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Stretched Polymers in Random Environment

Dmitry loffe and Yvan Velenik

Abstract We survey recent results and open questions on the ballisése of
stretched polymers in both annealed and quenched randdmements.

This paper is dedicated to Erwin Bolthausen
on the occasion of his 65th birthday

1 Introduction

Stretched polymers or drifted random walks in random padéncould be consid-
ered either in their own right or as a more sophisticated duydipally more realistic
version of directed polymers. Indeed, directed polymensviroduced in[[15] as
an effective SOS-type model for domain walls in Ising modghwandom ferro-
magnetic interaction§ [11]. Thus, directed polymers dohase overhangs or self-
intersections, whereas models of stretched polymers dionpatse such constraints
and in this respect, resemble “real” Ising interfaces.

Obviously stretched polymers inherit all the pending gieast which are still
open for their directed counterparts; in particular a geherathematical descrip-
tion of the strong disorder regime is still missing. It is lp@ps unreasonable to
expect that these issues would be easier to settle in thetsbcontext. However,
attempts to analyze the model give rise to other more amersdles of an intrin-
sic interest. To start with, even the annealed model is ngiaitin the stretched
case. Furthermore, both quenched and annealed modelewhstd polymers ex-

Dmitry loffe
Department of Industrial Engineering and Management, fiech Israel e-mail:
Leloffe@e.technion.ac.1|

Yvan Velenik
Department  of  Mathematics, University  of  Geneva, Switredl  e-mail:
Yvan. Vel eni k@ni ge. ch


http://arxiv.org/abs/1011.0266v1
ieioffe@ie.technion.ac.il
Yvan.Velenik@unige.ch

2 Dmitry loffe and Yvan Velenik

hibit a sub-ballistic to ballistic transition in terms ofetlpulling force which leads
to a rich morphology of the corresponding phase diagram texipéored. Finally,

models of stretched polymers do not have a natural underiyiartingale structure,
which rules out an immediate application of martingale teghes which played
such a prominent role in the analysis of directed polymess @.g.[[2[ 20,14.15]
as well as the review [6] and references therein). It shoelddted, however, that
both an adjustment of the martingale approach (as based@n[E] - see also
Subsectioh 513 below) and non-martingale methods developne directed con-
text [19,24[ 28, 16] continue to be relevant tools for thetstied models as well.

In this paper we try to summarize the current state of knogdeabout stretched
polymers. A large deviation level investigation of the mloslas initiated in the con-
tinuous context by Sznitmar ([21] and references thereid)then adjusted to the
discrete setup in[26] 8]. The case of high temperatureelistfiener sausage with
drift was addressed in[22]. The existence of weak disortkigher dimensions has
been established first for on-axis directiondin [9] and theiended to arbitrary di-
rections in[[27]. The main input of the latter work was a probé certain mass-gap
condition for the (conjugate - see below) annealed modeight temperatures. In
fact, the mass-gap condition in question holds for a gertaias of off-critical self-
interacting polymers in attractive potentials at all tengperes[[13], which leads to
a complete Ornstein-Zernike level analysis of the officaitannealed case. In the
quenched case, such an analysis paves the way to a refinegptiesof what we
call below the very weak disorder regime[14] 12], which ggeh stretched counter-
part of the results of [2]. Finally, the approach bf[24] ahe fractional moment
method of[[16] were adjusted in[28] for a study of strong dies in low d = 2, 3)
dimensions.

The paper is organized as follows: The rest of Section 1 ist@eMto a precise
mathematical definition of the model and to an explanatioefkey notions. The
large deviation level theory is exposed in Section 2. Patloahgosition as described
in Section 3 is in the heart of our approach. It justifies apatife directed structure
of stretched polymers in the ballistic regime. In the aneéakse, it leads to a com-
plete description of off-critical ballistic models, which the subject of Section 4.
The remaining Section 5 (Weak disorder) and Section 6 (§tdisorder) are de-
voted to a description of the rather incomplete state of kadge for the quenched
models in the ballistic regime.

1.1 Class of Models

Polymers.A polymery = (w,..., yn) is @ nearest-neighbor trajectory on the integer
latticeZ9. Unless stressed otherwisgjs always placed at the origin. The length of
the polymer igy| = nand its spatial extension}(y) = y» — yo. In the most general
case neither the length nor the spatial extension are fixed.

