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tIn 1997, Ng and S
hultz introdu
ed the idea of 
y
le orderability. For a positiveinteger k, a graph G is k-ordered if for every ordered sequen
e of k verti
es, there isa 
y
le that en
ounters the verti
es of the sequen
e in the given order. If the 
y
leis also a hamiltonian 
y
le, then G is said to be k-ordered hamiltonian. We giveminimum degree 
onditions and sum of degree 
onditions for nonadja
ent verti
esthat imply a balan
ed bipartite graph to be k-ordered hamiltonian. For example,let G be a balan
ed bipartite graph on 2n verti
es, n suÆ
iently large. We showthat for any positive integer k, if the minimum degree of G is at least (2n+k�1)=4,then G is k-ordered hamiltonian.1 Introdu
tionOver the years, hamiltonian graphs have been widely studied. A variety of related proper-ties have also been 
onsidered. Some of the properties are weaker, for example tra
eabilityin graphs, while others are stronger, for example hamiltonian 
onne
tedness. Re
ently anew strong hamiltonian property was introdu
ed in [3℄.We say a graph G on n verti
es, n � 3, is k-ordered for an integer k, 1 � k � n; iffor every sequen
e S = (x1; x2; :::; xk) of k distin
t verti
es in G there exists a 
y
le that
ontains all the verti
es of S in the designated order. A graph is k-ordered hamiltonian iffor every sequen
e S of k verti
es there exists a hamiltonian 
y
le whi
h en
ounters theverti
es in S in the designated order. We will always let S = (x1; x2; :::; xk) denote theordered k-set. If we say a 
y
le C 
ontains S, we mean C 
ontains S in the designatedthe ele
troni
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order under some orientation. The neighborhood of a vertex v will be denoted by N(v),the degree of v by d(v), the degree of v to a subgraph H by dH(v), and the minimumdegree of a graph G by Æ(G). A graph on n verti
es is said to be k-linked if n � 2k andfor every set fx1; : : : ; xk; y1; : : : ; ykg of 2k distin
t verti
es there are vertex disjoint pathsP1; : : : ; Pk su
h that Pi joins xi to yi for all i 2 f1; : : : ; kg. Clearly, a k-linked graph isalso k-ordered.In the pro
ess of �nding bounds implying a graph to be k-ordered hamiltonian, Ngand S
hultz [3℄ showed the following:Proposition 1. [3℄ Let G be a hamiltonian graph on n verti
es, n � 3: If G is k-ordered,3 � k � n; then G is (k � 1)-
onne
ted.Theorem 2. [3℄ Let G be a graph of order n � 3 and let k be an integer with 3 � k � n.If d(x) + d(y) � n + 2k � 6for every pair x; y of nonadja
ent verti
es of G, then G is k-ordered hamiltonian.Faudree et al.[4℄ improved the last bound as follows.Theorem 3. [4℄ Let G be a graph of suÆ
iently large order n. Let k � 3. IfÆ(G) � � n+k�32 ; if k is oddn+k�22 ; if k is even;then G is k-ordered hamiltonian.Theorem 4. [4℄ Let G be a graph of suÆ
iently large order n. Let k � 3. If for any twononadja
ent verti
es x and y, d(x) + d(y) � n+ 3k � 92 ;then G is k-ordered hamiltonian.Theorem 5. [4℄ Let k be an integer, k � 2. Let G be a (k + 1)-
onne
ted graph ofsuÆ
iently large order n. If jN(x) [N(y)j � n+ k2for all pairs of distin
t verti
es x; y 2 V (G); then G is k-ordered hamiltonian.Mu
h like results for hamiltoni
ity, smaller bounds are possible if we restri
t G to bea balan
ed bipartite graph. In fa
