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Abstra
tIn a re
ent Physi
al Review Letters paper, Vi
sek et. al. propose a simple but 
ompellingdis
rete-time model of n autonomous agents fi.e., points or parti
lesg all moving in the planewith the same speed but with di�erent headings. Ea
h agent's heading is updated using a lo
alrule based on the average of its own heading plus the headings of its \neighbors." In their paper,Vi
sek et. al. provide simulation results whi
h demonstrate that the nearest neighbor rule theyare studying 
an 
ause all agents to eventually move in the same dire
tion despite the absen
e of
entralized 
oordination and despite the fa
t that ea
h agent's set of nearest neighbors 
hangewith time as the system evolves. This paper provides a theoreti
al explanation for this observedbehavior. In addition, 
onvergen
e results are derived for several other similarly inspired models.The Vi
sek model proves to be a graphi
 example of a swit
hed linear system whi
h is stable,but for whi
h there does not exist a 
ommon quadrati
 Lyapunov fun
tion.1 Introdu
tionIn a re
ent paper [1℄, Vi
sek et. al. propose a simple but 
ompelling dis
rete-time model of nautonomous agents fi.e., points or parti
lesg all moving in the plane with the same speed but withdi�erent headings. Ea
h agent's heading is updated using a lo
al rule based on the average of itsown heading plus the headings of its \neighbors." Agent i's neighbors at time t, are those agentswhi
h are either in or on a 
ir
le of pre-spe
i�ed radius r 
entered at agent i's 
urrent position.The Vi
sek model turns out to be a spe
ial version of a model introdu
ted previously by Reynolds[2℄ for simulating visually satisfying 
o
king and s
hooling behaviors for the animation industry.In their paper, Vi
sek et. al. provide a variety of interesting simulation results whi
h demonstrate�This resear
h was supported by DARPA under its SEC program and by the NSF under its KDI/LIS initiative.



that the nearest neighbor rule they are studying 
an 
ause all agents to eventually move in the samedire
tion despite the absen
e of 
entralized 
oordination and despite the fa
t that ea
h agent's setof nearest neighbors 
hange with time as the system evolves. In this paper we provide a theoreti
alexplanation for this observed behavior.There is a large and growing literature 
on
erned with the 
oordination of groups of mobileautonomous agents. In
luded here is the work of Czirok et al. [3℄ who propose one-dimensionalmodels whi
h exhibit the same type of behavior as Vi
sek's. In [4, 5℄, Toner and Tu 
onstru
t a
ontinuous "hydrodynami
" model of the group of agents, while other authors su
h as Mikhailovand Zanette [6℄ 
onsider the behavior of populations of self propelled parti
les with long rangeintera
tions. S
henk et al. determined intera
tions between individual self-propelled spots fromunderlying rea
tion-di�usion equation [7℄.In addition to these modelling and simulation studies, resear
h papers fo
using on the detailedmathemati
al analysis of emergent behaviors are beginning to appear. For example, Leonard et.al. [8℄ use potential fun
tion theory to understand 
o
king behavior while Fax and Murray [9℄and Desai et. al. [10℄ employ graph theoreti
 te
hniques for the same purpose. The one featurewhi
h sharply distinguishes previously analyzed models from those 
onsidered here is that thelatter undergo 
hanges in nearest neighbors over time, whereas the former do not. This featureis inherent in the Vi
sek model and in the other models we 
onsider. To analyze su
h models,it proves useful to appeal to well-known results [11, 12℄ 
hara
terizing the 
onvergen
e of in�niteprodu
ts of 
ertain types of non-negative matri
es. The study of in�nite matrix produ
ts is ongoing[13, 14, 15, 16, 17, 18℄ and is undoubtedly produ
ing results whi
h will �nd appli
ation in thetheoreti
al study of emergent behaviors.Vi
sek's model is set up in Se
tion 2 as a system of n simultaneous, one-dimensional re
ursionequations, one for ea
h agent. A family of simple graphs on n verti
es is then introdu
ed to
hara
terize all possible neighbor relationships. Doing this makes it possible to represent theVi
sek model as an n-dimensional swit
hed linear system whose swit
hing signal takes values inthe set of indi
es whi
h parameterize the family of graphs. The matri
es whi
h are swit
hed withinthe system turn out to be non-negative with spe
ial stru
tural properties. By exploiting theseproperties and making use of a 
lassi
al 
onvergen
e result due to Wolfowitz [11℄, we prove thatall n agents' headings 
onverge to a 
ommon steady state heading provided the n agents are all\linked together" via their neighbors with suÆ
ient frequen
y as the system evolves. The modelunder 
onsideration proves to be a graphi
 example of a swit
hed linear system whi
h is stable, butfor whi
h there does not exist a 
ommon quadrati
 Lyapunov fun
tion.In Se
tion 2.2 we de�ne the notion of an average heading ve
tor in terms of graph Lapla
ians [19℄and we shown how this idea leads naturally to the Vi
sek model as well as to other de
entralized
ontrol models whi
h might be used for the same purposes. We propose one su
h model whi
hassumes ea
h agent knows an upper bound on the number of agents in the group, and we explainwhy this model has the 
onvergen
e properties similar to Vi
sek's.In Se
tion 3 we 
onsider a modi�ed version of Vi
sek's dis
rete-time system 
onsisting of thesame group of n agents, plus one additional agent, labelled 0, whi
h a
ts as the group's leader.Agent 0 moves at the same 
onstant speed as its n followers but with a �xed heading �0. The ithfollower updates its heading just as in the Vi
sek model, using the average of its own heading plusthe headings of its neighbors. For this system, ea
h follower's set of neighbors 
an also in
lude2



the leader and does so whenever the leader is within the follower's neighborhood de�ning 
ir
le ofradius r. We prove that the headings of all n agents must 
onverge to the leader's provided alln agents plus their leader are linked together via their neighbors frequently enough as the systemevolves. Finally we develop a 
ontinuous-time analog of this system and prove under 
onditionmore mild than imposed in the dis
rete-time 
ase, that the headings of all n agents again 
onvergeto the heading of the group's leader.2 Leaderless CoordinationThe system studied by Vi
sek et. al. in [1℄ 
onsists of n autonomous agents fe.g., points orparti
lesg, labelled 1 through n, all moving in the plane with the same speed but with di�erentheadings1. Ea
h agent's heading is updated using a simple lo
al rule based on the average of itsown heading plus the headings of its \neighbors." Agent i's neighbors at time t, are those agentswhi
h are either in or on a 
ir
le of pre-spe
i�ed radius r 
entered at agent i's 
urrent position. Inthe sequel Ni(t) denotes the set of labels of those agents whi
h are neighbors of agent i at time t.Agent i's heading, written �i, evolves in dis
rete-time in a

