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Abstract. It is known that the satisfiability problem (SAT) can be solved
with a semi-uniform family of deterministic polarizationless P systems
with active membranes with non—elementary membrane division. We
present a double improvement of this result by showing that the satisfia-
bility of a quantified Boolean formula (QSAT) can be solved by a uniform
family of P systems of the same kind.

1 Introduction

A particularly interesting model of membrane systems are the systems with
active membranes, see [10], where membrane division can be used in order to
solve computationally hard problems in polynomial or even linear time, by a
space-time trade-off. The description of rules in this model involves membranes
and objects; the typical types of rules are (a) object evolution, (b),(¢) object
communication, (d) membrane dissolution, (e), (f) membrane division. Since
membrane systems are an abstraction of living cells, the membranes are arranged
hierarchically, yielding a tree structure. A membrane is called elementary if it is
a leaf of this tree, i.e., if it does not contain other membranes.

The first efficient semi—uniform solution to SAT was given by Gh. Paun in
[10], using division for non—elementary membranes and three electrical charges.
This result was improved by Gh. Paun, Y. Suzuki, H. Tanaka, and T. Yokomori
in [11] using only division for elementary membranes (in that paper also a semi—
uniform solution to HPP using membrane creation is presented).
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wishes to acknowledge the support of the project TIN2005-09345-C04-01 of the Min-
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P. Sosik in [19] provides an efficient semi-uniform solution to QSAT (quan-
tified satisfiability problem), a well known PSPACE-complete problem, in the
framework of P systems with active membranes but using cell division rules for
non—elementary membranes. A uniform solution for QSAT was presented in [1],
while a semi-uniform polarizationless solution for SAT was presented in [3].

Different efficient uniform solutions have been obtained in the framework of
recognizer P systems with active membranes, with polarizations and only us-
ing division rules for elementary membranes ([14], [13], [5], [17], [2], [15], and
[18]). Nevertheless, the polynomial complexity class associated with recognizer
P systems with active membranes and with polarizations does not seem precise
enough to describe classical complexity classes below PSPACE. Therefore, it is
challenging to investigate weaker variants of membrane systems able to charac-
terize classical complexity classes.

This is a final version of [4]. Here we work with a variant of these membrane
systems that do not use polarizations. With this model, dissolution rules have
been shown in [6] to provide a borderline between efficiency and non—efficiency.

In the next section some preliminary ideas about recognizer membrane sys-
tems and polynomial complexity classes are introduced. In Section 3 we present
a uniform and polynomial solution of the quantified satisfiability problem by a
family of recognizer P systems with active membranes, without polarization, per-
mitting dissolution rules and division for both elementary and non—elementary
membranes. Conclusions and some final remarks are given in Section 4.

2 Preliminaries

Membrane computing is a recent branch of natural computing initiated by Gh.
Paun in [9]. The devices of this model, called P systems, provide distributed
parallel and non—deterministic computing models.

In short, one abstracts computing models from the structure and the func-
tioning of living cells, as well as from the organization of cell in tissues, organs,
and other higher order structures. The main components of such a model are
a cell-like membrane structure, in the compartments of which one places multi-
sets of symbol-objects which evolve in a synchronous maximally parallel manner
according to given evolution rules, also associated with the membranes.

Definition 1. A P system with external output, II, is a tuple

I = (F, H, oy, My, ... ,./\/lp,R), where:

I' is the working alphabet of the system whose elements are called objects.
H is an alphabet whose elements are called labels.

w is a membrane structure (a rooted tree) consisting of p membranes injec-
tively labelled by elements of H.

— M;, 1 <i<p, is an initial multiset over I" associated with membrane 1.

R are rules defining the behavior of objects from I' and membranes from H.

The semantics of P systems is defined through a non—deterministic and syn-
chronous model (a global clock is assumed) as follows:
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— A configuration of a membrane system consists of a membrane structure and
a family of multisets of objects associated with each region of the structure.

— In each time unit we can transform a given configuration in another configu-
ration by applying the evolution rules to the objects placed inside the regions
of the configurations, in a non—deterministic, maximally parallel manner,
thus defining the transitions between the configurations.

— A computation of the system is a (finite or infinite) sequence of configurations
according to the transition relation.

— A computation which reaches a configuration where no more rules can be
applied to the existing objects, is called a halting computation.

