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Abstra
tWe prove that every set system of bounded VC-dimension has afra
tional Helly property. More pre
isely, if the dual shatter fun
tionof a set system F is bounded by o(mk), then F has fra
tional Hellynumber k. This means that for every � > 0 there exists a � > 0 su
hthat if F1; F2; : : : ; Fn 2 F are sets with Ti2I Fi 6= ; for at least ��nk�sets I � f1; 2; : : : ; ng of size k, then there exists a point 
ommon to atleast �n of the Fi. This further implies a (p; k)-theorem: for every Fas above and every p � k there exists T su
h that if G � F is a �nitesubfamily where among every p sets, some k interse
t, then G has atransversal of size T . The assumption about bounded dual shatterfun
tion applies, for example, to families of sets in Rd de�nable bya bounded number of polynomial inequalities of bounded degree; inthis 
ase, we obtain fra
tional Helly number d+1.1 Introdu
tionThe well-known theorem of Helly states that if C is a �nite family of 
onvexsets in Rd su
h that any d + 1 or fewer of the sets of F interse
t, thenT C 6= ;; we say that the d-dimensional 
onvex sets have Helly numberd+ 1. A vast number of Helly-type results are known; see e.g. [6℄.�Supported by Proje
t LN00A056 of the Ministry of Edu
ation of the Cze
h Republi
.Part of this resear
h was done during a visit to Te
hnion in Haifa.1



Here we are going to 
onsider fra
tional Helly-type theorems. The orig-inal fra
tional Helly theorem for 
onvex sets in Rd, asserts the following(here and in the sequel, we use the notation [n℄ = f1; 2; : : : ; ng and �Xk � forthe system of all k-element subsets of X):Theorem 1 (Kat
halski and Liu [8℄) For every d � 1 and every � 2 (0; 1℄there exists a � = �(d; �) > 0 with the following property. Let C1; : : : ; Cnbe 
onvex sets in Rd su
h that Ti2I Ci 6= ; for at least �� nd+1� index setsI 2 � [n℄d+1�. Then there exists a point 
ontained in at least �n of the Ci.Let F be an arbitrary set system. For sets F1; F2; : : : ; Fn 2 F and anindex set I � [n℄, we write FI forTi2I Fi. We say that F has fra
tional Hellynumber k if for every � > 0 there exists a � > 0 su
h that if F1; F2; : : : ; Fn 2F are sets su
h that FI 6= ; for at least ��nk� sets I 2 �[n℄k �, then there existsa point 
ommon to at least �n of the Fi. We say that F has the fra
tionalHelly property if it has a �nite fra
tional Helly number.Although the fra
tional Helly property appears less intuitive than theHelly property, and its 
on
lusion is weaker, it seems mu
h better behavedand more robust in general than the Helly property. Here are some examples.� There is a fra
tional Helly theorem for hyperplane transversals of 
on-vex sets in Rd [1℄ although there is no �nite Helly number.� For 
onvex latti
e sets in Zd (i.e., interse
tions of 
onvex sets in Rdwith the d-dimensional integer latti
e), the Helly number is 2d, anoma-lously large, but the fra
tional Helly number is only d+1 [3℄.� If a family F has fra
tional Helly number k then the family fF1[F2 :F1; F2 2 Fg, too, has fra
tional Helly number k, as is easily 
he
ked;for Helly number this, of 
ourse, fails badly.In this paper, we further support the above thesis by adding a wide 
lassof examples with fra
tional Helly property: all set systems of bounded VC-dimension.The VC-dimension of a set system F on a ground set X is the maximumsize of a set A � X that is shattered by F , meaning that fA \ F : F 2Fg = 2A. Examples of set systems with bounded VC-dimension abound ingeometry; see, e.g., [9℄ for a wider ba
kground. The dual shatter fun
tionof F is a fun
tion ��F :N ! N, and ��F (m) is the maximum number ofnonempty �elds of the Venn diagram of m sets of F . More formally, we
all two points x; y 2 X equivalent w.r.t. sets F1; : : : ; Fm if fi 2 [m℄ : x 22



