= T|F A F|[{]>,F, where [{]-, F is true at those states x where the probability
oi(x)([F],) of going to some state satisfying F' by doing action ¢ is greater than r.
This is extended to any measurable space through event bisimulations in [5].

Mixing probabilistic (player P) and non-deterministic (C) behavior has also re-
ceived some attention. This is notably at the heart of the probabilistic I/O automata of
Segala and Lynch [24]. The latter can be seen as labeled Markov processes with discrete
probability distributions o,(x) (i.e., linear combinations of Dirac masses), where the set
L of actions is partitioned into internal (hidden) actions and external actions. While P
controls the latter, the former represent non-deterministic transitions, i.e., under the con-
trol of C. Our model of stochastic games is closer to the strictly alternating variant of
probabilistic automata, where at each state, a non-deterministic choice is made among
several distributions, then the next state is drawn at random according to the chosen
distribution. Le., C plays, then P, and there is no intermediate state where C would have
played but not P. This is similar to the model by Mislove et al. [20], who consider state



spaces that are continuous cpos. In our model, this is the other way around: in each state,
P draws at random a possible choice set for C, who then picks non-deterministically
from it. Additionally, our model accommodates state spaces that are discrete, or contin-
uous cpos, or topological spaces such as R™, without any change to be made. Mislove et
al. [20] consider a model where non-determinism is chaotic, i.e., based on a variant of
Plotkin’s powerdomain. We concentrate on demonic non-determinism, which is based
on the Smyth powerdomain instead. For angelic non-determinism, see [13, chapitre 6],
and [13, chapitre 7] for chaotic non-determinism.

Bisimulations have been studied in the above models. There are many variants on
probabilistic automata [25, 15, 22]. Mislove et al. [20] show that (bi)simulation in their
model is characterized by a logic similar to [8], with an added disjunction operator. Our
result is similar, for a smaller logic, with one less modality. Segala and Turrini [26]
compare various notions of bisimulations in these contexts.

We have already mentioned cooperative games and belief functions. See the abun-
dant literature [6,7,27,12,23,2]. We view belief functions as generalized probabilities;
the competing view as a basis for a theory of evidence is incompatible [14].

An obvious approach to studying probabilistic phenomena is to turn to measure
theory and measurable spaces, see e.g. [3]. However, we hope to demonstrate that the
theory of cooperative games in the case of infinite state spaces X is considerably more
comfortable when X is a topological space, and we only measure opens instead of
Borel subsets. This is in line with the theory of continuous valuations [16], which has
had considerable success in semantics.

We use Choquet integration to integrate along capacities v [4]. This is exactly the
notion that Tix [28] used more recently, too, and coincides with the Jones integral [16]
for integration along continuous valuations. Finally, we should also not that V. Danos
and M. Escardo have also come up (private comm.) with a notion of integration that gen-
eralizes Choquet integration, at least when integrating with respect to a convex game.

2 Preliminaries

Our state spaces X are topological spaces. We assume the reader to be familiar with
(point-set) topology, in particular topology of Ty but not necessarily Hausdorff spaces.
See [11, 1, 19] for background. Let A denote the interior of A, ¢l(A) its closure.

The Scott topology on a poset X, with ordering <, has as opens the upward-closed
subsets U (i.e., z € U and x < y imply y € U) such that for every directed family
(74);¢; having a least upper bound sup,.; x; inside U, some x; is already in U. The
way-below relation < is defined by 2 < y iff for any directed family (2;),.; with a
least upper bound z such that y < z, then « < z; for some ¢ € I. A poset is continuous
iff Ly = {z € X|z < y} is directed, and has x as least upper bound. Then every open
U can be written | J, .y 12, where Tz = {y € X|z < y}.

Every topological space X has a specialization quasi-ordering <, defined by: z < y
iff every open that contains = contains y. X is Ty iff < is a (partial) ordering. That
of the Scott topology of a quasi-ordering < is < itself. A subset A C X is saturated
if and only if A is the intersection of all opens that contain it; alternatively, iff A is
upward-closed in <. Every open is upward-closed. Let T A denote the upward-closure



of A under a quasi-ordering <, | A its downward-closure. A Ty space is sober iff every
irreducible closed subset is the closure cl{z} =] z of a (unique) point 2. The Hofmann-
Mislove Theorem implies that every sober space is well-filtered [17]: given any filtered
family of saturated compacts (Q;),.; in X, and any open U, (,c; Q: CUiff Q; CU
for some ¢ € I. In particular, (), Q; is saturated compact. X is locally compact iff
whenever x € U (U open) there is a saturated compact @ suchthatx € Q C Q C U.
Every continuous cpo is sober and locally compact in its Scott topology. We shall con-
sider the space R of all reals with the Scott topology of its natural ordering <. Its opens
are (), R, and the intervals (¢,+00), t € R. R is a stably locally compact, continuous
cpo. Because we equip R with the Scott topology, our continuous functions f : X — R
are those which are usually called lower semi-continuous in the mathematical literature.

We call capacity on X any function v from O(X), the set of all opens of X, to
R, such that () = 0 (a.k.a., a set function.) A game v is a monotonic capacity, i.e.,
U C V implies v(U) < v(V)!. A valuation is a modular game v, i.e., one such that

viUUV)+v(UNV)=vU)Nv(V) for every opens U, V. A game is continuous
iff v(U,c; Us) = sup;e; v(U;) for every directed family (U;), ., of opens. Continuous
valuations have a convenient theory that fits topology well [16, 17].

The Dirac valuation §, at x € X is the continuous valuation mapping each open
Utolifx € U, to0 otherwise. (Note that §, = Uiz} by the way.) A finite linear
combination Z?Il a;0z,, a; € RT, is a simple valuation. All simple valuations are
continuous. Conversely, Jones’ Theorem [16, Theorem 5.2] states that, if X is a con-
tinuous cpo, then every continuous valuation v is the least upper bound sup;.; v; of a
directed family (v;),.; of simple valuations way-below v. Continuous valuations are
canonically ordered by v < v/ iff v(U) < v/(U) for every open U of X.

3 Continuous Games, and Belief Functions

Defining the “preprobabilities” alluded to in the introduction is best done by strength-
ening super-additivity. A game v on X on X is convex iff y(UU V) +v(UNV) >
v(U) Nv (V) for every opens U, V. It is concave if the opposite inequality holds. Con-
vex games are one of the cornerstones of economic theory. E.g., Shapley’s celebrated
Theorem states that (on a finite space) every convex game has a core, which implies the
existence of economic equilibria [12, 21]. However, this notion has only been studied on
finite spaces (an implicit assumption in [12], notably). Finite, and more generally dis-
crete spaces will be the particular case where X is equipped with the discrete topology,

so one may see our topological approach as a generalization of previous approaches.

Clearly, u 4 is convex. It is in fact more. A game v is totally convex” iff:
for every finite family
(U;);, of opens (n >
(U U) Z pl+L, (ﬂ U) (1) 1), where |I| denotes the
{1, n},l#@ iel cardinality of I.

! The name “game” is unfortunate, as there is no obvious relationship between this and games as
they are usually handled in computer science, in particular with stochastic games. The notion
stems from (cooperative) games in economics, where X is the set of players, not of states.

2 The standard name, when X is discrete, i.e., when U; is an arbitrary subset of X, is “totally
monotonic”. We changed the name so as to name total concavity the dual of total monotonicity.



A belief function is a totally convex game. (The dual notion of fotal concavity is ob-
tained by replacing | J by () and conversely in (1), and turning > into <. A plau-
sibility is a totally concave game.) One checks that uy4 is totally convex. If > is re-
placed by = in (1), then we retrieve the familiar inclusion-exclusion principle from
statistics. In particular any (continuous) valuation is a (continuous) belief function.
Clearly, any belief function is a convex game. The converses of both statements fail:
On X = {1,2,3} with the discrete topology, u; oy is a belief function but not a val-
uation, and %(u{m} +ug13y +uge3) — u{1,2)3}) is a convex game but not a belief
function.

When X is finite, it is well-known [12] that every capacity v can be written ) _ , £0,ACX
aguy for some coefficients a4 € R, in a unique way. Also, v is a belief function iff all
coefficients are non-negative. An interpretation of this formula is that v is essentially a
probabilistic choice of some non-empty subset A, with probability « 4, from which C
can choose an element y € A non-deterministically.

Our first result is to show that this result transfers, in some form, to the general
topological case. Let Q(X) be the Smyth powerdomain of X, i.e., the space of all non-
empty compact saturated subsets ) of X, ordered by reverse inclusion D. Q(X) is
equipped with its Scott topology, and is known to provide an adequate model of de-
monic non-determinism in semantics [1]. When X is well-filtered and locally com-
pact, Q(X) is a continuous cpo. Its Scott topology is generated by the basic open sets
oU ={Q € AX)|Q C U}, U openin X.

The relevance of Q(X') here can be obtained by realizing that a finite linear com-
bination ) .-, a;ua, with positive coefficients is a continuous belief function iff ev-
ery subset A; is compact (Proposition 3, see Appendix); and that us, = upa,. Any
such linear combination that is continuous is therefore of the form ) ;" a;ug,, with
Q; € Q(X). We call such belief functions simple. Returning to the interpretation above,
this can be intuitively seen as a probabilistic choice of some set (); with probability a;,
from which C will choose y € Q;; additionally, Q; is an element of Q(X), the tradi-
tional domain for demonic non-determinism.

So any simple belief function v can be matched with a (simple) valuation v* =
St aido, on Q(X). Note that v*(OU) = v(U) for every open U of X. This is
exactly the sense in which continuous belief functions are essentially continuous valu-
ations on the space Q(X) of non-deterministic choices (see the Appendix for proof):

Theorem 1. For any continuous valuation P on Q(X), the capacity v defined by v(U) =
P(0U) is a continuous belief function on X.
Conversely, let X be a well-filtered and locally compact space. For every continuous

belief function v on X there is a unique continuous valuation v* on Q(X) such that
v(U) = v*(QU) for every open U of X.

Next, we show that this bijection is actually an isomorphism, i.e., it also preserves order
and therefore the Scott topology. To this end, define the ordering < on all capacities,
not just valuations, by v < v/ iff v(U) < v/(U) for every open U of X. We start by
characterizing it in the manner of Jones’ splitting lemma. This [16, Theorem 4.10] states

that 331" ) a0, < 370, b;d,, iff there is matrix (¢;)1<i<m of coefficients in R* such
1<j<n



that 37, t;; = a; for each i, Y | t;; < b; for each j, and whenever t;; # 0 then

i=
x; < y;. (Jones proves it for cpos, but it works on any topological space.) We show:
Lemma 1 (Splitting Lemma). > | a;ug, < Z?Zl bjugy, iff there is matrix (tu)i%%m
<j<n
of coefficients in R™ such that Z;.l:l ti; = a; for each i, Z:il t;; < bj for each j, and
whenever t;; # 0 then Q; < Q.