— The result of a halting computation is defined through the contents of the
environment in the final configuration.

Let us recall that a decision problem X is a pair (Ix,fx) where Iy is a language
over a finite alphabet (whose elements are called instances) and 0x is a total
Boolean function over Ix. In order to solve this kind of problems, we consider
P systems as recognizer languages devices.

Definition 2. A recognizer P system is a P system with external output such
that: (a) the working alphabet contains two distinguished elements yes and no;
(b) all computations halt; and (c) if C is a computation of the system, then
either object yes or object no (but not both) must have been released into the
environment, and only in the last step of the computation.

In recognizer P systems, we say that a computation C is an accepting com-
putation (resp. rejecting computation) if the object yes (resp. no) appears in the
environment associated with the corresponding halting configuration of C.

Definition 3. Let X = (Ix,0x) be a decision problem. We say that X is solv-
able in polynomial time by a (countable) family R of recognizer membrane sys-
tems II = (11 (u))uery , denoted by X € PMCY, if the following is true.

— The family II is polynomially uniform by Turing machines, that is, there
erists a deterministic Turing machine working in polynomial time which
constructs the system II(u) from the instance u € Ix.

— The family I1 is polynomially bounded: for some polynomial function p(n)
each u € Ix, all computations of II(w) halt in, at most, p(|u]) steps.

— The family II is sound with regard to X : for each instance of the problem
u € Ix such that there exists an accepting computation of II(u), Ox(u) = 1.

— The family II is complete with regard to X : for each instance of the problem
u € Ix such that Ox(u) = 1, every computation of II(u) is accepting.

We say that the family II is a semi-uniform solution of the problem X.

A direct consequence of working with recognizer membrane systems is that
the complexity classes PMCY}, are closed under complement. Moreover, these
complexity classes are closed under polynomial time reduction, see [12].

Now, we deal with recognizer membrane systems with an input membrane
solving decision problems in a uniform way in the following sense: all instances
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of a decision problem with the same size (according to a previously fixed poly-
nomial time computable criterion) are processed by the same system, on which
an appropriate input, representing the specific instance, is supplied.

Definition 4. A P system with an input membrane is a tuple (11, X, i), where:
(a) II is a P system with external output, with working alphabet I", with p mem-
branes labelled with 1,...,p, and initial multisets My, ..., M, associated with
them; (b) X is an (input) alphabet strictly contained in I" and the initial multisets
are over I' — X; (¢) iy is the label of a distinguished (input) membrane.

If m is a multiset over the input alphabet Y| then the initial configuration of
the P system (II, X, ir) with an input m is (u, My, ..., M;z Um, ..., Mp).

Definition 5. Let X = (Ix,0x) be a decision problem. We say that X is solv-
able in polynomial time by a family II = (II(n))nen of recognizer membrane
systems with an input membrane, and we denote it by X € PMCrpg, if

— The family II is polynomially uniform by TM: some deterministic TM con-
structs in polynomial time the system II(n) from n € N.

— There exists a pair (cod,s) of polynomial-time computable functions whose
domain is Ix, such that for each u € Ix, s(u) is a natural number and
cod(u) is an input multiset of the system II(s(u)), verifying the following:

— The family I1 is polynomially bounded with regard (X, cod, s); that is, there
exists a polynomial function p(n) such that for each u € Ix every computa-
tion of the system II(s(u)) with input cod(u) halts in at most p(|u|) steps.

— The family II is sound with regard to (X, cod, s); that is, for each instance
of the problem uw € Ix such that there exists an accepting computation of
I1(s(w)) with input cod(u), we have Ox (u) = 1.

— The family II is complete with regard to (X, cod, s); that is, for each instance
of the problem u € Ix such that 0x(u) = 1, every computation of II(s(u))
with input cod(u) is an accepting one.

We say that the family II is a uniform solution to the problem X . The complex-
ity classes PMCpg are closed under complement and closed under polynomial
time reduction, in the classical sense, see [12].

Notice that if II is a family of recognizer P systems solving a decision prob-
lem X in polynomial time and in a uniform way, then it provides a polynomial
time solution of X in a semi-uniform way. Therefore, PMCgr C PMCX;.