ordan
e with a model of the form�i(t+ 1) =< �i(t) >r (1)where t is a dis
rete-time index taking values in the non-negative integers f0; 1; 2; : : :g, and< �i(t) >r is the average of the headings of agent i and agent i's neighbors at time t; that is< �i(t) >r= 11 + ni(t) 0��i(t) + Xj2Ni(t) �j(t)1A (2)where ni(t) is the number of neighbors of agent i at time t.The expli
it form of the update equations determined by (1) and (2) depends on the relationshipsbetween neighbors whi
h exist at time t. These relationships 
an be 
onveniently des
ribed by asimple, undire
ted graph with vertex set f1; 2; : : : ; ng whi
h is de�ned so that (i; j) is one of thegraph's edges just in 
ase agents i and j are neighbors. Sin
e the relationships between neighbors
an 
hange over time, so 
an the graph whi
h des
ribes them. To a

ount for this we will need to
onsider all possible su
h graphs. In the sequel we use the symbol P to denote a suitably de�nedset, indexing the 
lass of all simple graphs G p de�ned on n verti
es.The set of agent heading update rules de�ned by (1) and (2), 
an be written in state form.Toward this end, for ea
h p 2 P, de�neFp = (I +Dp)�1(Ap + I) (3)where Ap is the adja
en
y matrix2 of graph G p and Dp the diagonal matrix whose ith diagonalelement is the valen
e of vertex i within the graph. Then�(t+ 1) = F�(t)�(t); t 2 f0; 1; 2; : : :g (4)1The Vi
sek system also in
ludes noise input signals whi
h we ignore in this paper.2The adja
en
y matrix of a simple graph on n verti
es is an n� n matrix of whose ijth entry is 1 if (i; j) is oneof the graph's edges and 0 if it is not. 3



where � is the heading ve
tor � = [ �1 �2 : : : �n ℄0 and � : f0; 1; : : :g ! P is a swit
hingsignal whose value at time t, is the index of the graph representing the agent system's neighborrelationships at time t. A 
omplete des
ription of this system would have to in
lude a model whi
hexplains how � 
hanges over time as a fun
tion of the positions of the n agents in the plane. Whilesu
h a model is easy to derive and is essential for simulation purposes, it would be diÆ
ult to takeinto a

ount in a 
onvergen
e analysis. To avoid this diÆ
ulty, we shall adopt a more 
onservativeapproa
h whi
h ignores how � depends on the agent positions in the plane and assumes insteadthat � might be any swit
hing signal in some suitably de�ned set of interest.Our goal is to show for a large 
lass of swit
hing signals and for any initial set of agent headingsthat the headings of all n agents will 
onverge to the same steady state value �ss. Convergen
eof the �i to �ss is equivalent to the state ve
tor � 
onverging to a ve
tor of the form �ss1 where1 �= [ 1 1 : : : 1 ℄0n�1. Naturally there are situations when 
onvergen
e to a 
ommon heading
annot o

ur. The most obvious of these is when one or more agents starts so far away from therest that it never a
quires any neighbors. Mathemati
ally this would mean that the values of �along su
h a traje
tory would be su
h that G �(t) is never a 
onne
ted graph. This situation is likelyto be en
ountered when r is very small. At the other extreme, whi
h is likely when r is very large,all agents might remain neighbors of all others for all time. In this 
ase, � would remain �xed alongsu
h a traje
tory at that value in p 2 P for whi
h G p is a 
omplete graph. Convergen
e of � to �ss1
an easily be established in this spe
ial 
ase be
ause with � so �xed, (4) is a linear, time-invariant,dis
rete-time system. The situation of perhaps the greatest interest is between these two extremeswhere G �(t) might be dis
onne
ted only some time and 
onne
ted but not ne
essarily 
omplete therest of the time. Establishing 
onvergen
e in this 
ase is 
hallenging be
ause � 
hanges with timeand (4) is not time-invariant. It is this 
ase whi
h we intend to study. Towards this end, we denoteby Q the subset of P 
onsisting of the indi
es of the 
onne
ted graphs in fG p : p 2 Pg. Our �rstresult establishes the 
onvergen
e of � for the 
ase when � takes values only in Q.Theorem 1 Let �(0) be �xed and let � : f0; 1; 2; : : :g ! P be a swit
hing signal satisfying �(t) 2Q; t 2 f0; 1; : : :g. Then limt!1 �(t) = �ss1 (5)where �ss is a number depending only on �(0) and �.It is natural to say that the n agents are linked together by their neighbors whenever the graphG p de�ning their neighbor relations is 
onne
ted. Theorem 1 says that 
onvergen
e of all agent'sheadings to a 
ommon heading is for 
ertain provided all n agents are always linked together inthis way. Of 
ourse there is no guarantee that along a spe
i�
 traje
tory the n agents will be solinked. Perhaps a more likely situation, at least when r is not too small, is when the agents arelinked together suÆ
iently often. With proper interpretation of \suÆ
iently often" 
onvergen
e toa 
ommon heading is for 
ertain in this 
ase too.Theorem 2 Let �(0) be �xed and let � : f0; 1; 2; : : :g ! P be a swit
hing signal for whi
h thereexists a positive integer T large enough so that �(t) 2 Q for at least one value of t in ea
h time-interval of length T . Then limt!1 �(t) = �ss1 (6)where �ss is a number depending only on �(0) and �.4



