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Abstract

We propose a discriminative method for learning the paramsefe.g. cost
of substitutions, deletions, insertions) of linear seqealignment models from
training examples. While the resulting training problerads to an optimization
problem with an exponential number of constraints, we preasimple algorithm
that finds an arbitrarily close approximation after consiug only a subset of the
constraints that is linear in the number of training exarm@ead polynomial in the
length of the sequences. We also evaluate empirically bieatrtethod effectively
learns good parameter values while being computationadigible.

1 Introduction

Methods for sequence alignment are common tools for armadysaequence data rang-
ing from biological applications [3] to natural languag®pessing [1]. They can be
thought of as measures of similarity between sequencesaxhersimilarity score is
the result of a discrete optimization problem that is tyfcsolved via dynamic pro-
gramming. While the dynamic programming algorithm deterasithe general notion
of similarity (e.g. local alignment vs. global alignmerd))y such similarity measure
requires specific parameter values before it is fully spedifExamples of such param-
eter values are the costs for substituting one sequencentsrfor another, as well as
costs for deletions and insertions. These parameter vghaasly determine how well
the measure works for a particular task.

In this paper we tackle the problem of inferring the paramesdues from training
data. Our goal is to find parameter values so that the regudimilarity measure best
reflects the desired notion of similarity. We consider tiagndata where we have ex-
amples of similar and dissimilar sequences. Instead ohaisgua generative model of
sequence alignment (e.g. [9]), we take a discriminative@ggh to training. In partic-
ular, we aim to find the set of parameter values that corredptmthe best similarity
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Figure 1: Example of a local sequence alignment.

measure a given alignment algorithm can represent. Takiagya-margin approach,
we show that we can solve the resulting training problem ieffity for a large class
of alignment algorithms that implement a linear scoringction. While the resulting
optimization problems have exponentially many constsiotir algorithm finds an ar-
bitrarily good approximation after considering only a seibsf constraints that scales
polynomially with the length of the sequences and lineaiththe number of training
examples. We empirically and theoretically analyze thdisgaf the algorithm and
show that the learned similarity score performs well on tiegt.

2 Seguence Alignment

Sequence alignment computes a similarity score for two (orensequences, and

so from an alphabeE = {1,..,0}. An alignmenta is a sequence of operations that
transforms one sequence into the other. In global alignjrteetwhole sequence is
transformed. In local alignment, only an arbitrarily sizrtbsequence is aligned. Com-
monly used alignment operations are “match” (m), “substnf (s), “deletion” (d) and
“insertion” (i). An example of a local alignment is given ifglare 1. In the example,
there are 6 matches, 1 substitution, and 1 insertion/deleWith each operation there
is an associated cost/reward. Assuming a rewasdfof match, a cost of-1 for substi-
tution, and a cost of-2 for insertion/deletion, the total alignment scdpg;(s1, s2, a)

in the example i45. The optimal alignment* is the one that maximizes the score for
a given cost model.

More generally, we consider alignment algorithms that mpe a linear scoring
functionD (s, s2,a) = W ¢(s1,52,a) whereg(sy, s2, a) is some function that gen-
erates features based on an alignme(g.g. # of substitutions, # of deletions) and
is a given cost vectorp(sy, s2,a) depends on the particular alignment algorithm and
can be any feature vector. Finding the optimal alignmentssponds to the following
optimization problem

D(s1,82) = maz, [Dyg(s1, $2,a)] = maz, [1D'T¢(51,52,a)] . (1)

This type of problem is typically solved via dynamic progmaing. In the following we

consider local alignment via the Smith/Waterman algorifti]. However, the results
can be extended to any alignment algorithm that optimizéseat scoring function
and that solves (1) globally optimaly

1This also holds for other structures besides sequences.



3 Inverse Sequence Alignment

Inverse sequence alignment is the problem of using traidatg to learn the param-
etersdf of an alignment model and algorithm so that the resultinglaiity measure
D (s1,s2) best represents the desired notion of similarity on new.dathile previ-
ous approaches to this problem exist [5, 11], they are ldnitespecial cases and very
small numbers of parameters. We will present an algorithem #pplies to any linear
alignment model with no restriction on the function or numbfparameters.

We assume the following model, for which the notation is irexpby protein align-
ment. In protein alignment the goal is a similarity measuaréhsit homologous protein
sequences are similar to a native sequence, but also soahdtamologous (i.e. de-
coy) sequences are not similar to the native sequence. Wenasthat examples are
generated i.i.d. according to a distributiétis™, s, SP). sV is the native sequence,
st the homologous sequence, afifl is a set of decoy sequences:, ..., sP<. The
goal is a similarity measure so that native sequesiteand homologs? are more
similar than the native sequeng® and any decoy”, i.e.

