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Joint Coding—Precoding With Low-Complexity
Turbo-Decoding
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Abstract—We combine error-control coding with linear
precoding (LP) for flat-fading channels, as well as for wireless or-
thogonal frequency-division multiplexing transmissions through
frequency-selective fading channels. The performance is ana-
lyzed and compared with the corresponding error-control-coded
system without precoding. By wedding LP with conventional
error-control coding, the diversity order becomes equal to the
error-control code’s minimum Hamming distance times the
precoder size. We also derive a low-complexity turbo-decoding
algorithm for joint coded—precoded transmissions. We analyze the
decoding complexity and compare it with an error-control-coded
system without LP. Extensive simulations with convolutional and
turbo codes for HiperLan/2 channels support the analysis and
demonstrate superior performance of the proposed system.

Index Terms—Coding, diversity, fading, HiperLan, linear pre-
coding (LP), orthogonal frequency-division multiplexing (OFDM).

I. INTRODUCTION

N WIRELESS mobile communications, the channel is often

time-varying due to relative transmitter—receiver motion and
multipath propagation. Such a time-variation is commonly re-
ferred to as fading, which impairs system performance severely.
When the data rate is high in relation to the channel bandwidth,
multipath propagation becomes also frequency-selective and
causes intersymbol interference (ISI). By implementing inverse
fast Fourier transform (IFFT) at the transmitter and fast Fourier
transform (FFT) at the receiver, orthogonal frequency-division
multiplexing (OFDM) converts an ISI channel into a set of
parallel ISI-free subchannels with gains equal to the channel’s
frequency response values on the FFT grid. The cyclic prefix,
which is inserted before each transmitted block and is removed
from each received block, eliminates the interblock interference
that is induced by the ISI channel.
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OFDM affords simple channel equalization because it
renders the ISI channel equivalent to a number of single-tap
ISI-free subchannels, and thus, only a one-tap division is
needed to equalize each subchannel. Without error-control
(EC) coding, OFDM transmissions are decoded reliably only
when the channel does not experience deep fades (frequency
nulls), or when the transmitter has channel state information
(CSD) so that the subchannels with deep fades are excluded
from carrying information.

To mitigate fading effects, whether frequency-flat or fre-
quency-selective, practical wireless systems often employ some
form of coding. Examples of popular EC schemes include
block codes (e.g., Reed—Solomon or Bose—Chaudhuri—-Hoc-
quenghem) [5], convolutional codes (CCs) [11], [12], Trellis
or coset codes [28], and turbo-codes (TCs) [12], [14]. Some of
them also require CSI at the transmitter [19], [21], which may
be unrealistic or too costly to acquire in wireless applications
where the channel changes on a constant basis.

Diversity is an important counter-measure against fading, and
comes in different flavors, including frequency, time, and space.
Diversity manifests itself in the average system performance
as the asymptotic slope of the error-rate versus signal-to-noise
ratio (SNR) curve in a log—log scale (asymptotic in SNR). Large
diversity order is, therefore, desired for high performance. EC
coding can achieve certain order of diversity. But to increase
diversity, an increase in decoding complexity is usually neces-
sary. For example, with convolutional coding, diversity increase
leads to an exponential increase in decoding complexity, as we
will assert in the paper.

A recent flavor of diversity is the so-called signal space diver-
sity that is realized by linear precoding (LP) [4], [31]. With LP
alone, maximum multipath-diversity is achieved at the price of
(possibly exponentially) increased complexity. Therefore, from
the decoding complexity perspective, only small-size precoders
should be used.

In this paper, we combine Galois field EC coding and com-
plex field LP with small size precoders (for low complexity) to
improve system performance, mainly in terms of the diversity
gain. The original contributions of this paper are as follows:

1) derivation of a concatenated coding—precoding scheme
with bit-interleaving at the transmitter for frequency-se-
lective channels with OFDM, and also for frequency-flat
channels with single-carrier transmissions;

2) performance analysis of the proposed scheme in
fading channels using pairwise error probability (PEP)
techniques, to establish that the concatenation offers
multiplicative diversity order;
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Fig. 1. System block diagram.

3) development of an iterative decoding algorithm for the
joint coding—precoding scheme with a complexity only a
few times that of an EC-coded system without precoding.
When EC coding or LP is used alone, the same amount of
increase in complexity will only allow for a much smaller
increase in diversity order (as compared to the multiplica-
tive diversity).

II. JOINT CODED-PRECODED TRANSMISSIONS

‘We consider two types of transmissions through time-varying
(fading) channels: frequency-selective and frequency-flat. With
OFDM and sufficient interleaving, the former can be described
by the same model as the latter, which enables a unified design
and analysis for multicarrier and single-carrier systems. Appli-
cation of our joint coding—precoding approach to either system
leads to improved performance.

A. OFDM Transmissions Through Frequency-Selective
Channels

Fig. 1 depicts the coded and linearly precoded OFDM system
under consideration. A stream of information bits! b is first en-
coded using EC coding—we will mainly focus on CCs and TCs,
but other codes are also applicable. The coded symbols, de-
noted by c, go through the interleaver I1; that outputs permuted
symbols denoted by d = II;[c]. The symbols d are mapped to
constellation symbols s. We let A denote the constellation al-
phabet, and |.A| its size. Every log, |-A| consecutive symbol of
d is mapped to one constellation symbol when d is binary. Pos-
sible constellations include binary phase-shift keying (BPSK),
quadrature phase-shift keying (QPSK), and M -ary quadrature
amplitude modulation (QAM). When the constellation is mul-
tilevel, i.e., |A| > 2, the constellation bit mapping policy will
affect the performance, depending on the detection scheme. For
conventional noniterative decoding, Gray mapping is usually
optimum; if iterative bit-demapping is used, anti-Gray mapping
outperforms Gray-mapping [24]. For bit mapping optimization
according to mutual information criteria, we refer the reader to
[24]. Constellation mapping will affect our system performance
in the form of coding gain. We henceforth assume that the map-
ping has been optimized according to [24].

