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Abstract

We explore the extent to which we canexploit interestpoint detectorsfor representingandrecog-
nisingclassesof objects.Detectorsproposesparsesetsof candidateregionsbasedon local salienceand
stability criteria. However, local selectiondoesnot take into accountdiscriminationreliability across
instancesin the sameobjectclass,so we realiseselectionby learningfrom weakly superviseddatain
theform of imagespairedwith their captions.Throughexperimentson a wide varietyof objectclasses
anddetectors,we show thatmodelingobjectrecognitionasa constraineddataassociationproblemand
learningtheBayesianwayby integratingovermultiplehypothesesleadsto sparseclassi�ersthatoutper-
form contemporarymethods.Moreover, our learnedrepresentationsbasedon local featuresleave little
roomfor improvementonstandardimagedatabases,soweproposenew datasetsto corroboratemodels
for generalobjectrecognition.

1 Intr oduction

Theproliferationof methodsfor extractinganddescribingsalientandrepeatablefeatures[14,16,21,22,24]
combinedwith recentadvancesin machinelearninghasfosterednew androbust representationsof object
classes[1, 9, 29]. It is widely appreciatedthat local featuresaregenerallyinadequatefor identifying and
locatingobjectsin scenes(apersonis notjustanelbow!), andtherehasbeensomesuccessin learningprinci-
pledrepresentationsof relationsbetweenparts[11] andglobalcontext [5, 28]. However, webelieveit is still
of generalinterestto exploretheextentto which independentpartscanfunctionasa basisfor robustobject
recognition. In this paper, we show that signi�cant improvementson state-of-the-artlocal featurerecog-
nition systemscanbeachievedby adoptingprincipledprobabilisticmodelsandsemi-supervisedBayesian
learningtechniquesfor automaticallyselectingandcombiningfeaturesfrom multiple local detectors.By
selectingsparsesetsof discriminative scale-invariantfeatures,our representationsaccuratelyrecogniseob-
jectsfoundin a wide varietyof scenesat differentposesandscales(seeFig. 1 for someexamples).What's
more,we learnwith very little supervisionfrom theuser.

The �rst stepin our object recognitionapproachis to obtaina setof local a priori salientregionsof
thescene.Theoriginal motivationfor local interestregionswasto provide a stablebasisfor recognitionof
objectsat varyingviewpoints.Local featuresbring toleranceto clutter, occlusionsanddeformations.Some
of the bestexamplescanbe found in [12], sincethe authorsdemonstratethe applicationof local features
to objectmatchingat widely disparatelocations,even in thepresenceof clutter. Gooddetectorsextracta
sparsesetof interestregionswithout relinquishinginformationcontentof the scene,andselectthe same
regionswhenobservedatdifferentviewpointsandscales.

In currentliterature,therearemany de�nitions as to what constitutesa goodscale-covariant region,
predicatedon maximisingdisparatecriteria. For example,the Harris-Laplacedetector[24] selectsimage
regionsthatarelocally preciseto translation(corners).Kadir andBrady[14] hypothesizethatsalientregions
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Figure1: Examplecarimages.Notethatthereis no imagethatcontainsonly cars,andthatcarsizevariesmarkedly.

correspondto localmaximumsof complexity (or entropy). Interestpointdetectorswereoriginally designed
for objectmatchingandwide baselinestereo,not for detectingsemanticcategoriesof objects. However,
recentwork hasshown that interestregionswork well for generalrecognition[9, 11,29]. In this paper, we
comparetheability of detectorsto proposegoodfeaturesfor recognition.Wealsoexpectthatusingmultiple
detectorswill provide complementaryinformation,henceimprove recognition,a hypothesiswe examine
experimentally.

Interestpoint detectorsextract regionsbasedon local information,which is not enoughto determine
whetheror not they aregenuinelyusefulfor recognisingclassesof objects.Weneedto learnwhich features
aremostdiscriminative basedon someform of supervisionfrom the user. Completesupervisionrequires
the userto label individual featuresby segmentingthe object from the background. Not only is this a
time-consumingandequivocaltask,sincepeopletendto segmentscenesdifferently, it alsoinhibitsusfrom
exploiting large quantitiesof captionedimagesavailableon the Internet(in the form of news photos,for
example[27]). Rather, we requestimagelabelswhich indicatethepresenceor absenceof anobjectin each
scene.For recognitionof cars,the trainingdataconsistsof positively labeledimagescontainingcars,and
negative imageswithout cars(seeFig. 1). Whenanimageis labelednegative,we assumeno car is present
in thesceneand,hence,the labelsof the featuresaresetto thenegative class.Otherwise,whenan image
containsat leastonecar, we do not know whetherindividual pointscorrespondto car or background,so
learningimplicatesdeterminingthefeaturelabels.We call this approachsemi-supervisedlearningby data
association. Eachlabel is a binaryvariablethatdetermineswhetheror not a featurebelongsto theobject.
Sincethe training datadoesnot containany positively labeledregions,we introducelabel constraintsto
learnwhich featuresbelongto cars. The constraintsintroducea new setof parameters,but we show that
our model's performanceis reasonablyinsensitive to theseparameters,andin factperformsquitewell with
weakconstraints.Notewe canachieve multi-category classi�cationby combiningresponsesfrom multiple
binaryclassi�ers[31].

Onemight beskepticalthatonecansuccessfullylearnto recogniseobjectsin scenesfrom suchweakly
labeleddata,giventhehigh dimensionof thefeatures,thewide variability exhibitedin thetrainingscenes,
andthe fact that thereareoften asmany asa thousandunlabeledpointsper image! Recentpublications
demonstrategood performancein similar but lessambitioustasksby using statisticaltranslationmod-
els[5, 6, 10], supportvectormachines[2, 3] andsparseBayesiankernelmachines[15]. Otherpublications
usecaptionedimagesin order to learn representationsof objects[1, 9, 11], but noneof them explicitly
performdataassociation.Instead,they treatunlabeledbackgroundfeaturesasnoise(in otherwords,an
inconvenience).While dif�cult to verify independently, we arguethat variableselectionis moreeffective
whenexplicitly modelingtheclassi�cationof datapoints,becauseit allows themodelto exploit unlabeled
backgroundfeatures.

We employ anaugmentedBayesianclassi�cationmodelwith anef�cient Markov ChainMonteCarlo
(MCMC) algorithm[15] to simultaneouslylearntheunobservedlabelsandselecta sparseobjectclassrep-
resentationfrom theextractedhigh-dimensionaldescriptors.We introducea generalisedGibbssamplerto
explore the spaceof labelsthat satisfythe constraints.Bayesianlearningcomprehendsapproximationof
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theposteriordistribution throughintegrationof multiplehypotheses,notonly acrucialingredientfor robust
performancein noisy environments,but alsoresolvessensitivity to initialisation. ExpectationMaximisa-
tion or otherdataaugmentationgradientdescentmethodsapproximatethedistribution with a singlemode,
leadingto a misrepresentationthetruemodelposterior. For practicalMCMC explorationof theposterior's
modes,however, theposteriormustbesuf�ciently peaked.Thisconsiderationexposesamajorproblemwith
mixturemodels— motivatinga Bayesiankernelmodel— sincethenumberof modesexplodesfactorially
relativeto thenumberof components[7]. An additionaladvantageovercitedmethodsis thatwedonotneed
to reducethedimensionof thedescriptorsthroughunsupervisedtechniques,suchasvectorquantizationor
principalcomponentanalysis,whichmaypurgevaluableinformation.