Dg(s™,s™) > Dg(sN,s"9). 2

The goal of learning can be formulated in two reasonable weaged on two different
loss functions. In the first setting, the goal is to find thet pasameters;j that minimize
the probabilityErr4 (1) that the similarity with any decoy sequenbeg; (s, sPi) is
higher than the similarity with the homolog sequerizg(s™, s™).

Err3 (@) = /A < max Dg(sN,sPiy > Dg,(sN,sH)> dP(sN,s".sP)y  (3)
s7IieS

The functionA(.) returnsl, if its argument is falsd) otherwise. In the second setting,

the goal is less ambitious. We do not want a homolog that issssrily more similar

thanall decoys. Instead, we merely want to have the homolog sequanked highly,

but not necessarily on top of the ranking. In particular, wald optimize the average

rank of the homolog. This is equivalent to the following kioiderror rate.

Errp (W) = Z A(D,;)(SN,SDJ') > Dw(sN,sH))dP(sN,sH,SD) 4)

sPiesp

In the following, we consider only the first type of errBrr4 (i) for conciseness.

4 A Maximum-Margin Approach to Learning the Cost

Parameters

The distributionP(s”, s, SP) is unknown. However, we have a training sam§le
from P(sV, st SP). It consists of native sequencey, ..., s%, homolog sequences
sH ... s and a set of decoy sequencgs, ..., SP for each natives?, ..., s¥. As

a simplifying assumption, we assume that between nativédhanmblog sequences the
alignmentaM¥ ... aN'H of maximum score is known The goal is to find an optimal

2For protein alignment, for example, this could be generatadstructural alignment.



W so that the error rat&rr5 () is low. First, we consider the case where there exists
af such that the error on the training set

Errs (0 ZA(maxD(fV,l)<D(N F)) (5)

J GSD
is zero. Since we assume a scoring function that is linedrdrparameters
=T
Dys(s1,82,a) =" ¢(s1,82,a), (6)

the condition of zero training error can be written as a selingfar inequality con-
straints. There is one constraint for each combination ¢’fe@equenca?, decoy

D; . . ; D;
sequence;’, and possible alignmentof s into s,”

Vsli € SPva Dy(sN, 577, a) < Dg(s), s7, alMH)
(7

‘v’sgfesr?‘v’a: Dm(an,sgf,a)<D (nN nH, fVH)

This approach of writing the training problem as a lineateysfollows the method in
[8] proposed for the special case of global alignment withiee insertions/deletions.
However, for the general case in Equation (7) the number$traints is exponential,
since the number of alignmenisbetweens™ and.sz.D]' is exponential in the length of

sN and.sl.D". Unlike the restricted case in [8], standard optimizatitgoathms cannot
handle this size problem. To overcome this limitation, ict®m 5 we will propose an
algorithm that exploits the special structure of Equatitngp that it needs to examine
only a subset that is at most linear in the number of trainkangplesn.

If the set of inequalities in Equation (7) is feasible, theiktypically be more than
one solutiond™*. To specify a unique solution, we select tiidor which the similar-
ity of the homologD 3(s2Y, s, pN ) is uniformly most different from the similarity
max o, D, (sN Dl) of the best alignment with any decoy. This corresponds to

J SD (2] Z
the maX|mum-marg|n principle employed in Support Vectordkliaes [12]. Denoting
the margin by and restricting thd., norm of« to make the problem well-posed, this
leads to the following optimization problem.

mazg 552 (8)

Vsl € SPVa:  Dg(sN,s17,a) < Dy(sN,sH,aNH) = § 9)
(10)

VsPi € SPva Dy(sN,sPi a) < Dy(sN,sH aNT) -6 (11)
||l =1 (12)

Due to the linearity of the similarity function (6), the lehgof « is a free variable
and we can fix it tol /6. Substituting for§ and rearranging leads to the equivalent
optimization problem

1
ming 51[)'Tu')' (13)



st)j € SPva : (qﬁ(s{v,s{{,ava) —¢(sV, sf)j,a)) w>1 (14)

VsDie SPVa:  (p(sN, sl aN ) — ¢(sh,sDi,a)) @ > 1 (16)

Since this quadratic program (QP) has a positive-definiteative function and (feasi-
ble) linear constraints, it is strictly convex. This meatrtsas a unique global minimum
and no local minima [4]. The constraints are similar to thdimail regression approach
in [6] and it has a structure similar to the Ranking SVM ddsed in [7] for information
retrieval. However, the number of constraints is much large

To allow errors in the training set, we introduce slack viales¢; [2]. Correspond-
ing to the error measurBrr4 (1) we have one slack variable for each native sequence.
This is different from a normal classification or regress&M, where there is a differ-
ent slack variable for each constraint. The slacks enteslbjective function according
to a trade-off paramete&r. For simplicity, we consider only the case where the slacks
enter the objective function squared.

min; ¢ %w% +CY & (17)
i=1
Vs € SPVa: (oG] s al ) — o) s ) ) B2 -6 (18)
(19)
Vs € SoVa: (g(sh sy al ) = gs) sy a) W > 1 - & (20)

Note that}"7 , & is an upper bound on the training erBrr4 (). Therefore, the
algorithm minimizes the training errdérr4 () while maximizing margin.