2.1 P systems with polarizationless active membranes

Definition 6. A P system with active membranes and without polarizations is
a P system with I as working alphabet, with H as the finite set of labels for
membranes, and where the rules are of the following forms:

(ap) [a — ulp for h € H, a € I', uw € I'*. These are object evolution rules. An
object a € I' in a membrane labelled by h evolves to a string uw € I'*.
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(bo) a[ Jn — [b]n for h € H, a,b € I'. These are send—in communication rules.
An object from the region immediately outside a membrane labelled by h is
introduced in this membrane, possibly transformed into another object.

(co) [a]lp — b Jn forh € H, a,b € I'. These are send—out communication rules.
An object is sent out from membrane labelled by h to the region immediately
outside, possibly transformed into another object.

(do) [a]n — b for h € H, a,b € I'. These are dissolution rules. A membrane
labelled by h (not skin) is dissolved in reaction with an object.

(eo) [a]n — [b]n [c]n for h € H, a,b,c € I'. These are division rules for elemen-
tary membranes. An elementary membrane can be divided into two mem-
branes with the same label, possibly transforming some objects.

(fo) 11 1ral)nalne = [ k1 Jho [ 10 Jnes where ho, by, ho are labels. These are di-
vision Tules for non—elementary membranes. If the membrane with label hg
contains other membranes than those with labels hi, ho, these membranes
and their contents are duplicated and placed in both new copies of the mem-
brane hg; all membranes and objects placed inside membranes hy, hs, as well
as the objects from membrane hg placed outside membranes hy and ho, are
reproduced in the new copies of membrane hg.

These rules are applied according to the following principles:

— All the rules are applied in parallel and in a maximal manner. In one
step, one object of a membrane can be used by only one rule (chosen non—
deterministically), but any object which can evolve, must evolve.

— If at the same time a membrane labelled with & is divided by a rule of type
(ep) or (fo) and there are objects in this membrane which evolve by means
of rules of type (ap), then we suppose that first the evolution rules of type
(ao) are used, and then the division is produced. The process takes one step.

— The rules for membranes h are used for all copies of this membrane. At one
step, a membrane can be the subject of only one rule of types (bo)—(fo)-

We denote by AM®(a, 8), where o € {—d, +d} and § € {—ne, +ne}, the class
of all recognizer P systems with polarizationless active membranes such that:
—d forbids rules (dy), and —ne forbids rules (fp).

Proposition 1. For each o € {—d,+d} and 8 € {—ne,+ne} we have:

w5 C PMC 000 )
a,—ne) - PMC;/:‘MO(OL,J'-’ILE)'
o,—ne) < PMCAMO(a +ne)*

dﬂ) C PMC g0 (44,8)-
PMCAMO ) C PMCAM0(+dﬁ)

=
22
O
P
%

A conjecture known in the membrane computing area under the name of the
P-conjecture (proposed by Gh. Paun in 2005) is that P = PMC 4 (0(44,—ne)-

In [6] one obtains some partial answers of that conjecture. Specifically, in the
framework of recognizer P systems with membrane division but without using
polarizations a surprising role of the dissolution rules is shown, as it makes the
difference between efficiency and non—efficiency for P systems with membrane
division and without polarization.
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Theorem 1. The following statements hold:

(1) P= PMCA/\*AD(_d’ﬂ) =PMC7 v 0(_q,5) for each B € {—ne, +ne}.
(2) NP g PMCAMO(+d7+ne)'

3 A uniform solution of QSAT

In this section we extend the result (2) from Theorem 1, providing an uniform
and linear time solution of QSAT (quantified satisfiability) problem, through a
family of recognizer P systems using polarizationless active membranes, dissolu-
tion rules and division for elementary and non—elementary membranes.

Given a Boolean formula ¢(x1,...,2,) in conjunctive normal form, with
Boolean variables x1,...,x,, the sentence ¢* = J11Vay ... Qpe,p(r1,. .., Ty)
(where @Q,, is 3 if n is odd, and @, is V otherwise) is said to be the (existential)
fully quantified formula associated with ¢(x1,...,x,). Recall that a sentence is
a Boolean formula in which every variable is in scope of a quantifier.

We say that ¢* is satisfiable if for each truth assignment, o, over {i: 1 <i <
n A i even} there is an extension o* of o over {1,...,n} such that the value of
x; only depends on the values of x;, 1 < j < i, verifying o*(¢(z1, ..., 2,)) = L.