After constellation mapping, successive blocks of M sym-
bols s; := [Sinr, Sinr41,- -, Sivrenr—1)7 are linearly precoded
by a matrix © of size M x M, and a precoded block u; = Os;
is, thus, obtained. The block size M is a design parameter. Each

'We use letters b, ¢, d, s, u, y, and i with no subscript to denote sequences;
eg,b=(....,b_1,b0,by,...).

block u; is serialized to Ui s Wi 415+ -+ s UWiM+M—1- The pre-
coded symbols wu are interleaved by a second interleaver Ils,
whose role is to decorrelate the channel in the frequency do-
main. With a sufficiently increased size, I15 can also decorrelate
the channel in the time domain, although this can be achieved
equally well by increasing the size of 1I;. The output of Il,
denoted by @,, = II3[uy,], is passed on to the “OFDM modu-
lator,” which includes serial-to-parallel conversion to blocks of
size N (the OFDM symbol size), IFFT, and cyclic prefix in-
sertion; see, e.g., [12], [30]. The resulting output is serialized
for transmission. The main difference? of our transmitter model
from a coded OFDM system such as HiperLan [11] is the pres-
ence of the linear precoder ©, and the interleaver I1;, whose
roles will be clarified in the next subsection. The design of the
interleavers will be discussed in Section III-C.

We will deal with slowly varying and generally frequency-se-
lective channels. We will model the symbol-rate sampled
channel at baseband as a finite impulse response (FIR) filter of
order L with impulse response h[n] = Ef:o hié[n — 1], where
h; are slowly varying channel taps modeled as wide-sense
stationary random processes. The frequency response of the
channel is denoted as H(f) := ZzL:o hye=727F1 ' We will adopt
for each tap a complex Gaussian distribution of zero-mean
with equal-variance real and imaginary parts; i.e., each h;
obeys the Rayleigh fading model. The channel variation is
slow enough so that: 1) h[n] remains approximately invariant
within one OFDM symbol and 2) reliable estimation of h[n]
is possible. Although the channel remains constant over one
OFDM symbol, we allow it to vary from OFDM symbol to
OFDM symbol according to Jakes’ fading model. We will also
suppose that perfect channel information and synchronization
have been acquired at the receiver.

The receiver first performs “OFDM demodulation” by dis-
carding the cyclic prefix per block to form the received OFDM
symbols (which are blocks of size V) that are subsequently FFT
processed. The [th resulting sample #(x_1)n 4 in the kth de-
modulated OFDM symbol can be written as (see, e.g., [30])

~ A _
Yr-nyny1 = H N ) Mr=)N+ -1 N+

le[o,N—-1], k=0,1,... (1)

where 77 is the FFT processed additive white Gaussian noise

(AWGN). The variance of the noise is Ny /2 per real dimension.

20ther differences such as pilot symbols and guard bands in HiperLan are not
essential to our discussion.
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Since the FFT is a linear transform, the frequency response vari-
ates {H(I/N) : 1 € [0, N — 1]} are also complex Gaussian. Al-
though the FFT is an orthogonal transformation, if N > L + 1,
the N variates are correlated even though the (L + 1) impulse
response taps are independent. If we define y,, := 115 '[7,],
N = 15 [,], and o, := ;' [H((n mod N)/N)], then the
deinterleaved version of (1) can be expressed as

With a well designed II, of large enough size, the correlation
between «,,’s can be greatly reduced. In the performance anal-
ysis of Section III, we will assume the idealized case where «,,’s
are uncorrelated Gaussian random variables with zero-mean.
Their variance will be normalized to one by dividing each «,,
by the ensemble average of the channel energy. The effect of
residual correlation will be examined mainly via computer sim-
ulations.

B. Single-Carrier Transmissions Through Frequency-Flat
Channels

It is important to emphasize that (2) corresponds also to
the input—output relationship of a single-carrier transmission
through a flat-fading channel, where the block diagram of Fig. 1
is still valid without the OFDM modulator—-demodulator. From
the theoretical point of view, multicarrier transmissions with
OFDM and single-carrier transmissions over frequency-flat
channels are both examples of ISI-free transmissions. The joint
coding—precoding idea and results of this paper are directly
applicable to both.

C. LP for Signal Space Diversity

The notion of signal space diversity was originally introduced
for flat-fading Rayleigh channels [4]. The idea in our setup, that
allows also for frequency-selective fading, is to rotate the M -di-
mensional vectors s; € A using a unitary matrix © so that the
resulting signal set/ := {u : u = Os,s € AM} possesses the
following full diversity property:

Vs;, si€ AM | ifs;#s!, then [Os;]y #[Os]], , Vk€[l, M]

3)
where [-];; denotes the kth entry of a vector. In words, for two
distinct blocks, their precoded (rotated) counterparts are dif-
ferent in all their components. With this property, if each com-
ponent [u;], of arotated block u; goes through a fading channel,
and is, thus, scaled by an independent fading coefficient v,
then as long as one of the M coefficients v, is not too small,
one can uniquely detect s; from the rotated vectors u; = Os;.
This signal space diversity has been exploited recently with mul-
tiantenna transmissions in [6], [33], and with uncoded OFDM
in [16].

