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Abstract

In the classical Gilmore-Gomory model for ttene-dimensional cutting
stock problem(1D-CSP) we have to deal implicitly with a huge number
of variables representing all feasible patterns. The adggnis a strong re-
laxation and absence of symmetries. To reduce the numberiatbles, we
can restrict them tsubpatternsi.e., partial patterns which are combined to
produce whole patterns. Each subpattern can be a part efeatliff resulting
patterns; thus, all patterns have to be numbered, whiclgbnnuch sym-
metry into the model. Moreover, the continuous relaxaticatlymot only
have non-integer pattern application intensities but alsercapacity pat-
terns, resulting in a weak bound. However, it is possiblehtnose a small
set of elementary subpatterns so that standard optimizatiéiware can be
applied to the model.
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1 Introduction

The one-dimensional cutting stock problem (1D-CSP) is eefioy the following
data: (n, L, 1 = (l4,...,lm), b = (b1,...,bn)), WwhereL denotes the length of
each stock pieceyn denotes the number of smaller piece types and for each type
i =1,...,m,l; is the piece length, ang is the order demand. In@utting plan
we must obtain the required set of pieces from the availablekdengths. The
objective is to minimize the number of used stock lengthequivalently, trim
loss (waste). In a real-life cutting process there are samtbdr criteria, e.g., the
number of different cutting patterns (setups) and operkstggS03].

In 1961, Gilmore and Gomory [GG61] proposed the followingdaloof 1D-
CSP. Acutting patterrdescribes how many items of each type are cut from a stock
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length. Let column vector® = (ayj, ..., an;) € Z7, j =1,...,n, represent all
possible cutting patterns. To be a valid cutting pattefrmust satisfy
> iy liag; < L (1)

(knapsack condition). Moreover, we consider opigper patterns:
a; <b, 1=1,....m, j=1,...,n (2)

because this reduces the search space of the continuoxati@tain instances
where the demandsare small [NST99].

Letz;, j = 1,...,n, be thefrequenciegintensities multiplicities activities
i.e., the numbers of application) of the patterns in the ttmtu The model of
Gilmore and Gomory is as follows:

aae o =min}h @ (3)
S.t. Z?:l Qi T > bi; 1=1,...,m (4)
.CC]EZ+7 j:17,n (5)

The huge number of variables/columns is not available eitlglifor practical
problems. Usually, necessary patterns are generatedgdargolution process
(column generatiojpricing). However, the number of different patterns in a solu-
tion cannot be greater than the number of stock lengths amsliglly comparable
with the number of piece types.

The model has a very strong relaxation. There exists theectunieModified
Integer Round-Up PropertfM IRUP, [ST95]):

The gap between the optimum vah}g 5P and the optimum relax-
ation valuezI2SS" (obtained by allowing non-integer variable val-
ues) is always smaller than 2.

Actually, there is no instance known with a gap greater thi&[RS02]. More-
over, instances with a gap smaller than 1 constitute themagtrity. These are
calledinteger Round-Up Propertff RUP) instances. Instances with a gap greater
than or equal to 1 are calletbn-I RUP instances.

The model has a huge number of variables. But no variablecsatan be
exchanged without changing the solution, i.e., the modelifmasymmetry. This
and the strength of the relaxation make it advantageousrf@namerative ap-
proach. In the survey [dC02] we find several alternative IL&deis of 1D-CSP.
Kantorovich [Kan60] proposed an assignment formulatiornyckhoff [Dyc81]
and Stadtler [Sta88] discussede-cutmodels. Later, Valério de Carvalho [dC98]
proposed aarc flow formulation Similar to one-cut models, it considers physical
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positions of items in the patterns. Both one-cut and arc flavdehs are equiva-
lent to the Gilmore-Gomory formulation: solutions giventmstwork flows can be
decomposed into paths representing patterns. The numbiee 8bw variables is
pseudo-polynomial. The assignment model has a very wedlomus relaxation
(cf. [VBIN94]) and much symmetry.

2 Subpattern Formulations

LetA={@}(j =1,...,1)be aset of subpatterns such that each feasible pattern
a can be represented as a sum of elemenid.dfor example, we could definé
as a set of half-patterns so that at most two are needed in bication:

L_lmin lmax L lmax
{EEZT:lae< 5 - ,§+ 2]} (6)

In general case, we may demand that each pattern is combimedximally n?
subpatternsp? > 2:

L — 1 L
{E € ZT :la € < lmln - lmaxa 5 + lmax] } (7)

np

The advantage of taking largé appears when all pieces are small. For a pattern
containing several items of the same type, it may be posHilalieall or several
subpatterns are equal so that the set of subpatterns hastircap ton” equal
single-product subpatterns (see the model below).