Random Environment. The random environment is a collectidW (x)}, ;4 of
non-degenerate non-negative i.i.d. random variablestwaie normalized by &
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supdV). In the sequel we shall tacitly assume that ¥ps bounded. Limitations
and extensions (e.@VY < o or existence of trap$V (x) = «}) will be discussed
separately in each particular case. Probabilities andatapens with respect to the
environment are denoted with bold lett&randE.

Weights. The reference measuR¢y) 4 (2d)~™ is given by simple random walk
weights. The most general polymer weights we are going teidenare quantified
by three parameters:

e the inverse temperatufe> 0;
e the external pulling forch € RY;
e the mass per step > 0.

The random quenched weights are given by

Ivi

o v) = exp{n-X(y) = A1y~ B Y V(W) [PV (1)

In the sequel, we shall drop the ind@xfrom the notation, and we shall drop the
indicesA or hwhenever they equal zero. The corresponding determiristiealed
weights are given by

ar () 2 Eaa n(y) = exp{h-X(y) = A [yl — @(y) } P(y), 2)

wheredg(y) 4 Sx @ (£y(x)), with £,(x) denoting the local time (number of visits)
of yatx, and
@ (¢) = —logEe PV, (3)

Note that the annealed potential is attractive, in the stveey (¢ +m) < @z (£) +

@ (M)

Path Measures and Conjugate Ensemble§.here are two natural types of ensem-
bles to be considered: Those with fixed polymer lerigth- n, and those with fixed
spatial extensioiX(y) = x or, alternatively, with fixech- X(y) = N. Accordingly,
we define the quenched partition functions by

A

QXE T Gy AL Y QX and Q)2 S a(y). @)

X(y)=x h-x=N lyl=n

and useh,) (x) 4 EQ; (X), Ay (N) andA,(h) to denote their annealed counterparts.
Of particular interest is the case of a polymer with fixed kgl = n. We define
the corresponding quenched and annealed path measures by

hoy A Gn(Y) hivy A an(y)
Qn(Y) = 1f1y1=n) "0 and Ap(y) = 1{\y\:n}An(h)- (5)
Following (), the probability distribution®%, A% ,Q} andAY are defined in the
obvious way.
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1.2 Ballistic and Sub-Ballistic Phases.

In both the quenched and the annealed setups there is a ¢oompleétween the
attractive potential and the pulling forbeFor small values off the attraction wins
and the polymer is sub-ballistic, whereas it becomes fialiish is large enough.
These issues were investigated on the level of Large Dewigfiirst in the contin-
uous context of drifted Brownian motion among random olietain [21] and then
for the models we consider here in[26, 8]. Such large deviatinalysis, however,
overlooks the detailed sample-path structure of polymedsia particular, does not
imply law of large numbers or even existence of limiting sagxtension (speed).
The law of large numbers in the annealed case was establisfiEs] together with
other more refined analytic properties of annealed supgécaimpolymer measures.
As is explained below, in the regime of weak disorder the alatklaw of large
numbers implies the quenched law of lar ge numbers with thedaniting macro-
scopic spatial extension. We record all these facts as/slio

Theorem 1.There exist compact convex s&8 C K9 with non-empty interiors,
0 € intK?, such that:

1. If heintK?@, respectively ke intK 9, then, for anye > 0,

- X(y) A X(y)

ARAE(\T\ >¢€) =0, respectlvelyrllm(@mT\ >¢g) =0 P-as., (6)
exponentially fast in 1[26.18].

2. If h¢g K2, then there existsa v3(h, B) # O, such that, for ang > 0,

r!iﬁrr;Aﬂ(]@—v\>e):O, (7)

exponentially fast in 26,18, 13].
3. If h ¢ K9, then there exists a compact §af .}, such that

. X(y)

h
liminf Qf (d(T,///h)) —0 P-as, 8)
exponentially fast in [ [26,/8]. Furthermore, if the dimemsid > 4, then for any
h # 0 fixed the set#, = {v@(h, )} as soon ag$ is sufficiently small.

The phases correspondingte K2 and, respectivelyy ¢ K9 are called ballistic. As
described in the next subsectidt? andK Y are support sets for certain Lyapunov
exponents (norms).

A general (i.e., without an assumption of weak disorderyatt@rization of the
set.#4 is given in LemmaR. The question whether quenched modeteiballistic
phase satisfy a law of large numbers is, in general, open.