It follows that: (A) for any two simple belief functions v, v/ on X, v < v/ iff v* <

V'™, since the two are equivalent to the existence of a matrix (tij)1<i<m satisfying the
1<5<n

same conditions. This can be extended to all continuous belief functions, see below. Let

Cd<;(X) be the space of continuous belief functions v on X with v(X) < 1, ordered

by <. Let V<1(X) the subspace of continuous valuations. We have:

Theorem 2. Let X be well-filtered and locally compact. Every continuous belief func-
tion v on X is the least upper bound of a directed family of simple belief functions v;
way-below v. Cd<1(X) is a continuous cpo.

It follows that continuous belief functions are really the same thing as (sub-)prob-
abilities over the set of demonic choice sets ) € Q(X).

Theorem 3. Let X be well-filtered and locally compact. The function v — v* defines
an order-isomorphism from Cd<1(X) to V<1(Q(X)).

As a side note, (up to the < 1 subscript) V<1(Q(X)) is exactly the space into which
Edalat [9] embeds a space of measures on X . The above Theorem states that the space
of objects for which we can do this is exactly Cd<1 (X).

Dually, we may mix probabilistic choice with angelic non-determinism. Space does
not permit us to describe this in detail, see [13, chapitre 6]. The point is that the space
Pb<;(X) of continuous plausibilities is order-isomorphic to V<1 (H, (X)), whenever
X is stably locally compact, where the (topological) Hoare powerdomain 3, (X) of X
is the set of non-empty closed subsets of X, with the upper topology of the inclusion
ordering, generated by the subbasic sets OU = {F' € H(X)|FNU # (0}, U openin X.
The argument goes through a nice notion of convex-concave duality, which intuitively
exchanges good (concave) and evil (convex). The case of chaotic non-determinism is
more complex, see [13, chapitre 7].

4 Choquet Integration

We introduce the standard notion of integration along games v. This is mostly well-
known [12], and adapting to the topological case is easy, so we omit proofs [13, chapitre 4].

Let v be a game on X, and f be continuous from X to R. Recall that we equip
R with its Scott topology, so that f is really what is known otherwise as lower semi-
continuous. Assume f bounded, too, i.e., infzex f(x) > —o0, sup,cx f(z) < +o0.
The Choquet integral of f along v is:

+oo 0
x)dy = v -1 o0 v -1 >x)) —v
iexﬂ ) / (F1(t, +o0))dt + / N o)) — (Xl @



where both integrals on the right are improper Riemann integrals. This is well-defined,
since f~1(¢,+0o0) is open for every ¢ € R by assumption, and v measures opens. Also,
since f is bounded, the improper integrals above really are ordinary Riemann integrals
over some closed intervals. The function ¢ — v/(f~1(t, +00)) is decreasing, and every
decreasing (even non-continuous, in the usual sense) function is Riemann-integrable,
therefore the definition makes sense.

An alternate definition consists in observing that any step function Z;L:o a;Xu,
where ag € R, a1,...,a, € R, X =Uy D U; D ... D U, is a decreasing sequence
of opens, and x denotes the indicator function of U (xy(z) = lifz € X, xy(z) =0
otherwise) is continuous, and of integral along v equal to Y"_, a;v(U;) —for any game

v. It is well-known that every bounded continuous function f can be written as the least

upper bound of a sequence of step functions fx = a—i-QLK Z,E(zb;a)QKJ Xf1(at k- +Oo)(x),
S5

K € N, where a = infyex f(z), b = sup,cx f(«). Then the integral of f along v is
the least upper bound of the increasing sequence of the integrals of fx along v.

The main properties of Choquet integration are as follows. First, the integral is in-
creasing in its function argument: if f < g then the integral of f along v is less than or
equal to that of g along v. If v is continuous, then integration is also Scott-continuous
in its function argument. The integral is also monotonic and Scott-continuous in the
game v, provided the function we integrate takes only non-negative values, or provided
v is normalized, i.e., v(X) = 1. Integration is linear in the game, too, so integrating
along Z:’:l a;v; is the same as taking the integrals along each v;, and computing the
obvious linear combination. However, Choquet integration is not linear in the function
integrated, unless the game v is a valuation. Still, it is positively homogeneous: inte-
grating af for « € R yields « times the integral of f. It is additive on comonotonic
functions f,g : X — R (i.e., there is no pair z, 2’ € X such that f(z) < f(z') and
g(z) > g(a’)). It is super-additive (the integral of f + g is at least that of f plus that of
g) when v is convex, in particular when v is a belief function, and sub-additive when v/
is concave. See [12] for the finite case, [13, chapitre 4] for the topological case.

One of the most interesting things is that integrating with respect to a unanimity
game consists in taking minima. This suggests that unanimity games indeed model
some demonic form of non-determinism. Imagine f(z) is the amount of money you
gain by going to state x. The following says that taking the average amount of money
with respect to a demonic adversary C will give you back the least amount possible.

Proposition 1. For any continuous f : X — RT,
Moreover, if A is compact, then

7[ f(z)duys = inf f(zx) the inf is attained: this equals
zeX z€A i
minge f().

Since Choquet integration is linear in the game, the integral of f along a simple belief
function )" | a;uq, yields Y . | a; mingeq, f(x): this is the expected min-value of
f obtained by drawing (); at random with probability a; (P plays) then letting C non-
deterministically move to the state x € (); that minimizes the gain. We can generalize
this to non-discrete probabilities over Q(X') by using the v — v* isomorphism:

Theorem 4. For any bounded continuous function f : X — R, let f, be the function
Sfrom Q(X) to R defined by f.(Q) = mingeq f(x). Say that a capacity v is linearly



extensible from below if and only if there is continuous valuation P on Q(X) with:

9( f(@)dv = j F(Q)dP 3
rxeX QEQ(X)

for every bounded continuous f. If X is well-filtered and locally compact, then the ca-
pacities that are linearly extensible from below are exactly the continuous belief func-
tions, and P must be v* in (3).

It follows in particular that whenever v is the least upper bound of a directed family
(i) of simple belief functions v;, then integrating f : X — R with respect to v can
be computed by taking least upper bounds of linear combinations of mins. Therefore
the Choquet integral along continuous belief functions coincides with Edalat’s lower
R-integral [9], which was only defined for measures.

This can be dualized to the case of plausibilities v/, assuming X stably locally com-
pact [13, théoréme 6.3.17]. Then we talk about capacities that are linearly extensible
from above. There is an isomorphism v +— v, such that v, (OU) = v(U) for all U, and
integrating f along v amounts to integrating f* along v,., where for every F' € H, (X),
[*(F) = sup,ep f(x). (Le., C now maximizes our gain.) Then the Choquet integral
along continuous plausibilities coincides with Edalat’s upper R-integral [9].

5 Ludic Transition Systems, Logic, Simulation, Rewards

Let J<1(X) be the space of all continuous games v on X with #(X) < 1. This is
equipped with its Scott topology. It will be practical to consider another topology. The
weak topology on a subspace Y of J<;(X) is the topology generated by the subbasic
open sets [U > r] = {v € Y|v(U) > r}, U open in X, r € R. It is in general
coarser than the Scott topology, and coincides with it when Y = V<;(X) and X is
a continuous cpo [28, Satz 4.10]. One can show that the weak topology is exactly the
coarsest that makes continuous all functionals mapping v € Y to the integral of f along
v, forall f : X — RT bounded continuous. (See [13, section 4.5] for details.)

By analogy with Markov kernels and LMPs, define a ludic transition system as a
family o = (0¢),c . where L is a given set of actions, and each oy is a continuous map
from the state space X to J<1 ,x(X). (See [13, chapitres 8, 9] for missing details.) The
main change is that, as announced in the introduction, we replace probability distribu-
tions by continuous games. One may object that LMPs are defined as measurable, not
continuous, so that this definition overly restricts the class of transition systems we are
considering. This is certainly a shortcoming of our theory. However, the mathematics
are considerably cleaner when assuming continuity. Moreover, the weak topology is so
weak that, for example, it only restrains o, so that x — o,(x)(U) is continuous as a
function from X to RT, equipped with its Scott topologys; this certainly allows it to have
jumps. Finally, one may argue, following Edalat [9], that any second countable locally
compact Hausdorff space X can be embedded as a set of maximal elements of a contin-
uous cpo (namely Q(X); other choices are possible) so that any measure on X extends
to a continuous valuation on Q(X). This provides a theory of approximation of integra-
tion on X through domain theory. One may hope a similar phenomenon will apply to
games — for some notion of games yet to be defined on Borel subsets, not opens.



Logic. Following [8, 5], define the logic Lgpﬁ% by p._ T
the grammar shown right, where £ € L, r € QN | F A F conjunction (and)
[0,1] in the last line. Compared to [8,5], we only | FV F disjunction (or)
have one extra disjunction operator. | (], F modality

Let [F], be the set of states € X where F holds: [T], = X, [F1 A F3],, = [F1], A
[E:],. (R v R, = [B], V[P, and [0, F], = 6, [[F], > 1] is the set
of states x such that the preprobability d,([F'],) that the next state y will satisfy F
on firing an / action is strictly greater than r. Note that this is well-defined, precisely
because dy is continuous from X to a space of games with the weak topology. Also, it
is easy to see that [F']  is always open.

Simulation. Now define simulation in the spirit of event bisimulation [5] (we shall see
below why we do not call it bisimulation). For any topology O on X coarser than that
of X, let X : O be X equipped with the topology O. A simulation topology for o is
a topology O on X, coarser than that of X, such that d, is continuous from X : O to
J<iwk(X 1 0),ie, 6, '[U > r] € Oforeach U € O and each r € R. One non-
explanation for this definition is to state that this is exactly event bisimulation [5], only
replacing o-algebras by topologies. A better explanation is to revert back to Larsen
and Skou’s original definition of probabilistic bisimulation in terms of an algebra of
tests (in slightly more abstract form). A (bi)simulation should not be thought as an
arbitrary equivalence relation, rather as one generated from a collection T'st of tests,
which are subsets A of X: z € X passes the test iff x € A, it fails it otherwise.
Two elements are equivalent iff they pass the same tests. Now in a continuous setting
it only makes sense that the tests be open: any open U defines a continuous predicate
Xxu from X to the Sierpiriski space S = {0, 1} (with the Scott topology of 0 < 1),
and conversely. Let O, be the topology generated by the tests 7'st. It is sensible
to require that 5[1[U > r| be a test, too, at least when U is a finite union of finite
intersections of tests (for the general case, appeal to the fact that d,(x) is continuous,
and that any open can be approximated by such a finite union): one can indeed test
whether x € 6, '[U > r| by firing transitions according to the preprobability ds(z),
and test (e.g., by sampling, knowing that if §,(x) is a belief function for example, then
we are actually playing also against a demonic adversary C) whether our chances of
getting to a state y € U exceed r. And this is essentially how we defined simulation
topologies.