Suppose now that the precoded symbols Os; pass through
an ISI-free fading channel modeled as in (2). Using Chernoff
bounding techniques, we can approximate the probability of
block errors Pg : P(u; — uj,i # j), by [31], [33]

Pg ~ (G, - SNR)~ ¢4 “4)

where the diversity gain G4 is the minimum Hamming distance
between the linearly precoded vectors u;, u; € U;i.e., recalling
that |{-}| denotes the cardinality of a set, we have

Ga= min [{k : [wilr # [u;]x}]

Note that G; determines the slope of the error rate versus an
appropriately defined SNR curve, while the coding gain G, in
(4) measures savings in SNR as compared to a fictitious system
with error rate given by (1/SNR)%<. Both G4 and G depend
on the choice of ©, and naturally a full (maximum) diversity is
indeed achieved by precoders satisfying the full diversity prop-
erty (3) [31], [33].

As pointed out in [4] and [16], signal space diversity offers a
bandwidth-efficient countermeasure against fading in the sense
that it does not reduce the transmission rate. We call our matrix
O a linear precoder because it implements a linear transforma-
tion, and in order to enable full signal space diversity, it does not
have to be unitary as originally required by [4]. However, there
are indeed good reasons that motivate unitary precoders (UPs).

1) A UP © does not change the Euclidean distances between
the M -dimensional vectors {s;}, and hence unitary pre-
coding does not alter performance when the channel is
purely AWGN (with no fading);

2) For certain sizes M, the “best” precoders in terms of max-
imizing diversity and coding gains turn out to be almost
always unitary [33].

Henceforth, we will focus on UPs, and the resulting OFDM
system with UP will be abbreviated as UP-OFDM.

D. Merits of Combining LP With Coding

Given the documented success of EC coding and the
merits of LP in the presence of fading, we here combine their
strengths. LP alone can achieve a diversity of order M with
a well-designed precoder © over a fast flat-fading channel
[4], [33]. In the limit (M — oo), the M x M precoder ©
converts a Rayleigh fading channel to an AWGN channel [4].
The price paid is twofold. First, to collect full diversity gains,
maximum likelihood (ML) decoding is needed. ML decoding
is an NP-hard problem, although the universal lattice decoder
(ak.a., sphere decoder) can approach ML performance in
polynomial time [26]. Therefore, LP enables large diversity
at high decoding complexity. Second, since the ideal linear
precoder with M — oo renders the fading channel equivalent
to an AWGN one, its performance is limited by that of an
uncoded transmission in AWGN.

Motivated by the need to reduce the ML decoding complexity
of LP, we will only use small precoders of size M < 4. We will
later see that there is practically little to be gained by using pre-
coders of size M > 4. For M < 4 and small size constellations
such as BPSK or QPSK, one can even afford an exhaustive ML
search for decoding.
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For M = 2 and M = 4, the following precoders have been
shown to enable full diversity and maximum coding gain of 1
and 1/2, respectively, for QAM constellations [13], [16], [33]

1 [1 ei%
211 el
P 2n 3
1 els el el’s
5T S10m 15w
111 €% el s el s
0,=- fom s sota | . (6)
211 el e’ el s
1 eijﬁ ej% ej:mTﬁ

Two nice properties of these precoders are that they enable max-
imum coding and diversity gains, while all their entries have
equal norm |0y, .| = 1/v/M,Vk,m € [0, M—1]. The latter will
be useful when deriving the performance of coded UP-OFDM.

Unlike LP, EC coding is capable of achieving large coding
gains even when the channel is AWGN. When used over
Rayleigh fading channels, coding is also capable of offering
diversity gains. For example, a linear block code with minimum
Hamming distance d,,i, incurs the following codeword error
probability in Rayleigh fading [32, p. 526]

Es —dmin
— 7
Ny ) @

1
Pp~-Ag . |2
E 2 dmin <
where E; denotes energy per coded symbol, and A4, is the
number of codewords of weight d,;,,. We deduce from the ex-
ponent in (7) that the diversity gain of the code is d ;. For CCs,
the diversity gain equals dg.ee, the free-distance of the code. For

an (n, k) CC with memory m, the free distance is upper bounded
by [32, p. 575]

dfree S (m + 1)71 (8)

Therefore, for fixed n, the free distance can only increase at the
price of increasing the memory m. However, such a diversity
increase, which is at best linear in the memory m, will result
in an exponential increase in decoding complexity, because the
number of trellis states is 2" for binary codes.

Wedding LP with EC coding offers multiplicative increase in
diversity: The overall diversity will be the product of the indi-
vidual diversity orders, as we will show in Section III. Interest-
ingly, the iterative (or turbo) decoding in Section IV will only
be a few times more complex than the sum of their individual
complexities.

