
Partial k-trees with Maximum Chromati
NumberJanka Chleb��kov�a�Abstra
tThe paper is 
on
erned with partial k-trees whose 
hromati
 numberis maximal, i.e. equal to (k + 1). We have proved that any su
h graph
ontains a triangle (if k � 3), but need not 
ontain a 
lique on b k+52 
verti
es as a subgraph.Keywords: partial k-tree, treewidth, 
hromati
 number, 
lique numberAll graphs in this paper are nonempty, �nite and without loops or multipleedges. G = (V (G); E(G)) denotes a graph G with the set of verti
es V (G) andthe set of edges E(G).For the graph G let !(G) denote the 
ardinality of the maximal 
lique, �(G)the 
hromati
 number, �(G) the maximal size of an independent set of verti
es,dG(v) the degree of the vertex v in G, and Æ(G) the minimal degree among allverti
es of G. For any subsetW of V (G) we denote by GnW the graph obtainedfrom G deleting the verti
es of W (and all the edges adja
ent with them). Kkstands for the 
omplete graph on k-verti
es and Kk1;:::;kr for the 
omplete r-partite graph (r � 2) de�ned in obvious way. N denotes the set of positiveintegers and N0 = N [ f0g. In this paper the di�eren
e between isomorphismand equality of graphs is ignored.The following de�nition of partial k-trees is taken from [3℄:De�nition 1 k-trees are de�ned re
ursively as follows: a 
lique with (k + 1)verti
es is a k-tree; given a k-tree G with n verti
es, a k-tree with (n+1) verti
esis 
onstru
ted by taking G and 
reating a new vertex v whi
h is made adja
entto a k-
lique of G and nonadja
ent to the (n� k) other verti
es of G.A partial k-tree is any subgraph of a k-tree with the same vertex set as ak-tree.Another approa
h re
e
ting the possibility to 
onstru
t a given graph as atree-like graph from graphs of spe
i�ed size uses the notion of the treewidth ofa graph.The following de�nition of the treewidth was introdu
ed by Robertson andSeymour in [5℄.�Department of Informati
s Edu
ation, Fa
ulty of Mathemati
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De�nition 2 A tree-de
omposition of a graph G is a pair (T;X ), whereT is a tree and X = (Xt; t 2 V (T )) is a family of subsets of V (G) with thefollowing properties:(i) [t2V (T )Xt = V (G);(ii) for every edge fu; vg 2 E(G) there exists a node t 2 V (T ) su
h that bothu and v are 
ontained in Xt;(iii) for t, t0, t00 2 V (T ), if t0 is on the path of T between t and t00 thenXt \Xt00 � Xt0 :The width of the tree-de
omposition (T;X ) ismaxt2V (T )(jXtj � 1):The treewidth of the graph G, TW (G), is the minimal nonnegative integer ksu
h that G has a tree-de
omposition of the width k.The tree-de
omposition (T;X ) of the graph G is said to be fundamental if(T;X ) has the width TW (G) and for any tree-de
omposition (T 0;X 0) of G ofthe same width the inequality jV (T 0)j � jV (T )j holds.Lemma 3 Let G be a graph. Then TW (G) is the smallest nonnegative integer kfor whi
h G is a partial k-tree.Proof. See Se
tion 2.2 in [3℄. �The se
ond possible de�niton of TW (G) is based on the notion of 
hordalgraph. A graph H is said to be 
hordal if ea
h 
y
le of length at least 4 has a
hord in H .Lemma 4 Let G be a graph. Then TW (G) is the smallest nonnegative integer kfor whi
h there exists a 
hordal supergraph H of G that does not 
ontain Kk+2as a subgraph. (Clearly, we 
an 
on�ne ourselves to supergraphs H of G withV (H) = V (G).)Proof. See [1℄. �The simple result of the following lemma is very often used in our proofmethods.Lemma 5 Let (T;X ) be a fundamental tree-de
omposition of a graph G. Ifverti
es t1; t2 2 V (T ) are adja
ent in T , then Xt1nXt2 6= ;.Proof. See [1℄. � 2