ThespeedatwhichourblockedGibbssamplerexploresthespaceof likely solutionsis critical to success
of the algorithm. We improve our MCMC algorithmby introducinga latentparameterwhich decouples
highly correlatedvariablesand thus leadsto improved convergence,as suggestedin [19]. Experiments
on large datasetsindicatethat the proposedparameterexpandedand blocked Gibbs samplerconverges
to posteriorregions of high probability after a few thousanditerations. The main computationalcurse
harbouredby our MCMC algorithmis onesharedwith all kernelmachinemethods:learningcomplexity is
O(N 2), whereN is thenumberof datapointsin thetrainingset.Sinceour experimentdataoftenincludes
hundredsof thousandsof pointsin high dimensions,a themein this articleandin futurework is reducing
theexpenseof Bayesianlearning.

Thefollowing sectionoutlinestheBayesianmodelfor semi-supervisedclassi�cation.Sec.3 detailshow
we designa blockedGibbssamplerto resolve modellearning. In Sec.4, we describeour implementation
of existingvision techniquesfor theextractionandrepresentationof candidatefeatures.Finally, wepresent
experimentalresultsonobjectrecognitiontasksin Sec.5 andoffer conclusionsin Sec.6.

2 Model Speci�cation

Thetrainingdataconsistsof thesetof labeledimages,or documents,d = f d1; d2; : : : ; dD g. We represent
imagedj by a setof featurevectorsf x i j i 2 dj g, denotingthe entiresetof N training featuresby x ,
f x1; x2; : : : ; xN g. We connotean observed label by yk

i andan unknown label by yu
i , whereyi 2 f 0; 1g.

Whenthe imageis labeledasbeingnegative, the labelsof the pointsareobserved to be yk
i = 0. When

a documentlabel is positive, we samplethe labelsyu
i keepingin mind someadditionalconstraintson the

numberof labelsperclass.Labelconstraintscanplay a crucial role in learningtheunknown labels,most
notablywhenwe do not have any known labelsof a certainclass,suchaswhenall the training images
positive imagesalsopossessfeaturepoints from otherobjects(e.g. seeFig. 1). We de�ne n0 to be the
constrainton theminimumnumberof negativepointsin anunlabeleddocument,andn1 to betheminimum
numberof positively classi�edpoints.

Weadoptaprobit link classi�er

yi =
�

1 if f (x i ; � ; 
 ) > 0
0 otherwise:

(2.1)

with f (x i ; � ; 
 ) speci�edbelow. By convention,researcherstendto adopta logistic (sigmoidal)link func-
tion, but from a Bayesiancomputationalpoint of view, theprobit link hasmany advantagesandis equally
valid. Following Thametal. [30], theunknown functionis asparsekernelmachine:

f (x i ; � ; 
 ) = � 0 +
KX

k=1


 k � k  (x i ; xk ); (2.2)

where denotesthe kernel function andK is the numberof kernels. Usually we assignthe kernelsto
be the set of datapoints, but we keepthe notationseparateto retain generalityof the model. To avoid
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confusion,we subscriptall datapointswith i andall kernelcentreswith k. We usethe Gaussiankernel
 (x i ; xk ) = exp(� � (x i � xk )2), but otherchoicesarepossible.As with all kernelmethods,successful
classi�cationdependsonagoodchoiceon thescale,or bandwidth,� .

The sparsityof supportvectorsmachinescomesdirectly asa resultof the objective function. Suchis
not thecasein theBayesianframework. We arti�cially introducesparsitythrougha setof binaryvariables,

 , [
 1; 
 2; : : : ; 
 N ], thataresetto 1 whentherespective kernelcentresareactive,andotherwisethey are
0. Wedenotethevectorof regressioncoef�cients by � , [� 0; � 1; : : : ; � N ]T .

By adoptingasetof one-dimensionalindependentvariablesz , f z1; z2; : : : ; zN g with distribution

p(zi j 
 ; � ; x i ) = N (	 
 i � ; 1); (2.3)

wecananalyticallycomputetheposteriorof thehigh-dimensionalcoef�cients � within thestandardlinear-
Gaussianmodel,a strategy �rst introducedby Nobel LaureateDaniel McFadden[23]. 	 
 is the N � K
kernelresponsematrix with zeroedcolumnscorrespondingto inactive entriesof 
 . 	 i denotesthei th row
of thekernelresponsematrix,andis givenby

	 i ,
�

 (x i ; x1)  (x i ; x2) : : :  (x i ; xK )
�

:

We follow a hierarchicalBayesianstrategy, wheretheunknown parametersandlabelsaredrawn from
appropriateprior distributions. The intuition behindthis hierarchicalapproachis that by increasingthe
levelsof inference,wecanmake thehigherlevel priorsincreasinglymorediffuse.Thatis, weavoid having
to specify sensitive parametersand, therefore,are more likely to obtain resultsthat are independentof
parametertuning. We assumethe regressioncoef�cients are normally distributed with zero mean,and
covarianceS scaledby learnedparameter� 2:

p(� j 
 ; � 2) = N (� j 0; � 2S
 ): (2.4)

At this point, we leave the choiceof S openand later we derive resultsusing speci�c choicesfor the
prior covarianceterm. In thefuture,we would like to learna parameterisedcovarianceover theregression
coef�cients, suchastheRelevanceVectorMachine[31] which learnsaweightfor every � k . S
 refersto the
covariancematrixwherebytheelementsof a row andcolumncorrespondingto aninactivekernelk is setto
0, andcorrespondinglythe� k is shrunkto zero.WeassignaninverseGammato thescaleparameter� 2,

p(� 2 j �; � ) = I G(� 2 j �
2 ; �

2 ): (2.5)

� , � are�x edhyperparameterstypically setto near-uninformativevalues.
Each
 k followsaBernoulli distributionwith successrate� 2 [0; 1]:

p(
 j � ) = � � 
 (1 � � )K � � 
 ; (2.6)

wherewe de�ne � 
 ,
P K

k=1 
 k to be thenumberof active kernels.Ratherthan�x thesuccessrate,we
have � follow a Betadistribution with parametersa;b � 1. This lets themodelto adaptto thedatawhile
allowing theusersomecontrolover theprior. We integrateout thenuisanceparameter� to obtaintheprior

p(
 j a; b) =
Z 1

0
p(
 j � ) p(� j a; b) d�

/
Z 1

0
� � 
 + a� 1 (1 � � )K � � 
 + b� 1 d�

=
�(� 
 + a) �( K � � 
 + b)

�( K + a + b)
: (2.7)
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Figure2: The directedgraphicalrepresentationof the semi-supervisedclassi�cationmodel. Shadednodesareob-
servedandsquarenodesare�x edhyperparameters.Wedonotshow thedependenciesbetweentheyu

i 's.

Smallvaluesof themeana=(a + b) skewsourprior belief towardsasparsemodel.Theterma + bcontrols
our con�dencein sucha prior. By settingb � a on largedatasets,we caninitialise theGibbssamplerto a
feasible(small)numberof activekernels.

Theregressioncoef�cients zu
i in documentdj arenot independentof eachother, sowe needto rectify

(2.3)with thejoint expression

p(f zu
i gj 
 ; � ; f x i g) /

Y

i

N (zu
i j 	 
 i � ; 1) IC0 (f zu

i g) IC1 (f zu
i g) suchthati 2 dj ; (2.8)

andwhereC0 is thesetof assignmentsto yu
i (andaccordinglyzu

i ) thatobey thenegative labelsconstraint
n0, C1 is thesetof assignmentsto yu

i thatsatisfytheconstrainton theminimumnumberof positive labels
n1, andI 
 (! ) is thesetindicatorfunction:1 if ! 2 
 , and0 otherwise.