Remark 1 The above theorem and its far reaching refinements hold fmge klass
of annealed models with attractive interactions. In patéic no moment assump-
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tions onV are needed. For instance, both thekséts defined and the corresponding
results hold in the case of pure traps {0, }.

The critical caseb € K@ and, of courseh € dK% are open. Itis easy to see that
K2 c K9 for sufficiently low temperatures. It is, however, an opeesion (which
depends on dimensiah= 2,3 ord > 4) whether the sets of critical drifts coincide
for moderate or small values 6.

The sub-critical cask € intK? has been worked out by Sznitman in the context
of drifted Brownian motion among random obstacles| [21]; akse [1] for some
results in the case of random walks.

1.3 Lyapunov Exponents.

The quenched and annealed Lyapunov exponents are defined via

4

3092 — im <1ogQy (INx)) and ay (9 2 — im < logAy ([NX)).  (9)

Theorem 2.Bothq, anda, are defined for all > 0. Moreover, for everjA > 0,
qx > a, and both are equivalent norms @f : there exist ¢, c2 € (0, ) such that

ChIX| < ay (%) < g5 (x) < G []. (10)

In particular, g5 and a, are support functions of compact convex sets with non-
empty interior containing, which we denote as§ C Kg.

Remark 2The annealed Lyapunov exponent is always defined. The pifotbfeo
existence of the (non-random) quenched Lyapunov expomefff] is based on
sub-additive ergodic theorem and requiresMf < « assumption. However, no
moment assumptions (apart frdPfV = o) being small) are needed to justify ex-
istence of quenched Lyapunov exponents in the very weakdéis@ase in higher

dimensions[14].

The setK$ and Kg can be described equivalently as the unit balls for the polar
norms

h-x .
¥ (h) = max—— andaccordingly a;} (h) = max——.
q)\( ) X0 q)\(x) d gy )\( ) X0 ay (X)

The setk?, respectively)K 9, in TheorenflL is given bit3, respectivelyK .
1.4 Very Weak, Weak and Strong Disorder.

GivenA >0 andfB > 0, we say that the disorder is wealajf = g, and strong oth-
erwise. The condition of beingery weakis of a technical nature. It means that the
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dimension igd > 4 and that, given either a fixed valuelofz 0 or of A > 0, the in-
verse temperatui@ is sufficiently small. More precisely, we need a validity BIJ
below, which enables a fruitful,-type control of partition functions and related
guantities. In particular, the disorder is weak if it is vevgak [9/27[ 14] and, fur-
thermore, in the regime of very weak disorder, boffta.s. LLN and d-a.s. CLT
hold for the limiting macroscopic spatial extensionl[14]. % we explain in Sub-
sectior 5.1, the LLN is inherited by quenched models in thakndisorder regime.
However, contrary to the directed cask [7], it is not knowrethler CLT holds in the
whole of the weak disorder region. Furthermore, it is notknavhether, ind > 4,
the disorder is weak for all > 0 as soon ag is small. In particular, proving that
K2 = K9 for small 8 remains an open problem.

Under mild assumptions on the potenték{x : V(x) = 0} does not percolate
and limg_,., logEe AV /B = 0), itis easy to se¢ [28] that, for a givanthe disorder
is strong as soon @8 is large enough. Such a result is well-known even in the
original context of the Ising model with random interac8d@5]. It was recently
proved [28] that ind = 2,3 the disorder is strong for any > 0 andf > 0; a short
proof of the casel = 2 is given in Sectiohl6.

Furthermore the approach of Vargasl|[24] was adjusted inif28fder to show
that in the regime of strong disorder quenched conjugatesutea necessarily con-
tain macroscopic atoms.

2 Large Deviations

The following result holds under the presumably technisalianption thafV® < co
in the quenched case, but in full generality in the anneadsé.c

Theorem 3.For any he RY, the rescaled spatial polymer extensiofy)/n satisfies
large deviation principles (with speed n) under bathand,P-a.s., undeQ! with
the corresponding (non-random) rate functiofjsahd ‘E given by

) = mAax{aA (V) = A} + (Aa(h) —h-v),
(11)

() = max{a, (v) = A} + (Aq(h) = h-v),
whereAq(h) £ 1imn e 1 10gAn(f) andAq(h) £ limp e 1 10gQn(f).