t, we get the following results:Theorem 6. Let G(A [ B;E) be a balan
ed bipartite graph of order 2n � 618. Let3 � k � n103 . If Æ(G) � 4k � 1 and for any two nonadja
ent verti
es x 2 A and y 2 B,d(x) + d(y) � n+ k�12 ; then G is k-ordered hamiltonian.the ele
troni
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The bound on the degree sum is sharp, as will be shown later with an example. Theupper bound on k 
omes out of the proof, the 
orre
t bound should be a lot larger andpossibly as large as n=4.Corollary 7. Let G be a balan
ed bipartite graph of order 2n � 618. Let 3 � k � n103 . IfÆ(G) � 2n + k � 14then G is k-ordered hamiltonian.Theorem 8. Let G(A[B;E) be a balan
ed bipartite graph of order 2n � 618. Let 3 � k �minf n103 ; pn4 g. If for any two nonadja
ent verti
es x 2 A and y 2 B, d(x)+d(y) � n+k�2;then G is k-ordered hamiltonian.The last bound is sharp, as the following graph G shows:Let the vertex set V := A1 [ A2 [ B1 [ B2 [ B3; with jA1j = jB1j = k=2, jB2j = k � 1,jA2j = n � k=2, jB3j = n � 3k=2 + 1: Let the edge set 
onsist of all edges between A1and B1 minus a k-
y
le, all edges between A1 and B2, and all edges between A2 and theBi for i 2 f1; 2; 3g. Then G has minimum degree Æ(G) = 3k=2� 3, minimal degree sumn+k�3, and G is not k-ordered, as there is no 
y
le 
ontaining the verti
es of A1[B1 inthe same order as the 
y
le whose edges were removed between A1 and B1. This examplefurther suggests the following 
onje
ture, strengthening Theorem 6 to a sharp result:Conje
ture 9. Let G(A [ B;E) be a balan
ed bipartite graph of order 2n. Let k � 3. IfÆ(G) � 3k�12 � 2 and for any two nonadja
ent verti
es x 2 A and y 2 B, d(x) + d(y) �n+ k�12 ; then G is k-ordered hamiltonian.In some of the proofs the following theorem of Bollob�as and Thomason[1℄ 
omes inhandy.Theorem 10. [1℄ Every 22k-
onne
ted graph is k-linked.2 ProofsIn this se
tion we will prove Theorem 6 and Theorem 8.From now on, A and B will always be the partite sets of the balan
ed bipartite graphG, and for a subgraph H � G, HA := H \A and HB := H \B will be its 
orrespondingparts.The following result and its 
orollary, whi
h give suÆ
ient 
onditions for k-ordered toimply k-ordered hamiltonian, will make the proofs easier.Theorem 11. Let k � 3 and let G(A [ B;E) be a balan
ed bipartite, k-ordered graph oforder 2n. If for every pair of nonadja
ent verti
es x 2 A and y 2 Bd(x) + d(y) � n + k � 12 ;then G is k-ordered hamiltonian.the ele
troni
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Proof: Let S = fx1; x2; � � � ; xkg be an ordered subset of the verti
es of G. Let Cbe a 
y
le of maximum order 2
 
ontaining all verti
es of S in appropriate order. LetL := G�C. Noti
e that L is balan
ed bipartite, sin
e C is. Let l := jLj=2 = jLAj = jLBj.Claim 1. Either L is 
onne
ted or L 
onsists of the union of two 
omplete balan
edbipartite graphs.To prove the 
laim, it suÆ
es to show that dL(u)+ dL(v) � l for all nonadja
ent pairsu 2 LA; v 2 LB. Suppose the 
ontrary, that is, there are two su
h verti
es u; v withdL(u) + dL(v) < l. Sin
e d(u) + d(v) � n + (k � 1)=2, it follows that dC(u) + dC(v) �
+ (k + 1)=2. There are no 
ommon neighbors of u and v on C, hen
e there are at leastk + 1 edges on C with both endverti
es adja
ent to fu; vg. Fix a dire