III. PERFORMANCE ANALYSIS

In this section, we will study the performance of our
coded—precoded system supposing ML decoding at the re-
ceiver. Our major tool will be the union bound. We will
only treat convolutional coding here, but our analysis carries
over to any linear code, including block and TCs, with slight
modifications (e.g., by replacing dfee by dimin)-

We start with the bit-error enumerating function B(Z) of the
EC code used in Fig. 1: B(Z) = Y_0_;  BuZ", where B,
is the total number of nonzero information bits on the weight-w
error events. Using B(7) and PEP analysis, the bit-error rate

(BER) will be upper bounded using union bound techniques [1].
We will analyze the PEP first.

Let 6 denote the minimum Euclidean distance between the
constellation points: § := min{|s;—s2| : 51,82 € A, 81 # S2}.
Clearly, 6 depends on the constellation used, and the energy per
coded symbol F. We invoke the following simplifying approx-
imations in order to make the PEP analysis tractable.

Al) The EC-coded bits are mapped to different constella-
tion symbols.

The constellation symbols are separated by at least 6.
The constellation symbols of an error event are pre-
coded into different precoded blocks.

A2)
A3)

A1l and A3 are approximately true, thanks to interleaver 11,
especially for small weight error events, or when the size of I1;
is large. We can call them perfect interleaving assumptions. A2
is true by definition, but we will use it to relax our upper bound
on PEP.

A. PEP

Consider that the coded sequence € = (...,¢é_1, ¢, C1,-- )

is to be interleaved, mapped to constellation sym-
bols, and linearly precoded before transmission. Let
¢ = (...,c_1,co,¢1,...) be another coded sequence of

Hamming distance w away from ¢. When convolutionally
coded, ¢ will have a trellis path that diverges from the path of
¢ and remerges back to it (we assume that the code is not cata-
strophic). Thanks to the interleaver I1;, the symbols in c that are
different from ¢, say ¢;,,¢j,,---Cjs 1 < 91,024+, Juw < 00,
will be scattered after interleaving and mapped to different

constellation symbols, say sn,,Sn,;..-;8n,. For small
w’s, by designing the interleaver II;, the symbol indexes
ni,na,..., My can be guaranteed to be separated by at least
M, ie., |ng — np| > M,Va, b € [1,w], a # b; hence, the
constellation symbols Sp,,5n,,-..,5n, Will enter different
blocks s;,,si,,...,S,. Let m, = n, mod M denote the
column index of © that s,,, will be multiplied with, and define
lo := ng — mg, where a € [1,w].

All the symbols in {s,} except s,,, a € [1,w], will be the
same as their corresponding symbols {3,,} in the sequence €.
If we subtract the received sample ,,, which corresponds to ¢,
from v,,, which corresponds to ¢, we will obtain [c.f. (2)]

Ay, 4k = 04+ 50k,m, ASn, s

a=1,2,..., w, k=0,1,...M—1 (9
where Ay, := Y, — Un, and As,, := s, — 5,. Forn # 1, + k,
we have Ay, = 0.

The PEP Pg (€ — c|h) conditioned on the channel i (h is a
generic symbol denoting the entire channel realization) is deter-
mined by the squared Euclidean distance

w M-—1
P, 5) =Y >l 110km, Asn, > (10)
=1 k=0

a

By definition of 6, it is true that |As,,| > . Since all
entries of © have equal norm 1/vM, it follows that
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Py, 5) > (82/M)Y S ew, k] Therefore,
the PEP can be upper bounded by

V/(%%)E:Z;1§:£151|au4442 an

2N,

where Q(xz) := [7(2m) /2 exp(—2?/2)dx.

Using the Chernoff bound Q(z) < (1/2)e=*"/2, and aver-
aging with respect to the complex Gaussian distribution of the
«’s, we obtain

—wM

12)
Equation (12) shows that a diversity of order wM is achieved
for the PEP.

B. Bit Error Probability

Applying the union bound to all error events, we can bound
the BER as [1, p. 718]

52 —wM
© (_)
B, < g iBw 142

Ww=dfree 4No
, M
! (&)
=-B 1+ —-—= 13
5 + N, (13)

In deriving (13), we have implicitly used the bit-error uniform
property, i.e., that the error properties of the coded sequence de-
pend only on the weights, rather than the distances (or locations)
of the nonzero symbols in the error events. This property holds
true for our PEP upper bound in (13), under the simplifying ap-
proximations A1-A3.

The upper bound in (13) manifests a multiplicative diversity
effect: The slope of the error rate curve at high SNR is M dee.
A convolutionally coded (or in general EC-coded) transmission
without unitary precoding will have a performance upper bound
given by (13) with M = 1, simply because it can be viewed as a
joint coded—precoded transmission with precoder size M = 1.

We will denote an EC-coded transmission with (respectively,
without) unitary precoding by EC-UP (EC-only). When OFDM
modulation is used, we use the terms EC-UP-OFDM and
EC-OFDM, respectively. When the code is convolutional
(respectively, turbo), “EC” will be replaced by “CC” (“TC”).

For M > 2, the gain in SNR of an EC-UP system as
compared to an EC-only system can be evaluated from (13)
by equating the argument of the B(-) function in (13) with
(1 + 62/4No)~t, where & is the minimum constellation
distance needed for the EC-only system to achieve the same
performance as the EC-UP system. The ratio Gy, = 63/62

gain in SNR (dB)

Fig.2. Gain of unitary precoding at SNR = 8 dB as a function of the precoder
size M.

measures the gain in SNR introduced by precoding. It can be
readily found to be

52
G = 6[2) M—o0 (41{)70)
up — 1 T/ 82\
ANoM [(H %) M 1] In (1+ —(4130>)

(14)

The gain is monotonically increasing with M. For a BPSK
constellation with a rate 1/2 CC, § = 2\/E, = /2E}, we show
inFig. 2 the gain G,,;, at E}, /Ny = 8 dB of the EC-UP system, or
63 = 12.6Ny. Notice that the gain for M = 4 is already quite
large (2.7 dB). Further increasing M results in no more than
0.8-dB gain in SNR, because the ultimate gain with M = oo is
about 3.5 dB.