Every simulation topology O defines a specialization quasi-ordering <o, which is
the analogue of the standard notion of simulation here. (Note that in the case of event
bisimulation, i.e., taking o-algebras instead of topologies, <« would be an equivalence
relation—because o-algebras are closed under complements— justifying the fact that
event bisimulation really is a bisimulation, while our notion is a simulation.) Write
=9= =Xp N = the equivalence associated with simulation <. Clearly, there is a
coarsest (largest) simulation topology .. The following is then easy:

true

Theorem 5. Let O be a simulation topology for o on X. For any F' € Lopen, [F],, €
O. In particular [Soundness], if x € [F], and x <o y then y € [F]_. Conversely
[Completeness], the coarsest simulation topology O, is exactly that generated by the
opens [F],,, F € Lijon.



This can be used, as is standard in the theory of Markov chains, to lump states. Given
a topology O, let X/ be the quotient space X/=¢, equipped with the finest topology
such that go : X : O — X/0O is continuous. Let the direct image f[v] of a game v on
X by a continuous map f : X — Y be f[v](V) = v(f~1(V)). Taking direct images
preserves monotonicity, modularity, (total) convexity, (total) concavity, and continuity.
Proposition 2. Ler O be a simulation topology for o. The function o;/O mapping
qo(z) to qoloe(x)] is well defined and continuous from X /O t0 J<1 i (X/0O) for every
¢ € L. The family 0 /O = (0¢/0), is then a ludic transition system on X /O, which
we call the lumped ludic transition system.

Forany F € Lgp% and x € X, x and qo () satisfy the same formulae: qo ([F] ) =
[£], o, and [F], = q(gl([[F}]g/o), in particular, v € [F], iff qo () € [F], o
Rewards and payoffs. A classical problem on Markov decision processes is to eval-

uate average payoffs. Since LMPs and ludic transition systems are so similar, we can
do exactly the same. Imagine P plays according to a finite-state program I/, i.e., an

o . l4
automaton with internal states q,q' and transitions g—¢’. Letr , : X — Rbe
q—q
a family of bounded continuous reward functions: we may think that r , (z) is the
a—q
amount of money P gains if she fires her internal transition qi>q’ , drawing the next
state y at random along o(x). Lety , € (0, 1] be a family of so-called discounts.
q9—q
Define the average payoff, starting from state = when P is in its internal state g, by:

V()= sup [r L @4 j Vq/(y)dom)] 4
f a—q a—da [ cx
4,q' /q—q Y

This formula would be standard if o,(x) were a probability distribution. What is less
standard is what (4) means when oy (z) is a game. E.g., when o,(x) is a simple belief
function >~ a;rzuq,,, , then:

®)

ne
Vy(z) = supz quLq,(:v) T,y Z Gipe yggrz Vg (v)
4,q'/q—4q’ =1
where we see that P has control over the visible transitions ¢, and tries to maximize his
payoff (sup), while C will minimize it, and some averaging is taking place in-between.
The equation (4) does not always have a solution in the family of all V;s. But there are
two cases where it has, similar to those encountered in Markov decision processes.

Theorem 6. Assume o is standard, i.e., o¢(X) is always either 0 or 1, and the set
{z € X|o¢(x) = 0} of deadlock states is open; or that U () > 0forallq, ¢, ¢,

x € X. Assume also that there are a,b € R with a < (. (), Vytoy < bfor all g,

L, q', x € X. Then (4) has a unique solution in any of the following two cases:
[Finite Horizon] If all paths in 11 have bounded length.
[Discount] If there is a constant vy € (0,1) such that Yyt < ~foreveryq ¥l q'.

When o is a simple belief function, Equation (5) is then a Bellman-type equation that
can be solved by dynamic programming techniques. Then observe that any continuous
belief function is the directed lub of simple belief functions by Theorem 2, under mild
assumptions. This offers a canonical way to approximate the average payoff V.
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A Proofs of Theorems

Proposition 3. The belief function v =Y., a;ua,, where a; € Rt \ {0} for every i,
1 < i <, is continuous iff every A; is compact.

Proof. If A; is compact, then for every directed family (U;), . ; of opens, us, (U, ¢, Uj)
Liff A; € U, e, Uj, iff A; € Uj for some j € J by compactness, iff us, (U;) = 1 for
some j € J,iff sup;¢ ; ua, (U;) = 1. Since uy4, only takes values 0 and 1, u4, is contin-
uous. Then addition and multiplication by a non-negative constant are Scott-continuous
in RT, so v is continuous.

Conversely, let (U. j) ; be a directed family of opens such that A; C U]e J
W.lLo.g., assume that A; is upward -closed. This is harmless, as u4, = ug,. Also as—
sume the A;s are pairwise distinct. Since A; is upward-closed, it is saturated. Hence
whenever A;; ¢ A;, we can find an open subset V;;; among those opens contain-
ing A; that does not contain A;. Let V; = ﬂi,/Ai,gAi Viir. V; is open, contains A;,
and does not contain any A;s such that A, C A;. The family (U; N V})j s 1s then
a directed family of opens whose union contains A;, but no A, with A;; € A;. So

v (UjeJ(Uj N Vl)) =i/, Ca, G- Since v is continuous, the latter is sup ;¢ ; v/(U;N
V;). Since v only takes finitely many values, there must be some j € J such that
v(U;NV;) =325/, ca, ai- Now again U; N V; can only contain those A;: that are
contained in A;, since this is the case of V;. Since v(U; N'V;) = Zz‘//Ai,gAi a; and
every a; is (strictly) positive, U; N V; must contain them all, hence contains A;. This
implies that U; contains A;, so A; is compact. a

Theorem 1. For any continuous valuation P on Q(X), the capacity v defined by
v(U) = P(QU) is a continuous belief function on X .

Conversely, let X be a well-filtered and locally compact space. For every continuous
belief function v on X there is a unique continuous valuation v* on Q(X) such that
v(U) = v*(QU) for every open U of X.

Proof. We first prove that v(U) = P(0OU) defines a continuous belief function. It is
clear that v is a game. Let us show that v is continuous. Let (U;), . ; be a directed family
of opens. Because any element @ € Q(X) is compact, O J;.; Us = |J;¢; OU;. Then
v (Uiel UZ) =P (DUieI UZ) =P (Uiel I:\UZ) = Uiel P(DU) UiEI I/(Ul) Let
us finally show that v is totally convex. We observe that, given any finite family (U;);-_,
of opens, Ol J;—, U; 2 U}, OU;. So:

v <U UZ-> =P <DU Ui> > P (U DUl-> since P is monotonic
i=1

ze[

i=1

= > (-ptp <ﬂ DUZ)

IC{1,...,;n}.I#0 i€l
by the inclusion-exclusion principle

- Y (-1 1+1p< ﬂU),_{Z 1)L, (ﬂU)

IC{1,....n},I#£0 i€l 1,...n},I#£0 i€l
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The converse direction is harder. Assume v is a continuous belief function on X.
We first establish a useful lemma on open subsets of Q(X), then a combinatorial
lemma, finally a topological lemma.

Claim A. For every pair of finite families (U;);_, and (Vj);n:1 of opens in X,
Uiz 0U; © UjL, OV; iff (Ui);—, is smaller than or equal to (V;)[_, in the
Hoare ordering C’, defined by (U;);_, C° (1/7);”=1 iff for every i, 1 < i < n, there
exists j, 1 < j < m, such that U; C Vj.

Proof. The if direction is obvious. Conversely, assume |J!'_, OU; C U;"’Zl avj.
The idea of the proof is to take compacts contained in a given U;, but arbitrarily
big. First notice that any open is a directed union of saturated compacts. In fact,
U is the directed union of sets of the form T E, F finite contained in U, and each
is clearly compact. This allows us to pick a directed family (Qx),, ¢ 5 of saturated
compacts such that U; = |J,,c i Qik» and such that: (x) for every k, k' € K, there
is k" € K such that Q;; U Qi = Qix. Since Q1. C U;, Qs € OU;, so for some
J» 1 <j < n, weobtain Q;, € OV}.

In general, j depends on k; we shall show that we can choose j so that is does not.
Foreach j, 1 < j <m,let K; = {k € K|Q;; C V;}. The argument above shows
that K = Ji_, K;.

Let J be the subset of all j € {1,...,m} such that K is non-empty. .J itself is
non-empty, since K # @ and K = [Jj_, K. Now observe that there must be a
j € J such that K is cofinal in K, i.e., that for every k € K, there is k' € K
such that Q;, € Q4. Otherwise for every j € J, there would be a k; € K such
that Q;x; Z Q- for every k' € K. By (%), and since .J is finite, there is " € K
such that Q;» = UjeJ Qix;- Since K = U;"Zl K, there is a j such that k" € Kj;
in particular K; # (), so j € .J. By construction, Q;, Z Qi for every k' € K.
Take k' = k", s0 Qix; € Qikr = U 5 Qik;» a contradiction.

Solet j € J be such that K is cofinal in K. So Uk'eKJ Qirr = Uper Qir = Us.
By definition of K, for every k' € K;, Qirr C V;. SoU; C Vj. O

Claim B.Let m,n € N. For every K C {1,...,n} x {1,...,m}, define m K =
{i|3j-(i,j) € K}, and mo K = {j|3j-(i,j) € K}. Then for any non-empty subsets
Tof{1,...,n}and J of {1,...,m},

Z (_1)|K|+1 _ (_1)|I\+|J\ )

KC{1,....n}x{1,....m}
TrlK:I,TFQK:J

Proof. By induction on the cardinality |J| > 1 of J. If |.J| = 1, there is a unique K
such that 71 K = I and mo K = J, namely I x J. Then |K| = |I|, and the result is
clear. If |J| > 1, write J as the disjoint union of some one element set {x} and of
J" = J\ {*}. Choosing K (see Figure 1) such that m; K’ = I and 73 K = .J means
picking the set I’ of indices ¢ such that (7, *) is in K (an arbitrary non-empty subset
of {1,...,n}), the set I of indices ¢ such that there is a j € J' with (,j) € K
(an arbitrary subset of {1,...,n} such that I’ U I"” = I), and finally a subset K’
of {1,...,n} x {1,...,m} such that m; K’ = I"" and mo K’ = J'; the latter must
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I

Fig.1. Choosing K sothat 1 K = I, mo K = J

be K' = {(i,j) € K|j # *}. On Figure 1, K is represented as the set of fat black
dots, K" is the set of dots above the dashed line.