The hypotheses in Theorem 2 require � to take a value in Q at least on
e on ea
h time intervalof length T . Although no 
onstraints are pla
ed on T other than that it be �nite, the 
onstrainton � is more restri
tive than one might hope for. What one would prefer instead is to show that(6) holds for every swit
hing signal � for whi
h there is an in�nite subsequen
e of times t1; t2; : : :su
h that �(ti) 2 Q; i � 0. Whether or not this is true remains to be seen.Sin
e Theorem 1 is obviously a 
onsequen
e of Theorem 2, we need only develop a proof of thelatter. To do this we will make use of 
ertain stru
tural properties of the Fp. As de�ned, ea
h Fp issquare and non-negative, where by a non-negative matrix is meant a matrix whose entries are allnon-negative. Ea
h Fp also has the property that its row sums all equal 1 fi.e., Fp1 = 1g. Matri
eswith these two properties are 
alled sto
hasti
 [20℄. The Fp have the additional property that theirdiagonal elements are all non-zero. For the 
ase when p 2 Q fi.e., when G p is 
onne
tedg, it isknown that (I +Ap)m be
omes a matrix with all positive entries for m suÆ
iently large [20℄. It iseasy to see that if (I + Ap)m has all positive entries, then so does Fmp . Su
h (I + Ap) and Fp areexamples of \primitive matri
es" where by a primitive matrix is meant any square, non-negativematrixM for whi
hMm is a matrix with all positive entries form suÆ
iently large [20℄. It is known[20℄ that among the n eigenvalues of a primitive matrix, there is exa
tly one with largest magnitude,that this eigenvalue is the only one possessing an eigenve
tor with all positive entries, and that theremaining n� 1 eigenvalues are all stri
tly smaller in magnitude than the largest one. This meansthat for p 2 Q, 1 must be Fp's largest eigenvalue and all remaining eigenvalues must lie withinthe unit 
ir
le. As a 
onsequen
e, ea
h su
h Fp must have the property that limi!1 F ip = 1
p forsome row ve
tor 
p. Any sto
hasti
 matri
es M for whi
h limi!1M i is a matrix of rank 1 is 
alledergodi
 [20℄. Primitive sto
hasti
 matri
es are thus ergodi
 matri
es. To summarize, ea
h Fp is asto
hasti
 matrix with positive diagonal elements and if p 2 Q then Fp is also primitive and hen
eergodi
. The 
ru
ial 
onvergen
e result upon whi
h the proof of Theorem 2 depends is 
lassi
al[11℄ and is as follows.Theorem 3 (Wolfowitz) Let M1;M2; : : : ;Mm be a �nite set of ergodi
 matri
es with the propertythat for ea
h sequen
e Mi1 ;Mi2 ; : : : ;Mij of positive length, the matrix produ
t MijMij�1 � � � Mi1 isergodi
. Then for ea
h in�nite sequen
e ;Mi1 ;Mi2 ; : : : there exists a row ve
tor 
 su
h thatlimj!1MijMij�1 � � �Mi1 = 1
In order to make use of Theorem 3, we need a few fa
ts 
on
erning produ
ts of the types ofmatri
es we are 
onsidering. First we point out that the 
lass of n � n sto
hasti
 matri
es withpositive diagonal elements is 
losed under matrix multipli
ation. This is be
ause the produ
t oftwo non-negative matri
es with positive diagonals is a matrix with the same properties and be
ausethe produ
t of two sto
hasti
 matri
es is sto
hasti
. Se
ond we will use the following key result3.Lemma 1 Let A and B be two n � n non-negative matri
es. If the diagonal elements of A arepositive and if B is primitive, then AB and BA are primitive as well.3We are indebted to Mar
 Artzrouni, University of Pau, Fran
e for his help with this lemma's proof.5



The impli
ations of Lemma 1 and the brief dis
ussion whi
h pre
edes it are (i) that the produ
t ofany �nite number of Fp is sto
hasti
 with positive diagonal elements and (ii) that any su
h produ
tis primitive provided it 
ontains at least one matrix Fq, anywhere in the produ
t, for whi
h q 2 Q.Proof of Theorem 24: Let �(t; t) = I; t � 0 and �(t; �) �= F�(t�1) � � �F�(1)F�(�), t > � � 0.Clearly �(t) = �(t; 0)�(0). To 
omplete the theorem's proof, it is therefore enough to show thatlimt!1�(t; 0) = 1
 (7)for some row ve
tor 
 sin
e this would imply (6) with �ss �= 
�(0). For all j � 1, de�ne Mj =F�(jT�1)F�(jT�2) � � �F�((j�1)T ). The 
onstraints on � imply that ea
h su
h matrix produ
tMj ; j �1 
ontains at least one matrix Fq whi
h is primitive. It follows from this and the two propertiesof the Fp dis
ussed just after Lemma 1, that any �nite produ
t 
omposed of the Mj in any ordermust be sto
hasti
 and primitive, and therefore ergodi
. Moreover the set of possible Mj must be�nite be
ause ea
h Mj is a produ
t of T matri
es from fFp : p 2 Pg whi
h is a �nite set. But�(iT; 0) =MiMi�1 � � �M1. Therefore by Theorem 3,limi!1�(iT; 0) = 1
 (8)Let jj � jj denote any matrix norm on IRn�n whi
h is sub-multipli
ative fe.g., the in�nity normg.Let � be any number greater than 0. To establish (7) and thus 
omplete the proof, it is enough toshow that there is an integer m suÆ
iently large so thatjj�(t; 0) � 1
jj < �; 8t � m (9)Toward this end, let 
 denote the maximum of value of jjFp1Fp2 � � �Fpi jj over all sequen
es p1; p2; : : : pj,pi 2 P, of length less than T . In view of (8) it is possible to de�ne m so thatjj�(jT; 0) � 1
jj < �
 ; 8j � m (10)It remains to be shown that (9) holds with m so de�ned. For this, �x t � m and let j be thelargest non-negative integer su
h that jT � t. Then �(t; 0) = �(t; jT )�(jT; 0) and �(t; jT )1 = 1so �(t; 0)� 1
 = �(t; jT )(�(jT; 0) � 1
). Thereforejj�(t; 0) � 1
jj � jj�(t; jT )jjjj(�(jT; 0) � 1
)jj (11)Sin
e �(t; jT ) is a produ
t of Fp of length less than T , jj�(t; jT )jj � 
. From this, (10), and (11)it thus follows that jj�(t; 0) � 1
jj < �. Therefore (9) holds.To prove Lemma 1 we shall make use of the standard partial ordering � on n�n non-negativematri
es by writing B � A whenever B �A is a non-negative. Let us note that if A is a primitivematrix and if B � A, then B is primitive as well. Lemma 1 is a simple 
onsequen
e of the followingresult.4The authors thank Daniel Liberzon for pointing out a 
aw in the original version of this proof, and Sean Meynfor suggesting how to �x it. 6