Example 1: Consider a rate 1/2 CC with generators (133,
171) as the one used in the HiperLan/2 standard [11], BPSK
constellation, and precoder size M = 4 [e.g., the second one
in (5)]. For BPSK, we have § = 2/E, = /2FE;. The code
has dgee = 10 and B(Z) = 3620 + 211212 + 14042 +
1163376 + ..., which are obtained using the transfer func-
tion method as in [1, p. 544]. Under the perfect interleaving
conditions Al and A3, the BER can then be upper bounded by
Py, < (1/2)B([1 + E,/(8No)|~4).

Using the following puncturing matrix:

110
P%_[l 0 1}

we can obtain a punctured code of rate 3/4 from the rate 1/2
code, having dee = 5 and By y(Z) = (4275 + 20125 +
149277 4+10469Z8 +...) /3. We depict the performance upper
bound (13) for these rate 1/2 and 3/4 codes with M = 1,2,4,in
Fig. 3. The M = 1 curves correspond to convolutionally coded
systems without precoding. We can observe from the slope of
the curves that there is a multiplicative diversity gain introduced
by precoding. Also, the gains at SNR = 8 dB of the rate 1/2 CC
check with those of Fig. 2.

5)
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Fig. 3. Comparison between convolutionally coded systems with and without
precoding.

Remark 1: We have used the fact that |As,, | > ¢ in getting
(11) from (10). This corresponds to the worst-case analysis (see,
e.g., [18]). A more elaborate analysis may give tighter bounds.

Remark 2: A tighter bound than the one in (12) can be de-
rived in closed integral form [23]

. ) 52 —wM
P(w)<— [ (14— o 16
2(w) < T / < + 4Ny sin26> (16)

0

where P(¢ — c) in (12) has been made an explicit function
P, (w) of the weight w. Using this bound, the BER of the system
can be written as P, < Y oo dovn B, P>(w). This new upper
bound is about 1 dB tighter for the systems in Example 1.

Remark 3: In two places we have relied on perfect inter-
leaving: 1) in assuming that «;’s are independent indentically
distributed and 2) in assuming that s,,,,, a € [1, w], are precoded
by different precoders. Random interleavers approximately sat-
isfy both of these assumptions. The larger the interleavers’ size,
the more plausible these assumptions become. Certainly, the de-
gree of channel variation affects how correlated «;’s are. In
practice, where perfect interleaving is impossible, the perfor-
mance is going to be worse than the idealized case analyzed
here. Analysis with nonideal interleavers is possible using more
involved methods such as those in [15], but we will not pursue
them here. Instead, we will only test channel correlation effects
via simulations. For the second assumption, since the perfor-
mance is dominated by low weight error events, the accuracy
loss incurred is small, and the approximation is practically valid.

We conclude this section by summarizing the results in the
following proposition.

Proposition 1: Under the conditions of 1) perfect inter-
leaving and 2) full diversity LP with equal amplitude precoder
entries, a jointly coded—precoded system exhibits performance

upper bounded by (13); or, more tightly, by >~ D B, Py (w)
with P»(w) given by (16), where B(Z) = > ,_,; B,Z"

is the bit-error enumerating function of the EC code, M is the

precoder size, and dg,. is the free distance of the code (replace
dfree Y dmin if a block code is used). The diversity order of
the system is, therefore, Mdy.. The gain in SNR offered by
LP is quantified in (14).

C. Discussion on the Interleaver Design

The two interleavers (II; and II,) in our system serve dif-
ferent purposes. Interleaver II; is mainly used to separate the
coded bits so that neighboring bits are mapped to different con-
stellation symbols and, finally, precoded into different blocks.
The main role of interleaver 115 on the other hand, is to permute
each block of linearly precoded symbols in the frequency do-
main. At least one of the two interleavers should be large enough
so that the correlation of the channel taps in the time domain can
be decreased to render the model in (2) valid. In the simulations,
we will select the size II, equal to the OFDM symbol size N
(the number of subcarriers), and choose II; to have size > N.

From our PEP analysis in Section III-A, we realize that it
is important to spread the consecutive input bits by at least M
in the interleaver output. In this respect, block interleavers are
better than random interleavers. But it is also important to avoid
systematic patterns in the interleaver. Existing interleaver de-
signs for TCs are also applicable to our setup [7], [8], [22]. For
simplicity, however, we will use random interleavers in our sim-
ulations.

IV. TURBO DECODING

An exhaustive search over all possible input sequences cer-
tainly offers exact ML detection for our joint coded—precoded
transmissions. The presence of the interleaver II;, in between
the EC code and the linear precoder, prevents application of
most efficient ML decoders to our joint detection problem.
However, it has been widely demonstrated that iterative (turbo)
decoding is quite effective in dealing with such joint ML
detection problems. In this section, we will show how the turbo
principle applies to our joint UP decoding and EC decoding
problem.