tion on C. Saythere are r edges on C dire
ted from a u-neighbor to a v-neighbor, and t edges from av-neighbor to a u-neighbor. Without loss of generality, let r � t. On C, between any twoof the r � (k + 1)=2 edges of that type, there have to be at least two verti
es of S, elseC 
ould be enlarged (see Figure 1). Thus jSj � k + 1, a 
ontradi
tion, whi
h proves the
laim. 3
v

xi

u

Figure 1:In parti
ular, the 
laim shows that there are no isolated verti
es in L and that all ofL's 
omponents are balan
ed.Suppose l � 1. Let L1 be a 
omponent of L, L2 := L � L1, l1 := jL1j=2, andl2 := jL2j=2. The k verti
es of S split the 
y
le C into k intervals: [x1; x2℄, [x2; x3℄; : : :,[xk; x1℄. Assume there are verti
es x; y 2 L1 (x = y is possible) with distin
t neighbors inone of the intervals of C determined by S, say [xi; xi+1℄. Let z1 and z2 be the immediatesu

essor and prede
essor on C to the neighbors of x and y respe
tively a

ording to theorientation of C. Observe that we 
an 
hoose x and y and their neighbors in C su
h thatnone of the verti
es on the interval [z1; z2℄ have neighbors in L1. We 
an also assumethat z1 6= z2, otherwise x = y by the maximality of C, and bypassing z1 through x wouldlead to a 
y
le of the same order, but the new outside 
omponent L1 � x would not bebalan
ed, a 
ontradi
tion to 
laim 1. Let z be either z2 or its immediate prede
essor su
hthat z1 and z are from di�erent parts. Sin
e x and y are in the same 
omponent of L,there is an x; y-path through L. Let �y be either y or its immediate prede
essor on thepath su
h that x and �y are from di�erent parts. If x = y, let �y be any neighbor of x inL. Let R be the path on C from z1 to z2 and r := jRj. Sin
e C is maximal, the x; �y-paththe ele
troni
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an't be inserted, and sin
e neither x nor �y have neighbors on R,d(x) + d(�y) � 2l1 + 2
� r + 12 :Further, the z1; z-path 
an't be inserted anywhere on C �R, else C 
ould be enlarged byinserting it and going through L instead (or in the 
ase x = y we would get a same length
y
le with unbalan
ed outside 
omponents). Sin
e z1 and z have no neighbors in L1, weget d(z1) + d(z) � 2l2 + r + 2
� r + 12 :Hen
e d(x) + d(�y) + d(z1) + d(z) � 2l2 + 2l1 + 2
+ 1 = 2n+ 1;whi
h 
ontradi
ts (with k � 3) thatd(x) + d(z) � n + k � 12and d(�y) + d(z1) � n+ k � 12 :Thus, there is no interval [xi; xi+1℄ with two independent edges to L1. By Proposition 1,G is (k � 1)-
onne
ted, thus all but possibly one of the segments (xi; xi+1) have exa
tlyone vertex with a neighbor in L1.Sin
e jNC(L1)j � k; we assume without loss of generality that jNC(LB1 )j � k=2: Letx 2 LB1 and let jNC(x)j = d � k=2: Thus, for every v 2 C that is not adja
ent to L1 thedegree sum 
ondition implies:d(v) � n + k � 12 � (l1 + d) = 
+ l2 + (k2 � d� 12):On the other hand, we know d(v) � 
 + l2 � 1: Thus, d � 2: Now we have shown thatNL1(C) in
ludes verti
es from both LA1 and LB1 : So, without loss of generality, assume L1has neighbors y and z in (x1 : : : x2) and (x2 : : : x3) respe
tively and su
h that y and z arein di�erent partite sets.Let y; z be the unique verti
es in (x1; x2) and (x2; x3) respe
tively, whi
h have neigh-bors in L1. Sin
e the su

essors of y and z are from di�erent parts and not adja
entto L1, they must be adja