In summary, the�x edparametersof themodelaref �; a; b;�; � ; n0; n1g, themodelparametersweretain
for predictionsare � , f 
 ; � g and the learnednuisanceparametersare f � 2; � g. The directedgraphical
representationof thehierarchicalmodelis shown in Fig. 2.

3 Model Computation

Theclassi�cationobjectiveis to estimatethelabelyN +1 of anew unseenpointxN +1 giventhetrainingdata,

p(yN +1 = 1j xN +1 ; x; yk ) =
Z

p(yN +1 = 1j xN +1 ; � ) p(� j x; yk ) d� : (3.1a)

Theintegral is intractable,soweapproximate(3.1a)by

p(yN +1 = 1j xN +1 ; x; yk ) �
1
ns

nsX

s = 1

p
�
yN +1 = 1j xN +1 ; � (s) �

= 1 �
1
ns

nsX

s = 1

�
�

� 	 
 ( s)
N +1

� (s) � ; (3.1b)

wherens is thenumberof samplesgenerated,� is thesetof parametersthatdirectly in�uence prediction,
�( �) is theunivariateNormalcumulative densityfunction,andeachsample� (s) = f 
 (s) ; � (s)g follows the
posteriorp(� j x; yk ). Wespendtherestof thissectiondesigninganMCMC algorithmthatapproximatesthe
posteriordistribution. Sincethealgorithmis quiteinvolved,webreakupthederivationinto severalsections.

5



In Sec.3.1,we derive theblockedGibbssampler, with theexceptionof thesamplerfor 
 , left to Sec.3.3
sinceit is an elaboratestep. Sec.3.2 improvesuponthe expectedconvergencerateof the Gibbssampler
throughintroductionof anexpansionparameter.

3.1 The BlockedGibbssampler

Kück et al. [15] developanMCMC algorithmfor samplingfrom theposteriorby augmentingtheoriginal
blockedGibbssampler[30] to thedataassociationscenario.As in [15], we samplethehigh-dimensional
parameters� andtheregularisationparametersdirectly from theirposteriordistributions.

If two variablesarehighly correlated,anordinaryGibbssamplerwill slowly navigatethroughthejoint
spacebecauseit samplesfrom thefull conditionaldistributions.Wewill seeshortlythatwecananalytically
derive the joint of 
 and� , resultingin so-called“blocked” moveswhich converge fasterthana Markov
chainderivedfrom thefull conditionals[18]. Wefactorisethejoint conditionalof theregressioncoef�cients
andvariableselectionparametersas

p(� ; 
 j � 2; a; b;x; z) = p(� j 
 ; � 2; z; x) p(
 j a; b;� 2; z; x): (3.2)

Weobtain� from theconditionalposterior,

p(� j 
 ; � 2; z; x) = N
�
�

�
� Q
 	 T


 Z; Q


�
: (3.3)

whereQ , (	 T 	 + (� 2S) � 1) � 1. SeeSec.C.1 for thederivation. Bewarethat theorderof matrix multi-
plication implied in (3.3) is not ef�cient. In fact, the time complexity for sampling� is O(K 2) by taking
advantageof valuespreviously computedduringsamplingof the 
 parameter(seeSec.3.3). We leave the
detailsfor sampling
 to Sec.3.3.

We cansamplethe zk
i 's easilysincethey are independentof eachother. Using Bayes' theorem,the

posteriordistribution for eachzk
i is givenby

p(zk
i j yk

i ; 
 ; � ; x i ) / p(yk
i j zk

i ) p(zk
i j 
 ; � ; x i )

=
�

N (	 
 i � ; 1) I (0;+ 1 ) (zk
i ) if yk

i = 1
N (	 
 i � ; 1) I (�1 ;0](zk

i ) otherwise:
(3.4)

Samplingthe zu
i 's is not quite as simple becausethe joint posteriordoesnot factorise. While [15] use

rejectionsamplingto sampletheunknown labelssubjectto theconstraints,weadoptamoreef�cient MCMC
schemeandsamplefrom thefull conditionalsin eachdocument:

p(zu
i j f zu

6= i g; 
 ; � ; x i ) =

8
<

:

N (	 
 i � ; 1) I (0;+ 1 ) (zu
i ) if IC1 (f zu

6= i g) = 0
N (	 
 i � ; 1) I (�1 ;0](zu

i ) if IC0 (f zu
6= i g) = 0

N (	 
 i � ; 1) otherwise;
(3.5)

suchthat i 2 d, and6= i is de�ned to bethesetf i 0j i 0 6= i andi 0 2 dg. NotethatC0 andC1 arenever both
unsatis�edat thesametime.

Wesampletheregressioncoef�cients scale� 2 from theconditionalposterior

p(� 2 j 
 ; � ; �; � ) / p(� j 
 ; � 2) p(� 2 j �; � )

= I G
� 1

2(� + � 
 ); 1
2

�
� + � T S� 1


 �
��

: (3.6)
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3.2 Parameter expansionusingan inverseGammaprior

Theconvergencerateof theGibbssamplersuffersfrom highcorrelationbetweenparameter� andthelatent
variablesz [18]. We introduceanauxiliaryvariable� whichoverparameterizesthemodelby scalingz, but
alsoincreasesthe varianceof � given z, leadingto larger transitionsin the Markov chain. We de�ne the
transformationon zi by t � = zi =� , andthe accordingJacobianis J � (z) = detf @t � (zi )=@zi g = � � N .
Liu et al. [19] suggestplacinganimproperHaarprior on � sinceit is optimalfor convergence.In practice,
however, the Haarprior tendsto be unstable.An alternative is the inverseGammaprior, suchthat � 2 �
I G( � �

2 ; � �
2 ). It achievesimprovedanconvergenceratewhileallowing theuserto tune� � and� � for stability.

Fromtheresultsderivedin Sec.C.2,theparameterexpandedGibbssamplerfor � andz consistsof the
following steps:

1 Draw z � p( � j y; 
 ; � ; x i ) B Seeequations3.4and3.5.
2 Draw � 2

0 � p( � j � � ; � � ) B Seeequation3.7.
3 Draw � 2 � p( � j � 0z; 
 ; � ; � � ; � � ) B SeeequationC.4.
4 z0  

p
� 0=� � z

5 Draw � � p( � j 
 ; � 2; z0; x) B Seeequation3.3.

Thesamplingdistribution for � 2 in Step3 canbecomputedin time O(K 3) by usingpreviously computed
values,asfor � . We omit theotherGibbssamplerstepssincethey arenot affectedby the inclusionof the
expansionparameter. To sample� 0 from theprior distributionp(� j � � ; � � ), wenotethat

p(� j � � ; � � ) / I G
� � � +1

2 ; � �
2

�
� d� 2

d� : (3.7)

3.3 Sampling the variable selectionparameter

Exact samplingfrom the 
 posterioris impracticalbecauseit requirescomputationof the 2K possible
assignmentsof 
 . We elaborateon an alternative �rst proposedin [30]. It is essentiallya Gibbs sam-
pler implementedusinga Metropolis-Hastings(M-H) proposalfor moreef�cient computation.While the
MetropolisedGibbssamplerachievessatisfactoryacceptancerates,its complexity is still O(N K 2), since
it hasto cycle throughall theK kernelsin theworstcase.It is worth our while to tunecomputationto the
choiceof S, soweassumeastabilisedg-priorS = (	 T 	 + �I K ) � 1, whereI K is theK � K identitymatrix
and� is apositivenumbergenerallychosento bemuchsmallerthanthevaluescontainedin theGrammatrix
	 T 	 . Thestabilisationtermhelpsmaintainaprior covariancewith full rank.