The QSAT problem is the following one: Given the (existential) fully quanti-
fied formula ©* associated with a Boolean formula ¢(x1,...,x,) in conjunctive
normal form, determine whether or not ©* is satisfiable.

It is well known that QSAT is a PSPACE-complete problem [8].

Theorem 2. QSAT € PMC 400 (4d,4ne)-

Proof. The solution proposed follows a brute force approach, in the framework of
recognizer P systems with polarizationless active membranes where dissolution
rules, and division for elementary and non—elementary membranes are permitted.
The solution consists in the following stages:

— Generation Stage: using membrane division for elementary and non—elemen-
tary membranes, all truth assignments for the variables associated with the
Boolean formula are produced.

— Assignments stage: in a special membrane we encode the clauses that are
satisfied for each truth assignment.

— Checking Stage: we determine what truth assignments make the Boolean
formula evaluate to true.

— Quantifier Stage: the universal and existential gates of the fully quantified
formula are simulated and its satisfiability is encoded by a special object in
a suitable membrane.

— OQOutput Stage: The systems sends out to the environment the right answer
according to the result of the previous stage.

Let us consider a propositional formula in the conjunctive normal form:
w=C1A---NChp,
Ci =Yina Vo \/yi,lia 1 < ) < m, where
Yik € {zj,mz;j |1 <j<n}, 1<i<m,1<k<I.
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We consider a normal form for QSAT: the number of variables is even (n = 2n’)
and the quantified formula is ¢* = Jzx Ve - - - Jxy 1V, p(z1,...,25).

Let us consider the (polynomial time computable and bijective) pair func-
tion from N? onto N defined by (n,m) = ((n +m)(n +m + 1)/2) + n. Depend-
ing on numbers m (of clauses) and n (of variables), we will consider a system
(II({n,m)), X ({n,m)),ip), where igp = 0 is the input region and X'({n,m)) =
{vi,j,vgd [1<i<m, 1<j<n}is the input alphabet.

The problem instance ¢ will be encoded in the P system by a multiset con-
taining one copy of each symbol from sets X, X’ C X((n,m)), corresponding
to the clause-variable pairs such that the clause is satisfied by true and false
assignment of the variable, defined below. We now construct the P system

Xo=A{vij|lzje{yin |1 <k<L},1<i<m, 1<j<n},
Xo=Avij |-z e{yin | 1<k <L} 1<i<m, 1<j<n}
II({n,m)) = (0, H, p,wo, ", Wtsn+3, R), with
O = Y((n,m)) U{u;j,uj;|1<i<m, 1<j<n}
U{d; |0<i<2m+Tn+2}U{a;t;, fi|1<i<n}
Ufa|1<i<m}uU{t,f,z272,T,T yes,no},

M:[[[[ ]0]1"' ]m+5n+2]m+5n+37
Wo = W 5n+1 = do,
Wimt2n+3i = dmysn, 1 <0<,
wi =M1 ¢ {0,m+5n+1}U{m+2n+3i|1<i<n},
H={0,---,m+5n+ 3},

and the following rules (we also explain their use):

Generation stage
Gl [d3i — ait1dziv1 |,
[ dzit1 — dzit2 ]0,
{ d3¢+2 — d31'+3 ]O’ 0<i<n.

d3n+i — d3n+7;+1 ]0, 0 < i < m+2n.

We count to m + 5n, which is the time needed for producing all 2" truth assign-
ments for the n variables, as well as membrane sub-structures which will examine
the truth value of formula ¢ for each of these truth assignments; this counting is
done in the central membrane; moreover during steps 3¢ — 2, 1 < ¢ < n, symbols
ai,---,a, are subsequently produced.