So:
’ ’
P DI DD D
KC{1,....n}x{1,....,m} I'c{l,..n} I"C{1,....n} K'C{1,....n}x{1,...,m}
m K=I,moK=J I'#0 I'ur” =1 mK'=1" 7 K'=J'

= > XeEnto ¥ e

I'c{l,....,n} I"C{1,....n} K'C{1,....n}x{1,....m}
I'#0 ror’'=r  mK=I"mK=J
If I = (9, the sum ZK/Q{L__W}X{L_“’mﬁ—l)lK I*1i5 0. Otherwise, it is (—1)” I+

71'1K,:I”,7T2K/:JI
by induction hypothesis. So

S sy S (-l

KC{1,....n}x{1,....m} I'c{1,..,n} I"C{1,..,n}
mK=I,moK=J I'£0  I"#0,0'01"=I

However, when I’ # (), we can match those I” such that I’ U I” = T in pairs:
fix ¢/ € I', consider those I”” which contain 4’, and those which do not. Then the
sum of (—1)‘1/‘“1”'“‘”, over all I C {1,...,n} such that I’ U I"” = T (in-
cluding the empty ") is 0. If I’ # I, the empty set cannot be one of these I”, so

..........

I"#0,1'0I” =1 I"#0,1'0I" =1

is equal to —(— 1)/ = () 50 5™ ey (D) =
m K=l K=J
(_1)\I|+\J"+1 _ (_1)\I|+\J|. O

Claim C.Let X be locally compact, Q) a saturated compact contained in some open

U of X. Then there is a saturated compact Q1 such that Q C Q; C @1 C U.
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Proof This is well-known. For each x € Q let @, a saturated compact such that

T € Q C @, € U. The open cover (Q )wc cq of () contains a finite subcover
(Q.) 4 E afinite subset of Q. Then Q1 = (J, . 5 Q. fits the bill. 0

Claim A can be used to show that if v* exists such that v(U) = v*(QU) for every
open U of X, there it is unique. Since OU are basic opens of the Scott topology of
Q(X), every open U of Q(X) is a union | J;., OU;, where (U;);; is some family of
opens in X. We can also assume [ to be non-empty. For every finite non-empty subset
J of I, write QU ; for the finite union Uie ; OU;. Then the family of all Uys is directed,
and:

(W) = U; 7
V( ) JﬁnlteJC[ (UD > ()

i€J

By the inclusion-exclusion principle, the latter rewrites as a linear combination of quan-
tities of the form v* (ONyex Ur) = v(Nyex Ur), K C J. So v* is uniquely deter-
mined.

Let us now show that v* exists. This will take 12 steps. Start by defining a function
P that maps every finite family (U;);_, of opens of X to:

P((Ui)?:1) = Z |I|+1 (ﬂ U)

Ig{l,..‘,n}#w iel

This is intended to be v* (|-, OU;).
Step 1. We note that for any extra open U, 41,

P((U)! ) > P((Uy)}y) ®)

with equality if U,,11 C U; for some ¢ € {1,...,n}. Indeed,

P(U)ZH = Y DA (ﬂU)

Ig{l,...,n+1},17£(2) el

- v i <ﬂU> Zn}( 1 <mUﬂUnH>

1g{1,...,n},1¢® il il
splitting those non-empty subsets of {1,...,n + 1}
into those that do not contain n + 1, and those of the form 7 U {n + 1}

=P+ Y. (= <ﬂU ﬂUn+1>
m}

IC{1,... iel
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The last sum can be rewritten into:

Z (-1 II\ <ﬂU ﬂUn+1> =v(Upt1) — Z (_1)”'“’/ (ﬂ(UimU”“))
}

IC{1,..;n i€l IC{1,... 0}, T#0 iel

n
> v (Unt1) <U (U;n Un+1> by total convexity

=v(Upt1) — v <Un+1 N U Ui> >0 by monotonicity
i=1

and this shows (8).
Furthermore, if for some 7 we have U,,4; C U;,, we can instead rewrite the same
sum as:

> }( 1 <ﬂU ﬂUnH)— 3 i <ﬂU nU; ﬂUnH)

IC{1,...,n el Ig{l,.“,n},ioel el

+ > (= (ﬂU ﬂUn+1>

IC{1,...,n},i0&l il
by splitting the second sum into those subsets of {1,...,n} which contain 4, that is,
of the form T U {ig}, I C {1,...,n}, ig & I, and those which do not contain 4. Since

Ui, N Up41 = U,41 by assumption, the corresponding terms in the two sums cancel
each other out. We therefore obtain P((U;)/}") = P((U )i, ) in this case.
Step 2. It follows that for any permutation o if {1, ..., n}, P(Ui);—,) = P(Us(i);,)-

Step 3. Then whenever (U;)}"_, C° (V) " »wemusthave P((U;);_;) < P((V; )] 1)
Indeed, one can get (VJ);n:1 from (U;)}_, by first adding the Vs one by one, which
makes the P value increase, and then removing the U;s one by one; since each removed
U; is contained in some V, this preserves the P value.

Step 4. It follows that P((U;);_,) only depends on | J;_, OU;, not on the U;s per
se. Indeed, if J;_, OU; = |J;-, OV;, by Claim A we must have (U;);_, C" (V;)""
and (Vj)jL, € (Us)izy, s0 P((U:);y) = P((V3)[L,).

We may therefore legitimately write P (|-, OU;) instead of P((U;)!-_;).

Step 5. A second consequence of Step 3 is that P is monotonic, in the sense that

U=, oUi € UjZ, 0V implies P (U;Z, OU;) < P (U;n:1 DVJ’)'

Step 6. Clearly, P(0) = P (Uie@ Ul-) —=0.
Step 7. We show that P is modular, i.e., that:

j=1

n+m n+m
UDUUU ou; | + P UmUnU oU;
j=n+1 j=n+1
n n+m
-p (U gUi> +P| | oy ©)
i=1 j=n+1
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To this end, compute:

n n+m
Uovin |J ouj | =P |J (OUNOU4)
i j=n+1 ?G{l,...,n}

since O(U N'V) = 0U N OV for every U, V. By the definition of P:

n n—+m
U oU; N U DUj = Z (—1)|K‘+1U m (Uz N Uj+n)
i=1 j=n+1 KC{1,...,n}x{1,...,m} (i,7)eK

K#(

Clearly, n(i,j)eK(Ui N Uj+y) only depends on 71 K and 73K, not on K: this is the
same as (\;cr, i Ui N ()jer,x Uj- SO we can split the sum into one on the possible
values [ and J of m1 K and mo K respectlvely.

n n+m
U al; N U DUj
i=1 j=n+1

by 2 DEF L 00 () Ut

IC{1,....,n},I#£0 Kg{l,...,n}x{l,“.,m} i€l Jje€J
JC{L,..m},J£0  mEK=ImK=J

by N A AL gL

IC{1,...,n},I#0 | KC{1,....,n}x{1,....,m} i€l JjEJ
JC{1,....m},J£0 mK=I,maK=J

= Z ( |I|+|J| m U N m U]+n (10)
IC{1,....n},I#£0 el jeJ

by Claim B. On the other hand, we may split those non-empty sets L C {1,...,n+m}
into those of the form I C {1,...,n}, those of the form J C {n 4+ 1,...,m}, and

18



those that are unions of sets of the first two forms:

n n+m
U oUu; u U DUj = Z ‘L|+1 (m U[)
i=1

Jj=n+1 Lg{l,-..,n+m},L#® Lel
_ Z |I‘<‘r1 (m U)
1Cc{1,..., n},I;é(b iel
IR T
Jg{l,.‘.,m},Jgé(Z) jeJ
+ Z (-1 |I|+|J|+1 m U; N ﬂ Ujin

IC{1,....n},I#£0 el jeJ

n m n+m
P <U DUi> +P | |JoUn U ou;n |J o

j=1 Jj=n+1

using (10). This proves that P is modular.

Step 8. Let:

v'(UWy= sup P UD&)

J finite CU Qeg

The point is that Q(X), as a continuous cpo, has its Scott-topology generated by the
subsets 1Q, Q € Q(X), where 1Q = {Q'|Q < Q'}, and < is the way-below relation

on Q(X): U = UQeu Q. 1t is well-known that Q < Q' iff Q' C Q, so that 1Q =
0Q. The formula above is then dictated by (7). Note that this is a well-defined real:
p (UQea DQ) <Pr (DUQea Q) =v (UQGS Q) < v(X), so v*(U) is well-

defined as a least upper bound of reals bounded above by v/(X).

By Step 6, v*()) = P() = 0, so v* is a capacity. Then v* is monotonic by
construction.

Step 9. We claim that »* is continuous. This is almost by construction. Let (U;), .,
any directed family of opens of Q(X). For every finite set J, J C |, .; U; iff there is a

el
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1 € I with J C U;, by directedness. Then:

v* <U Ui> = sup P U DC?)

icl J finite CU, o, U Qe

[e]
= sup P U aQ
J finite /3iel-gCU; oeg

[e]
= sup sup P U oQ | =suprv™ (W)
€l JCU; Qeg iel

Step 10. For every finite subset J of Q(X),

viloe|=r( o
Qed Q€d
The > direction is by definition. Conversely, let U = UQ ¢g OQ), and consider any finite
subset J’ ofu Forevery Q' € J/, Q' is in u so there is Q € J such that Q' € DQ in
particular Q’ - Q By Claim A, g/ g/ DQ C Ugesy DQ By Step 5,

Pl Joe|<P|JoQ
Qed’ QEed
Now take the least upper bound of each size over all finite subsets J’ of U.
Step 11. Let us show that v* is modular. We have UUU' = UQquu, DQ so Luu’

is the directed union of all Jgcg,g: DQ Uoes DQ UUgregr DQ when J ranges
over all finite subsets of U and J’ over all finite subsets of UW. So:

r(Uu’)= sup P U Dg)U U Dé/

ite C
Jimect \ess o

o o o o
=sup P U oQ | +P U o' | - P U oQ N U oQ'(1

by Step 7. The case of intersections is subtler (at least if we don’t want to assume X
coherent).

rUNU) = sup P U 0Q"”

4" finite CUNW Qregr
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Now every finite subset J”” of U N U’ is both a finite subset J of U and a finite subset J’
of W, so:

U 0Q" = Uuéﬂ U 0’

Q"ed” Qed Q'ed’
Therefore:
o o
rUNUW)y<  sup P U oRN U 0qQ’ (12)
J finite CU Qcd Qey’
J’ finite CU’

Let us show the converse inequality. If J is a finite subset of U and J’ a finite subset of

W, every Q" € Uc;eg 0Q N Ugreg DQ' satisfies Q" C Q and Q" C Q' for some
Q € J,and some Q" € J'. Since X is locally compact, there is a saturated compact @Q;

suchthat Q" C Q; C Q1 CQNE by ClaimC. Since @; CQRand Q € U, Q1 € U
(every open is upward-closed); similarly, Q; € U, s0 Q1 € UNUW. As Q" is arbitrary,

Uoen U o@c U oo

Qed Qey’ Qieunu’

- U U oa

J” finite CUNW Q17"

By Step 8, v* is monotonic and by Step 9, v* is continuous, so:

o

v Umqozm U Dé/ <v U U oe,

Qed Q' ey’ J”’ finite CUNW Q17"

o

= sup v* U 0Q,

3" finite CUNU/ 0,29
By Step 10,

o o (¢}
P U aQ N U 0Q' | < . sup /P U 0Q,
Qey Qey J"" finite CUNU Q.eq”
— UMW)

Taking least upper bounds, we get:

sup P U DCCi)ﬂ U DC;C))’ < (UNU)

ite C
Jumect \om  o@y
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Combining this with (12), we obtain:

vunw)y= suip P Joen |J o@ (13)
J finite CU reqr
9’ finite CU’ Qed Q'ed

Now add (13) with (11), and recall that 4+ : RT x Rt — RT is Scott-continuous:

UUU)+r(UNU) = sup P U oQ | +P U o’
J finite CU reqr
4’ finite CU/ Qed Q'ed
=v*(U) +v*(U)

So v* is a continuous valuation.
Step 12. Let us finally show that for every open U of X, v*(0QU) = v(U). By
definition,

o
v'(oU)= sup P U oQ
J finite COU Qeg

o o
> sup P(OQ) = sup v(Q)
Q saturated compact CU Q saturated compact CU

Since X is locally compact, and using Claim C, U is the directed union of ), when )

ranges over the saturated compacts contained in U. Since v is continuous, Supgc s v(Q)
equals v(U). Sov*(QU) > v(U).