Weobservethatsamplingfrom theposteriorof 
 is impractical,but it is possibleto sampleeach
 k from
its full conditional— that is, the distribution with all the otherkernelcentres�x ed. The key observation
madeby Tham[30] is thatwe canimprove computationby formulatingeachGibbsdraw asa Metropolis-
Hastingsstep[17]. By manipulatingsomeof the matrix computation,we presentherean algorithmwith
complexity O(N K 2) with K � N , insteadof O(K 2(N + K 2)) assumedby naively multiplying and
invertingmatrices.Onourdatasets,thisgivesussigni�cant computationalsavings.

The main ideabehindthe Metropolis-Hastingsalgorithmis to samplea candidatevalue from a pro-
posaldistribution q(
 ? j 
 (i ) ), wherewe denotethei th samplewith thesuperscript(i ), andthenacceptthe
candidate
 (i +1) = 
 ? with probability A (
 (i ) ; 
 ?). Otherwise,the new sampleremainsunchangedand

 (i +1) = 
 (i ) . Theacceptanceprobabilityis givenby

A(
 (i ) ; 
 ?) = min

(

1;
p(
 ? j � 2; a; b;x; z) q(
 (i ) j 
 ?)
p(
 j � 2; a; b;x; z) q(
 ? j 
 (i ) )

)

: (3.8)
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It is generallydif�cult to designa samplingdistribution q(
 ? j 
 (i ) ) thatpermitsa high acceptancerate. In
ourcase,q(
 ? j 
 (i ) ) derivesdirectly from thefull conditionalof 
 k andconsequentlyouracceptancerateis
guaranteedto behigh. Wedirectthereaderto acoupleexcellentintroductionsto theM-H algorithm[4, 8].

We needto considertwo casesfor theMetropolisedGibbssampler:when
 k = 0 andwhen
 k = 1.
Whenkernelk is inactive,our proposalconsistsof �ipping 
 k to 1 with probabilityp(
 ?

k = 1j 
 6= k ; a; b) /
p(
 ?

k = 1; 
 6= k ; a; b) (seeequationC.3a).When
 k = 1, theacceptanceprobabilityis

A
�

 ?

k = 1; 
 ( i )
k = 0

�
= min

(

1;
p(z j 
 ?

k = 1; 
 6= k ; � 2; x)

p(z j 
 ( i )
k = 0; 
 6= k ; � 2; x)

)

= min

(

1;

s

� ?
k (� 2� ?

k ) � 1 exp
�

� ?
k

�
Z T

�
I N � v	 
 ( i ) Q
 ( i ) 	 
 ( i )

T
�

	 
 ?
k

� 2
� )

(3.9a)

following from the derivation of (C.6) in Sec.C.3. We de�ne 	 
 ?
k

to be the columnvectorof the kernel

responsematrix introducedby thenew kernelk, v , 1+ � 2

� 2 , � k , (� + v	 
 k
T (I N � 	 0S0	 T

0 )	 
 k ) � 1 and
� k , ( �

� 2 + v	 
 k
T (I N � v	 Q	 T )	 
 k ) � 1. Thereis alwaysa subscript
 (i ) on the variables	 , S andQ.

Whenkernelk is active, we deactivateit with probability p(
 ?
k = 0j 
 6= k ; a; b) (seeequation(C.3b)),and

thenacceptthechangewith probability

A
�

 ?

k = 0; 
 ( i )
k = 1

�
= min

(

1;
p(z j 
 ?

k = 0; 
 6= k ; � 2; x)

p(z j 
 ( i )
k = 1; 
 6= k ; � 2; x)

)

= min

(

1;

s

� 2� ( i )
k

�
� ( i )

k

� � 1
exp

�
� � ( i )

k

�
Z T

�
I N � v	 
 ? Q
 ? 	 
 ?T

�
	 
 k

( i )

� 2
� )

: (3.9b)

Dependingon thestrengthof the
 prior, theMetropolisedGibbssamplercan�lter out a lot of poorcandi-
dateswhile maintaininga desirableM-H acceptancerate.SeeAppendixD for anef�cient implementation
of thesampler.

4 Selectionof local features

The�rst stepin our objectrecognitionapproachis to employ a detector(or several) to �lter out regionsof
interestandthencomputea rotation-invariantdescriptorfor eachregion. We usefour differentdetectors
for generatingobservationsx in a scene.The Harris-Laplacedetector[24] �nds corner-like features,the
Kadir-Bradydetector[14] proposescircular regionswith histogramsof grey-level maximumentropy, and
theLaplacianof Gaussian(LoG) [16] andDifferenceof Gaussians(DoG)[21] — thelatteranapproximation
to the former — focuson regionsof uniform intensity. The extractedregionsaremappedto discswith a
�x ed radiusin orderto achieve scaleinvariance.In someexperiments,we usean af�ne-invariantversion
of the Harris-Laplacedetector. We usethe proceduredescribedin [25] to producefeaturesinvariant to
rotationandaf�ne illuminationchanges.Basedonearlierstudiesof objectmatchingatdifferentviewpoints
and illumination changes[26], we chooseSIFT [21] to describethe normalisedregionsextractedby the
detectors. We computeeachSIFT descriptorusing 8 orientationsand a 4 � 4 grid, resultingin a 128-
dimensionfeaturevector.

5 Experiments

Thegoalis to designexperimentsthatassessourmodel'scapacityfor recognisingobjectsin unseenimages.
We evaluaterecognitionthroughimageclassi�cation— identifying the presenceor absenceof objectsin
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Figure3: Imagesfrom thearcticdogsdataset. The two leftmostimagesarelabeledpositive becausethey contain
instancesof dogs.Thetwo on theright arebackgroundscenes.

images— becauseit is a well-de�ned problem.We rankimagesfor classi�cationby summingthefeature
labelprobabilitiesp(yi = 1j x i ) assignedby themodel.Unlesstheimagedatais well-constructed,however,
it is hardto arguethatimageclassi�cationequatesobjectrecognition.Wewantto makesurewearelearning
to recognisecars,notobjectsassociatedwith cars,suchasstopsigns.Weaddresstheseconcernsby creating
threenew datasets,whereall theimagesemanatefrom thesameenvironment:parkinglotswith andwithout
cars,andarcticlandscapeswith andwithoutdogsandpolarbears.All threesetsexhibit asigni�cant amount
of variationin scale,poseandlighting conditions.Examplesof carsanddogscanbefoundin Figures1 and
3, respectively. For purposesof comparisonwith othermethods,we alsoshow resultson existing datasets.
Wesummarizethedatausedin ourexperimentsin Table1.

Trainingimages Testimages
Objectclass with object background with object background

airplanes 400 450 400 450
motorbikes 400 450 400 450

wildcats 100 450 100 450
bikes 100 100 50 50

people 100 100 50 50
cars 50 50 29 21

arcticdogs 26 36 13 19
polarbears 19 43 9 23

Table1: Summaryof the theexperimentdata.Theairplanes,motorbikesandwildcatsoriginatefrom [11], andthe
bikesandpeoplewere�rst usedin [29]. Thedogsandpolarbearscomefrom theCoreldataset. Thecardatasetis
availableby request.