G2 [ai]Oﬁ[ti]o[fi]ovlgigTL

In membrane 0, we subsequently choose each variable z;, 1 < i < n, and both
values true and false are associated with it, in form of objects t; and f;, which
are separated in two membranes with label 0. The division of membrane 0 is
triggered by the objects a;, which are introduced by the first rule from group
G1 in steps 3¢ — 2, 1 < i < n; this is important in interleaving the use of these
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label s t a g9 e
¥
m+5n+3 o
|
m+5n+2 (o) o
|
m+5n+41 (o] o

m+5n—1 Q o o
m+4bn—2 Q le !
m+5n—4 Q o/ \ o o/ \ o
misns @ : : : :
m+2n+2 Q o o o o o o o o
B L A A A A
N A N N N 0 NV N NN
m+2n A o oo o o oo oo oo o o o o o
m+2n—1 A (l) é ......................................................................................................... é
2n + 1 A o o ......................................................................................................... o
s !
2 o o e e e .
1 e} (l) O e o

Fig. 1. The membrane structure of the system IT after m + 5n steps.

rules (hence the division of membrane 0) with the use of the rules of group G4,
for dividing membranes placed above membrane 0.

G3 [dj _’dj—l ]m+2n+3i’ 1<j<m+tm—-2,1<i<n,
[do],pionys — 2, 1<i<n

After m + 5n steps, dissolution rule is applied to membranes m + 2n + 3.

G4 [[ Ll 1 Lo = [0 1 L LD L Ly 0 <0 <omi4- 5

These are division rules for membranes with label 0,1, - - -, m+5n, to be used for
the central membrane 0 in steps which follow the use of the first rule of type G1.
The division of a membrane with label 1 is then propagated from lower levels
to upper levels of the membrane structure and the membranes are continuously
divided. The membrane division stops at the level where a membrane m+2n-+3i
has been already dissolved by a rule from group G3. This results in the structure
as shown in Fig. 1 after m + 5n steps.

G5 [ dm+5n ]0 — T

After m + 5n steps, each copy of membrane with label 0 is dissolved and the
contents is released into the surrounding membrane, which is labeled with 1.

Assignments stage
Al [ti — t/ ]%71,
)iy = 2
fily = f
fl -z ]21'7
2]y, — 2, 1<i<n.

[
[
[
[
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Depending on the variable assignments, we need to determine what clauses are
satisfied. For a variable x;, this is done in membranes 2i — 1 and 2i. The ob-
jects encoding the problem propagate through the membrane structure: object
t; dissolves membrane 2i — 1 after one step, and then it dissolves membrane 27
immediately, while object f; dissolves membrane 2i — 1 immediately, and then
it dissolves membrane 27 after one step.

A2 v = uij 1oy,

[V — w1, 1<i<n, 1<j<m.
Once in membrane 27 — 1, objects v; j and v] ; wait for one step.

A3 Juj; — N

2¢—17
2¢—17

u’v7z—>ci]2i,1§i§n,1§j§m.

If membrane 2i—1 is not in the meantime, then the objects encoding the instance
of SAT evolve according to the true value of z;, otherwise, they evolve according
to the false value of z;.

At the end of this routine (it takes 3n steps), a membrane with label 2n + 1
which contains all the symbols ¢y, -+, ¢, corresponds to the truth assignment
satisfying all clauses, hence it satisfies formula ¢, and vice-versa.

Checking stage

C1 [ci]2n+i—>ci,1§i§m.

A membrane with label 2n+i, 1 < i < m, is dissolved if and only if ¢; appears in it
(i.e., clause C; is satisfied by the current truth assignment); if this is the case, the
truth assignment associated with the membrane is released in the surrounding
membrane. Otherwise, the truth assignment remains blocked in membrane 2n+i
and never used at the next steps by the membranes placed above.

C2 [T]i9na = T

The fact the object T appears in the membrane with the label m + 2n + 1 means
that there is a truth assignment which satisfies the formula . In this case, the
membrane with label m 4 2n + 1 is dissolved and the contents are released into
the membrane with label m + 2n + 2. Otherwise, the formula is not satisfiable,
and the membrane with label m + 2n + 1 will not dissolve.

Quantifier stage

QLT yoniei1 — 1"
mt2n+6i+2 Lo

[T — )\]m+2n+61'+2’ 1<2i<m.
The universal gate of the formula is simulated by dissolution of two membranes:
this happens if and only if two copies of T are present. One copy dissolves
membrane m+2n+6i+ 1 and is erased while the other copy dissolves membrane
m+2n+6i+2 and sends one copy of T outside; otherwise the computation in this
gate stops without sending any object out. Recall that membrane m+2n+6:i+3
has been erased by rule from group G3.
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Q2 [T], i onieira — T

I
[ m42nt6its Lo

[T = Al yonieis L S2i<m.