Conversely, for every finite subset J of OU, UQGE] oQ C UQEDU 0Q <€ aU, so
v*(0U) < P(OU) = v(U). Therefore v*(OU) = v(U). O

Lemma 1. 37", ajuq, < 377, bjug: iff there is matrix (tij)1<i<m of coefficients
1Z5<n

in RT such that Z;‘L:1 tij = a; for each i, Y *, t;j < b; for each j, and whenever

Proof. By the max-flow min-cut theorem, as in [16]. We first prove two claims. Note
that, since the ordering of Q(X) is reverse inclusion, a subset J of Q(X) upward-closed
if and only if Q € J and Q D Q" implies Q" € J. Claim A states that we can always
separate a given finite family of saturated compacts by finitely many opens.

Claim D. Let A be a finite subset of Q(X). There is family of opens (UQ)QEA such
that, for any upward-closed subset J of A, J = {Q" € A|Q" C Uge;Ug}

Proof. For each pair of saturated compacts Q, Q' € A such that Q 2 @Q’, there is an
open Uy ¢ containing @) but not )'. Indeed, if every open containing () contained
Q’', then ﬂU/QgU U would contain Q’. But since @ is saturated, ﬂU/QgU U=QqQ.
Since A is finite, for every () € A, ﬂQ’eA/QZQ’ Ug,q’ is open, let us name it Ug.
We observe that for every Q" € A, Q" C Ug iff Q@ D Q”. Indeed, if Q" C Uy,
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then Q" C Uq, ¢ forevery Q' € Asuchthat @ 2 @'. In particular, for Q' = Q" if
Q 2 Q",then Q" C Ug g, a contradiction. So @ 2 Q”. Conversely, if Q 2 Q”,
then for every Q' € A such that Q 2 @Q’, in particular, Q" C Ug, ¢, since Ug ¢/
contains Q).

For every upward-closed subset J of A, therefore, Q" € J iff Q" C UQGJ Ug.
Indeed, if Q" € J, then Q" C Ug~, since Q" C Ugr ¢ for every @)'. Conversely,
if Q" C UQeJ Ug, there is Q € J such that Q" C Ug, so such that Q D Q".
Since J is upward-closed in A, Q" € J. a

Claim E. For every simple belief functions ) ¢ 4 aQuq and Y- ¢ 5 bouq, where
A'is a finite subset of Q(X), the inequality 3o 4 aQuq < D gca bouq holds iff
for every upward-closed subset J of A, 3¢ yaq < 3 e s bg-

Proof. Assume ZQEJ ag < ZQEJ bg for every upward-closed subset .J of A.
Let U be any open. Let J = {Q € A|Q C U}. J is upward-closed in A,
and (3-pe 1 aQue)(U) = X ges aq: (Xgea boue)(U) = X ge, bg, therefore
20ea 1QUQ < X geaboue

Conversely, assume > 5 4 aQuQ < D o4 bouq, and let J an upward-closed
subset of A. Consider the family (Ug) 0cA of Claim D. By construction, we ob-
tain (ZQeA aQuQ)(UQeJ Ug) = ZQeJ aq and (ZQeA boug) = ZQeJ bq,
whence the claim. a

Now on to the proof of Lemma 1. If the matrix (tij)1§1‘§m exists as in the Lemma,
1<j<n
then:

m m n n m
D e =3 ) tyre =)D tika,
=1

i=1 j=1 j=11i=1
n m
< Z Z tijug,  sinceif ti; 7# 0, ug, < ug;
j=1i=1
n
< _bug,
j=1

Conversely, assume > | a;ug, < Z?zl bqu;_. Let Abethesetofall Q;,1 <i<m,
and all @}, 1 < j < n. We may write >\ | a;uq, as >_ e 4 aQuq, Where aq is aq, if
Q = Q; for some i, 1 < i < m, and 0 otherwise; similarly we can write Z?zl bqu;
as EQeA boug, where bg is bQ;_ if Q= Q;- for some j, 1 < j < n, and 0 otherwise.
So letus assume D5 4 aQuQ < Yo 4 bouq- Build the network G with vertices
s (the source), ¢ (the sink), and 2| A| vertices [@] and (Q), two for each @ € A. All these
vertices are distinct. There is an edge from s to [Q] for each Q € A, with capacity? ag;
one from [Q] to (Q') for every Q,Q’ € A with Q O @', with large enough capacity
M, say M > max(D 54 aQ: Y- gea bq); and one from (Q) to ¢ for each @ € A, of
capacity bq.
3 A capacity here is just a real number labeling an edge, meant to bound the flow through the
edge. It has nothing to do with games and capacities.
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If there is a flow f whose value along the edge from s to [()] is aq for every Q € A,
then its value will be ZQG 4 0@, and this value will be maximal. Let us show that the
value of every cut through the network is at least ZQe 4 0q. (A cut c through G is a
set of vertices containing s but not ¢. Its value is the sum of capacities or edges from a
vertex in ¢ to one outside c.) The max-flow min-cut Theorem states that the values of
the minimum cut equals that of the maximum flow, so the value of the minimum cut
will be exactly > 4 ag-

Let then ¢ be a cut through G. Let (x) the following assumption: there are [Q] € c,
(Q') € ¢, with an edge from [Q] to (Q"). In this case, Q D @', and the edge’s capacity
is M, so the cut’s value is at least M > ZQG 4 0@, and we are done. If on the other
hand (%) is false, the only edges from v € cto v’ ¢ c are those from s to [@] or from
(Q) to t for some Q € A. The value of cis 354 aQ + - (gye. bo- Since (x) fails,
(Q) is in ¢ whenever [Q)] is. By removing from c those vertices (@) such that [@)] is not
in ¢, we get a cut with possibly smaller value, where (x) still fails, and where [Q)] € ¢
iff (Q) € c. Let J be the set of all Q € A such that [Q)] is in ¢. The value of the ¢ is then
2027 9Q t 2 0ecsbq- J is upward-closed in A:if Q € J (i.e., [Q] € ) and Q 2 @',
the fact that (x) fails implies that ('), hence also [Q'] isin ¢, so @' € J. By Claim E,
>-0es 4Q < X b, so the value of cis at least > 4 aq-

So there is a maximum flow f, of value ZQ ca a@- Necessarily the flow from s to
[Q] must be exactly ag for every ) € A. Let Ty be the value of the flow from [Q] to
[Q'] when Q 2 Q', T = 0 otherwise. We notice that:

3 Tog = ag (14)
Q'eA

for every @ € A. Indeed, ag is the incoming value of the flow f at vertex [(], and (as
a flow) this must coincide with its outgoing value 3, 4 T - Next we notice that:

> Tog < by (15)
QeA

for every Q' € A.Indeed, b is larger than or equal to the outgoing value of f at vertex
(Q'), and the latter is exactly the sum > 4 Toq'-

Observe that, for every i, 1 <i < m, Tg,o = 0if Q' is not one of Q; 1<j<n.
Indeed, Ty, o’ is a non-negative real, and by (15) their sum when ¢ varies is at most b¢y,
which is zero.

Similarly, for every j,1 < j < n, TQQ; = 0 when @ is not among Q;, 1 < i < m.
This is because the sum of TQQ; when j varies is at most ag = 0, by (14).

The equation (15) with Q = @Q; then becomes Z;‘L:1 Tq.q, = aq, = a;, and the
inequality (15) with Q" = Q; becomes 3=, To,q < bg; = b;, whence the claim.

d

Theorem 2. Let X be well-filtered and locally compact. Every continuous belief
function v on X is the least upper bound of a directed family of simple belief functions
v; way-below v. Cd<1(X) is a continuous cpo.
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Proof. Q(X) is a continuous cpo, hence the space V<1(Q(X)) of continuous valua-
tions v with (X)) < 1 is a continuous cpo, with a basis of simple valuations by Jones’
Theorem [16, Theorem 5.2]. In particular, given any continuous belief function v on X,
we may write 1" as sup;; P; for some directed family (F;),.; of simple valuations
on Q(X). Define v;(U) = P;(QU), then P; = v;. By (A) above, (v;),; is directed
in Cd<1(X), and has therefore a least upper bound. It is easy to check that for each
open U of X, v(U) = v*(QU) = sup;e; v/ (OU) = sup,;c; v:(U). The fact that we
can take v; to be way-below proceeds by showing that each simple belief function v; is
itself the least upper bound of a directed family of simple belief functions way-below
it. This is proved by observing a few facts first.

Claim F. Let X be well-filtered. Let (Q;),.; be any filtered family of non-empty
saturated compacts. Then un\,_ o, = sup;cs uQ,-

Proof. For every open U of X, un,., 0. (U) =1iff ;c; Q; C U,iff Q; C U for
some i, since X is well-filtered. But this is equivalent to sup;c; ug, (U) =1. O

Claim G. Let X be well-filtered and locally compact. Assume a; < b; and Q' C Q)
foreveryi, 1 < i <n, then

n n
Z aug, K Z biuQ;
=1 =1

Proof. Let (Vj)j < be any directed family of continuous belief functions such that
> oiq bitgr < supjc;v;. Let J be a non-empty upward-closed subset of A =

{Qil1 < i < n}. Let Uy be the open |Jo; Q- We have (31, biug,)(Uy) <
sup; ¢ v;(Uy). Since Q; C U for every 4 such that Q; € J, the left-hand side is
atleast ), o ; b;. Since a; < b; for every i and J is non-empty, 3, .y @i <
sup;c; vj(Uy). Sothereis j € I'suchthat -, o o ;a; < v;(Uy).