Lemma 2 Let A and B be two n� n non-negative matri
es. Suppose that the diagonal elementsof A are all positive and let �A denote the value of the smallest of these. ThenAB � �AB BA � �ABProof: It is possible to write A = �AI + �A where �A is non-negative. ThenAB = (�AI + �A)B = �AB + �AB � �ABSimilarly BA = B(�AI + �A) = �AB +B �A � �ABThis 
ompletes the proof.Lemma 2 implies that if A has a positive diagonal and if B is primitive, then the produ
ts ABand BA are both bounded below by a primitive matrix, namely �AB. Lemma 1 follows at on
e.2.1 Quadrati
 Lyapunov Fun
tionsAs we've already noted, Fp1 = 1; p 2 P. From this it follows that for any n� (n � 1) matrix Pwith kernel spanned by 1, the equationsPFp = �FpP; p 2 P (12)have unique solutions �Fp; p 2 P, and moreover thatspe
trum Fp = f1g [ spe
trum �Fp; p 2 P (13)As a 
onsequen
e of (12) it 
an easily be seen that for any sequen
e of indi
es p0; p1; : : : pi in P,�Fpi �Fpi�1 � � � �Fp0P = PFpiFpi�1 � � �Fp0 (14)Sin
e P has full row rank and P1 = 0, the 
onvergen
e of a produ
t of the form FpiFpi�1 � � �Fp0 to1
 for some row ve
tor 
, is equivalent to 
onvergen
e of the 
orresponding produ
t �Fpi �Fpi�1 � � � �Fp0to the zero matrix. Thus, for example, if p0; p1; : : : is an in�nite sequen
e of indi
es in Q, then, inview of Theorem 3, limi!1 �Fpi �Fpi�1 � � � �Fp0 = 0 (15)Some readers might be tempted to think, as we �rst did, that the validity of (15) 
ould be establisheddire
tly by showing that the �Fp in the produ
t share a 
ommon quadrati
 Lyapunov fun
tion. Morepre
isely, (15) would be true if there were a single positive de�nite matrix M su
h that all of thematri
es �F 0pM �Fp�M; p 2 Q were negative de�nite. Although ea
h �Fp; p 2 Q 
an easily be shownto be dis
rete-time stable, there are 
lasses of Fp for whi
h that no su
h 
ommon Lyapunov matrixM exists. While we've not been able to 
onstru
t a simple analyti
al example whi
h demonstratesthis, we have been able to determine, for example, that no 
ommon quadrati
 Lyapunov fun
tionexists for the 
lass of all Fp whose asso
iated graphs have 10 verti
es and are 
onne
ted. One 
anverify that this is so by using semide�nite programming and restri
ting the 
he
k to just those
onne
ted graphs on 10 verti
es with either 9 or 10 edges.7



2.2 GeneralizationIt is possible to interpret the Vi
sek model analyzed in the last se
tion as the 
losed-loop systemwhi
h results when a suitably de�ned de
entralized feedba
k law is applied to the n-agent headingmodel �(t+ 1) = �(t) + u(t) (16)with open-loop 
ontrol u. To end up with the Vi
sek model, u would have to be de�ned asu(t) = �(I +D�(t))�1e(t) (17)where e is the average heading error ve
tore(t) �= L�(t)�(t) (18)and, for ea
h p 2 P, Lp is the symmetri
 matrixLp = Dp �Ap (19)known in graph theory as the Lapla
ian of G p [19, 21℄. It is easily veri�ed that equations (16) to(19) do indeed de�ne the Vi
sek model. We've ele
ted to 
all e the average heading error be
auseif e(t) = 0 at some time t, then the heading of ea
h agent with neighbors at that time will equalthe average of the headings of its neighbors.In the present 
ontext, Vi
sek's 
ontrol (17) 
an be viewed as a spe
ial 
ase of a more generalde
entralized feedba
k 
ontrol of the formu(t) = �G�1�(t)L�(t)�(t) (20)where for ea
h p 2 P, Gp is a suitably de�ned, nonsingular diagonal matrix with ith diagonalelement gip. This, in turn, is an abbreviated des
ription of a system of n individual agent 
ontrollaws of the form ui(t) = � 1gi(t) 0�ni(t)�i(t) + Xj2Ni(t) �j(t)1A ; i 2 f1; 2; : : : ; ng (21)where for i 2 f1; 2; : : : ; ng, ui(t) is the ith entry of u(t) and gi(t) �= gi�(t). Appli
ation of this 
ontrolto (16) would result in the 
losed-loop system�(t+ 1) = �(t)�G�1�(t)L�(t)�(t) (22)Note that the form of (22) implies that if � and � were to 
onverge to a 
onstant values ��,and �� respe
tively, then �� would automati
ally satisfy L�� �� = 0. This means that 
ontrol (20)automati
ally for
es ea
h agent's heading to 
onverge to the average of its neighbors, if agentheadings were to 
onverge at all. In other words, the 
hoi
e of the Gp does not e�e
t the requirementthat ea
h agent's heading equal the average of the headings of its neighbors, if there is 
onvergen
eat all. This phenomenon is of 
ourse well known in 
ontrol theory and is a manifestation of theidea of integral 
ontrol. 8



The pre
eding suggests that there might be useful 
hoi
es for the Gp alternative to those 
on-sidered by Vi
sek, whi
h also lead to 
onvergen
e. One su
h 
hoi
e turns out to beGp = gI; p 2 P (23)where g is any number greater than n. Our aim is to show that with the Gp so de�ned, Theorem2 
ontinues to be valid. In sharp 
ontrast with the proof te
hnique used in the last se
tion,
onvergen
e will be established here using a 
ommon quadrati
 Lyapunov fun
tion.As before, we will use the model �(t+ 1) = F�(t)�(t) (24)where, in view of the de�nition of the Gp in (23), the Fp are now symmetri
 matri
es of the formFp = I � 1gLp; p 2 P (25)To pro
eed we need to review a number of well known and easily veri�ed properties of graphLapla
ians relevant to the problem at hand. For this, let G be any given simple graph with nverti
es. Let D be a diagonal matrix whose diagonal elements are the valen
es of G 's verti
es andwrite A for G 's adja
en
y matrix. Then, as noted before, the Lapla
ian of G is the symmetri
matrix L = D � A. The de�nition of L 
learly implies that L1 = 0. Thus L must have aneigenvalue at zero and 1 must be an eigenve
tor for this eigenvalue. Surprisingly L is always apositive semide�nite matrix [21℄. Thus L must have a real spe
trum 
onsisting of non-negativenumbers and at least one of these numbers must be 0. It turns out that the number of 
onne
ted
omponents of G is exa
tly the same as the multipli
ity of L's eigenvalue at 0 [21℄. Thus G is a
onne
ted graph just in 
ase L has exa
tly one eigenvalue at 0. Note that the tra
e of L is the sumof the valen
es of all verti
es of G . This number 
an never ex
eed (n�1)n and 
an attain this highvalue only for a 
omplete graph. In any event, this property implies that the maximin eigenvalueof L is never larger that n(n � 1). A
tually the largest eigenvalue of L 
an never be larger thann [21℄. This means that the eigenvalues of 1gL must be smaller than 1 sin
e g > n . From theseproperties it 
learly follows that the eigenvalues of (I � 1gL) must all be between 0 and 1, and thatif G is 
onne
ted, then all will be stri
tly less than 1 ex
ept for one eigenvalue at 1 with eigenve
tor1. Sin
e ea
h Fp is of the form (I � 1gL), ea
h Fp possesses all of these properties.Let � be a �xed swit
hing signal with value pt 2 Q at time t � 0. What we'd like to do is toprove that as i ! 1, the matrix produ
t FpiFpi�1 � � �Fp0 
onverges to 1
 for some row ve
tor 
.As noted in the se
tion 2.1, this matrix produ
t will so 
onverge just in 
aselimi!1 �Fpi �Fpi�1 � � � �Fp0 = 0 (26)where as in se
tion 2.1, �Fp is the unique solution to PFp = �FpP; p 2 P and P is any full rank(n�1)�nmatrix satisfying P1 = 0. For simpli
ity and without loss of generality we shall hen
eforthassume that the rows of P form a basis for the orthogonal 
omplement of the span of e. This meansthat PP 0 = I, that �Fp = PFpP 0; p 2 P, and thus that ea
h �Fp is symmetri
. Moreover, in view of(13) and the spe
tral properties of the Fp; p 2 Q, it is 
lear that ea
h �Fp; p 2 Q must have a realspe
trum lying stri
tly inside of the unit 
ir
le. This plus symmetry means that for ea
h p 2 Q,�Fp � I is negative de�nite, that �F 0p �Fp � I is negative de�nite and thus that the (n � 1) � (n � 1)9