A. Turbo Principle for Joint Coding—Precoding

The turbo principle [3] amounts to passing soft informa-
tion between two maximum a posteriori (MAP) soft-input
soft-output (SISO) modules [2], iteratively. Other approximate
MAP modules, such as Max-Log MAP, modified soft-output
Viterbi algorithm (SOVA), etc., can also be used [27]. We will
only consider bit-wise MAP decoding in this paper. When the
constellation is multilevel iterative bit demapping can also be
used [24]. The soft information can be in the form of likelihood,
log-likelihood ratios (LLRs), or just the probability distribution
of an encoder’s input and output symbols.

Each SISO module is a four-port device that accepts as input
the probability distribution of both the input and the output of a
coder (or a UP), and outputs an updated probability distribution
of both the input and the output, based on the module’s input
distribution and the coder (or precoder) structure. To decode our
coded—precoded transmission, we need two SISO modules that
we denote as SISO-LP and SISO-EC in Fig. 4.
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Fig. 4. Decoding diagram with SISO modules.

Inputs and outputs of the SISO modules are in the form of
LLRs, denoted by A(-; I) for inputs, and A(-; O) for outputs. For
example

Pld, = +1;1]
1) =1 1
Mt D) = log g ——17] (17
. _ o Plu; =w]
)\(111,1) u;=u = log P[lli — V;I]’ uei (18)

where in defining A(u;;I), we can use any fixed v € U as a
reference.

The output of each SISO module will be interleaved (or dein-
terleaved) to be used as input to the other module. The decoding
algorithm can be described as in Algorithm 1.

Algorithm 1 The iterative
decoding algorithm

(turbo)

S1) Obtain {y,} from OFDM demodulation
and deinterleaver II;'.

S2) Compute the LLR of {A(u;;I)}.

S3) Set both Adnp;T) and A(by;I) to zero,

Vn.

Begin iterative decoding

S4) Execute the SISO-LP module to pro-
duce {A(d,;0)}.

S5) Deinterleave {A(d,;O)} to obtain
MensT).

S6) Execute the SISO-EC module to pro-
duce {A(cy;0)} and {A(b,;0)}.

S7) Interleave {A(c¢,;0)} to obtain

{AM(u;;I)}. If the number of itera-
tions is less than a maximum number
allowed, then go to S4. Otherwise,
go to the next step.

End iterative decoding
S8) Compare A(b,;0) with zero, and
output the decisions.

Next, we describe our two SISO modules in detail. We will
first describe the SISO-LP module, and evaluate the computa-
tions needed in S2. Then we will describe briefly the SISO-EC
module and detail the complexity of the entire turbo-decoding
algorithm.

B. SISO-LP Module

The SISO-LP module implements MAP decoding of the con-
stellation mapped and linearly precoded symbols. With refer-
ence to Fig. 4, the SISO-LP module outputs the extrinsic infor-
mation [2], [3] {\(u;; O)} and {A(d,; O)}, using as input the a
priori information {\(u,,; I)} and {\(d,; I)}. The extrinsic in-
formation of a symbol (or symbol vector) is its LLR given other
symbols’ (or symbol vectors’) prior information, along with the
structure of the precoder. In our case, the outputs {\(u;; O)} are
not used; hence, we only need to evaluate A(d,,; O), which is the
LLR of d,, given {dy : k # n}’s, priors {\(dg; 1) : k # n},
and the priors {A(u;; 1)}

Pld, =+1{ dp;I): k#n},{\Nu;; 1
6s0) = 8 g = k) (D]
g Pl = #11 s D) (A )]
_ Pldn = —1{Xdp; D)}, {Mui; 1)}]
= A(dy;0)
— Adn; 1) (19)

where A(d,,; O) is the complete a posteriori probability (APP)
of d,, and the equation follows from the definition of condi-
tional probability. We next describe how to compute A(d,,; O),
which can then be used in (19) to compute A\(d,,; O). The com-
putations are similar to the those involved in the soft multiuser
detection in [29], with two exceptions: 1) instead of multiuser
spreading codes here we have LP, and 2) we allow for non-BPSK
as well as BPSK constellations.

From (2), we know that (P (y,,|u,) = 1/(7No) exp(—|yn —
ntin|?/No). Thus, we can compute P(u; = u; ) := P(u;
ul{yn}) as

P(u;, =w; 1)
B P(yi]\'[7 .. »?JiM+M—1)
M-1
X H P (yirt4m|tins4m = [a]im)
m=0
M—1 Iy N . |2
_ _ iM+m — OGM4m m
¢ TL[O exp ( Ny ) (20)

where C is a constant irrelevant to the computation of the LLRs,
and we have assumed the a priori probabilities P(u; = u) are
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all equal to 1/|U| for any u € U. Then, the LLR of u; can be
obtained by definition as

AMu; =u; 1) = Z‘il _ |yi1\/[+m — ail\/1+m[u]m|2 _c
1 T ) - NO

m=0

where C’ := log A(u; = v;I) is a constant that will be can-
celed out eventually and can be set to zero for simplicity. This
accomplishes the step S2 of the decoding algorithm.