Theorem 6 Let G be a graph. Then the following statements hold:(i) If jV (G)j � 2, then there are (at least) two verti
es v in G su
h thatdG(v) � TW (G).(ii) �(G) � TW (G) + 1(iii) �(G) + TW (G) � jV (G)j.Proof. Parts (i) and (ii) are easy 
onsequen
es of known results on 
hordalgraphs (see [2, Chapter 4℄). For 
ompleteness we provide simple independentproofs.(i) Let (T;X ) be a fundamental tree-de
omposition of the graph G. IfjV (T )j = 1, the assertion is obvious. If jV (T )j � 2 then due to Lemma 5 inany end-vertex t of T exists a vertex v of G su
h that v 2 Xt n Xt0 for anyt0 2 V (T ) n ftg. It implies dG(v) � TW (G).(ii) We show the inequality by indu
tion on jV (G)j, jV (G)j = n. Fix n � 2and assume that (ii) holds true for any graph with at most n verti
es. Let Gbe a graph with jV (G)j = n+ 1. By (i), there exists a vertex v of G su
h thatdG(v) � TW (G). By indu
tion, �(Gnfvg) � TW (Gnfvg) + 1 that is 
learly atmost TW (G) + 1. Due to dG(v) � TW (G) we have �(G) � TW (G) + 1.(iii) If �(G) = jV (G)j then G is a dis
rete graph and (iii) obviously holds.Otherwise we de�ne a partition of the set V (G) into subsets V1, : : : , Vr (r � 2)su
h that V1 is an independent set of verti
es of G of the size �(G) and jVij = 1for i = 2; : : : ; r. In su
h a way we understand the graph G is a subgraphof the 
omplete (jV (G)j � �(G) + 1)-partite graph K�(G); 1; : : : ; 1| {z }r . It impliesTW (G) � TW (K�(G);1;:::;1) = jV (G)j��(G), 
f. [1℄, whi
h 
ompletes the proof.�Remark 7 If G is a non-dis
rete partial k-tree (k 2 N) then 2 � �(G) � k+1due to Theorem 6. For ea
h positive integer k these bounds on �(G) are stri
t.As examples of 2-
olorable graphs of treewidth k we 
an take 
omplete bi-partite graphs Kk;n, and planar k � n grids (n � k in both 
ases). Any k-treeis an example of a graph with 
hromati
 number (k + 1).We will show that graphs with 
hromati
 number (k + 1) and treewidth atmost k need not be so dense as k-trees but, on the other hand, any su
h graphhas to 
ontain a triangle if k � 3.De�nition 8 Let k, n be nonnegative integers su
h that 1 � n � k + 1. Byg(k; n) we denote the smallest positive integer m with the following property:there exists a partial k-tree G with �(G) � n and !(G) = m.Remark 9 Obviously, partial 0-trees are only dis
rete graphs and partial 1-treesare exa
tly forests, hen
e g(k; 1) = 1 for any k 2 N0 and g(k; 2) = 2 for anyk 2 N. It 
an be easily seen that any 
y
le C is a partial 2-tree and if C is ofodd length it ful�ls �(C) = 3. It implies that g(k; 3) = 2 whenever k � 2.3



To obtain estimates of g(k; n) we will use the following 
onstru
tion forgraphs (see Figure 1).
: : : G2G1 : : : u

v2v1 Figure 1:De�nition 10 Let G1 = (V (G1); E(G1)), G2 = (V (G2); E(G2)) be two disjointgraphs. Let us denote by �(G1; G2) the graph G = (V (G); E(G)) de�ned in thefollowing way:V (G) = V (G1) [ V (G2) [ fv1; v2; ug;where u; v1; v2 62 V (G1) [ V (G2) are distin
t;E(G) = E(G1) [ E(G2) [ ffu; vg : v 2 V (G1) [ V (G2)g [ ffv1; v2gg[2i=1ffw; vig : w 2 V (Gi)gLemma 11 Let G1 and G2 be disjoint graphs and the graph G = �(G1; G2) bede�ned as above. Then the following impli
ations hold:(i) If G1 and G2 are partial k-trees, then G is a partial (k + 2)-tree.(ii) If �(G1) � n and �(G2) � n then �(G) � n+ 2.(iii) If !(G1) � m and !(G2) � m then !(G) � m+ 1.Proof. (i) By Lemma 4 there exists a 
hordal supergraph Hi (i = 1; 2) of thegraph Gi whi
h does not 
ontain Kk+2 and su
h that V (Hi) = V (Gi).Let de�ne a graph H in the following way:V (H) = V (G);E(H) = E(G) [ E(H1) [E(H2) [ ffv1; ug; fv2; ugg:The graph H is a supergraph of G whi
h does not 
ontain Kk+4. Now we willshow that the graph H is 
hordal. 4