identity is a 
ommon dis
rete-time Lyapunov matrix for all su
h �Fp. Using this fa
t it is straightforward to prove that Theorem 1 holds for system (22) provided the Gp are de�ned as in (23) withg > n.In general, ea
h �Fp is a dis
rete-time stability matrix only if p 2 Q. Thus to 
raft a proof ofTheorem 2 for the system des
ribed by (22) and (23), one needs to take into a

ount what happensbetween the times when � takes values in Q. As we've already noted, for all p 2 P, Fp's spe
trummust be real and must be 
ontained in the 
losed unit 
ir
le; be
ause of (13), the same is true ofthe �Fp; p 2 P. This plus symmetry means that for ea
h p 2 P, �Fp� I is negative semi-de�nite andthus that �F 0p �Fp � I is negative semi-de�nite. As a 
onsequen
e, (P�)0P� 
annot grow on intervalson whi
h �'s values are not in Q. Sin
e (P�)0P� must de
rease on intervals on whi
h �'s values areall in Q, it is 
lear that if � takes values in Q in�nitely often, then P� must 
onverge to zero.To summarize, both the Vi
sek 
ontrol de�ned by u = �(I + D�(t))�1e(t) and the simpli�ed
ontrol given by u = �1ge(t) a
hieve the same emergent behavior. While latter is mu
h easier toanalyze than the former and a
hieves 
onvergen
e under weaker 
onditions than the former, it hasthe disadvantage of not being a true de
entralized 
ontrol be
ause ea
h agent must know an upperbound fi.e., gg on the total number of agents within the group. Whether or not this is really adisadvantage, of 
ourse depends on what the models are to be used for.3 Leader FollowingIn this se
tion we 
onsider a modi�ed version of Vi
sek's dis
rete-time system 
onsisting of thesame group of n agents as before, plus one additional agent, labeled 0, whi
h a
ts as the group'sleader. Agent 0 moves at the same 
onstant speed as its n followers but with a �xed heading �0.The ith follower updates its heading just as before, using the average of its own heading plus theheadings of its neighbors. The di�eren
e now is that ea
h follower's set of neighbors 
an in
ludethe leader and does so whenever the leader is within the follower's neighborhood de�ning 
ir
le ofradius r. Agent i's update rule thus is of the form�i(t+ 1) = 11 + ni(t) + bi(t) 0��i(t) + Xj2Ni(t) �j(t) + bi(t)�01A (27)where as before, Ni(t) is the set of labels of agent i's neighbors from the original group of n followers,and ni(t) is the number of labels within Ni(t). Agent 0's heading is a

ounted for in the ith averageby de�ning bi(t) to be 1 whenever agent 0 is a neighbor of agent i and 0 otherwise.The expli
it form of the n update equations exempli�ed by (27), depends on the relationshipsbetween neighbors whi
h exist at time t. Like before, ea
h of these relationships 
an be 
onvenientlydes
ribed by a simple undire
ted graph. In this 
ase, ea
h su
h graph has vertex set f0; 1; 2; : : : ; ngand is de�ned so that (i; j) is one of the graph's edges just in 
ase agents i and j are neighbors.For this purpose we 
onsider an agent - say i - to be a neighbor of agent 0 whenever agent 0 is aneighbor of agent i. We will need to 
onsider all possible su
h graphs. In the sequel we use thesymbol �P to denote a set indexing the 
lass of all simple graphs �G p de�ned on verti
es 0; 1; 2; : : : ; n.We will also 
ontinue to make referen
e to the set of all simple graphs on verti
es 1; 2; : : : ; n. Su
h10



graphs are now viewed as subgraphs of the �G p . Thus, for p 2 �P , G p now denotes the subgraphobtained from �G p by deleting vertex 0 and all edges in
ident on vertex 0.The set of agent heading update rules de�ned by (27) 
an be written in state form. Towardthis end, for ea
h p 2 �P, let Ap denote the n�n adja
en
y matrix of the n-agent graph G p and letDp be the 
orresponding diagonal matrix of valen
es of G p . Then in matrix terms, (27) be
omes�(t+ 1) = (I +D�(t) +B�(t))�1((I +A�(t))�(t) +B�(t)1�0); t 2 f0; 1; 2; : : :g (28)where � : f0; 1; : : :g ! �P is now a swit
hing signal whose value at time t, is the index of the graph�G p representing the agent system's neighbor relationships at time t and for p 2 �P , Bp is the n� ndiagonal matrix whose ith diagonal element is 1 if (i; 0) is one of �G p 's edges and 0 otherwise.Mu
h like before, our goal here is to show for a large 
lass of swit
hing signals and for any initialset of follower agent headings, that the headings of all n followers 
onverge to the heading of theleader. As before 
onvergen
e 
an only be expe
ted if the leader-follower group is linked togethersuÆ
iently often. While 
onvergen
e does not require the G p en
ountered along a traje
tory to be
onne
ted, it does require the 
orresponding �G p to be 
onne
ted, at least some of the time. In thesequel we write �Q for the subset of �P 
onsisting of the indi
es of those graphs in f�G p : p 2 �Pgwhi
h are 
onne
ted. Our main result on leader following is as follows.Theorem 4 Let �(0) and �0 be �xed and let � : f0; 1; 2; : : :g ! �P be a swit
hing signal for whi
hthere exists a positive integer T large enough so that �(t) 2 �Q for at least one value of t in ea
htime-interval of length T . Then limt!1 �(t) = �01 (29)The theorem says that the n followers in the group eventually follow the groups' leader providedthere is a positive integer T whi
h is large enough so that the leader-follower group is linked togetherat least on
e on ea
h time interval of length T . In the sequel we outline several preliminary ideasupon whi
h the proof of Theorem 4 depends.To begin, let us note that to prove that (29) holds is equivalent to proving that limt!1 �(t)! 0where � is the heading error ve
tor �(t) �= �(t)� �01. From (28) it is easy to dedu
e that � satis�esthe equation �(t+ 1) = F�(t)�(t) (30)where for p 2 �P , Fp is Fp = (I +Dp +Bp)�1(I +Ap) (31)Note that the partitioned matri
es �Fp �= �Fp Hp10 1 � ; p 2 �P (32)are sto
hasti
 where, for p 2 �P , Hp �= (I +Dp +Bp)�1Bp (33)11