5 Training Algorithm

Due to the exponential number of constraints, standardropdition software cannot
handle the number of constraints resulting from problenistefesting size. However,
by exploiting the special structure of the problem, we piaptihe following algorithm

that finds the solution of (17)-(20) after examining only eeimumber of constraints.
The algorithm proceeds by greedily adding constraints f(b&)-(20) to a working set
K. The algorithm stops, when all constraints in (18)-(20)faffled up to a precision

of e.



Input: native sequence$’, ..., s, homolog sequence$, ..., s& alignmenta N | ... aNH,
sets of decoy sequeno§§ SDb  tolerated approximation errer> 0.

-

K=0,4=0£&=0
repeat

o Kppy=K
e forifromlton
— for j from1to|SP|
x find a* = argmaz, [ngb(sf\’,sf)",a) via dynamic program-
ming
s it @7 (p(s), 51 aNH

o) — P

- K = Ku{a@ (¢(s] 5! ,aiNH>—¢<s»N si7.a%) > 16}
1
2

2 2%

- solve QP(w, ) = argmin ; ;50" @ + C 31, & subject to

K.
until(K = Ko,pg)
Output:w

The following two theorems show that the algorithm returms torrect solution
and that it stops afteP(n) iterations through the repeat-loop.

Theorem 1 (CORRECTNES$S

The algorithm returns an approximation to (17)-(20) thasken objective value not
higher than the solution of (17)-(20), and that fulfills adirestraints up to a precision
of e. For e = 0, the algorithm returns the solutiofw™*, £*) of (17)-(20).

Proof Letw™* and¢; be the solution of (17)-(20). Since the algorithm solvesiReon

a subset of the constraints in each iteration, it must regolutionw with 1u7Tu7 +
CY o, & < suTa + CY [, &2 This follows from the fact that decreasmg the
feasible reglon cannot lead to a lower minimum.

It is left to show that the algorithm does not terminate befalt constraints (18)-
(20) are fulfilled up to precision. In the final iteration, the algorithm finds the highest
scoring alignment* for each decoy and checks whether the constraints (s, s, aN ) —
p(s¥, siD", *)) < 1—¢&; — eis fulfilled. Three cases can occur: First, the constraint
can be violated and the algorithm will not terminate yet. @gt; it is already inK
and is fulfilled by construction. Third, the constraint istimo K but fulfilled anyway
and itis not added. If the constraint is fulfilled, the comastts for all other alignments
into this decoy are fulfilled as well, since we checked thesaimt for which the mar-
gin was smallest for the gived. It follows that the algorithm terminates only if all

constraints are fulfilled up to precisian il

Similarly, it can be shown that far > 0 the algorithm finds a solution so that the
KKT-conditions of the Wolfe Dual of (17)-(20) are fulfillecputo a precision ot. We
omit the proof for brevity.



Theorem 2 (TERMINATION)
The algorithm stops after adding at most

2V R?
2

(21)
€
constraints to the se’. V is the minimum of (17)-(20) anR? is a constant bounded

by the maximum dfp(s?, s, aM ) — ¢(sN, 5, ))* + .

Proof The first part of the proof is to show that the objective vah@éases by some
constant with every constraint that is addedito Denote with;, the solutionV}, =
Py, &) = m?n@,f%wTvﬂ‘ +C 311, & subject toK;, after addingk constraints.
This primal optimization problem can be transformed intoemjuivalent problem of

the formV}, = P (i) = ming u'" ' subject toK, where each constraint has the

formwT# > 1with@ = (¢(s, s7,aNH) = p(sN 527 a*);0;...;0;1/y/2C;0; ...; 0)

Its corresponding Wolfe dual B(d;) = maza>o Zle ai—3 Zle Zle 0T T
At the solutionD(a}) = P(w}) = P(w,:,f,’;) =V}, and for every feasible point
D(&) < P(w,€). Primal and dual are connected vig'* = Zle alZ;. Adding a

constraint to the dual with"*7z;, | = Zle o} % k1 < 1 —emeans extending the
dual to

k
Diy1(0741) = ma)><0 a;— QZZa o T2 + aHl—akHZa Tilpi1— ak+1xk+1
=1

i=1j=1
* Z 1 2 =2
> Di(dy) + max agy —Oék+1§ @ TiZk+1 = 51T
Q412 >0
D 1 1 2 =2
> Dy(dy) + max agpr —app (1 —€) = saj 1 Thpq
Qp 412 >0 2