Let us explain Theoref 3: The following lemma shows that #isl63 andKj can
be characterized as domains of convergence of certain Eaxies.

Lemma 1. 1. For everyA >0, if h € intK$ or, equivalently, ifa} (h) < 1, then

S A (X) < . (12)
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2. For everyA > 0, there exist& > 0 such that, if hZ K§, then for all n sufficiently
large one can find y such that

MMM E Y () >e™ (13)
X(y)=Y.lyl=n

A completely analogous statement hdfda.s. in the quenched case.

We sketch the proof of Lemnia 1 at the end of the section. Fanttraent, let us
assume its validity. For anfy € RY,

e MM (f) = 3 Ay (X)

Hence, by[(IR), limsyp,., % logAn(f) <A wheneverf < intk$, wheread[(13) im-
plies that liminf,_e % logAn(f) > A forany f ¢ K%. Since lim_, ¢3(¢)/¢ =0,

o1
I'nmJQf - logAn(f) > 0.

As a result, we deduce that, for afye RY,

1 A, if fedK?
Na(f) = lim =1 fy=q_ A 14
a()Jﬂn”%(){q it feKa, 5
Similarly, since 0s supgV),
1 A, if fedk?,
Adf>—gg;ﬁngﬂf»—{o iffeKqA (15)

Obviously, the distribution 0k (A ) /nis exponentially tight under both? andQP. It
follows that the annealed large deviation principle iss$ggtd with the rate function

sup{f-v—Aa(h+ )} +Aa(h) = sup{f - v—Aa(f)} + (Aa(h) —h-v).
f f

The latter is easily seen to coincide wifly in (1), using [I¥) and, (V) =
maX;egka V- f. The quenched case is dealt with in the same way.

2.1 Ramifications for Ballistic Behaviour.

The assertion of Theorelmh 1 is now straightforward.dSetag andg = qo.
(1) Sincea*(h)a(v) > h-v, we infer that, for any # O,

JN(v) > (1—a*(h))a(v) > c(h)|v] > 0, (16)
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wheneveh € intk2. The same argument also applies in the quenched case.

Note that formula[{1l1) readily implies thaf(0) = Aa(h), respectivelyd}(0) =
Aqg(n). In particularJ?(0) = 0 (respectivelyd(0) = 0) wheneveh € JK?2 (respec-
tively h € 0K Y).

On the other hand, in the ballistic case of super-criticétslh € K3 or, respec-
tively, h € dK;‘, for someA > 0, the value of the corresponding rate functions at
zero is strictly positive (and is equal A9.

(2) As we shall explain in more details in Subsecfiod 4.2 an8ubsectiofi 413, in
the annealed case the control is complete: Outsitiéhe function/,(+) is locally
analytic and Hed4\,] is non-degenerate. Consequently there is a unique minimum
v = 0A4(h) of J0 for any super-criticah ¢ K2,

(3) Following Flury [10], zeroes of the quenched rate fumeitan be described as
follows.

Lemma 2. Letp > 0 and he dK|}. Then the set 4 {v:Ji(v)=0}in @) can
be characterized as follows:

qll(v) :h'V,

- " (17)
Shoyaa v =1>5, av.

ve/fh@»{

In particular, ., = {v} is a singleton if and only 8K is smooth at h and, (v)
is smooth aju.

Proof. By (11),
ve/fh@»m/\ax{qA —A}+(u—h-v)=0.

The choiced = u implies thatq, (v) < h-v. Sinceh € K}, the first condition in
the rhs of[[IF) follows. Consequently, for aAy

g (V) —qu(v) <A —p.

Sinceq, is concave im, both right- and left-derivatives are defined and the second
condition in the rhs of (117) follows as well.O

As will be explained in Subsectiof 5, the existence of a uaiguinimizer
v = 0Aq(h) = OA4(h) of the quenched rate function easily follows from the corre-
sponding annealed statement in the weak disorder regimedvier, an almost-sure
CLT can be established when the disorder is very weak; se@B8Ec2.