To pro
eed, we need a few more ideas 
on
erned with non-negative matri
es. In the sequelwe write M > N whenever M � N is a positive matrix , where by a positive matrix is meant amatrix with all positive entries. For any non-negative matrix R of any size, we write jjRjj for thelargest of the row sums of R. Note that jjRjj is the indu
ed in�nity norm of R and 
onsequently issub-multipli
ative. We denote by dRe, the matrix obtained by repla
ing all of R's non-zero entrieswith 1s. Note that R > 0 just in 
ase dRe > 0. It is also true for any pair of n � n non-negativematri
es A and B with positive diagonal elements, that dABe = ddAedBee. If, in addition, A and Bare square and A has positive diagonal elements, then by Lemma 2, dABe � dBe and dBAe � dBe.Let p 2 �P be �xed. It is possible to relate the 
onne
tedness of �G p to properties of the matrixpair (Fp;Hp1). Let us note �rst that the indi
es of the non-zero rows of Bp1 are pre
isely the labelsof verti
es in �G p whi
h are 
onne
ted to vertex 0 by paths of length 1. More generally, for anyinteger m > 0 the indi
es of the non-zero rows of (I +Ap)(m�1)Bp1 are the labels of verti
es in �G p
onne
ted to vertex 0 by paths of length less than or equal to m. Sin
e �G p is a 
onne
ted graph, itfollows that there must be an integer mp > 0 su
h that (I +Ap)(mp�1)Bp1 > 0. Thus if we de�ne�m = maxfmp : p 2 �Qg, then (I + Ap)(i�1)Bp1 > 0; i � �m; p 2 �Q. Now it is easy to see from thede�nitions of the Fp and Hp in (31) and (33) respe
tively, that dF ipHp1e = d(I + Ap)iBp1e; i � 0.It thus follows that F (i�1)p Hp1 > 0; i � �m; p 2 �Q (34)Now 
onsider the partitioned matri
es �Fp de�ned by (32). Sin
e ea
h of these matri
es issto
hasti
 and produ
ts of sto
hasti
 matri
es are also sto
hasti
, for ea
h p 2 �P and ea
h i � 1,�F ip is sto
hasti
. But �F ip = 24F ip Pij=1 F (j�1)p Hp10 1 35 ; p 2 �PMoreover, for p 2 �Q iXj=1 F (j�1)p Hp1 > 0; i � �m (35)be
ause of (34). It follows that for p 2 �Q, and any i � �m, the row sums of F ip must all be less that1. In other words, jjF ipjj < 1; i � �m; p 2 �Q (36)The following proposition generalizes (36) and is 
entral to the proof of Theorem 4.Proposition 1 Let �t � �m be a �xed positive integer. There exists a positive number � < 1,depending only on �t and the Fp; p 2 �P, for whi
hjjFp�tFp�t�1 � � �Fp1 jj < � (37)for every sequen
e p1; p2; : : : p�t whi
h 
ontains a value q 2 �Q whi
h o

urs in the sequen
e at least�m times.The proof of this proposition depends on the following basi
 property of non-negative matri
es.12



Lemma 3 Let M1;M2; : : : ;Mk be a �nite sequen
e of n�n non-negative matri
es whose diagonalentries are all positive. Suppose that M is a matrix whi
h o

urs in the sequen
e at least m > 0times. Then dM1M2 � � �Mke � dMme (38)Proof: We 
laim that for j � 1 dM1M2 � � �Mkje � dM je (39)providedM1M2 � � �Mkj is a produ
t within whi
hM o

urs at least j times. SupposeM1M2 � � �Mk1is a produ
t within whi
h M o

urs at least on
e. Then M1M2 � � �Mk1 = AMB where A and Bare non-negative matri
es with positive diagonal elements. By Lemma 2, dAMBe � dMBe anddMBe � dMe. Thus dAMBe � dMe whi
h proves that (39) is true for j = 1.Now suppose that (39) holds for j 2 f1; 2; : : : ig and let M1M2 � � �Mki+1 be a produ
t withinwhi
h M o

urs at least i + 1 times. We 
an write M1M2 � � �Mki+1 = AMB where A and B arenon-negative matri
es with positive diagonal elements and A is a produ
t within whi
h M o

ursat least i times. By the indu
tive hypothesis, dAe � dM ie. By Lemma 2, dAMBe � dAMe. Itfollows that dAMe = ddAedMee � ddM iedMee = dM i+1e and thus that (39) holds for j = i + 1.By indu
tion, (39) therefore holds for all i 2 f1; 2; : : : ;mg. Hen
e the lemma is true.Proof of Proposition 1: It will be enough to prove thatjjFpiFpi�1 � � �Fp1 jj < 1 (40)for every sequen
e p1; p2; : : : pi for whi
h there is a value q 2 �Q whi
h o

urs in the sequen
e atleast �m times. For if this is so, then one 
an de�ne the uniform bound� �= maxS jjFp�tFp�t�1 � � �Fp1 jjwhere S is the set of sequen
es p1; p2; : : : p�t of length �t with the property that for ea
h su
h sequen
ethere is a value q 2 �Q whi
h o

urs in the sequen
e at least �m times. Note that � < 1 if (40) holds,be
ause S is a �nite set.Let p1; p2; : : : pi be a sequen
e for whi
h there is a value q 2 �Q whi
h o