Note that when using half-patterns (6) @t-patterns (7), we are guaranteed
only maximalresulting patterns, i.e{a € Z7' : 0 < L —la < lyin}. Thus, itis
necessary to allow overproduction of items, so that thd toteount of items of
typei in the solution may be larger th&an Moreover, we cannot demand that the
resulting patterns be proper € b).

Alternatively, we may use the following set of single-pratisubpatterns:

{2v¢':i=1,....m,p=1,..., |log,(min{b;, L/1;}]} (8)

(¢! is thei-th unit vector). In (8), if we want the resulting patternsh®e proper
(e < b), we need additional constraints, although this is don€diattly in the
standard model.

Let K be an upper bound on the number of different patterns in amopt
solution. Letzy; be the frequency with which subpattérhis used in the solution
as a part of patterh (k = 1,..., K, j = 1,...,7). Lety; = 1if @’ is a part of
patternk, otherwisey,; = 0. Thenx; < 27y, Vk, j, where

7™ = min {[bi/a;;|}, Vj (9)

(B >0
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is an upper bound on the intensity of subpattgnm a solution. Letg, be the
intensity of patterrk: ¢, > x;x, V7, k. The model is as follows:

min ), gx (10)
Ll < x;‘naxykju Vka.] (12)

S layy <L,k (13)
Tkj, qk € Z+7 thj (15)

where (13) restricts the length of any resulting pattern.

Note that we allow a subpattern to be in a pattern not more tmoe (16)
as otherwise we cannot linearly measyge The same reason applies to having
a separate variable,; for eachk. Furthermore, the positive componentg for
patternkt may have different values for different This creates several actual
patterns, all of which satisfy (13), but the model ‘knowslyoabout patternk.
Thus, the total actual number of patterns in a solution maliger thank .

In the solution of the continuous relaxation, (12) may allthat y,; < 1,
which leads to overcapacity patterns. The number of thetcaings (12) and (14)
is K(n, which is the number of-variables. Thus, we have to choose a.4atith
a sensible number of subpatterns or apply column generation

To strengthen the relaxation, we may add the constraint

cf. (13). InnP-subpatterns (6) and (7),
Zj Ykj S np’ Vk

can also strengthen the relaxation. For single-produgbatiérns, to restrict the
resulting patterns to be proper, we need

S @y <b, Yk (18)

But the relaxation is weak:

Example. Consider the instancen = 3, L = 30, [ = (6,10,15), b =
(100,100, 100)). An optimum can be easily constructe?d x (5,0,0), 33 x
(0,3,0), 50 x (0,0,2), 1 x (0,1,0). Starting with this solution in the relaxation
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of (10)—(18) using subpatterns (8):

o 1 2 4 0 0 0 0
A= ( o o0 0 1 2 )
o o o o o0 1 2

]
e

Ty = 20 20 q =20
Toj = 33 33 g =33
€r3; = 50 qs = 50
Tyj = 1 g =1,

it is easy to come to a better solution by allowing 7 items qfetyl in the first
pattern. Sety; = x1o = 213 = ¢ = 142 andy;; = 0.15, y12 = 0.3, 13 = 0.6 SO
that (12) is not violated. Hence (13) is fulfilled(1 - 0.15+2- 0.3 +4-0.6) =
6-3.15 < 20 < L = 30. The LP value is smaller by more than 5 units. A
further reduction will be achieved by incorporating the gattern (0,0,1), i.e., by
allowing 3 items of type 3 in the third pattern.

However, with the single-product subpatterns (8) it is ol that no column
generation is needed. Thus, standard optimizers can bedp@nti-symmetry
constraints likey, > ¢i.1, k = 1,..., K — 1, can reduce the search space. One
open question in the subpattern models concerns the nurhb#fevent patterns
K. In[BS03] it was always possible to find solutions with thenimium material
input andK < m. This could change if we modify the model to minimize the
number of open stacks as in [BS03].

Various formulations of 1D-CSP and of other IP problems ammetimes
used to derive branching rules for LP-based branch-anddba@lgorithms, i.e.,
by branching on the variables of one formulation but computhe relaxation
of another. For example, Vance [Van98] tested branchingsrinduced by the
assignment formulation while computing the model obtaibgdantzig-Wolfe
decomposition of that. In the decomposed model, the rataxét very strong but
the symmetries remain, which is the reason why computdtresalts were much
worse than for branching on variables of the Gilmore-Gonmandel. The same
argument has prevented us from testing the subpattern siadelor branching
rules induced by them. In contrast, the arc flow formulatiearas to produce ex-
cellent branching rules [dC98, AdCO03]. A new VRP-like fortation of 1D-BPP
was proposed in [dAUO03]. Thus, we think that it would be sklesto consider
branching rules implied by the model, i.e., the branchingh@number of certain
subpatterns, but excluding symmetry.
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