ent to ea
h other. But now C 
an be extended, whi
h is a
ontradi
tion.This proves that L has to be empty. Therefore C is hamiltonian.An immediate Corollary to Theorem 11 is the following:Corollary 12. Let k � 3 and let G be a k-ordered balan
ed bipartite graph of order 2n.If Æ(G) � n2 + k�14 , then G is k-ordered hamiltonian.the ele
troni
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To see that these bounds are sharp, 
onsider the following graph G(A [ B;E):A := A1 [ A2; B := B1 [ B2;with jA1j = jB1j = �n2 + k � 14 �� 1;jA2j = jB2j = n� jA1j;and E := fabja 2 A1; b 2 Bg [ fabja 2 A; b 2 B1g:For n suÆ
iently large, G is obviously a k-
onne
ted, k-ordered, and balan
ed bipartitegraph. The minimum degree is Æ(G) = d(v) = jA1j for any vertex v 2 B2 [ A2, thus theminimum degree 
ondition is just missed. But G is not k-ordered hamiltonian, for if we
onsider S = fx1; x2; : : : ; xkg, fx1; x3; : : :g � A2, fx2; x4; : : :g � B2. Let C be a 
y
le thatpi
ks up S in the designated order. Then C \ (A1 [ B2) 
onsists of at least bk=2
 paths,all of whi
h start and end in A1. Therefore jC \ A1j � jC \ B2j + (k � 1)=2. If C washamiltonian, it would follow that jA1j � jB2j+ (k � 1)=2, whi
h is not true.The following easy lemmas will be useful.Lemma 13. Let G be a graph, let k � 1 be an integer and let v 2 V (G) with d(v) � 2k�1for some k. If G� v is k-linked, then G is k-linked.Proof: This is an easy exer
ise.Lemma 14. Let G be a 2k-
onne
ted graph with a k-linked subgraph H � G. Then G isk-linked.Proof: Let S := fx1; : : : ; xk; y1; : : : ; ykg be a set of 2k verti
es in G, not ne
essarilydisjoint from H. Sin
e G is 2k-
onne
ted, there are 2k disjoint paths from S to H, in-
luding the possibility of one-vertex paths. Sin
e H is k-linked, those paths 
an be joinedin a way that k paths arise whi
h 
onne
t xi with yi for 1 � i � k.Lemma 15. Let k � 1. Let G(A [B;E) be a bipartite graph with d(v) � jBj2 + 3k2 for allv 2 A, and d(w) � 2k for all w 2 B. Then G is k-linked.Proof: Let S := fx1; : : : ; xk; y1; : : : ; ykg be a set of 2k verti
es in G. Pi
k a setS 0 := fx01; : : : ; x0k; y01; : : : ; y0kg � A as follows: If xi 2 A set x0i = xi. Otherwise let x0i be aneighbor of xi not in S. Similarly pi
k the y0i. It is possible to pi
k 2k di�erent verti
esfor S 0 sin
e d(w) � 2k for all w 2 B.Now �nd disjoint paths of length 2 between x0i and y0i avoiding all the other verti
esof S for 1 � i � k. This is possible sin
e jN(x0i) \N(y0i)j � d(x0i) + d(y0i)� jBj � 3k.Proof of Theorem 6: By Theorem 11, it suÆ
es to show that G is k-ordered.Let K be a minimal 
utset. If jKj � 22k, then G is k-linked by Theorem 10. Thereforeit is k-ordered. Assume now that jKj < 22k. We have to deal with two 
ases.the ele
troni
 journal of 
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Case 1. There is an isolated vertex v 2 G�K.Sin
e jKj = jN(v)j � Æ(G) � 4k� 1, G is 2k-
onne
ted, thus by Lemma 14 it suÆ
esto �nd a k-linked subgraph. Without loss of generality, let v 2 B. Let R = G �K � v.Then d(w) > n � 22k for all w 2 RA. So there are at least (n � 22k)2 edges in R,resulting in less than 23k verti
es u 2 RB with dR(u) < 2k. Let H be the subgraphof R indu
ed by RA and the verti
es of RB with dR(u) � 2k. For w 2 RA, we havedH(w) � n� 45k � jHB j2 + 3k2 , sin