urs in the sequen
e atleast �m times. The de�nition of the �Fp in (32) implies that�Fpi �Fpi�1 � � � �Fp1 = 24FpiFpi�1 � � �Fp1 Pij=1�ijHpj10 1 35where �ii = I and �ij = FpiFpi�1 � � �Fpj+1 for j < i. Sin
e the �Fp are all sto
hasti
, �Fpi �Fpi�1 � � � �Fp1must be sto
hasti
 as well. Thus to establish (40) it is suÆ
ient to prove thatiXj=1�ijHpj1 > 0 (41)By assumption, the sequen
e p1; p2; : : : pi has the property that for some p 2 �Q, the value po

urs in the sequen
e at least �m times. Let k be the smallest integer su
h that pk = p. Sin
e p13



o

urs at least �m times, p must o

ur at least �m � 1 times in the subsequen
e pk+1; pk+2; : : : pi.It follows from Lemma 3 and the de�nition of �ij that d�ike � dF ( �m�1)pk e. Thus d�ikHpk1e �dF ( �m�1)pk Hpk1e. From this and (34) it follows that �ikHpk1 > 0. ButPij=1�ijHpj1 � �ikHpk1, so(41) is true.The proof of Proposition 1 a
tually shows that any �nite produ
t Fp1Fp2 � � �Fpj 
onsisting of atleast �m matri
es, will be a dis
rete-time stability matrix provided at least one of the pi 2 �Q. Fromthis it is not diÆ
ult to see that any �nite produ
t �Fp1 �Fp2 � � � �Fpj 
onsisting of at least �m matri
eswill be ergodi
 provided at least one of the pi 2 �Q. It is possible to use this fa
t together withWolfowitz's theorem fTheorem 3g to devise a proof of Theorem 4, mu
h like the proof of Theorem2 given earlier. On the other hand, it is also possible to give a simple dire
t proof of Theorem 4,without using Theorem 3, and this is the approa
h we take.Proof of Theorem 4: The 
onstraints on � imply that �(t) takes at least one value in �Q on anyinterval of length T . Let �n be the number of elements in �Q. Then for any integer i > 0 theremust be at least one value q 2 �Q whi
h is o

urs at least i times in any sequen
e of su

essivevalues of � of length i�nT . Set �T = �m�nT . Let �(t; s) denote the state transition matrix de�ned by�(t; t) = I; t � 0 and �(t; s) �= F�(t�1)F�(t�2) � � �F�(s), t > s � 0,. Then �(t) = �(t; 0)�(0). To
omplete the theorem's proof, it is therefore enough to show thatlimj!1�(j �T ; 0) = 0 (42)Clearly �(j �T ; 0) = �(j �T ; (j � 1) �T ) � � ��(2 �T ; �T )�( �T ; 0). Moreover, for i � 1, [(i� 1) �T +1; i �T ℄ is aninterval on whi
h �(t) takes at least one value in �Q at least �m times. It follows from Proposition1 and the de�nition of � that jj�(j �T ; (j � 1) �T )jj � � < 1. Hen
e jj�(j �T ; 0)jj � �j ; j � 1 fromwhi
h (42) follows at on
e.4 Leader Following in Continuous TimeOur aim here is to study the 
onvergen
e properties of the 
ontinuous-time version of the leader-follower model dis
ussed in the last se
tion. We begin by noting that the update rule for agent i'sheading, de�ned by (27), is what results when the lo
al feedba
k lawui(t) = � 11 + ni(t) + bi(t) 0�(ni(t) + bi(t))�i(t)� Xj2Ni(t) �j(t)� bi(t)�01A (43)is applied to the open-loop dis
rete-time heading model�i(t+ 1) = �i(t) + ui(t) (44)The 
ontinuous-time analog of (44) is the integrator equation_�i = ui (45)where now t takes values in the real half interval [0;1). On the other hand, the 
ontinuous timeanalog of (43) has exa
tly the same form as (43), ex
ept in the 
ontinuous time 
ase, ni(t); bi(t);14



and �i(t) are 
ontinuous-time variables. Unfortunately, in 
ontinuous time 
ontrol laws of thisform 
an lead to 
hattering be
ause neighbor relations 
an 
hange abruptly with 
hanges in agents'positions. One way to avoid this problem is to introdu
e dwell time, mu
h as was done in [22℄.What this means in the present 
ontext is that ea
h agent is 
onstrained to 
hange its 
ontrol lawonly at dis
rete times. In parti
ular, instead of using (43), to avoid 
hatter agent i would use ahybrid 
ontrol law of the formui(t) = � 11 + ni(tik) + bi(tik) 0�(ni(tik) + bi(tik))�i(t)� Xj2Ni(tik) �j(t)� bi(tik)�01A ; t 2 [tik; tik+�i)(46)where �i is a pre-spe
i�ed positive number 
alled a dwell time and t0; t1; : : : is an in�nite timesequen
e su
h that ti(k+1) � tik = �i; k � 0. In the sequel we will analyze 
ontrols of this formsubje
t to two simplifying assumptions. First we will assume that all n agents use the same dwelltime whi
h we hen
eforth denote by �D. Se
ond we assume the agents are syn
hronized in thesense that tik = tjk for all i; j 2 f1; 2; : : : ; ng and all k � 0. These assumptions enable us to writeu as u = �(I +D� +B�)�1((L� +B�)� �B�1�0) (47)where �P , Dp; Bp and Ap are as before, Lp = Dp�Ap is the Lapla
ian of G p , and � : [0;1)! �P isa pie
ewise 
onstant swit
hing signal with su

essive swit
hing times separated by �D time units.Appli
ation of this 
ontrol to the ve
tor version of (45) results in the 
losed-loop 
ontinuous-timeleader-follower model _� = �(I +D� +B�)�1((L� +B�)� �B�1�0) (48)Mu
h like before, our goal here is to show for a large 
lass of swit
hing signals and for anyinitial set of follower agent headings, that the headings of all n followers 
onverge to the headingof the leader. However unlike the dis
rete-time 
ase whi
h requires there to be an integer T largeenough so that �(t) 2 �Q at least on
e on ea
h interval of length T , we shall require only that �'ssequen
e of swit
hing times ti; t2; : : : 
ontain an in�nite subsequen
e ti1 ; ti2 ; : : : on whi
h � takes allof its values in �Q.Theorem 5 Let �D > 0, �(0) and �0 be �xed and let � : [0;1) ! �P be a pie
ewise-
onstantswit
hing signal whose swit
hing times t1; t2; : : : satisfy ti+1� ti � �D; i � 1. If there is an in�nitesubsequen
e ti1 ; ti2 : : : su
h that �(tij ) 2 �Q; j � 1, thenlimt!1 �(t) = �01 (49)Theorem 5 states that � will 
onverge to �01, no matter what the value of �D, so long as �Dis greater than zero. This is in sharp 
ontrast to other 
onvergen
e results involving dwell timeswit
hing su
h as those given in [23℄, whi
h hold only for suÆ
iently large values of �D. Theorem5 is a more or less obvious 
onsequen
e of the following lemma.15