We know that each coded bit will be mapped to a constellation
symbol, say s,, together with other coded bits if the constella-
tion size is larger than two. We denote the constellation size by
Q. Each constellation symbol will be precoded together with
M — 1 other symbols to produce one precoded block u;. Let us
denote by Z; the set of indexes of coded bits {d,,} that are pre-
coded to form u;; Z; consists of a sequence of B := M log, Q
consecutive integers. If BPSK is used, then Z = [iM,iM +
M —1]. For any | € Z;, we define U} to be the subset of ¢ that
corresponds to d; = 1, and similarly L{lo to be the subset that cor-
responds to d; = 0. The complete APP A(d;; O) for the coded
bit d; can then be computed from (21), where u is the result
of constellation mapping and precoding of {d; : | € Z;}, and
we have used the definitions in (17) and (18), and the fact that
P(d;; I) = (1/2)[1 + d; tanh((1/2)A(ds; I))] (see, e.g., [29]).
Once A(dy; O) is obtained, we can use (19) to obtain A(d,,; O),
which completes step S4 of the decoding algorithm, as shown
in (21) at the bottom of the page.

C. SISO-EC Module

The SISO-EC module obviously depends on the EC code
used. For CCs, the soft information A(c,;O) and A(b,;O)
can be obtained by optimum or suboptimum SISO decoding
algorithms, including the Bahl-Cocke—Jelinek—Raviv (BCJR)
algorithm, the SOVA, Log-MAP, or max-Log-MAP alterna-
tives [27]. Among them, BCJR and Log-MAP are optimum
decoders. The complexity of Log-MAP is lower than that
of BCJR, and is approximately four times that of Viterbi’s
algorithm [25].

When a TC is used as the EC code, each execution of the
SISO-EC module will correspond to a few TC iterations. The
soft output information from the turbo decoder for the TC, will
be used in step S4 of the global iteration in Algorithm 1. Since
otherwise our SISO-EC module is similar to existing ones (see,
e.g., [2]), we will not elaborate on it any further.

D. Complexity

In this subsection, we analyze the arithmetic complexity of
the decoding algorithm in terms of approximate number of

flops. We do not consider the finite word-length effects and the
associated complexity issues. We refer the interested readers to
[17], which deals with precision issues of TCs.

We also ignore the complexity introduced by the interleavers.
But we remark that in very large scale integration implementa-
tions, the interleavers’ size is limited by the memory require-
ments of the interleavers. “Per bit” in this subsection will mean
the same thing as “per coded bit.” Recall that () is the constel-
lation size and B is the number of bits in each precoded block:
B = M log, Q. We will consider the complexity per bit taking
into account the following stages:

1) The OFDM demodulation involves only FFT processing,
which has a per constellation symbol complexity of
log, (V) flops, where N is the FFT size; the complexity
per bit is, thus, log, (V) / logs(Q).

2) To obtain A(u;;I) from (20), we need 4M flops (we
count one addition and one multiplication as two flops)
for each u € U, for a total of Q™ - 4M per B bits. The
number of flops per bit is 4Q* /log, Q.

3) To compute A(d;; O) from (19) and (21) in the SISO-LP
module, we need about 38 - QM flops per bit times the
number of iterations involved.

4) The complexity of obtaining A(b,,; O) and A(c,,; O) in the
SISO-EC module depends on the code used. For CCs, the
complexity per bit is proportional to the number of trellis
states. For HiperLan, the CC has 64 states. This implies
that the complexity per bit will be a few (say eight—a
factor of two from the add-compare-select operation and
a factor of four for the Log-MAP algorithm as a gener-
alized Viterbi algorithm [25]) times 64 flops. We denote
the number flops per bit needed in the SISO-EC by Fgc.
This has to be multiplied by the number of iterations.

If we denote the number of iterations by Njte;, then summing

up the number of flops we find that per bit we need about

log(N)
log, @

4Q]\[
log,(Q)

+ Niter(3BQM + Frc)

~ iter(3BQ]\/[ + FEC)

flops. A typical value for Nj, is three.

For example, if BPSK constellation is used with a precoder
of size M = 4,then Q@ = 2and B = Mlog, Q@ = M = 4.
So, 3BQM = 198, about three times the number of states in
the trellis. Considering the HiperLan code, which gives Fgc ~
64 x 8 = 512, the overall complexity of the system is about
four times that of a CC-only HiperLan, if Njt., = 3. To achieve
the same amount of diversity increase, i.e., from dgee = 9 to
Mdsee = 36 by convolutional coding alone, the code memory

A(di; 0) = log

ZuGMll P(ui =u I) HlGI} P(dla I)

Zuel/{lo P(u; =u; I) HleI, P(di; I)
Zueull {exp[M(wi = w; )] [Tjeq, [1 + ditanh (3A(di; 1)) ] }

= log

Zueuf {exp Aw; = uw; )] HleIl [1 + d; tanh (%)\(dl;l))]}

2
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would roughly need to increase M = 4 times from 6 to 24 [cf.
(8)], and the complexity increase would be much more than the
four times increase incurred by our combined coding—precoding
approach.

When @Q or M increases, the 38QM term will soon dom-
inate the complexity. In this case, the suboptimum but low-
complexity instantaneous minimum mean-squared error inter-
ference cancellation algorithm of [29] can be used instead of the
exhaustive ML search in the SISO-LP module; its complexity is
M? per bit, much lower than the ML enumeration.

V. SIMULATION RESULTS

In this section, we simulate our system with EC coding and
LP. The precoder size will be M = 4 whenever LP is present.
In all simulations, the BPSK constellation is used for simplicity.
The simulation is run for each SNR until either 30 frame (a
frame has the same size as the larger size of interleavers II;
and II,) errors are collected or 1000 frames have been sent,
whichever occurs earlier.