e n > 100k. By Lemma 15, H is k-linked.Case 2. There are no isolated verti
es in G�K.First, observe that G � K has exa
tly two 
omponents. Otherwise, for the three
omponents C1; C2; C3 
hoose verti
es vi 2 CAi ; wi 2 CBi ; 1 � i � 3.Then we 
an bound their degree sum as follows:2n+ 2jKj � (jC1j+ jKj) + (jC2j+ jKj) + (jC3j+ jKj)� (d(v1) + d(w1)) + (d(v2) + d(w2)) + (d(v3) + d(w3))= (d(v1) + d(w2)) + (d(v2) + d(w3)) + (d(v3) + d(w1))� 3(n+ k�12 );a 
ontradi
tion.Call the two 
omponents L and R. Without loss of generality, let jRj � jLj andjLAj � jLBj. Let v 2 LA; w 2 LB; x 2 RA; y 2 RB. ThenjLAj+ jRAj+ jKAj = jLBj+ jRBj+ jKBj = n;jLBj+ jRAj+ jKj � d(w) + d(x) � n + k � 12 ;jLAj+ jRBj+ jKj � d(v) + d(y) � n + k � 12 :Thus, the inequalities above imply the parts of the 
omponents are of similar size:jLAj � jLBj � jKBj � k � 12 ;jRAj � jRBj � jKBj � k � 12 ;jRBj � jRAj � jKAj � k � 12 :Further, we get the following bounds for the degrees inside the 
omponents:dR(y) � n+ k�12 � d(v)� jKAj� n+ k�12 � jLBj � jKBj � jKAj= jRBj � (jKAj � k�12 );dR(x) � jRAj � (jKBj � k�12 );dL(w) � jLBj � (jKAj � k�12 );dL(v) � jLAj � (jKBj � k�12 ):the ele
troni
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Claim 1. R is k-linked.By symmetry of the argument, we may assume that jRBj � jRAj, thusjRBj � jRj2 � 2n� jKj � jLj2 � n2 � jKj4 :Now, dR(y) � jRBj � (jKAj � k�12 ) � jRAj2 + jRB j2 � jKj+ k�12� jRAj2 + n4 � 9jKj8 + k�12 � jRAj2 + 103k4 � 9(22k�1)8 + k�12> jRAj2 + 3k2 :Further, dR(x) � jRAj � (jKBj � k � 12 ) � jRBj � jKj+ k � 12 > 2k:Hen
e, the 
onditions of Lemma 15 are satis�ed for R, and R is k-linked. 3If jKj � 2k, then G is k-linked by Lemma 14 and we are done. So assume from nowon jKj < 2k.Claim 2. L is k-linked.If jLj > n� 2k, the proof is similar to the last 
ase:dL(v) � jLAj � jKBj+ k � 12 > jLBj2 + n� 2k4 � 2k + k � 12 > jLBj2 + 3k2 ;and dL(w) � jLAj � (jKBj � k � 12 ) > jLBj � jKj > 2k:Applying Lemma 15 to L gives the result.If jLj � n � 2k, L is 
omplete bipartite from the degree sum 
ondition. Further,jLAj � jLBj � d(v)�jKBj � 2k from the minimum degree 
ondition, hen
e L is k-linked.3 Let S := fx1; x2; : : : ; xkg be a set in V (G). We want to �nd a 
y
le passing through Sin the pres
ribed order. Note that the minimum degree 
ondition for
es jRj � jLj � jKj.Assume jKj = �(G) = k+ t where t � �1. Using the fa
t that K is a minimal 
ut set, byHall's Theorem (see for instan
e [2℄) there is a mat
hing of K into L and respe
tively Kinto R, whi
h together produ
e k + t pairwise disjoint P3's. Of all su
h mat
hings, pi
kone on either side with the fewest interse
tions with the set S.Observe that a vertex s 2 KB is either adja
ent to every vertex of LA or d(s) > n=4.Otherwise there would be a vertex v 2 LA not 
onne
ted to s, and d(v) + d(s) � jLBj+jKBj + n=4 � n=2 � k + 2k + n=4, a 
ontradi
tion. A similar argument shows that theanalog statement is true for s 2 KA, sin
e jLAj and jLBj di�er by less than jKj < 2k.Hen
e, ea
h vertex s 2 K has large degree to at least one of L or R, in fa
t large enoughthat either (L [ fsg) or (R [ fsg) is k-linked.the ele
troni
 journal of 
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Assign every vertex of K one by one to either L or R su