Solving the remaining scalar optimization problem owgr,; shows that;, , > 0

andthatVi; > Vi + sz
Since the algorithm only adds constraints that are violdigdhe current solution

by more thare, after addingk,,,q. = ZVR constraints the solutiofy,,,, over the

subsetk;, _isatleastVi > Vy + Z‘Zf 23; =0 + V. Any additional constraint
that is violated by more thaawould lead to a minimum that is larger than. Since
the minimum over a subset of constraints can only be sméléar the minimum over
all constraints, there cannot be any more constraints \tedeby more tham and the

algorithm stopslil

max maz

The theorem directly leads to the conclusion that the masinmumber of con-
straints inK scales linearly with the number of training examplgssinceV’ can be
upper bounded a8 < C x n using the feasible poinf = 0 and¢ = 1 in (17)-(20).
Furthermore, it scales only polynomially with the lengthtioé sequences, sindeis
polynomial in the length of the sequences.

While the number of constraints can potentially explodesimiall values ot, ex-
perience with Support Vector Machines for classificationveed that relatively large
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Figure 2: Left: Train and test error rates for the 3 and theg@Zmeter model depend-
ing on the number of training examples. Right: Typical leatrsubstitution matrix
after 40 training examples for the 403-parameter model.

values of are sufficient without loss of generalization performante.will verify the
efficiency and the prediction performance of the algoritimp@ically in the following.

6 Experiments

To analyze the behavior of the algorithm under varying cbods, we constructed a
synthetic dataset according to the following sequence bgidraent model. The native
sequence and the decoys are generated by drawing randamiyafR0 letter alphabet
¥ ={1,..,20} so that letter: € ¥ has probabilitye/210. Each sequence has length
50, and there are 10 decoys per native. To generate the hgma generate an
alignment string of length 30 consisting of 4 characterstohg “substitute”, “insert”
, “delete”. For simplicity of illustration, substitutioreze always: — (¢ mod20) + 1.
While we experiment with several alignment models, we oelyart typical results
here where matches occur with probabilit2, substitutions with).4, insertion with

0.2, deletion with0.2. The homolog is created by applying the alignment string to a
randomly selected substring of the native. The shortenfrij@® sequences through
insertions and deletions is padded by additional randomaciers.

Figure 2 shows training and test error rates for two modegedding on the num-
ber of training examples averaged over 10 trials. The firaddl@hbas only 3 parameters
(“match”, “substitute”, “insert/delete”) and uses a umifosubstitution matrix. The
second model also learns the 400 parameters of the sulmstitugtrix, resulting in a
total of 403 parameters. We choée= 0.01 ande = 0.1. The left-hand graph of
Figure 2 shows that for the 403-parameter model, the gematian error is high for
small numbers of training examples, but quickly drops asiimaber of examples in-
creases. The 3-parameter model cannot fit the data as veeliaining error starts out
much higher and training and test error essentially corevaftgr only a few examples.
The right-hand graph of Figure 2 shows the learned matrixib§8tution costs for the
403-parameter model. As desired, the elements of the matixlose to zero except
for the off-diagonal. This captures the substitution madet (¢ mod20) + 1.

Figure 3 analyzes the efficiency of the algorithm via the nandd constraints that
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Figure 3: Number of constraints added & depending on the number of training
examples (left) and the value efright). If not stated otherwise, = 0.1, C = 0.01,
andn = 20.

are added td{ before convergence. The left-hand graph shows the scalitigtiae
number of training examples. As predicted by Theorem 2, imalver of constraints
grows (sub-)linearly with the number of examples. Furthem the actual number
of constraints is small enough so that it can easily be hanojestandard quadratic
optimization software. The right-hand graph shows how thmber of constraints
in the final K changes witHog(e). The observed scaling appears to be better than
suggested by the upper bound in Theorem 2. A good valueif®6.1. We observed
that larger values lead to worse prediction accuracy, whiteller values decrease
efficiency while not providing further benefit.

7 Conclusions

The paper presented a discriminative learning approactiéoring the cost parameters
of alinear sequence alignment model from training data. Wegsed an algorithm for
solving the resulting training problem and showed its efficly both theoretically and
empirically. Experiments show that the algorithm can dffedy learn the alignment
parameters on a synthetic task.

We are currently applying the algorithm to learning aligmmhmodels for protein
homology detection. An open question is whether it is pdegibremove the assump-
tion that the alignment between native and homolog is knoWwileamaintaining the
tractability of the problem.
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