The latter inequality also clearly holds when J = (). Moreover, since (I/j)j cr 18
directed and there are only finitely many upward-closed subsets J of A, there is a
Jj€lsuchthat}”, o o ;a; <v;(Uy), whatever J.

We now show that Z?:l a;ug, < vj. Forevery open U, let J = {Q;|1 < i <
n,Q; C U}, sothat (31, aug,)(U) = >_i/Qies Wi» Which is less than or equal
to v;(U) by the computation above. For every « € Uy, there is ); € J such that

reQ;,soxeU,ie,U; CU.Sov;(Uy) <v;(U). Finally, >, aug, < vj,
and we are done. O

Claim H. Let X be well-filtered and locally compact, and v = Z;L=1 bqu/j a sim-
ple belief function on X. Then v is the least upper bound of the directed family
of those simple belief functions of the form E;.lzl rbqu;/, where 0 < r < 1 and

o
Q) C QY foreveryj, 1 <j <n.
Proof. Consider those continuous belief functions of the form Z;’:l rbjugy, where

(o)
0<r<land Q; - Q;’ for every j, 1 < j < n, and show first that this family is
directed.
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It is non-empty: for every 7, since Q;- is contained in X, which is open, there is a

saturated compact @7 such that @ C Q7 C Q7 C X, by Claim C.
Then, let 37, m1bjugy, and 377, r2bjugy, be two belief functions of the form

o [e]
1

above, namely 0 < 71,72 < 1and Q) C QY; N Qy; for every j. Since X is locally
(e}
compact, by Claim C there is a saturated compact Q;-’ such that Q; C Q;-’ - Q;’ C

o o
1;NQ5;, foreach j. Let r = max(r1, r2), then Z?Zl rbjugy is again of the form

[e]
above, since 0 < r < 1and Q; C Q7. Moreover, since Q7 C Q7; and r > 7y,

Z?:l TbjUQ;/ > Z?:l lejUQll/j; similarly, Z?:l Tbqu;/ > Z?:l szjUQ/Q/j.
Let us show that the least upper bound of the family of all Z?Zl rbqu;/, O<r<

o
1, Q;- C Q;-’ for every j, is Zj:l bqu;_. Since Q(X) is a continuous cpo, Q;- is
the intersection of the filtered family of all saturated compacts Q;-’ whose interior

contains Q}. By Claim F, the least upper bound of ugy when C;;;’ 2 Qs g
So the least upper bound of all rbqu;/, when 0 < r < 1 and Q;-’ ranges over
the saturated compacts whose interior contains @ is bjuq:. We conclude since
addition is Scott-continuous.. O

We know that v is the least upper bound of a directed family (v;),.; of simple belief
functions. By Claim H, each v; is the least upper bound of a directed family (v;1,),, K,
of simple belief functions, which are all way-below 1; by Claim G, in particular way-
below v. Clearly v = sup; ¢ ek, Vik- Moreover the family of all v;;s is directed. It is
clearly non-empty, and whenever v;;, and v,/ are two elements of this family, v;; < v;
and vy < vy. We know that for some 1" € I, v, vy < vin. SO Vi, Vi <K V. Since
v, is the least upper bound of all v/, k" € K, , by definition of <, and since v, <
v, there is kp such that v;;, < v, . Similarly, for some ko we have v,y < vyrg,.
Since (I/i”k,/)k/'GKi// is directed, there is k3 € K;» such that v,y , vivg, < Vg, SO
ik, Virk! < Vitt g O

Theorem 3. Let X be well-filtered and locally compact. The function v +— v*
defines an order-isomorphism from Cd<1(X) to V<1 (2(X)).

Proof. First, v* < /" implies v < v/. Indeed, for every open U, v(U) = v*(OU) <
V'*(OU) = v'(U). Conversely, assume v < v/, we show that v* < /", Write v as the
least upper bound of a directed family (v;);.; of simple belief functions way-below v,
and similarly for v’ and (V;‘)je]‘ Foreachi € I,sincey; < v <v' = SUpjc s u}, there
is j € J such that v; < v/}. By (A) v < vj". This entails sup,c v < sup;c; v;". For
each open U of X, sup;¢; v (OU) = sup;e; v5(U) = v(U) = v*(U), so the left-hand
side is v*, and similarly the right-hand side is v'". a

Proposition 1. For any continuous f : X — RT,
Moreover, if A is compact, then

i f(z)duy = inf f(z) the inf is attained: this equals
zEX ved minge 4 f(7).
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Proof. Using the definition,

0

+oo
# f(x)duA:/ uA(f_l(t,+oo))dt+/ [uA(f_l(t,+oo))—u(X)]dt
rzeX 0

— 00

-/ ar+ [ —dt
t>0/AC f~1(t,400) t<0/AZ f=1(t,400)

But A C f7l(t,+o0) iff for every x € A, f(z) > t, ie., infyeca f(z) > t or
infoex f(x) > t. Ifinf e 4 f(z) > 0O, then the right integral is zero and the left one is
fomf"’eA H@) gy — infyea f(z). Ifinfye 4 f(x) < 0, the converse happens, and the right
integral is inf ¢ 4 f(z).

If A is compact, then the image f(A) of A by f is compact, and so is | f(A).
The saturated compacts of R are the subsets of the form [¢, +00), whence T f(A) has
a least element ¢ = inf,cx f(x). There must be € A such that f(z) < ¢, whence

f(z) =t O

Theorem 4. For any bounded continuous function f : X — R, let f, be the function
Sfrom Q(X) to R defined by f.(Q) = mingcq f(x). Say that a capacity v is linearly
extensible from below if and only if there is continuous valuation P on Q(X) with:

9‘/ f(x)dv = 9( 1.(Q)dP 3)
rxeX QREQ(X)

for every bounded continuous f. If X is well-filtered and locally compact, then the ca-
pacities that are linearly extensible from below are exactly the continuous belief func-
tions, and P must be v* in (3).

Proof. Note first that, since () is compact, f reaches its minimum on (), so the notation
mingcq f(x) makes sense.

Assume (3) holds. Take f = yy for any open U of X in (3). For any Q, f.(Q)
equals 1 iff @ C U, 0 otherwise, so f. = xgu. It follows that (3) implies v(U) =
P(OU). So v is a continuous belief function by Theorem 1, and P = v*.

Conversely, if v is a continuous belief function and P = v*, then:

0

+o0o
§  n@ir= [ v [ o) - @0
QeQ(X) 0

— 00

Now observe that v*(f1(t,4+o0)) = v*{Q € Q(X)|mingecq f(z) >t} = v*{Q €
Q(X)|Q C f1(t,+00)} (using the fact, which is crucial here, that the minimum
mingeq f(z) is attained) = v*(Of (¢, +o0)) = v(f (¢, +00)). On the other hand
v*(Q(X)) = v*(0X) = v(X), so:

0

+oo
{ n@ar= [T oot [ oo - vl
QeQ(X) —00

0
= f(z)dv
reX
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Theorem S. Let O be a simulation topology for o on X. For any F' € Lopen,
[F], € O.In particular [Soundness], if v € [F]_ and x <o y theny € [F], . Con-
versely [Completeness], the coarsest simulation topology O is exactly that generated
by the opens [F]_, F € L;',—Ife\,/?.

Proof. The fact that [F]_ is in O is an easy structural induction on F'. Conversely, let
O the topology generated by opens of the form [F] _, F' € Lgﬁ\eﬁ- We claim that O is a
simulation topology, i.e., that O is finer than O,,. Since, by the first part of the Theorem,
every open [F }]U is in O, O is also coarser than 9. So O and O, will coincide.

So let us show that O is a simulation topology. First, by the first part of the Theorem,
O is coarser than the topology of X. We now note that for every open U of O that
happens to be of the form [F]_, then O’g‘z)l[U >r] = {z € X|ow(z)([F],) >} =
[[{]~-F], is again in O, for every r in Q N [0, 1]. This must again hold for any real
r € [0, 1], since ogl_ol (U >71]=U,equrse agl_ol U >r'l.

It remains to show that 0’(‘_@1 [U > r]isin O forevery U € O, not just for those U of
the form [F] . Then the function oy from X : O to J<1 (X : O) will be continuous,
and we will be done.

By definition U € O is a union of finite intersections of opens of the form [F]_,
hence of opens that are either empty or directed unions of finite non-empty unions of
finite intersections of opens of the form [F]_.If U is empty, then o, ‘_ol [U > r] is empty
if » > 0, is the whole of X if » < 0, and therefore in O in any case.

Otherwise, we note that any finite intersection of opens [[Fi]]g, 1 <4 <m,is of the
form [F; A ... A Fy], (m > 1), or of the form [ T]_ if m = 0. Every non-empty finite
union of opens [F;],, 1 < i < m (m > 1), is of the form [F; V...V F,]_ . So U is
a directed union of sets of the form [F] _, say U = (J,¢; [F3],- Then ogl_ol[U >r| =
{z € X|ou@)Uie, [F,) > r} = {z € X|supie; or(@)([Fi], > r} = Uye/{e €
Xloe(x)([F;], > r}. The latter is a union of opens of O, and is therefore in O. O

Proposition 2. Let O be a simulation topology for o. The function o;/© mapping
qo () to qoloe(x)] is well defined and continuous from X /O to J<1 ik (X/O) for every
¢ € L. The family 0 /O = (04/0),c is then a ludic transition system on X /O, which
we call the lumped ludic transition system.

Forany F € LOTP% and x € X, x and qo (x) satisfy the same formulae: qo ([F] ) =

[F],,0. and [F], = qgl([[F]]a/o), in particular, x € [F], iff go(z) € [F], o-

Proof. Again, we start with a few lemmas. Note that X /O is not the usual quotient
X /=0, despite the similarity;

Claim L. For every U € O, q5" (g0 (U)) = U.

Proof. First, g5 (qo(U)) contains U. Conversely, for every = € g5 (qo(U)),
there is a y € U such that qo(z) = qo(y), i.e., such that z =g y. By defini-
tion of =¢, since y € U, and U € O, we obtain x € U. So qgl(qo(U)) cCU. O

Claim J. The opens of X /O are the images qo(U) of opens U € O.

Proof. Let U’ be any open of X /0. By definition, qgl(U’) is an open of X : O,
and is therefore an element U of O. Since o is onto, go(U) = U’, so U’ is of the
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required form. Conversely, the opens of X /O are the subsets U’ of X /O such that
gy (U") is in O. For every U € 0, consider U’ = qo (U). Then g5 (U’) = U by
Claim I. So go (U) is an open of X /0. O

Claim K. Let O be a simulation topology for o. For every x1,xo € X such that
X1 = X2, we have qolo¢(x1)] = qoloe(x2)] for every £ € L.