h that the new subgraphs �Land �R are still k-linked, applying Lemma 13 repeatedly. Left over from the P3's is nowone mat
hing with k + t edges between �L and �R. We 
all an edge of this mat
hing adouble if both its endverti
es are in S and a single if exa
tly one endvertex is in S. If anedge is disjoint from S, we 
all it free.We 
laim that the number of doubles is at most t if k is even and at most t+1 if k is odd.Let lA (and respe
tively rA) be the number of doubles whi
h are edges between LA andKB (respe
tively between RA and KB). De�ne lB and rB similarly. Note that this meansd := lA+ lB + rA+ rB is the number of doubles. Let v 2 LA�S;w 2 LB �S; x 2 RA�Sand y 2 RB � S su
h that none of those verti
es are on an edge of the mat
hing (this ispossible sin
e jLAj � jKBj � 2k, jLBj � jKAj � 2k from the minimum degree 
ondition).Then2n+ 2�k � 12 � � d(v) + d(w) + d(x) + d(y) � 2n+ k + t� lA � lB � rA � rB:If d � t+1 for k even or t+2 for k odd, we obtain a 
ontradi
tion to the above inequality.Let 
 be the number of elements of S that are not verti
es on any of the k+ t edges ofthe mat
hing. Then t+ d+ 
 of the edges are free. We are now prepared to 
onstru
t the
y
le 
ontaining the set fx1; x2; � � � ; xkg by 
onstru
ting a set of disjoint xi; xi+1-paths,using that �L and �R are k-linked. Note that in 
onstru
ting ea
h xi; xi+1-path, using a freeedge is only ne
essary if (1) xi is not on a single and (2) xi and xi+1 are on di�erent sides.If k is even, these two 
onditions 
an o

ur at most 2d + 
 times. If k is odd, these two
onditions 
an o

ur at most 2d� 1 + 
 times (be
ause of the parity, 
ondition 2 
annoto

ur for every vertex). But neither ever ex
eeds t + d + 
, the number of free edges.Hen
e, we may form a 
y
le 
ontaining the elements of S in the appropriate order.Proof of Theorem 8: By Theorem 11 it suÆ
es to show that G is k-ordered.If the minimum degree Æ(G) � 4k�1, then we are done by Theorem 6. Thus, supposethat s 2 A is a vertex with d(s) < 4k � 1. Let R be the indu
ed subgraph of G on thefollowing vertex set: RB := fv 2 B : sv =2 Eg;RA := fw 2 A : dRB � 2kg:The degree sum 
ondition guarantees d(v) � n � 3k for all v 2 RB. Further, jRBj =n� d(s) � n� 4k+2. It is easy to see that jRAj > n� 4k and that all the 
onditions forLemma 15 are satis�ed. Hen
e, R is k-linked.Let H be the biggest k-linked subgraph of G. If G = H, we are done. Otherwise, letL := G � H. The size of L is jLj = 2n � jHj � 2n � jRj � 8k. Observe that no vertexv 2 L has dH(v) > 2k�2, otherwise V (H)[fvg would indu
e a bigger k-linked subgraphby Lemma 13. Hen
e, no vertex in L has degree greater than 10k, and therefore, L is
omplete bipartite.De�ne � := minffdH(v)jv 2 LAg [ f2kgg;the ele
troni
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� := minffdH(v)jv 2 LBg [ f2kgg:Sin
e L is small, there are verti
es x 2 HA; y 2 HB, with N(x)[N(y) � H. If LA = ;,then � = 2k, and if LB = ;, then � = 2k. Either way, we get � + � � 2k.Now assume that LA 6= ; and LB 6= ;. Let v 2 LA su
h that dH(v) = �. Thenn+ k � 2 � d(v) + d(y) � d(v) + jHAj = d(v) + n� jLAj:Thus, d(v) � jLAj+ k � 2, andjLBj+ � = d(v) � jLAj+ k � 2:Analogously, let w 2 LB with dH(w) = �, thenn + k � 2 � d(w) + d(x) � d(w) + jHBj = d(w) + n� jLBj;and thus d(w) � jLBj+ k � 2 andjLAj+ � = d(w) � jLBj+ k � 2:Therefore, �+ � � 2k � 4:Let S := fx1; x2; : : : ; xkg be a set in V (G). From now on, all the indi