Let C be a 
y
le of length at least 4 in the graph H . If both v1 and v2belong to V (C), then ne
essarily u 2 V (C) and one of edges fv1; ug, fv2; ug isa 
hord of the 
y
le C. If at most one of verti
es v1 and v2 belongs to V (C)then V (C) � V (Hj)[fug[fvjg for some j 2 f1; 2g. Let Z = V (C)nV (Hj). IfZ = ;, then C is a subgraph of Hj and the 
y
le C has a 
hord in the graph Has Hj is 
hordal. If Z 6= ; and z 2 Z (
learly either z = u or z = vj) then zis adja
ent in H to any vertex of V (C) n fzg and C has a 
hord. By Lemma 4,TW (G) � k + 2, and, due to Lemma 3, G is a partial (k + 2)-tree.(ii) Let us suppose that �(G) � n + 1. Then we 
an 
hoose a partition ofV (G) into (n + 1) subsets V1, V2, : : : , Vn+1 independent in G. We denote r,s, t 2 f1; : : : ; n + 1g su
h that v1 2 Vr, v2 2 Vs, u 2 Vt. Clearly V (G1) �[fVi; i 2 f1; : : : ; n + 1g; i 6= r; i 6= tg. The assumption r 6= t would imply�(G1) � n � 1, so ne
essarily r = t. Similarly, s = t and 
onsequently, r = s.But fv1; v2g 2 E(G), whi
h is a 
ontradi
tion. This proves �(G) � n+ 2.(iii) It easily follows from the de�nition of the graph G.�Lemma 12 For nonnegative integers k; n su
h that 1 � n � k+1 the followinginequalities hold:(i) g(k + 2; n+ 2) � g(k; n) + 1,(ii) If n � 4, then g(k; n) � minfr+ g(k� 2r; n� 2r); r 2 f1; : : : ; bn2 
� 1gg �bn2 
+ 1Proof. (i) Let G1 and G2 be two disjoint isomorphi
 
opies of a graph G withTW (G) � k, �(G) � n and !(G) = g(k; n). We de�ne ~G = �(G1; G2). ByLemma 11 we get TW ( ~G) � k + 2, �( ~G) � n + 2 and !( ~G) � g(k; n) + 1. Itfollows that g(k + 2; n+ 2) � g(k; n) + 1.(ii) The part (i) implies that for any positive integers k; n with 4 � n � k+1and for any r 2 f1; : : : ; bn2 
 � 1g the following inequalities hold:g(k; n)� g(k � 2; n� 2) � 1; (1)g(k � 2; n� 2)� g(k � 4; n� 4) � 1; (2): : :g(k � 2r + 2; n� 2r + 2)� g(k � 2r; n� 2r) � 1: (r)Summing up (1) to (r) together we obtaing(k; n) � g(k � 2r; n� 2r) + r (�)that holds for any r = 1; 2; : : : ; �n2 � � 1. The se
ond inequality in (ii) easilyfollows from (�) for the 
ase r = bn2 
 � 1. �Theorem 13 For any positive integer k there exists a partial k-tree with 
hro-mati
 number (k + 1) whi
h does not 
ontain 
lique on bk+52 
 verti
es as asubgraph. 5



Proof. For theorem holds obviously for k � 2, see e.g. Remark 9. For k � 3 wehave g(k; k + 1) � bk+12 
+ 1 by Lemma 12(ii).Hen
e we are able to 
onstru
t a partial k-tree G with 
hromati
 number atleast (k + 1) (Theorem 6 implies, �(G) = k + 1) and !(G) � bk+32 
. �Constru
tions of triangle-free graphs with arbitrarily large 
hromati
 numberare well known, see e.g. [4℄. The following theorem shows, that su
h graphs
annot be partial k-trees with 
hromati
 number k + 1.Theorem 14 Let G be a partial k-tree (k � 3) with 
hromati
 number (k+1).Then G 
ontains a triangle.Proof. Suppose for a 
ontradi
tion that there exists a integer k, k � 3, and G apartial k-tree with 
hromati
 number (k + 1) and !(G) = 2. Let us keep �xedone su
h graph G with the minimal number of verti
es be �xed.The following 
laims are easy 
onsequen
e of this minimality property.Claim 1 �(GnM) � k whenever ; 6=M � V (G). Consequently, Æ(G) � k.Let (T;X ), whereX = (Xt; t 2 V (T )), be a fundamental tree-de
ompositionof G. We denote t1i 2 V (T ), i 2 f1; : : : ; r1g the end-verti
es of the tree T . Ob-viously, r1 � 2.Let i 2 f1; : : : ; r1g. By Lemma 5 we 
an 
hoose (and keep �xed in whatfollows) a vertex vi of G su
h that vi 2 Xt1i and vi =2 Xt for any t 2 V (T )nft1i g.Let us denote Si = fv 2 V (G) : fv; vig 2 E(G)g.Claim 2 For any i 2 f1; : : : ; r1g the following holds: jSij = k, and for any twoverti
es u; v 2 Si fu; vg =2 E(G).Proof of Claim 2. The property (ii) from the de�nition of a tree-de
ompositionimplies Si � Xt1i nfvig and due to Claim 1 jSij = k. Ne
essarily Si = Xt1i nfvig.The se
ond part easily follows from the assumption !(G) = 2. �By Claim 2 and �(G) = k � 3 we easily get jV (T )j � 3.Claim 3 The sets Si, i 2 f1; : : : ; r1g, are pairwise distin
t.Proof of Claim 3. Let Si = Sj for some i; j 2 f1; : : : ; r1g, i 6= j. The graphGnfvig is k-
olorable by Claim 1. Then the verti
es vi and vj 
an be 
oloredwith the 
olor of the vertex vj ; this 
ontradi
ts with �(G) = k + 1. �Let us sele
t T2 = T n f[t1i : i 2 f1; : : : ; r1gg. Due to jV (T )j � 3 the tree T2is nonempty. We denote t2i , i 2 f1; : : : ; r2g the end-verti
es of the tree T2.We 
hoose some vertex t2i0 , i0 2 f1; : : : ; r2g. Let us de�ne the set I as follows:I = fi 2 f1; : : : ; r1g : ft1i ; t2i0g 2 E(T )g. Obviously, I 6= ;.Claim 4 [i2ISi � Xt2i0 and jXt2i0 j = k + 1.6