Proof. Forevery r € R, for every open of X/O—which is necessarily of the form
qo (U) forsome U € O by ClaimJ—, if o [o¢(21)](qo (U)) > r, then by definition
o0(71)(gp " (qo(U))) > 7, s0 o¢(21)(U) > 7 by Claim L. So z; is in the open
a[l[U > r|, which is in O since O a simulation topology for o. Since z1 =¢
X2, T2 is in the same open. By the same argument as above, qo[0¢(z2)](qo (U))
> r. Since this holds for any r € R, go[os(22)](qo(U)) > qoloe(x1)](qo (U)).
By the same argument, exchanging the roles of 21 and 2, qo[o¢(22)](go (U)) <

qoloe(r1)](qo(U)). So qoloe(x2)](qo(U)) = qoloe(x1)](qo(U)). We conclude
since qo (U) is arbitrary. O

By Claim K, 04/0 is well-defined, since g [o¢(z)] does not depend on z, but only on

qo(x).
Let us show that it is continuous. For each open ¢qo(U) of X/O (using Claim J),
where U € O,

a0/07 g0 (U) > 1] = {qo (@)|qoloe(2)](q0 (V) > 1}
= {ao(@)loe(2)(gg " (a0 (U))) > 1}
= {qo(@)|o¢(z)(U) > r} by Claim I
=qo(o;'[U > 1))
is an open of X/0, since o, is continuous from X : O to J<1 w1 (X : O), and by
Claim J.
Let us show that © € X, z and go(z) satisfy the same formulaec. We show the
second statement, that [F]_ = qg' ([F], /o> by structural induction on F. The only
interesting case is when F' is of the form [¢]~, F":

q(;l([[Fﬂa/o) = QBI(UZ/O_I[[F/H,;O[J] > r])
= 0o {90(2) | qoloe(@)([F'T4, 1) > 7}
= 45" (a0 (07 "l ([F ]y o)) > 1))
= qgl(qo (0[1[[[}7‘/]]0 > 7)) by induction hypothesis
= dp ' (qo([F],))
= [F], by Claim I and the Soundness part of Theorem 5

Now we know that [F]_ = g5 ([F], /o). The other claim follows: go ([F],) =
q0(40 " ([F1,/0)) = [F], o, since qo is onto. O

Theorem 6. Assume o is standard, i.e., o¢(X) is always either 0 or 1, and the set
{z € X|oy(z) = 0} of deadlock states is open; or that Tt () > 0forallq ¢, ¢,
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x € X. Assume also that there are a,b € R with a < Tt (), Vytog < bforall q,

L, ¢, x € X. Then (4) has a unique solution in any of the following two cases:
[Finite Horizon] If all paths in 11 have bounded length.
[Discount] If there is a constant vy € (0, 1) such that Yyt < ~foreveryq ¥l q'.

Proof. Tt is in fact profitable to solve a more general problem. Fix X, a ludic transition
system 0 = (0¢),c;, on X, and (V, E) an automaton, £ C V' x L x V. (We do not
assume V' or F to be finite. However, we do assume that given ¢ € V and ¢ € L, there
are only finitely many internal states ¢’ such that (¢, ¢, ¢') € E.) Write ¢, ¢’ the elements

of V' (internal states), and qi>q’ whenever (¢, ¢, q') € E. We define a general class of
functional equations, of which (4) is a special case.

Let R be a set of so-called reward parameters, G a set of so-called discount param-
eters.

Define the grammars of functional V -expressions f € F(R, G, X) on R, G, and the
set of unknowns X, and of functional E-expressions f— € F~(R, G, X) on R, G, and
the set of unknowns X, by:

fu=r reward (r € R)
| v variable (v € X)
| max(f,f) maximum
| min(f, f) minimum
| f+f sum
| gxf product by a constant (g € G)
| Oaf” lub on outgoing transitions (A € P(L))
| Caf™ glb on outgoing transitions (A € Pgy, (L))
f7ua=r reward (r € R)
| max(f, f) maximum
| min(f~, ) minimum
| s sum
| gx f~ product by a constant (g € G)
| [f average on next state

A context C is the following data: functions €, (¢ € V') and Gqu, ((qg,¢,q") € E)
from R to the space of all continuous function from X to IR; functions, again written C,

(g € V)and GqL ((q,¢,¢") € E), from G to R™.

q/
An environment p is a family of functions p,, ¢ € V, mapping each variable v € X
to a continuous function from X to R.

The semantics of functional expressions is given by two families of continuous
functions C[f],p from X o R (¢ € V, f € F(R,G, X)) and G[[fﬁ}]qu, p from

XtoR ((¢,¢,¢") € E, f~ € F7(R,G, X)), defined as follows. The most important
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clauses are:

eloaf“l,ple) = sw €L L o)
teAqeV/q-q!
e[oas o) = min €[] . o)

LA qEV/q-5q

e| /4] G {_ el o

where, in the first and second cases, we shall assume by convention that the lub and
the min of a family of reals indexed by the empty set (when there is no £ € A and no

¢’ € V such that qi>q’ ) is 0. The other cases are trivial:

Clrly p(x) = Cy(r)()
€ o], p(z) = pq(v)
€ [max(f1, f2)], p(x) = max(C[£1], p(x), C [f2], p(x))
€ [min(f1, f2)], p(2) = min(C [1], p(2), € [f2], p(2))
n(
p(

T

X

Clh + fol, p(z) = €[N, p(z) + €[S, p(2)

vvvvvv

Clg x f1, p(z) = €,(8).C [f], p(x)
and also:
e, . ox)=C . (1))
Cmax(fi™, f27)] e, pl2) = max(C[fi7] . pla),CLf2"] o p(2))
€ fin /™, S, . ,p<x>=m (Vg RPREON Vo BN(CO)
G[[fi+f?ﬂqi),p(x)= U], o, p@) +elf], o, o)
()

]

Clex [, . o) =€, . (&)CI/7] . o)

A functional equation is an expression of the form v ~ f, where v € X and f
is a functional V-expression. A functional system X' is a finite family of functional
equations v; =~ f;, 1 <1i < n, where the v;s are pairwise distinct.

A solution of a functional system ¥ = {v; ~ f;;1 < i < n} in a context C is an
environment p such that py(v;) = C[fi],, p forevery g € V.

We need to put some restrictions on the objects above so that the notion of solution
makes sense. A context C is bounded iff there are two constants a,b € R such that
a < Gq(r)(x),Gqu,(r)(x),Gq(g),equ,(g) < g for every vertex ¢ € V, every
transition (q,¢,q’) € E, every parameter r € R, g € G, and for every x € X. It is
bounded positive iff one may choose a € R™.

Similarly, say that an environment p is bounded iff there are two constants a,b € R
such that a < p,(v)(z) < bforevery ¢ € V,v € X,z € X. It is bounded positive iff
one may choose a € RT.

Claim L. Let C and p be bounded. Assume that o is standard, or that C and p are
bounded positive. Then for every vertex ¢ € V, every transition qi>q' of (V,E),
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for every functional expression f, resp. f~, C[f], p and € [[fﬁ}]qi}q, p are well

defined, continuous from X to R, and bounded in the sense that there are two
constants a,b € R such that a < C[f], p(x),C [[f_’]]qu, p(x) < b for every

q€V,(q,¢q) € E, x € X. Furthermore, if C and p are bounded positive, then
a € RT.

Proof. By structural induction on f, resp. f—. In case f = [O4 f1, note that the
least upper bound of an arbitrary family of continuous functions from X to [a, b]
(with the Scott topology, remember) exists, and is again bounded and continuous.
Letindeed f = sup;c; f;. If I = (), this is trivial. Otherwise, f is bounded by [a, b],
and as far as continuity is concerned, f ! (¢, 400) = {z € X|sup;¢; fi(z) >t} =
{zeX|Fiel fi(x)>t}=U;; fi ' (t,+00) is open.

In case f = <4 f1, recall that A is finite. Given ¢, there are only finitely many
transitions (g, ¢, q’) such that £ € A. This is why we assumed that given ¢ € V
and ¢ € L, there are only finitely many internal states ¢’ such that (¢, ¢,q¢’) € E.
Next, the min of a finite family of continuous functions from X to [a, b] is bounded
and continuous. Let f(z) = min;es f;(x). If I = 0, this is clear. Otherwise, f is
bounded by @ and b, and continuous since f~' (¢, +00) = [, ft(t, +o0) is a
finite intersection of opens.

Incase f~ = [ f, note that C [ fﬂq P is defined, continuous and bounded (say

in [a, b], where a and b are independent of ¢) by induction hypothesis, so its Choquet
integral along o(z) exists. So the function C [[ f fﬂ ot P is well defined.

If € and p are bounded positive, then C [ f] o P takesits values in R*,s0C [U fﬂ otoa P
is bounded by 0 and b. Since the weak topology is also the coarsest one that makes
continuous all functionals mapping ¥ € Y to the integral of f along v, for all
f : X — RT bounded continuous (note that f takes its values in R*, not R!),

efr] 4. P15 also continuous,
Otherwise, by assumption o is standard. Assuming wlog. thata < 0 and b > 0, the
function € [ [ f]]q L P takes its values in [a, ], since o,(x)(X) < 1 for every

¢ € L and every z € X. Let F be the set of all deadlock states. By assumption, F'
is open. On the other hand, F'is the complement of o, ' [X > 1/2], and is therefore
closed. So F', and its complement U, are clopen. Then:

el /1] . o= (Ul ow -a)ine sa wacy

—

Gﬂ/f]] , plx)=0 ifzeF

and we notice that the function € [f] g P—a takes its values in R*. So, as above,
the function mapping v € J<1 wx(X) to the Choquet integral of C[f] , p(y) — a
along v is continuous. Since oy is continuous from X to J<1 4, (X), the function
g mapping x to:

%}EY (C‘f [[fﬂq’ p(y) — a) dog(z) +a
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is continuous. For every ¢ € R, let’s compute the inverse image of the open |¢, +o00|
by C [Uf]]qp. Ift > 0, thisis {x € X|g(z) > tetx € U} = g~ t, +oo[NU,
which is open. Otherwise, this is F' U (g~ ]¢, +00[NU)), which is also open since
F is open.

The other cases are clear. ad

As an example, Equation (4) expresses that (Vq)q cv 18 a solution of the functional
system X which contains only the following equation:

U%DL(r—&-gx/v) (16)

in the context € described by:

Next, we remark that the equation (16), is guarded, i.e., that every variable (v, here)
only occurs under the scope of a O operator.
Say that g € V is at finite depth iff there is a constant £ € N such that, for every path

q=qo quﬂ e Lqi, we have ¢ < k. The least such constant k is the depth of ¢
in (V, E). Say that (V, E) itself has finite depth iff every ¢ € V is at finite depth, and
the depths of all ¢s is bounded from above by a constant k& € N. The depth of (V, E) is
the smallest such k.

The finite horizon case is then a consequence of the following claim.