Test Case 1 (CC-UP with perfect interleaving) We simulated
the performance of a perfectly interleaved OFDM system as
modeled in (2), which can also be viewed as transmitting di-
rectly through a flat-fading channel without using OFDM. We
compared the performance of CC-only against CC-UP. The CC
used is the rate 3/4 code of Example 1, which is also the code
used in HiperLan/2. We decoded the CC-UP based on our iter-
ative algorithm of Section IV. For CC-only, Viterbi decoding is
used. It can be seen from Fig. 5 that the iterative decoding algo-
rithm virtually converges after only two iterations. And the gain
due to LP is significant (about 5 dB at BER = 10~%). The per-
formance bound in (16) is also depicted with dashed lines, and
agrees with the simulation results up to less than 1-dB differ-
ence at high SNR. The bounds in Fig. 3 are looser than the ones
shown in Fig. 5 by about one more decibel. The price paid for
the considerably improved performance is higher complexity
(about four times with two iterations).

Test Case 2 (CC-UP-OFDM with a HiperLan/2 channel) We
depict in Fig. 6 the simulated performance of CC-UP-OFDM in
a setup mimicking HiperLan/2 with Channel Model B [10]. The
OFDM symbol size (i.e., the FFT/IFFT size) is 64. The delay of
each channel tap is rounded up to the nearest symbol so that we
have 16 symbol-spaced taps. The taps are independent complex
Gaussian random variables, with variances given in the tap order
by (0.26, 0.244, 0.224, 0.0707, 0.0793, 0.0478,0.0295, 0.0178,
0.0107, 0.006 45, 0.005 01, 0.002 51, 0, 0.001 48, 0, 0.000 602).
The channel is assumed to remain constant during one OFDM
symbol period, and each tap varies from one OFDM symbol
to the next according to Jakes’ model. The carrier frequency
is 5.2 GHz, and the mobile’s velocity is 3 m/s. The interleaver
II, is a block interleaver of size 16 X 4 so that each precoded
block is maximally spread out in the frequency domain. The in-
terleaver 11 is chosen to be a random interleaver of size corre-
sponding to 256 OFDM symbols. The delay of the system due
to interleaving is, therefore, about 1 ms in HiperLan/2.

The performance of CC-OFDM with a random interleaver
of the same size is also depicted in the same figure. It can be
seen that with either interleaver, CC-UP-OFDM outperforms

10 : ; ;
S bt - - upper bound
: —o—simulation
107" i
© 4p2
Tﬁ' 10 E
o
S
o, -3
=10 & ; ; E
o CC=UP:with }
iterative decoding
o: 1stiteration
107, +:.2nd iteration S i
v: 8rd iteration N
. 4
A
1 1 1 1 \ 1 1 1 1

Fig. 5. Simulations (solid lines) comparing CC-UP with A/ = 4 and CC-only
in perfectly interleaved channels, together with the analytical upper bounds
(dashed lines).

10°

Bit Error Rate

Fig. 6. CC-UP-OFDM with M =
interleaver.

4 in HiperLan channels with random

CC-OFDM, at the price of higher complexity, even with only
one iteration. The random interleaver performs better for SNR
>6 dB. CC-UP-OFDM with a random interleaver outperforms
the standard CC-OFDM by about 4 dB at BER = 10~ with
only three iterations. Comparison with the results in Test Case 1
illustrates that the channel correlation indeed lowers the system
performance, as expected.

Test Case 3 (Turbo-coded transmissions) In this simulation,
we replace the CC of the previous simulation by a TC, while
maintaining the same simulation setup. The main purpose is
to show that even turbo-coded OFDM transmissions can ben-
efit from LP. We compare TC-UP-OFDM and TC-OFDM using
the TC with constituent code [1 35/23], punctured to rate 3/4
by keeping the systematic bits and every (6n — 1)th parity bit
from the first constituent code, and every (6n)th parity bit from
the second constituent code, n = 1,2,.... The result is re-
ported in Fig. 7. Each iteration consists of one iteration between
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Fig. 7. TC-UP-OFDM with M = 4 and random interleaver in HiperLan
channels.

the SISO-LP module and SISO-EC module; within SISO-EC
module, three inner-iterations are used for the TC decoding. We
observe that although TC-OFDM also benefits from iterative de-
coding, there is about 4-dB gain at 103 achieved by the LP after
three iterations. We notice that for the simulated setup, one iter-
ation between SISO-LP and SISO-EC is enough.

VI. CONCLUSION AND DISCUSSION

We have proposed joint EC coding and LP for fading-re-
silient transmissions over frequency-flat and frequency-selec-
tive fading channels encountered with high-rate wireless OFDM
transmissions. Through upper bound analysis, we quantified the
gain in SNR offered by introducing LP to coded transmissions.
The combination offers a multiplicative benefit to the achievable
diversity: The overall diversity is the d,y;, of the EC code multi-
plied by the precoder size. An iterative decoding algorithm was
derived for low-complexity turbo decoding. The complexity in-
crease turned out to be only a few times that of a coded transmis-
sion without precoding. The same amount of diversity increase
would lead to a much higher increase in decoding complexity, if
EC coding is to be used alone. Extensive simulations verified the
superior performance of joint coding—precoding for both sim-
ulated, and practical HiperLan/2 channels. Other applications
of the proposed schemes include digital video broadcasting [9],
[20]. Since the proposed scheme modifies the transmitter de-
sign, backward compatibility becomes an issue; it is, therefore,
more suitable for future generation wireless communications.
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