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On heterogeneity tests based on efficient scores
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SUMMARY

For cases in which a parameter may be estimated from several independent data sets,
Mather (1935) proposed a heterogeneity test based on the efficient scores for the
individual data sets evaluated at the overall maximum likelihood estimator. Following
Fisher (1946), a modification of the heterogeneity score test is presented wherein a
consistent but inefficient estimator of the parameter of interest is substituted for the
overall maximum likelihood estimator. The modified test is also derived using the C(a)
theory of Neyman (1959). Using the modified procedure, we derive a test for a common
odds ratio in several 2x2 tables based on the Mantel-Haenszel estimator.

Some key words: C(a) test; Efficient estimator; Efficient score; Heterogeneity test; Maximum likelihood
estimator.

1. INTRODUCTION

Data regarding a parameter of interest often may be obtained from several parallel
experiments, perhaps with varying designs. For example, information about the
recombination fraction for two factors in a given species may be obtained from the
offspring of multiple experiments, perhaps representing different types of crosses (Fisher,
1946). Based on a decomposition of the chi-squared goodness-of-fit statistic (Fisher,
1928), Mather (1935) proposed a test for heterogeneity of the recombination fractions
from different experiments. This heterogeneity test is based on the efficient scores for the
individual parallel experiments evaluated at the maximum likelihood estimator ob-
tained from consideration of all of the experiments: see also Mather (1951, Ch. 7) and
Fisher (1958, §57-3). Rao (1948) demonstrated the asymptotic distribution, in a general
setting, of the heterogeneity test based on efficient scores from parallel samples: see also
Rao (1952, Ch.5). Following Fisher (1946), the present paper derives the appropriate
modification of the heterogeneity score test when the parameter of interest is estimated
by an inefficient, but consistent, estimator. The test is also derived as a C(a) test
(Neyman, 1959). The use of the modified test is illustrated by the derivation of a test for
heterogeneity of the odds ratios from several 2x2 tables using the Mantel-Haenszel
estimator (Mantel & Haenszel, 1959).

2. MODIFICATION OF THE HETEROGENEITY SCORE TEST

Suppose data regarding a parameter 6 are obtained from K independent experiments.
For experiment k, let xk represent a random sample of size nk from an underlying
distribution, and let the likelihood function for 0 given xk be denoted by Lk(xk; 9) for
k = 1, ...,K. Assume that each likelihood function satisfies regularity conditions guaran-
teeing the asymptotic normality of the corresponding maximum likelihood estimator of
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9, and define

Sk(9)=-^logLk(xk;9), Vk(9)=--^logLk(xk;9), Ik(9) = E{Vk(9)}.

Then the heterogeneity score test suggested by Mather (1935) is based on the statistic

t
k" 1

where 6 is the maximum likelihood estimator obtained from consideration of all K
experiments, defined by the equation S Sk(0) — 0. Under the null hypothesis of
homogeneity, that is, the hypothesis of a common value of 9 for all k, H2 will have an
asymptotic chi-squared distribution with K^\ degrees of freedom. Here, as in the
remainder of the paper, asymptotic refers to the case in which all nk tend to oo with K
fixed. As the development below will demonstrate, if an inefficient estimator is
substituted for 0 in computing H2, then H2 will be stochastically larger under the null
hypothesis than a chi-squared random variable with K — \ degrees of freedom (Fisher,
1924; Chernoff & Lehmann, 1954).

Let ff be any consistent estimator of 9, and define

x2(ff) = £ {sk(ff)}
2/ik(ff)-\ £ sk(ff)\

2l £ ik(ff). (i)

Note that by the definition of §, X2(9) = H2. Let 90 denote the unknown true common
parameter value under the null hypothesis of homogeneity. It follows from a Taylor
series expansion that

Sk(ff) = Sk(90)-5Vk(9?),

where S = ff—90 and 8* lies between 90 and fffor all k. Since (Tis a consistent estimator of
90, it follows that 9* converges in probability to 6Q for all k.