Proof of Claim 4. It easily follows from Claim 1 and the de�nition of thefundamental tree-de
omposition. �Claim 5 There exists a vertex w su
h that w 2 Xt2i0 and w =2 Xt, for t 2V (T ) n fft1i : i 2 Ig [ ft2i0gg.Proof of Claim 5. If r2 = 1, then V (T ) = fft1i : i 2 Ig [ ft2i0g. It means thatea
h vertex of Xt2i0 has the property of vertex w.If r2 � 2 let ~t 2 T2 be a (unique) vertex su
h that f~t; t2i0g 2 E(T2). ByLemma 5 there is a vertex w 2 Xt2i0 nX~t. As t2i0 is the end-vertex of the tree T2,w =2 Xt for t 2 V (T ) n ffft1i : i 2 Ig [ ft2i0gg. �In the following let w 2 Xt2i0 be a �xed vertex as in Claim 5.Claim 6 w 2 [i2ISi.Proof of Claim 6. If w 2 Xt2i0 nf[i2ISig then ne
essarily jI j = 1. Let I = fi0g.Clearly, the verti
es w and vi0 have the same set of neighbors in the graph G.Due to Claim 1, the graph Gnfvi0g is k-
olorable and the vertex vi0 
an havethe 
olor of vertex w. This is a 
ontradi
tion with �(G) = k + 1, 
ompletingthe proof of Claim 6. �Now we will prove that our 
laims are in
onsistent. Due to Claim 6, w 2 Sjfor some j 2 I . By Claims 2 and 4 we have Sj � Xt2i0 , jSj j = k and for ea
hvertex v 2 Sj fv; wg =2 E(G). But dG(w) � k � 3, whi
h implies jI j � 3. Dueto Claim 3 it follows [i2ISi = Xt2i0 . Then for any u; v 2 Xt2i0 there exists i 2 Isu
h that u; v 2 Si whi
h implies fu; vg =2 E(G) (Claim 2).Let us 
onsider a partition V1; : : : ; Vk of verti
es of the graph Gnffvi; i 2Ig [ fwgg into k independent sets.(i) Let the partition be su
h that the verti
es from Xt2i0 n fwg are in the setsV1; : : : ; Vs, s < k. Clearly, there exists l 2 f1; : : : ; sg su
h that the setVl 
ontains at least two verti
es from Xt2i0 n fwg. Then the following is apartition of V (G) into (s+ 1) subsets independent in G:V 0l = Vl [ fwg;V 0i = Vi; if i 2 f1; : : : ; sg; i 6= lV 0k = Vk [ fvi : i 2 Ig:This is a 
ontradi
tion with �(G) � k + 1.(ii) Assume that for ea
h partition V1; : : : ; Vk of verti
es of the graph Gnffvi :i 2 Ig [ wg into k independent subsets, Vl \ (Xt2i0 n fwg) 6= ; holds truefor ea
h l 2 f1; : : : ; kg. Then we de�ne a graph ~G in the following way:V ( ~G) = V (G) n fvi : i 2 IgE( ~G) = E(G) n ffv; vig : i 2 Igg [ ffw; ug : u 2 Xt2i0 n fwgg:7



It is easy to see that ~G is a partial k-tree with �( ~G) = k+1 and !( ~G) = 2,but jV ( ~G)j < jV (G)j. This is a 
ontradi
tion to the minimality of thegraph G, 
ompleting the proof of theorem.�Remark 15 In Theorems 13 and 14 we have proved 3 � g(k; k+1) � bk+32 
 fork � 3. It is an interesting problem to obtain better estimates of minimum 
liquenumber among partial k-trees with 
hromati
 number (k+1), when k approa
hesin�nity. Another related problem would be to determine the minimum treewidth among triangle-free graphs with 
hromati
 number k, for large k.Referen
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