Fig = fi 2 [m℄ : y 2 Fig, and ��F (m) is the maximum possible numberof 
lasses of this equivalen
e over all 
hoi
es of F1; : : : ; Fm 2 F . The dualVC-dimension of F is the maximum possible number of sets in F with a
omplete Venn diagram, i.e., maxfk : ��F (k) = 2kg. It is well known that ifthe dual VC-dimension is d� then ��F (m) �Pd�i=0 �mi �. Moreover, d� � 2d,where d is the VC-dimension, and in parti
ular, the VC-dimension is �nitei� the dual VC-dimension is.The dual shatter fun
tion seems to be a 
ru
ial quantitative parameterof geometri
 set systems; for example, it is relevant to the performan
e ofrange-sear
hing data stru
tures [5℄, and in many 
ases it essentially deter-mines the dis
repan
y of the set system [9℄. The following theorem showsa similar phenomenon for the fra
tional Helly number.Theorem 2 (Fra
tional Helly for bounded VC-dimension) Let F bea set system whose dual shatter fun
tion satis�es ��F = o(mk) as m ! 1,where k is a �xed integer (in parti
ular, this holds if the dual VC-dimensionof F is at most k�1). Then F has fra
tional Helly number k.In 
ontrast, bounded VC-dimension does not guarantee any Helly prop-erty. A very simple example is the system f[n℄ n fig : i 2 [n℄g, and more
ompli
ated examples will be mentioned later.Let us remark that the original Kat
halski{Liu theorem is not a spe
ial
ase of Theorem 2, sin
e 
onvex sets in Rd have in�nite VC-dimension.A primary example of geometri
 families of bounded VC-dimension aresemialgebrai
 sets in Rd of bounded des
ription 
omplexity. We re
all thata set A � Rd is semialgebrai
 if it 
an be de�ned by a Boolean 
ombinationof polynomial inequalities; that is, if A = fx 2 Rd : �(p1(x) � 0; p2(x) �0; pr(x) � 0)g, where � is a Boolean formula and p1; : : : ; pr 2 R[x1; : : : ; xd℄are polynomials. (The de�nition of a semialgebrai
 set may also involvequanti�ers. But by a well-known result of Tarski, quanti�ers 
an be elim-inated, and so ea
h su
h set has an equivalent quanti�er-free de�nition.)Let us 
all the number max(d; r;D), where D is the maximum degree of thepi, the des
ription 
omplexity of A. Standard estimates on the number ofsign patterns of real polynomials (due to Oleinik, Petrovskii, Milnor, Thom;see, e.g., [4℄ for pre
ise results and referen
es) imply that if F is the familyof all semialgebrai
 sets in Rd of des
ription 
omplexity at most B, then��F (m) � Cmd for some C = C(B) and all m. More generally, if F is asbefore and F 0 = fF \ V : F 2 Fg, where V is a k-dimensional algebrai
variety in Rd, then ��F 0 = O(mk) [4℄. We thus have:3



Corollary 3 For every �xed B, the family of all semialgebrai
 subsets of Rdof des
ription 
omplexity at most B has fra
tional Helly number d+1. Thesystem of all interse
tions of sets of this family with a �xed k-dimensionalalgebrai
 variety has fra
tional Helly number k+1.Here is a ni
e more 
on
rete example. If F � Rd is a semialgebrai
 set ofbounded des
ription 
omplexity, then the set of all j-
ats in Rd interse
tingF 
an be represented a semialgebrai
 subset of the aÆne Grassmannian,whi
h is a (j+1)(d�j)-dimensional algebrai
 variety. Consequently, thereis a fra
tional Helly theorem: If F is the family all semialgebrai
 subsets ofRd of des
ription 
omplexity at most B, F1; : : : ; Fn 2 F , and at least ��nk�of the k-tuples of the Fi have a j-
at transversal, where k = (j+1)(d�j),then there is a j-
at interse
ting at least �n of the Fi. In parti
ular, forline transversals for semialgebrai
 sets of bounded des
ription 
omplexityin R3 we obtain fra
tional Helly number 5.The method of Alon and Kleitman [2℄ immediately implies that a familyF as in Theorem 2 satis�es a (p; k)-theorem (for every p � k):Theorem 4 ((p; q)-theorem for bounded VC-dimension) Let F be aset system with ��F (m) = o(mk) for some integer k, and let p � k. Thenthere is a 
onstant T su
h that the following holds for every �nite familyG � F : If G has the (p; k)-property, meaning that among every p sets of F ,some k interse
t, then �(G) � T ; that is, there is a T -point set interse
tingall sets of G.For readers familiar with the Alon{Kleitman proof, we remark that the�rst step (showing that the fra
tional pa
king number of G is bounded) goesthrough un
hanged based on the fra
tional Helly property, as well as these
ond step (LP duality), and the third step ("-net property, or bounding� in terms of ��) is just the well known theorem of Haussler and Welzl [7℄about the existen
e of "-nets for systems of bounded VC-dimension.2 Proof of Theorem 2Let F and k be as in Theorem 2, let � > 0 be given, and let F1; F2; : : : ; Fn 2F be sets su
h that FI 6= ; for at least ��nk� k-tuples I 2 �[n℄k �. We mayassume that n is larger than any given 
onstant, for otherwise, for � suÆ-
iently small, it is enough to have a point in a single Fi.4



Using the assumption ��F = o(mk), we �x m so that ��F < 14��mk �, andwe set � = 12m . Finally, we assume that n is so large that �n � m.For 
ontradi
tion, we suppose that no point is 
ommon to �n of the Fi.Let us 
onsider an index set J 2 �[n℄m� and a k-tuple I 2 �Jk�. Let us 
all thepair (J; I) good if there is a point x with x 2 Fi for all i 2 I and x 62 Fjfor all j 2 J n I . We bound below the probability that a pair (J; I) 
hosenuniformly at random is good.We �rst 
hoose a random I 2 �[n℄k �, and then we 
hoose m�k elementsof J n I at random from [n℄ n I . The probability that FI 6= ; is at least�. If FI 6= ;, we �x one point x 2 FI . By the assumption, x is 
ontainedin fewer than �n of the Fi, and so the probability that none of the sets Fjwith j 2 J n I 
ontains x is at least�d(1��)nem�k ��n�km�k� � m�k�1Yi=0 (1� �)n� in� i � � (1� �)n�mn�m �m :Sin
e we assumed m � �n and � = 12m , the above expression is at least(1 � 2�)m = (1 � 1m)m � 14 . Therefore, the probability of a random pair(J; I) being good is at least 14�.If we 
hoose a random J 2 �[n℄m�, the expe
ted number of I 2 �Jk� with(J; I) good is at least N = 14��mk �, and so there exists a J with at leastthis many I . But this violates the assumption ��F(m) < N , sin
e the setsindexed by J have at least N nonempty �elds in their Venn diagram. 2A
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