es are modulok. To build the 
y
le, we need to �nd paths from xi to xi+1 for all 1 � i � k.If xi and xi+1 are neighbors, just use the 
onne
ting edge as path. Now, for all otherxi 2 L we �nd two neighbors yi and zi not in S. If xi and xi+i have a 
ommon neighborv whi
h is not already used, set zi = yi+1 = v. Afterwards, we 
an �nd distin
t yi and ziby the following 
ount: Suppose xi 2 LA, so we need to �nd yi; zi 2 N(xi)� Ui, whereUi := N(xi) \ ffxj; yj; zj : ji� jj > 1g [ fzi+1; yi�1gg:For every xj 2 LA; ji�jj > 1, there 
an be at most two verti
es in Ui. For xj 2 LA; ji�jj =1, there 
an be at most one vertex in Ui. For xj 2 B; ji � jj > 1, there 
an be at mostone vertex in Ui. Hen
e,jUij � 2jLA \ S � fxi�1; xi; xi+1gj+ 2 + jB \ S � fxi�1; xi; xi+1gj � jLAj+ k � 4;and sin
e d(xi) � jLAj+ k � 2, we 
an pi
k yi and zi.Try to 
hoose as few yi; zi out of L as possible (i.e. pi
k as many as possible in H).Now for all yi; zj, where yi 6= zi�1; zj 6= yj+1, 
hoose verti
es y0i; z0i 2 H as follows: Ifyi 2 H, let y0i = yi, if zi 2 H, let z0i = zi. Otherwise, let y0i be a neighbor of yi in H, andlet z0i be a neighbor of zi in H, whi
h is not already used. We need to 
he
k if there is avertex in N(yi) \H available.Let Oi = (N(xi) [N(yi)) \H. We know thatjOij = dH(xi) + dH(yi) � � + � � 2k � 4:the ele
troni
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For every j =2 fi � 1; i; i + 1g, jOi \ fxj; yj; zj; y0j; z0jgj � 2, and for j = i + 1, jOi \fxj; yj; y0jgj � 1. This is a total 
ount of at most 2k � 5, at least one is left over for y0i.Observe that y0i =2 N(xi), otherwise we would have 
hosen it to be yi, so in fa
t y0i 2 N(yi).A similar 
ount shows the availability of a vertex for z0i, with one possible ex
eption: Theone vertex left over 
ould be y0i. This is only a problem if the 
ount for y0i gave us exa
tlyone available vertex, otherwise we 
an just pi
k a di�erent y0i. But now we 
an swit
h theverti
es yi and zi, and 
hoose y0i from fxi+1; yi+1; y0i+1g (one of those is in N(xi) [N(yi),sin
e the 
ount of used verti
es gave exa
tly 2k�5), and 
hoose z0i from fxi�1; yi�1; y0i�1g.For all xi 2 H, set y0i = z0i = xi. Sin
e H is k-linked, we 
an now �nd z0i; y0i+1-pathsinside H for all needed indi
es to 
omplete the 
y
le.3 Further ResultsWe also looked at the following 
losely related property:De�nition 1. We say a graph G is k-ordered 
onne
ted if for every sequen
e S =(x1; x2; :::; xk) of k distin
t verti
es in G, there exists a path from x1 to xk that 
on-tains all the verti
es of S in the given order. A graph is k-ordered hamiltonian 
onne
tedif there is always a hamiltonian path from x1 to xk whi
h en
ounters S in the designatedorder.Along the lines of the proofs in [4℄, you 
an show the following theorems for thisproperty:Theorem 16. Let G be a graph of suÆ
iently large order n. Let k � 3. IfÆ(G) � n + k � 32 ;then G is k-ordered hamiltonian 
onne
ted.Theorem 17. Let G be a graph of suÆ
iently large order n. Let k � 3. If for any twononadja
ent verti
es x and y, d(x) + d(y) � n + 3k�62 , then G is k-ordered hamiltonian
onne
ted.The proofs do not give any new insights, so we will not present them here.Referen
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