Claim M. Let C be bounded. Assume that o is standard, or that C is bounded pos-
itive. If (V, E) has finite depth, then every guarded functional system X = {v; =~
fill <i < n} has a bounded solution p, which is bounded positive if C is bounded

positive. If the only variables occurring in the f;s are among v, ..., Up, then this
solution is unique in the sense that the functions pq(vi), qeV,1< i< n,are
unique.

This is in particular the case when V' and the automaton has no loop.

Proof. Necessarily, for every i, pq(v;) = C[fi],, p. We build py(v) for each v € X
by induction on the depth of ¢ in (V, F). Le., we may assume (this is the induction
hypothesis) that py/ (v) is already defined (in a unique way if the only variables
occurring in the f;s are among v, ..., v,) for every ¢’ at strictly smaller depths.
Since f; is guarded, this implies that C[f;], p is itself well-defined (and unique if
the only variables occurring in the f;s are among vy, ..., v,,), by an easy structural
induction proof on f;. This defines (in a unique way again if the only variables
occurring in the f;s are among vy, ..., vy,) the values p, (vi), 1 <i < n. For every
variable v outside vy, ..., vy, define p,(v) arbitrarily, say p,(v)(x) = 0.

An easy induction on the depth of ¢ shows that if C is bounded by [a, b], where
wlog. a < 0,0 > 0, then pq(v) is bounded by an interval that is independent of the
function expressions involved and of the depth of ¢, and only depends on q itself.
Moreover, if € is bounded positive, we may choose ¢ = 0, therefore p,(v) takes
only non-negative values. a
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In the discounted case, define the expansion factor Exp.°(f) of the function ex-
pression f in the variable vy by:

lifv= Vo
Vo —
Exp,y (=0 Exp (v) = {O otherwise

ExpX (fi + f2) = Exp°(f1) + Expi°(f2) Expl(max(fi, f2)) = max(Expl°(f1), Exps(f2))
Exp(g x f) =~.Exp(f) Exzps (min(fi, f2)) = max(Exp®(f1), Expy(f2))

Exp(0af~) = Exp® (f~) Exp ( / f> = ExpX°(f)
Exp?(Oaf™) = Exp*(f7)

Claim N. Let € be bounded, p and p’ be two bounded environments, and assume
o is standard, or C, p, p’' are bounded positive. Let v € R be a constant such
that Cy(g) < vy for every g € G and q € V. Assume that p,(v) = p|,(v) for every
variable v # vg. Then for every functional expression f, for every q € V, every
(¢,4,q') € E, foreveryx € X :

€I/, p(x) — 7], #'(x) < Bapto(f). max(py(vo) (&) — pf (v6) (2),0)
el o, @) = CIf ], o, 0@) < Bapt?(f 7). max(p, o, (w0)() = ¢ . _(00)(a),0)

where dg(x,y) = max(zx — y,0).

In other words, the evaluation function of f is Exp2°(f)-Lipschitz in p(vo)(x),
where a function g : R — R is A-Lipschitz iff dg(g(z), g(y)) < Adgr(z,y) for
every z,y € R.

Proof. By structural induction on f, f, we show that:

eLf1, p(x) < CLfl, ¢'(x) + Bapte (f). max(py(vo) (2) — o} (v0)(2), 0)
el o, @) S CLT], o, #() + Bapt? (). max(p, o, (0)() = ¢ . (00)(),0)

This is clear when f, resp. f7, is a reward parameter r, a variable v (equal to v
or not). In the other cases, let a, = max(pq(vo)(x) — p,(vo)(z), 0), and a e, =
maX(Pq g
If f is of the form max(f1, f2), this is a consequence of: (%) max(a + b,c + d) <
max(a, ¢) + max(b, d). (Because a + b and ¢ + d are both less than or equal to the
right-hand side.) Indeed,

€ [max(f1, f2)], p(2) = max (€[], pl(x) + €[ f2], ()

< max (€[fil, /(@) + Ezp (f1).a5, € [fa], o (2) + Eaptf (f2).,)
by induction hypothesis

< max (€ [/i], #(2), € [fo], #(2)) + max(Bapte (f1)-aq, Bap (f2).a,)

par (x)
= €max(f1, f2)], ¢'(z) + Exp (max(f1, f2)).aq

(vo)(z) — p;L}q/ (vo)(x), 0), to lighten up notation somewhat.
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since a, > 0, and by definition.
If f is of the form min(fi, f2), proceed similarly, using the inequality: min(a +
b, c+d) < min(a, ¢) + max(b, d). The latter is proved by noting that if b > d, then
min(a + b, ¢+ d) < min(a + b, ¢+ b) = min(a, ¢) + b = min(a, ¢) + max(b, d),
and similarly if b < d.
If f is of the form f; + f2, we use the equality (a+b) + (c+d) = (a+c)+ (b+d).
If f is of the form g x fi:

Clg x fil p(x) = C4(g)-C[f1], ()

q(8)-(C[f1], P/ () + Expl (f1).aq) since Cq(g) >0

4(8)-CLAl, p'(x) + Cg(g)-Expy (f1)-aq
4(8)-CLf1l, P/ () + 7. Expy (f1)-aq

by assumption, and since E:Cp‘w"’ (f1)>0,ay >0

=Clg x il p'(x) + Expy (g x f1)-aq

When f =04f",

Cloaf~],rlx) = sup e, .., r@
(€A EV/qg-Sq

< swo (L] )+ Bapl (S ) a,
LEAqEV/q—q’

< s eI e, A )+ B ()
ZGA,q’GV/qL»q’

=Cloaf"], ' (x) + Expl*(Qaf™).aq

We conclude similarly when f = <4 f 7. Finally, let us deal with the case [ f:

e|[1] . o= eum i
< §_[e1, 7@+ B (g o)

=C
<e
=C
<C

< e, o) + Exp(f)a,
yeX

since Choquet integration is additive on comonotonic functions,

any constant function is comonotonic with any function, and o,(x)(X) < 1

e[, e ()

Claim O. Let € be bounded, and assume o standard or C bounded positive. Let
Y =A{v; = f;|1 <i < n} afunctional system where the only variables that occur
are v, ..., Uy, and assume that there are three constants a < 0, b > 0, and v > 0
such that for every vertex ¢ € V and every transition (q,4,q’') € E:

O
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— foreveryr € R, Cy(r)(x) € [a,b] and CqL}q/(r)(aj) € [a,b);
— foreveryi,1 <i<mn, Z?Zl Expy (f;) < 1.

Then X has a unique solution p, which is bounded positive as soon as C is bounded
positive.
Proof. Let @ be the context mapping every reward parameter r to a, at every in-

ternal state ¢ and every transition qu’ . Similarly, let @' be the context mapping
every reward parameter r to b. Clearly, G [f], p(x) < €[], p(x) < €' [f], p(x)
etCf] o, p(@) <CIf] o  plx) <Cf] o  p)

Let ¢ = maxj<i<n Z?Zl Expy (f;) < 1.

We first show: () there is an environment p such that G [fil, p(z) = pg(vi)(z)
for every g € V,every z € X, and every i, 1 < ¢ < n. If C is bounded positive,
this is obvious: let p,(v;)(z) = 0. Otherwise, let p[t] be the environment defined
by p[t]4(v)(z) = t, for every t € R, and let g,(t) = minj<;<, C* [f:], plt](2),
for some arbitrary z € X. Note indeed that the latter quantity is independent
of x. Now use Claim N with vy being v, then vo, then ..., then v,; we ob-
tain g,(0) — go(t) < Expl'(fi). max(p[0]y(v1)(z) — pt]g(v1)(x),0) + ... +
Expir(f;). max(p[0]4(vn)(x) — plt]g(vn)(x),0) (for every i, 1 < i < n) <
c. max(—t,0). If ¢ < 0, therefore, g4(t) > g4(0) + ct. Note that g,(0) is bounded

from below, independently of ¢, by the non-positive real min; <;<, lo(f;), where
lo(f) is defined by:

lo(max(f1, f2
lo(min(f1, f2

So g4(t) > t as soon as t < miny<;<y, lo(fi)/(1 — ¢). Fix such a negative real ¢.
Then p = plt] satisfies (x).

Let now pg be an arbitrary environment p satisfying (). By induction on k € N,
define an environment pj, by p(x+1)4(vi) = € [f:], px for every i, 1 < i < n, and
every ¢ € V. By (x), p1q(vi)(z) = C[f:], po(z) > €' [fi], po(x) = pog(vi)(z)
for every i, 1 < i < n, and every z € X. It is easy to see that C[f], p()
is a monotonic function of p(v;)(x), 1 < i < n. So, by induction on k € N,
P+1)q(Vi) > prq(vi) for every k, g, i. It follows that the sequence (pg), oy is
increasing.
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Then, p;; is bounded from above, at each ¢ € V and each x € X. Indeed, for every
k> 1:
Pk+1)q (Vi) (@) — prg(vi)(z) = C[fi], pr(@) — C[fil, pr—1(2)

< Expl! (fi)- max(prq(v1) () = p(i—1)q(v1)(2),0) +

oo Bap (£ max(prog (00) (@) = p(s—1)g (v) (), 0)
by Claim N

<ec 1?J@§ﬂ(ﬂkq(vj)($) — Plk—1)q(v5)(x))
So by induction on k € N, we infer:

Plo+1)q (Vi) (@) = prg(vi) () < . max (p1g(v)(x) = poq(v;) ()

Summing up, and observing that 1 + ¢ +¢c? + ...+ c*~1 < 1/(1 — ¢), we obtain:

maxi<;j<n(P14(v5) () — pog(vs)(z))
1—c

Prq(vi) () < pog(vi)(z) +

So pg(vi)(x) = supgen prq(vi)(x) is well defined. An easy structural induction on
f, f— shows that:

Clf]1, p(x) = sup C[f], pr(x)
KEN

Clr~1, .  pl)=swpC[f] .  or(z)
q9—q kEN q9—q
Indeed, all operators max, min, -+, SUDge A, (q,6,0)
continuous, and the Choquet integral is also Scott-continuous in the function to
integrate. Therefore:

cp» Milge 4 (g,0,¢')c E are Scott-

pq(vi) () = sup prq(vi)(x)
E>1

=sup C [fs], p(z) = C[fi], p(x)
keN

So p is a solution of X.
Finally, let us show that this solution is unique. If p and p’ are two solutions, then,
still using Claim N:

pg(vi)(x) = p(vi) (@)

elfil, p(x) = CLfl, P (2)

c. max max(p,(v;)(w) = p}(v,)(x),0)

IN

for every 4, 1 < ¢ < n. Since ¢ < 1, it follows that max;<;<n(pq(vi)(x) —
Py (vi)(x)) < 0. By symmetry, max <i<n(pq(vi)(x) — p(vi)(x)) = 0,50 p = p'.
O

The second part of the Theorem then follows from Claim N. ad
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