Following Fisher (1946), let yk = 8k(ff)/Vk{0i) and zk = Sk(90)/Vk(9t). Since yk = zk-b
for all k, then for any weights wk > 0 and nk = wjw,

K K

t wk{yk-yw)2 = £ wk(zk-zw)2, (2)

where yw = Z nk yk and zw = Z nk zk. In particular, consider the weights wk = Ik(90). Since
Vk(9f)/Ik(90) converges in probability to 1 for all k, l.wk(zk — zw)2 is asymptotically
equivalent to X2

0 = Iu;£(z£-z°)2, where z? = Sk(90)/Ik(90). But

t£ {Sk(90)}
2/Ik(90)-^ Sk(90) j 2 / j ^ Ik(90) (3)

is asymptotically distributed as a chi-squared random variable with K — 1 degrees of
freedom, and thus by (2) it follows that X wk(yk — yj)2 is asymptotically chi-squared with
K— 1 degrees of freedom. Now, since Ik(90)/Ik(ff) and Vk(9k)/Ik(ff) converge in probability
to 1 for all k, 1,w°{yk — yw)2 is asymptotically equivalent to Hw'k(y'k — y'w)2, where
w'k = hfi) and y'k = Sk(8)/Ik(8). Since 'Lw'k{yk-y'w)2 = X2(S) given in (1), it follows that
X2{ff) is asymptotically distributed as a chi-squared random variable with K — 1 degrees
of freedom under the null hypothesis of homogeneity. Thus X2(8) provides an
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appropriate modification of H2 when 9Q is estimated by an inefficient estimator. The
quantities computed in the modification of H2 also provide an improved estimator of 60,
since

l ff{t^liih(ff) (4)
will be efficient for any consistent estimator, 9~, satisfying the condition 9~—60 = op(n~y)
with y $s 1/4 (Fisher, 1925).

Although the above derivation was carried out for a scalar-valued parameter, the
derivation extends easily to the case of an r x 1 vector-valued parameter 6' = (61, ...,6r).
If Sk denotes the r x 1 vector of scores from experiment k evaluated at a consistent
estimator 6 and Ik denotes the corresponding rxr information matrix evaluated at 9,
then 'LS'kIk

1Sk — (LSk)'(LIk)~
l(LSk) will be asymptotically distributed as a chi-

squared random variable with r(K — 1) degrees of freedom under the null hypothesis of
homogeneity.

3. DERIVATION OF X2(9~) AS A C(a) TEST STATISTIC

Suppose that the likelihood for the kth data set is represented as Lk(xk; 60 + (pk) for
k = I, ...,K, with <f)K = 0. Then testing the null hypothesis of homogeneity reduces to
testing Ho: (pk = 0 for all k, with 60 treated as a nuisance parameter. In this setting, the
theory of C(a) tests may be used to derive a heterogeneity test using any root-7i
consistent estimator of 60, that is, any (T satisfying (S— 60) = Op(n~*) (Neyman, 1959;
Moran, 1970). Let ^be a root-n consistent, but possibly inefficient estimator of 90, and let
L = II Lk. Derivation of the C(a) test statistic requires the following scores evaluated at 5
under Ho: d\ogL/d(f>k = Sk{ff) for k = l,...,K-l, and dlogL/dO = S,(ff), where the dot
notation denotes the sum from 1 to K. The corresponding information matrix evaluated
under Ho is

where D is the (K— 1) x (K — 1) diagonal matrix with kth diagonal entry Ik(ff), A is the
( A ' - l ) x l vector with jfcth entry Ik(ff) and B = I (0~). The C(/x) test is based on
Tk(B) = Sk(6~) — f}kS (ff), where (}k is the regression coefficient of Sk on S for
k= \,...,K-1. Thus, Pk = Ik(ff)/I(ff), and letting T denote the (K-l)x 1 vector with
kth entry Sk(ff)-Ik(ff)Si8)/Ii8), the C(a) test statistic is

C2 = T'(D-AA'/BylT = T'(D-l-JJ'/IK)T,

where J is the (K— 1) x 1 vector of ones. Hence

C2 = Kf T2
k(9~)/Ik(ff)-\

Kf Tk(ff)V

Although in general the validity of the C(<x) test would require that ff be root-n
consistent, the derivation in §2 demonstrates that consistency of ff is sufficient for the
validity of the heterogeneity test based on X2(ff).
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4. EXAMPLE