Lemma 4 For ea
h p 2 �P and ea
h �nite t > 0,jje�(I+Dp+Bp)�1(Lp+Bp)tjj � 1 (50)If, in addition, p 2 �Q then (50) holds with a stri
t inequality.Proof of Theorem 5: For i � 1, set Mi = �(I + D�(ti) + B�(ti))�1(L�(ti) + B�(ti))(ti+1 � ti).From Lemma 4, the de�nition of the tij and the assumption that ti+1 � ti � �D; i � 1, it followsthat jjeMi jj � 1; i � 1 and jjeMij jj � �; j � 1 (51)where � = maxp2 �Q jje�(I+Dp+Bp)�1(Lp+Bp)�D jjNote that � < 1 be
ause for q 2 �Q, the inequality in (50) is stri
t and be
ause �Q is a �nite set.Set ��(t) = �(t)� 1�0 and note that_�� = �(I +D� +B�)�1(L� +B�)��be
ause of (48). Let �(t; �) be the state transition matrix of �(I +D�(t) +B�(t))�1(L�(t) +B�(t)).Then ��(t) = �(t; 0)��(0). To 
omplete the proof it is therefore enough to show thatjj�(tij ; ti1)jj � �j�1; j � 1 (52)In view of the de�nitions of the Mij ,�(tij+1 ; tij ) = ij+1�1Yk=ij eMk ; j � 1Therefore jj�(tij+1 ; tij )jj = 





ij+1�1Yk=ij eMk





 � ij+1�1Yk=ij jjeMk jj; j � 1Thus jj�(tij+1 ; tij )jj � jjeMij jj � �; j � 1 (53)be
ause of (51). But �(tij ; t1) = �(tij ; tij�1) � � ��(ti2 ; ti1)eMi1�1 � � � eM1so jj�(tij ; t1)jj � jj�(tij ; tij�1)jj � � � jj�(ti2 ; ti1)jjjjeMi1�1 jj � � � jjeM1 jjTherefore jj�(tij ; t1)jj � jj�(tij ; tij�1)jj � � � jj�(ti2 ; ti1)jjbe
ause of (51). From this and (53), it now follows that (52) is true.16



Proof of Lemma 4: Fix t > 0 and p 2 �P. Observe �rst that�(I +Dp +Bp)�1(Lp +Bp) = Fp � I (54)where Fp is the matrix Fp = (I +Dp+Bp)�1(I +Ap). As noted previously, the partitioned matrix�Fp �= �Fp Hp10 1 � (55)originally de�ned in (32), is sto
hasti
 with positive diagonal elements as are the matri
es�F ip = 24F ip Pij=1 F (j�1)p Hp10 1 35 ; i � 1 (56)Sin
e e �Fpt = 1Xi=0 (t �Fp)ii! (57)e �Fpt must also be nonnegative with positive diagonal elements. But e( �Fp��I)t = e�te �Fpt, so the samemust be true of e( �Fp��I)t. Moreover ( �Fp � �I)1 = 0 whi
h means that e( �Fp��I)t1 = e01 = 1 andthus that e( �Fp��I)t is row sto
hasti
. In summary, e( �Fp��I)t is a row sto
hasti
 matrix with positivediagonal entries.Equations (55) - (57) imply that e �Fpt = � eFpt kp0 et �where kp = 1Xi=0 tii! iXj=1 F (j�1)p Hp1 (58)Therefore e( �Fp��I)t = � e(Fp�I)t kp0 1 � (59)But e( �Fp��I)t is row-sto
hasti
, so e(Fp�I)t must have its row sums all bounded above by 1. Fromthis and (54) it thus follows that (50) is true.Now suppose that p 2 �Q. Then, as noted previously in (35),iXj=1 F (j�1)p Hp1 > 0; i � �mTherefore, in view of (58), kp > 0. From this, (59), and the fa
t that e �Fpt is row-sto
hasti
, itfollows that then the row sums of e(Fp�I)t must all be stri
tly less than 1. Hen
e jje(Fp�I)tjj < 1.This and (54) therefore imply that (50) holds with a stri
t inequality.17



5 Con
luding RemarksThe 
onvergen
e proof for Vi
sek's model presented in Se
tion 2 relies heavily on Wolfowitz'stheorem. By generalizing some of the 
onstru
tions Wolfowitz used in his proof, it is possible todevelop a 
onvergen
e result for a 
ontinuous-time analog of the Vi
sek model whi
h is quite similarto Theorem 5.The 
onvergen
e results we've derived for both the Vi
sek model and for the dis
rete-time leaderfollower model, are for 
lasses of swit
hing signals whi
h are probably more restri
tive than theyneed to be. In parti
ular, in both 
ases it may be enough to assume only that the swit
hing signalsin question revisit indi
es of 
onne
ted graphs in�nitely often.In studying 
ontinuous-time leader-following, we imposed the requirement that all followers usethe same dwell time. This is not really ne
essary. In parti
ular, without mu
h additional e�ort it
an be shown that Theorem 5 remains true under the relatively mild assumption that all agentsuse dwell times whi
h are rationally related. In 
ontrast, the syn
hronization assumption may bemore diÆ
ult to relax. Although 
onvergen
e is still likely without syn
hronization, the aperiodi
nature of �'s swit
hing times whi
h 
ould result, make the analysis problem more 
hallenging.The models we have analyzed are of 
ourse very simple and as a 
onsequen
e, they are probablynot really des
riptive of a
tual bird-
o
king, �sh s
hooling, or even the 
oordinated movements ofenvisioned groups of mobile robots. Nonetheless, these models do seem to exhibit some of therudimentary behaviors of large groups of mobile autonomous agents and for this reason they serveas a natural starting point for the analyti
al study of more realisti
 models. It is 
lear from thedevelopments in this paper, that ideas from graph theory and dynami
al system theory will play a
entral role in both the analysis of su
h biologi
ally inspired models and in the synthesis of provably
orre
t distributed 
ontrol laws whi
h produ
e su
h emergent behaviors in man-made systems.Referen
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