H-L K-B LoG DoG Af�ne H-L Combo Random Fergusetal. Opeltetal.
airplanes 0.985 0.993 0.938 Ð Ð 0.998 Ð 0.902 0.889
motorbikes 0.988 0.998 0.983 Ð Ð 1.000 Ð 0.925 0.922
wildcats 0.960 0.980 0.930 Ð Ð 0.990 Ð 0.900 Ð
bikes 0.920 0.880 0.840 0.860 0.880 0.900 0.920 Ð 0.865
people 0.800 0.740 0.840 0.840 0.700 0.820 0.800 Ð 0.808
cars 0.966 0.897 0.897 0.897 0.931 0.931 0.690 Ð Ð
arcticdogs 0.615 0.538 0.769 0.615 0.692 0.615 0.462 Ð Ð
polarbears 0.667 0.556 0.556 0.556 0.556 0.556 0.667 Ð Ð

Table2: Imageclassi�cationperformanceon testsetsmeasuredusingtheReceiver OperatingCharacteristic(ROC)
equalerror rate. The last two columnsrefer to theperformancereportedby Ferguset al. [11] andOpeltet al. [29].
All the other columnsstatethe performanceobtainedusing our proposedBayesianmodel with regions extracted
from variousdetectors(from left to right): Harris-Laplace[24], entropy detectorproposedby Kadir andBrady[14],
Laplacianof Gaussians[16], Differenceof Gaussians[21], af�ne Harris-Laplace[25], combinationof the Harris-
Laplace,Kadir-BradyandLoG, andregionsrandomlyselectedfrom all possiblepositionsandscalesin eachimage.
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Figure4: Thegraphontheleft plotstheROCcurvefor classi�cationperformanceof cartestimagesusingtheHarris-
Laplacedetector(blue solid line) andthe combinationof threedetectors(red dottedline). The graphon the right
shows analogousresultsfor thebike testset. In bothcases,theequalerror rate(indicatedby a largedot) is inferior
in thecombination,but uponcloserinspection,onecouldjusti�ably argue(dependingon theerrormeasureused)that
thecombinationperformsslightly better.

Table2 reportsimageclassi�cation resultson all datasets. Beforewe enterinto a discussionof our
results,we �rst explain how we conducttheexperiments.For fair comparison,we adjustthethresholdsof
thedetectorsin orderto obtainanaverageof 100detectionspertrainingimage.Therefore,thecombination
scenario(thesixth columnin Table2) possessesanaverageof 300detectionsper image.We alsoinclude
resultsusing a randomdetector, which indiscriminatelyselectsa subsetof 100 featuresfrom the entire
collectionof regionsat all scalesand locations. We compareperformanceon the airplanes,motorbikes,
wildcats,bikesandpeoplewith the resultsobtainedin [11, 29], but we do not control for the numbersof
detections:Ferguset al. [11] extractonly 20 featuresper imageon average,in partowing to thepoortime
complexity of their method,while Opeltet al. [29] have a distinctadvantagesincethey learnfrom several
hundredregionsperimage.

In all our experiments,we �x the labelconstraintn0 to 0 andsetn1 between15 and30, dependingon
theobjectin question.Our constraintstendto beconservative, theadvantagebeingthat they do not force
too many pointsto belongto objectsthatoccupy only a smallportionof thescene.(In a seriesof separate
trialsonthecars,wevariedn1 between10and100andobservednoidenti�able relationshipbetweenimage
classi�cationperformanceandconstraintstrength.)We seta = 1 andb conformingto a variableselection
prior of approximately200 active kernelcentres.We bestow nearuninformative priors on the restof the
modelparameters.We �nd that2000MCMC sampleswith a burn-in periodof 100is suf�cient for a good
approximationof themodelposterior. As previouslynotedin thispaperandcon�rmed in independenttrials,
the Gaussiankernelscaleparameter� hasa signi�cant impacton the successof the learningalgorithm.
Largevaluesof � — scalesthatconcentratethekernelmassto smallneighbourhoods— do not generalise
well. High or diffusescalesappearto work best,whichmakessensebecausethey introduceuncertaintyinto
thekernelspace,aboonfor noisytasks.However, largescalesrenderourlearningalgorithmunstable,andin
experimentswe noticethattheMarkov chainoftenfails to convergeto a commonposteriordistribution. In
all ourexperiments,weset� to 1=100becauseourMCMC algorithmreliablyconvergesto agoodsolution.
Wenotethatscaleselectionis anunsolvedproblem.

We measureperformancewith the Receiver OperatingCharacteristic(ROC) equalerror rate,sinceit
is a standardevaluationcriterion [11, 29]. It is de�ned to be the point on the ROC curve — obtainedby
varyingtheclassi�cationthreshold— whentheproportionof truepositivesis equalto theproportionof true
negatives.

We now highlight anddiscusssomeof the moreinterestingresultsof Table2. First andmostsigni�-
cantly, we observe thatour modelin combinationwith the threedetectorsalwaysprovidesa betterimage
classi�cation than[11, 29]. IndependentMCMC trials exhibit little variance,so we canstatecon�dently
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Figure5: Plotsof precision(percentageof correctpositives)versusaveragerecallper imagefor thetaskof labeling
individual featureson carsandpeople. For reference,we show performanceof the randomdetector, indicatedby
the dottedblack line. Note that the Combocurve continuesto the 300 mark in recall per image. Our algorithm
learnswhich featuresarebestin thecombination,but this performancedoesnot necessarilytranslateto betterimage
classi�cationin Table2.

that our improvementsarewell outsidestandarddeviation intervals. Intriguingly, no detectordominates
classi�cationof all theeightobjectclasses.Thecombinationof theHarris-Laplace,Kadir-BradyandLoG
detectorsoften,albeit inconsistently, improvestheequalerrorrate.Furtheranalysisof theperformanceon
thecarsandbikesusingtheHarris-Laplacedetectorandthecombinationin Fig. 4 showsthattheequalerror
ratemeasurecanbedeceptive: theROC curvesimply thatthecombinationof detectorsis animprovement,
a resultotherwiseindicatedby theequalerrorrate.FromFig. 5 (plot of precisionversusaveragerecallper
imagefor classi�cationof individual features),weobservethatthecombinedclassi�er learnswhich interest
regionsarebest,even thoughthe combinationdoesnot necessarilytranslateto betterimageclassi�cation
performance(e.g. for people). Fig. 6 shows a coupleexampleswherethe combinationresultsin a better
classi�cationthantheindividualdetectors.

Thediscrepancy betweenimageclassi�cationperformancein Table2 andfeatureclassi�cationperfor-
mancein Fig. 5 shows that thereexists an experimentalgap betweenthe two tasks. For instance,Harris-
Laplacefeaturesarepoorly identi�ed ascars(seeFig. 5), but they work bestfor determiningwhethera
car is presentor absentin a scene(seeTable2). The implication is that mostHarris-Laplacefeaturesare
indiscriminative on their own, but a small subsetof the extractedregionsare indeedvery useful for im-
ageclassi�cation.Likewise,randomfeaturescomposea reasonablygoodclassi�er for peopleimageseven
thoughthey arenot discriminative individually, asindicatedby theplots in Fig. 5. Thedifferencebetween
randomfeaturesandHarris-Laplacefeatures,however, is thatwe canaccountfor poorclassi�cationof in-
dividual randomfeaturesbecausethemodellearnstrendsin thebackgroundof positive images.This goes
on to explainwhy randomfeaturesareunsatisfactoryfor objectdetectionin thecardataset,sincetheback-
groundis thesimilar in positiveandnegative images.Examplesof correctlyclassi�edimagesin Fig.7 show
thatthemodellearnsto associatebackgroundregionswith people.