2.2 Proof of Lemmall

The annealed case is easy. Since the potential is attratttezéyapunov exponent
A, is super-additive. Hence, the second limitfih (9) is welfitked and, in addition,
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Ay(x) <e @, (18)

Sinceh-x < aj (h)a, (x), the bound[(12) follows fron{ (18) and ({10) and holds for
all sub-critical driftsh € intK§.
In the super-critical case, pick a unit veckmsatisfyingh-x = a; (h)a, (x). Then,

Ay (M) > exp{ m(a; (h) ; D)ay (x) }7

for all m sufficiently large. Obviously, only paths witly] > m can contribute to
A, (mx). On the other hand, for any > 0 one can ignore paths witl| > c, mfor
somec, sufficiently large. It follows that one can fingl > 0, ng > 0 andyp such
that

eh'yoA)\,no (yO) 2 e,

In view of subadditivity, the targeff (13) follows by setting= kng+r and iterating.

The quenched case is slightly more involved. Under suitabimptions oW
(e.g. boundedness of supp or EVY < » ), the existence of

ar(x) = — lim <10gQ, ([Nx)) = — im “ElogQ; (INx]) ~ (19)

follows from the subadditive ergodic theoreémI[26].

In order to mimic the proofs of (12) anfl_(13), one needs to yapphcentra-
tion inequalities in order to control fluctuations of the dam quantities on the Ihs
of (9) around their expectations. This is don€in [26], agaider the assumption
of EVY < . The speed of convergence of the expectations on the rispiig1
under control exactly as in the annealed case.

3 Geometry of Typical Polymers

3.1 Skeletons of Paths.

Let A > 0 andx € Z be a distant point. Our characterization of the path measure
Q} andA} hinges upon a renormalization construction. In the sedijetlenotes
the unit ball in either the quenched,( or the annealeda§) norms. We choose

a large scal& and use the dilated shifted bakdJ, (u) Lu+ KU, for a coarse-
grained decomposition of patlyss 2(x) = {y:0—x},

y=yUniUyU...UNmU Yyn1. (20)

This decomposition enjoys properties (a)-(d) below:
(a) Fori =1,...,m, the paths are of the formy : ui_1 — vi € dKU, (ui_1).
(b) The last pathym: 1 : Um+— X
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Given a setG, let us say that a path with endpointsu andv is in Zg(u;v) if
y\VC G. DefineG; = KU, andG; = KU, (Ui_1) \ (Uj<iKU, (uj_1)) .

(©) ¥ € Zg; (Ui-1,Vi).

(d) The paths; are of the fornm; : v — u; andni N Gj_, = @ forany j <.
Definition. The setjk 4 (0 =up,V1,U1,...,Vm,Un = X) is called theK-skeleton of

y. We say thaty = (y1,...,¥ms1) ~ ¥k andn = (n1,...,NMm) ~ ¥ if they satisfy
Conditions (a)-(d) above.

The collectionn is called the hairs ofi. In the sequel we shall concentrate on
controlling the geometry of the skeletons. The geometryaifstis, for every > 0
fixed, controlled by a crude comparison with killed randonlksaand we refer
to [13] for the corresponding arguments.

It follows from Condition (c) that the pathg are pair-wise disjoint. Consequently,

e Inthe annealed cas@p(y1U---Uymi1) = 3 Pp(y). As aresult,

Y (U Uinia) =[] A (Ui-5vi[ Gi), (21)
Y~k

with the obvious notatiom, (u;v|G) 2 Y veda(uv) @ (Y)-
e Inthe quenched case,

> QAU Uymea) = [ (Ui-1:4[Gi), (22)
Yok

and the variable®; (Uj_1; Vi \Gi) 4 EVEQG'(U;{V') g, (y) are jointly independent.

3.2 Annealed models.

Let A > 0 andh € dK3% such thath-x = a,(x). Observe first that, by the very
definition ofa,,

Ay(X) > e ™ () (1+0(1)) (23)
Now, letyk = (Up = 0,Vvy,Us, ..., Vm, Un = X) be aK-skeleton. On the one hanf121)
and [I8) imply that

log Z a(y) < —Km

Y~k

On the other hand, independently of the sdg@le

log 5 e *1lp(n) <ci(d)m (24)
N~k o

Notice thata, (Ui — uj_1) = K+ O(1) by construction. We deduce that
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3

A () < exp{—(1- 80 3 ar (Ui~ 1)~ () +0(1) x|}

3

gem{_u_e@ @Mm—ukﬂ—h(m—uFﬁ)+ouﬂﬂ}

5 580 o)),

= exp{—(l— &)

where we have introduced the (annealed) surcharge fumﬁj(gmé ay(y)—h-y,
and & can be chosen arbitrarily small, provided tlikais chosen large enough.
Defining the (annealed) surcharge of a skelgioby

k) 2 iszwi Cu),

we finally obtain the following fundamental surcharge inality (see [[13] for de-
tails):

Lemma 3. For every smalk > 0, there exists K(d, 3,2, €) such that
A} (sD(fk) > 2¢|x|) < e X,

uniformly in xe Z9, he JK3 such that hx = a, (x), and scales K> Ko.