Consider K pairs of independent binomial variates xk and yk with corresponding
parameterspu and p2k and sample sizes nlk and n2k, where k — 1,..., K. The heterogene-
ity score test may be applied to test the assumption of a constant odds ratio, that is,
iPikQ2k)/(P2k9ik) = 'A f°r ftH 'fe. where q^ = 1— p^ for j = 1,2 and k = 1,..., /f. Using the
conditional distribution of xk given mk = xk + yk in order to eliminate nuisance para-
meters, we find the likelihood function for ^, given x = (x,, ...,xK)', is
L(x;\p) = Uf(xk ;mk; \\i), where f(xk;mk;ip) is the density function of the noncentral
hypergeometric distribution (Gart, 1970). Letting et(i/f) = E(xk \mk; i/f) and
vt(i^) = var (xk\mk ; i/*), we have that Sk(\p) = i(/~1{xk — ek(ip)} and Ik(ij/) = \p~2 vk(if/).
Thus, for a consistent estimator \j/, the modified heterogeneity score test statistic is

t {}
* = I

Although the exact moments of the xk can be expressed as finite sums, their evaluation
can be time consuming for ip 4= 1 and large njk. For rp = 1 the moments have closed form
expressions, and it is of interest that X2(l) is the heterogeneity test proposed by Zelen
(1971). As noted by Halperin et al. (1977), Zelen's test is valid only for a common odds
ratio value of 1, the test statistic being of the type X$ given in (3). Because computation
of exact moments of the xk can be time consuming, it will, in general, be convenient to
replace the exact moments in the computation of X2(\J>) by the asymptotic moments
(Gart, 1970). Thus, let ek(ip) be the appropriate solution to the quadratic equation

ek(n2k-mk-, „„ =

(mk-ek)(nlk-ek)
and let

for k = 1, ...,K. For the consistent estimator, \J/, a test statistic which is asymptotically
equivalent to X2(ij/) is

Y2(fo= t {xk-ek{fo}2lvk{fo-{x-e.$)Ylv$)-

Both X2(\fi) and Y2{\fi) are asymptotically distributed as chi-squared random variables
with K — \ degrees of freedom under the null hypothesis of a constant odds ratio. A
heuristic derivation of Y2(y) can be obtained by substituting an inefficient, but
consistent, estimator of t// for the unconditional maximum likelihood estimator in the
extension by Halperin et al. (1977) of the original development by Zelen (1971).

To test for a common odds ratio, Breslow & Day (1980, p. 142) propose the statistic

t
t=i

where $ is the unconditional maximum likelihood estimator of ip. Thus, Z2(ty) = Y2{{(/),
the same statistic suggested by Bartlett (1935) for K = 2 and by Norton (1945) for
K > 2. Breslow & Day also suggest that a valid test can be based on Z2($>MH), where $MH

is the Mantel—Haenszel estimator (Mantel & Haenszel, 1959). However, since $MH is not
efficient (Tarone, Gart & Hauck, 1983), the heterogeneity test using $MH should be based
on F2(#MH).
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Table 1. Example of a 2 x 2 x 2 table from Halperin et al. (1977)

190 810 750 250
10 990 250 750

An example with K = 2 from the paper of Halperin et al. (1977) is presented in Table
1. For this example

^MH = 10-63, z . - c . $ M H ) = -50735 , «(#MH) = 1072674.

Thus Z2(#MH) = 8-57, while F2(#MH) = 833. Since 7 2 (^MH) is asymptotically chi-
squared with one degree of freedom under the null hypothesis of a common odds ratio,
F2($MH) provides strong evidence of heterogeneity. By way of comparison, Z2(\js) = 8-08.
The efficient estimate obtained from (4) is

V = #MH + #MH{*.-«.(#MH)}/t>.(#MH) = 10-63-0-50 = 10-13,

compared to the unconditional maximum likelihood estimate of 1014 and the con-
ditional maximum likelihood estimate of 10*13.
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