Still, randomfeaturesoftendo very well for imageclassi�cation. Whatcanwe make of this surprising
result? It shows that it is often dif�cult to extract a priori usefulobject features.This is particularlythe
casefor people,sinceexhibit greatinter-classvariability. Furthermore,thedescriptorswe employ arenot
appropriatefor certainobjectclasses,includingbikes(shapefeatures,suchasthoseproposedin [13], might
work better). Cars,on theotherhand,exhibit lessvariability within thesameclass,andconsequentlyour
detectorsconsistentlyproposegood features(wheels,cornersof windows), which explains in part why
randomfeaturesperformcomparitively poorly. Theotherreasonis thatthecars(anddogsandpolarbears)
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Figure6: Two examplesin which thecombinationresultsin an improvedclassi�cation. Thecirclesrepresentthe9
Harris-Laplace(left column)andcombination(middlecolumn)interestregionsthataremostlikely to belongto cars
or bikes.On theright, wedisplaythetop featuresalongwith featuretypeandprobabilityof positiveclassi�cation.

contains cars contains cars contains people contains people

0


Figure7: Examplesof correctlyclassi�ed imagesusingrandomlyextractedinterestregions. Thecirclesdepictall
therandomregionsalongwith their characteristicscale.Dark bluecirclesrepresentregionsthataremorelikely than
not to belongto theobject,while light yellow circlesmoreprobablybelongto thebackground.Thecaptionsindicate
thecorrectlabels.Themodellearnsto associatebackgroundregionswith people.

oftenoccupy asmallportionof thescene,necessitatinga reasonablelevel of detectorprecision.
Anotherinterestingresult: in mostcases,theaf�ne-invarianttransformationof theHarris-Laplacede-

tectorreducesrecognitionability, hinting thatvaluableinformationis lost in thedescription.
Finally, we wonderedhow increasingthe level of supervisionby addinglabelsto extractedregions

would affect performance.The resultsof our experimentson carsusingthe Harris-Laplacedetectorand
arctic dogsusingthe Laplacianof Gaussiandetectorareshown in Fig. 8. The ROC curvesquantify the
models' accuracy in labelingindividual imagefeatures.As expected,the additionof a few hand-labeled
points improves recognitionon the car training set. However, further upgradesin supervisionresult in
almostno gainsin generalisationto the car testimages.Theseresultssuggestthat thereis nearlyenough
supervisedinformationin thecarcaptionsto allow themodelto correctlylabelandselectthemostreliable
featuresin unseenimages.Ontheotherhand,ourmodelpro�ts muchmorefrom supervisionfor recognising
dogs,presumablybecausethereis notnearlyenoughinformationto properlylearnthedataassociation.We
show someexamplesof recognisingcarsanddogswith differentlevelsof trainingsupervisionin Fig. 9.
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Figure8: TheROC plotsdemonstratehow learningwith differentproportionsof hand-labeledpointsaffectsperfor-
manceof labelingindividual features.WeusetheHarris-Laplacedetectorfor thecars,andtheLoG for thedogs.

(a) contains cars (b) contains cars (c) contains dogs (d) contains dogs

Figure9: Classi�cationof individual interestregionsusingclassi�erstrainedwith variouslevelsof supervision(see
Fig. 8). We show all the extractedinterestregionsalongwith their characteristicscale:dark blue circlesaremore
likely thannot to belongto theobject,while light yellow circlesmoreprobablybelongto thebackground.(a) Cartest
image,no observedcar labelsduringtraining. (b) Thesameimage,exceptthat themodeltrainedwith 11%labelsin
positive images.(c) and(d) show doglabelpredictions,without andwith additionalsupervision(11%), respectively.
Thecaptionbelow eachimageis thecorrectlabel.

To completethis section,we show someexamplesof correctly and incorrectly classi�ed imagesin
Figures10and11. The�gures show all theregionsextractedby thedetectors.

6 Conclusions

In thispaper, weextendedthediscriminativepowerof localscale-invariantfeaturesusingBayesianlearning.
Ourmethodallowsusto solvetheimportantproblemof selectingandcombiningmultiplelocalfeatures.We
showedthatconstrainedsemi-supervisedlearningusingMCMC is remarkablywell-behavedin thefaceof
noisyhigh-dimensionalfeaturesandwide variability in theunlabeledtrainingdata.On a lessencouraging
note,our resultsindicatethatthereremainsa lot of work aheadonproposinginitial detectionsasabasisfor
objectrepresentations,becauserandomSIFTfeaturesareoftencompetitivewith currentdetectionschemes.

The model we proposeis very general,and it can be easily extendedto comparethe discriminative
ability of avarietyof features,includingshapeandtexture.Onefutureextensionto our learningframework
is the incorporationof soft constraintsthroughBayesianpriors,which adaptthenumberof positive labels
accordingto the sizeof the objectrelative to the the background.An obvious but nonethelessinteresting
extensionis multi-category classi�cation. We believe that aretherestill someintriguing opportunitiesfor
improving the expectedcomplexity of computationusingball trees[20]. Finally, we note that while we
proposenew datasetsthat accuratelyevaluateobjectrecognition,an neglectedbut importantdirectionof
researchis learningof visionmodelsthroughuserreinforcement.
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contains bikes

Figure10: Correctlyrankedtestimagesalongwith theregionsextractedby theHarris-Laplace(for carsandbikes)
or Laplacianof Gaussiandetector(for people). Dark blue circlesrepresentregionsthat aremorelikely thannot to
belongto the object,while light yellow circlesmoreprobablybelongto the background.The captionbelow each
imageindicatesthecorrectclassi�cation.
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A Probability distrib utions

Hereis a list of probabilitydensityfunctionsusedin thispaper.

Name Density function Parameters
Bernoulli Bern(x j � ) = � x (1 � � )(1� x) x 2 f 0; 1g, successrate� 2 [0; 1]
Beta Beta(x j a; b) = �( a+ b)

�( a)�( b) xa� 1(1 � x)b� 1 x 2 [0; 1]; a; b � 1

UnivariateNormal N (x j �; � 2) = (2� � 2) � 1=2 x 2 R, mean� , variance� 2

� exp
�
� 1

2� 2 (x � � )2
�

MultivariateNormal N (x j �; �) = j2� � j � 1=2 x 2 RF , mean� , k � k positive
� exp

�
� 1

2(x � � )T � � 1(x � � )
�

semi-de�nitecovariance�
InverseGamma I G(x j � ; � ) = � �

�( � ) x � (� +1) e� � =x x 2 R, scalea > 0, shapeb > 0

B Useful Identities

B.1 Matrix determinant

Thedeterminantfor ageneralblock-partitionedmatrix is
�
�
�
�

A B
C D

�
�
�
� = jAjjD � CA � 1B j: (B.1)

If a is ascalarandA is ann � n squarematrix, then

jaAj = an jAj: (B.2)
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B.2 Matrix inversion

Thematrix inversionformulafor asymmetricmatrixwith blocksub-matricesis
�

A B
B T C

� � 1

=
�

D � 1 � A � 1B E � 1

� E � 1B T A � 1 E � 1

�
; (B.3)

whereD , A � B C � 1B T andE , C � B T A � 1B .

C Derivations

Thefollowing subsectionsprovide thecompletederivationsof theposteriorsusedin Sec.3.