The existential gate of the formula is simulated by dissolution of two membranes:
this happens if and only at least one copy of T' is present. One copy dissolves
membrane m + 2n + 67 4+ 4 and then it also dissolves membrane m + 2n + 67 4 2,
(thus sending one copy of T outside) while the other copy (if exists) is erased;
if no copy of T is present, no rule is applied, so the gate sends nothing outside.
Recall that membrane m + 2n + 67 + 6 has been erased by rule from group G3.

Q3 [dz—>dz+1]m+5n+1,0§z§2m+8n+1

At the same time as the membrane with label m + 5n + 1 is dissolved (at step
2m + 8n + 1), the object doymtsnt1 evolves to domisnt2, and then released to
the membrane with label m + 5n + 2.

Output stage
01 [ d2m+8n+2 ]m+5n+2 — yes.
02 [a], ignis = [ Jgsnss@ a € {yes,no}.

In the next two steps, the object yes is produced, and sent to the environment.

03 [ d2m+gn+2 ]m+5n+1 — 1no.

04 [no ]m+5n+2 — no.

If the formula is not satisfiable, then the object da,,+sn+1 remains in the mem-
brane with label m + 5n + 1, which produces the object no, ejecting it into the
membrane with label m + 5n + 2, then into the membrane with label m + 5n + 3,
finally into the environment.

Therefore, in 2m+8n+-3 the system halts and sends into the environment one
of the objects yes, no, indicating whether or not the formula ¢* is satisfiable.

It is easy to see that the system I can be constructed in a polynomial time
starting from numbers m,n, and this concludes the proof. * O

This result can be contrasted to the result from [1] in the following way: we
used membrane dissolution instead of polarization. One of the techniques used
to achieve this goal is: instead of modifying the (polarization of the) membrane
and checking it later, we use two membranes and control the time when the
inner membrane is dissolved. In this case checking the membrane polarization is
replaced by checking whether it exists, i.e., checking the membrane label.

4 The systems constructed above are deterministic.
It is possible to speed up the system; the present construction is made for an
easier explanation: the stages do not overlap in time.
The only rules of type (co) in the system are 02, executed in the last step. Hence,
these rules are not important for deciding whether ¢* is satisfied; they are only
needed to send the answer out of the skin membrane.
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This is used in the Assignments stage (truth-value objects influence the input
objects, rules A1 and A3). In the Checking stage the dissolution picks one object
¢;, performing the “if” behavior. In the Output stage the dissolution makes it
possible to send exactly one of objects yes and no out. in the Quantifier stage
OR and AND are implemented by counting until one or two by dissolution.

Another way the dissolution is used in the construction is to stop (by rules
G3) the propagation of the non-elementary division (rules G4) from the elemen-
tary membranes outwards, to obtain the structure on Figure 1, because the rule
is more restricted then in the case with polarizations.

The dissolution is crucial here since, after membrane polarizations have been
removed, it remained the only way the objects can influence the behavior ofother
objects; otherwise the behavior of each object is easily decidable, see [6]. From
Theorem 2, since the complexity class PMC 40(0(1d,4ne) i closed under poly-
nomial time reductions, we have the following result.

Corollary 1. PSPACE C PMC 4 \(0(4d,4ne)-

4 Conclusions

The framework of recognizer P systems with active membranes and with three
electrical charges does not seem precise enough to describe classical complexity
classes below PSPACE. In [6], [7] one has considered weaker variants of these
P systems removing polarizations but keeping other usual ingredients associated
with active membranes (no cooperation, no priorities, and without changing
the labels of membranes). In [6] one shows that in the above framework but
without using dissolution rules, it is possible to solve in polynomial time only
decision problems which are tractable in the standard sense. Moreover, if we
consider membrane dissolution rules then we can solve NP—complete problems
in polynomial time and in a semi—uniform way and using division for elementary
and non-elementary membranes, see [3] and [6].

In this paper we give a polynomial time and uniform solution of QSAT, a
well-known PSPACE-complete problem, through a family of recognizer P sys-
tems using polarizationless active membranes, dissolution rules and division for
elementary and non—elementary membranes. It remain as an open question if
the division for non—elementary membranes can be removed. Our result thus
presents an interesting counterpart of the result from [1], compared to which the
polarizations have been replaced by membrane dissolution.
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