C.1 Derivationsof conditional posteriors for proposedclassi�cation model

We considerthemodelandnotationintroducedin Sec.2. Following Bayes'rule, theconditionalposterior
for samplingtheregresioncoef�cients is

p(� j 
 ; z) / p(z j 
 ; � ; x) p(� j 
 ; � 2)

= N
�
Q
 	 T


 Z; Q


�
; (C.1)

wherewede�ne Q , (	 T 	 + (� 2S) � 1) � 1 andZ , [z1; z2; : : : ; zN ]T .
Next, we derive the posteriorof 
 . It doesnot dependon � becauseit is combinedwith (C.1) to

comprisethe blocked move describedin Sec.3.1. Sincewe have to integrateout � , this derivation is
somewhat involved. The conditionalposteriorof 
 is proportionalto the likelihoodof z times the prior
over 
 . However, for the time beingwe canforget aboutthe prior sinceit will endup cancellingout in
the Metropolis-Hastingsacceptanceratios (seeSec.3.3). In any case,it is impractical to samplefrom
p(
 j � 2; z; x) directly, sowearereallyonly interestedin deriving theexpressionup to aconstantterm.

p(
 j � 2; z; x) / p(z j 
 ; � 2; x)

=
Z

p(z j 
 ; � ; x) p(� j 
 ; � 2) d�

=
Z �

(2� )N +� 

�
� � 2S


�
� � � 1=2

exp
�
� 1

2

�
Z T Z � 2Z T 	 
 � + � T Q� 1


 �
� �

d� (C.2a)

Temporarilyde�ning � , Q
 and� , �	 T

 Z , andcontinuingfrom (C.2a),weget

p(z j 
 ; � 2; x) =
Z �

(2� )N +� 

�
� � 2S


�
� � � 1=2

exp
�
� 1

2

�
Z T Z + � T � � 1� � 2� T � � 1� + � T � � 1� � � T � � 1�

� �
d�

=
Z �

(2� )N +� 

�
� � 2S


�
� � � 1=2

exp
�
� 1

2

�
Z T Z � � T � � 1�

�� �
(2� ) � 
 j� j

� 1=2
N (� j �; �) d�

=
�
(2� )N

�
� � 2S
 Q� 1
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q

jQ
 (� 2S
 ) � 1j exp
�
Z T 	 
 Q
 	 T


 Z
�

=
q �

�� 2S
 	 T

 	 
 + I � 


�
� � 1

exp
�
Z T 	 
 Q
 	 T


 Z
�
: (C.2b)

Finally, weconsidertheeffectof activatinganddeactivatingakernelk ontheprior p(
 j a; b). Wedenote
6= k to beshorthandfor thesetf k0j k 2 f 1; 2; : : : ; K g; k0 6= kg.

p(
 k = 1; 
 6= k j a; b) =
p(
 k = 1; 
 6= k j a; b)

p(
 k = 1; 
 6= k j a; b) + p(
 k = 0; 
 6= k j a; b)
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=
� (� 
 6= k + 1+ a) � (K � � 
 6= k � 1+ b)

� (� 
 6= k + 1+ a) � (K � � 
 6= k � 1+ b) + � (� 
 6= k + a) � (K � � 
 6= k + b)

=
�

1 +
K � � 
 6= k � 1+ b

� 
 6= k + a

� � 1

=
� 
 6= k + a

K + a+ b� 1
: (C.3a)

Theprior p(
 j a; b) is derivedin (2.7).Theprior whenproposinga �ip from 1 to 0 is likewise

p(
 k = 0; 
 6= k j a; b) = 1 � p(
 k = 1j 
 6= k j a; b)

= 1 �
P


 6= k + a
K + a+ b� 1

=
K �

P

 6= k + b� 1

K + a+ b� 1
: (C.3b)

C.2 Derivation of parameter expansionalgorithm for proposedclassi�cation model

Weaugmentthesamplingof theregressioncoef�cients � by scalingthelatentvariablesz usinganexpansion
parameter� with aninverseGammaprior, asin Sec.3.2. De�ning thetransformationto bet � (zi ) = zi =�
andtheJacobianJ � (z) = detf @t � (zi )=@zi g = � � N , wesample� from theposterior

p(� j w; 
 ; � 2; � � ; � � )

/ p(t � (w) j 
 ; � 2; x) jJ � (z)j p(� j � � ; � � )

=
Z

� � N p
�

w
�

�
� 
 ; � ; x

�
p
�
�

�
� 
 ; � 2; w

�

�
p(� j � � ; � � ) d�

=
Z

� � N N
�

w
�

�
� 	 
 � ; I N

�
N

�
�

�
� 1

�

�
	 T


 	 
 + (� 2S
 ) � 1
� � 1

	 T

 W;

�
	 T


 	 
 + (� 2S
 ) � 1
� � 1�

I G
�
� 2 j � �

2 ; � �
2

�
d�

/
Z

� � N � � � � 2 exp
�
� 1

2

�
W T W + � �

� 2 + � T
�
2	 T 	 + (� 2S) � 1

�
� � 4

� W T 	 � + 1
� 2 W T 	

�
	 T 	 + (� 2S) � 1

� � 1
	 T W

4
� 2 W T 	

�
2	 T 	 + (� 2S) � 1

� � 1
� 4

� 2 W T 	
�
2	 T 	 + (� 2S) � 1

� � 1
	 T W

��
d�

=
�
� 2� � (( N + � � +1) =2+1)

exp
�
� 1

2� 2

�
� � + W T W + W T 	

� �
	 T	 + S� 1� � 1

� 2
�
	 T	 + (2� 2S) � 1� � 1

�
	 T W

� �
�

/ I G
�

� 2
�
�
� N + � � +1

2 ; 1
2

�
� � + W T W + W T 	

�
Q � 2 bQ

�
	 T W

� �
�

d� 2

d�
: (C.4)

wherew , t � 1
� 0

(z), W , [w1; w2; : : : ; wN ]T , Q is de�ned asbeforeand bQ , (	 T 	 + (2S) � 1) � 1. After
thethird line we remove the
 subscriptfrom thevariables	 , S andQ for clarity. NotethatwhenS is set
to thestabilisedg-prior, bQ = (2� 2)((2 � 2 + 1)	 T 	 + �I K ) � 1.

C.3 Derivation of z lik elihoodwith stabilisedg-prior

Wecontinuethederivationof thez likelihood,now with thecoef�cient scaleprior setto theg-priorwith the
additionof a stabilisingterm,S = (	 T 	 + �I K ) � 1. In particular, we areinterestedanexpressionsfor the
likelihoodwhen
 k is setto 0 andwhen
 k is setto 1.

First, we introducesomenotation. We usethe subscript0 on the variables	 , S and Q and to be
shorthandfor f 
 k = 0; 
 6= kg. We similarly de�ne the subscript1 to be f 
 k = 1; 
 6= kg. Additionally, it
will beusefulto de�ne 	 
 k to be thecolumnvectorof thekernelresponsematrix introducedby 
 k = 1,
� 
 6= k ,

P
k06= k 
 k0, I N to be theN � N identity matrix, 1N � M to beanN � M matrix of ones,Ak ,

	 T
0 	 
 k , v , 1+ � 2

� 2 , and� k and� k to bethekth row, kth columnelementsin matricesS andQ, respectively.
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� k and� k areanalogousto the elementE � 1 in the matrix inversionformula (B.3), so the expressionsfor
thesetwo variablesare

� k =
�
	 T


 k
	 
 k

+ � � AT
k S0Ak

� � 1

=
�
� + 	 T


 k

�
I N � 	 0S0	 T

0

�
	 
 k

� � 1

� k =
�
v	 T


 k
	 
 k

+ �
� 2 � v2AT

k Q0Ak

� � 1

=
�

�
� 2 + v	 T


 k

�
I N � v	 0Q0	 T

0

�
	 
 k

� � 1
:

Following from thede�nitions in Sec.C.1andthenotationintroducedhere,wehave

Q0 =
�
	 T

0 	 0 + (� 2S0) � 1� � 1

=
�
	 T

0 	 0 + (� 2) � 1(	 T
0 	 0 + �I � 
 )

� � 1

=
�
v	 T

0 	 0 + �
� 2 I � 


� � 1
:

When
 k = 0, theexpressionfollowsstraightfrom (C.2b):

p(z j 
 k = 0; 
 6= k ; � 2; x) /
q

(� 2) � � 
 6= k
�
�Q0S� 1

0

�
� � exp

�
Z T 	 0Q0	 T

0 Z
�
: (C.5a)

We needto do a bit morework in thederivationwhen
 k = 1. We applytheformulasfor matrix inversion
(B.3) andfor thematrixdterminant(B.1) to obtain

p(z j 
 k = 1; 
 6= k ; � 2; x) /
q

(� 2) � (� 
 6= k +1)
�
�Q1S� 1

1

�
� exp

�
Z T 	 1Q1	 T

1 Z
�

=
q

(� 2) � (� 
 6= k +1)

�
�
�
�
�

	 T
1 	 1 + �I � 
 6= k +1

v	 T
1 	 1 + �

� 2 I � 
 6= k +1

�
�
�
�
�

1=2

� exp
�

1
2 Z T

�
�
	 0 	 
 k

�
�

Q0 + v2� k Q0Ak AT
k QT

0 � v� k Q0Ak
� v� k AT

k QT
0 � k

� �
	 T

0
	 T


 k

��
Z

�

=
q

� k jQ0j (� k (� 2) � 
 6= k +1 jS0j) � 1

� exp
�

1
2 Z T

�
	 0Q0	 T

0 + v2� k 	 0Q0Ak AT
k QT

0 	 T
0 � v� k 	 0Q0A0	 T


 k

� v� k 	 
 k
AT

k QT
0 	 T

0 + � k 	 T

 k

	 
 k

�
Z

�

=
q

� k jQ0j (� k (� 2) � 
 6= k +1 jS0j) � 1

� exp
�

Z T 	 0Q0	 T
0 Z + � k

�
Z T �

I N � v	 0Q0	 T
0

�
	 
 k

� 2
� 1=2

: (C.5b)

Sincewe aregoing to computeMetropolis-Hastingsacceptanceprobabilities,we areinterestedin the
ratiosof thez likelihoodsfor thepossibleassignmentsof 
 k . Theratiossimplify theexpressions(C.5a)and
(C.5b)somewhat:

p(z j 
 k = 1; 
 6= k ; � 2; x)

p(z j 
 k = 0; 
 6= k ; � 2; x)
=

r

� k (� k � 2) � 1 � exp
�

� k

�
Z T

�
I N � v	 0Q0	 T

0

�
	 
 k

� 2
�

: (C.6)

Theratio p(z j 
 k = 0; 
 6= k ; � 2; x)=p(z j 
 k = 1; 
 6= k ; � 2; x) follows similarly. Notethatwhenwe remove the
stabilisationterm(� = 0), theratio (C.6)becomes

p(z j 
 k = 1; 
 6= k ; � 2; x)

p(z j 
 k = 0; 
 6= k ; � 2; x)
=

vu
u
t 1

1 + � 2 exp

 
� 2

1 + � 2 �

�
Z T

�
I N � 	 0S0	 T

0

�
	 
 k

� 2

	 T

 k

�
I N � 	 0S0	 T

0

�
	 
 k

!

;

which is thesameresultobtainedby [30].
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D Ef�cient algorithm for Metr opolisedGibbssampler

The algorithmMETROPOLISED-GIBBS-SAMPLER-
 samples
 with time complexity O(N K 2). We as-
sumethe algorithmis provided with computedvaluesfor the kernelresponsematrix 	 , the Grammatrix
	 T 	 andthestabilisedg-prior S. hX i meansthevalueX insidethebracketshasalreadybeencomputed,
andU[0;1] denotesa randomvariateuniformly distributedon theinterval [0; 1]. It is interestingto notethat
the algorithmfails wheneither� k or � k is negative, andtheseconditionsimply eitherS or Q is not posi-
tive semi-de�nite. Therefore,this samplerensuresthat � posterioris a properdistribution (providedthe� 2

samplesarebehaved).

METROPOLISED-GIBBS-SAMPLER-

1 v  1+ � 2

� 2

2 Q  
�
h	 T 	 i + (� 2S) � 1

� � 1

3 Computeh	 T Z i
4 for k = 1 to K do B Preferablyin a randomorder.
5 if 
 k = 0 then
6 if U[0;1] < � 
 + a

K + a+ b� 1 then
7 PROPOSE-GIBBS-BIRTH-

8 elseif U[0;1] < K � � 
 + b

K + a+ b� 1 then
9 PROPOSE-GIBBS-DEATH-


PROPOSE-GIBBS-BIRTH-

1 Compute	 
 k

2 Computeh	 T

 k

	 
 k
i

3 Computeh	 T 	 
 k i
4 Computeh	 T


 k
Z i

5 hS	 T 	 
 k i  Sh	 T 	 
 k i
6 hQ	 T 	 
 k i  Qh	 T 	 
 k i
7 � k  1=

�
� + h	 T


 k
	 
 k

i � h	 T 	 
 k i T hS	 T 	 
 k i
�

8 � k  1=
�
�=� 2 + vh	 T


 k
	 
 k

i � v2h	 T 	 
 k i T hQ	 T 	 
 k i
�

9 x  h	 T

 k

Z i � vh	 T Z i T hQ	 T 	 
 k
i

10 if U[0;1] < min
n

1;
q

� k
� 2 � k

� exp(� k x2)
o

then

11 GIBBS-ACTIVATE-


PROPOSE-GIBBS-DEATH-

1 	 
 k  columnk of 	
2 h	 T 	 
 k i  columnk of h	 T 	 i with all rowsexceptrow k
3 h	 T


 k
Z i  row k of h	 T Z i

4 h	 T Z i (new)  all rowsof h	 T Z i exceptrow k
5 � k  row k, columnk entryof S
6 Vk  columnk of S with all rowsexceptrow k
7 S(new)  all rowsandcolumnsof S exceptrow k andcolumnk
8 S(new)  S(new) � Vk V T

k =�k
9 � k  row k, columnk entryof Q

10 Vk  columnk of Q with all rowsexceptk
11 Q(new)  all rowsandcolumnsof Q exceptrow k andcolumnk
12 Q(new)  Q(new) � Vk V T

k =�k
13 x  h	 T


 k
Z i (new) � vh	 T Z i T Q(new) h	 T 	 
 k

i

14 if U[0;1] < min
n

1;
q

� 2 � k
� k

� exp(� � k x2)
o

then

15 GIBBS-DEACTIVATE-
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GIBBS-ACTIVATE-

1 	  [	 	 
 k ]

2 h	 T 	 i  
�

h	 T 	 i h	 T 	 
 k i
h	 T 	 
 k i T h	 T


 k
	 
 k i

�

3 h	 T Z i  
�

h	 T Z i
h	 T


 k
Z i

�

4 S  
�

S + � k hS	 T 	 
 k ihS	 T 	 
 k i T � � k hS	 T 	 
 k i
� � k hS	 T 	 
 k i T � k

�

5 Q  
�

Q + v2� k hQ	 T 	 
 k ihQ	 T 	 
 k i T � v� k hQ	 T 	 
 k i
� v� k hQ	 T 	 
 k i T � k

�

GIBBS-DEACTIVATE-

1 	  all columnsof 	 exceptk
2 h	 T 	 i  all rows/columnsof h	 T 	 i exceptrow/columnk
3 h	 T Z i  h	 T Z i (new)

4 S  S(new)

5 Q  Q(new)
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