3.3 Quenched Models.

In the quenched case, (logarithms of) partition functiolesrandom quantities and
we need to control both the averages and the fluctuations.

Lemma 4. For anyA > 0, there exists e= ¢(A) > 0 such that
t2
P(|logQy (X) —ElogQ, (x)| >t) < eXp{—CN} (25)
uniformly in|x| large enough.

Proof. We follow Flury [9], although working with the conjugaleensemble helps.
For a given realization = {vx} of the environment, define

A Y-Sy oy Y)

A _ —Sy0 4 € Y P

FXo] Slog § e WM E»hp(y) and @y2(y) = T i
X(y)=x "

SinceA > 0 and the entries of are non-negative, there exists= ¢(A) such that

(T E@) <ci. (26)
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In order to see this, givenc Z9, define the set of loops
%42 {n:iz—z:ty(2=1}.

Evidently,
S Qi <e?.

Now, any pathy € Z(x) with £,(z) = n has a well-defined decomposition

y=yuniu---Unn-1,

with ¢y, (z2) = 1 andn; € .%. It follows that
A(n-1) A
Q° (ty(2°]taly) > 0) < $ nPe A H 2 i), (27)
n
uniformly in the realizationsg of the environment. Consequently,

(5 ) <o) S04 >0 <aTi* ) < u

At this stage, we infer thd}[-] is Lipschitz: Given two realizations of the environ-
mentiw andy, definevt 2 tr. + (1—t)v.. Then,

-1
:/o Qﬁﬁt(z —0z)ly(z )dt<\/ IX| - |l — v]|2.

and [26) applies. Sindg)[] is convex,[(2b) follows from concentration inequalities
on product spaces (see, e.0.,/[17, Corollary 4.10]).

Indeed,

Lemmd4 leads to a lower bound on the random partition fun@ip(x). Define

{q;\ (2) + ElogQ, (2) }
qx(2) '

By subadditivity,£(r) is non-negative, and lim,. £(r) = 0. By (25),

A .
E(r=— min
) qx (2=r

P(Qi(x) < e @MDY < exp{—ci?x]}. (28)
We may thus assume that there exits — 0 such that

logQx (%) = —ax (%) (1+£(|x])) (29)
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P-a.s. for all|x| sufficiently large.

The lower bound[(29) is used to control the geometry of thdeskes yx .
Namely,

logQx () =log 3 a (Q)+_;|09QA (Ui—1;vi|Gi)- (30)

n~%

A comparison with the simple random walk killed at the constateA > O reveals
that the following bounds hold uniformly in the realizatsoof the environment:

log Z d(n) < c2(A)m and logQ, (Ui—1;Vi|Gi) < —ca(A)K.

It follows that we may restrict our attention tboderatetrunks with at mosm <
c4|X| /K vertices. Consequently, the first term[in](30) is at most deoc,c, %] /K.
Assuming tham < ¢4 x| /K, let us focus on the second term[in](30). To simplify

notations, we shall describe it as a random vari&[gieé vilogQy (ui—1;vi|Gi).
First of all, since bothy; andv; belong todKU, (u;_1),

X
EFg < =Y a(Mi—ti-a)=—3 aq(Ui—U1 +O(| |)

Lemma 5. For anyA > 0, there exists e= ¢(A) > 0 such that

2
P([Fi ~ B 21 < e ). @

uniformly in|x| large enough, in renormalization scales K and in moderagdethns
K-
The proof of this lemma is similar to the proof of Lemfda 4 andshkall sketch it

below. The size of the scal€is not essential for the proof. It is essential, however,
for an efficient use of the lemma: Assuming tHafl(31) holdsciveose > 0 >

V/IogK/K. By (31),
P(

for any moderate trunf . Since there are at most e%pﬁlog'( |x|} moderate trunks,
we conclude that

Fi —EFg | > 5 X)) < exp{—cs0%|x},

Lemma 6. For anyd > 0, there exists a finite scale K such that

Fie <= aa(ui—ui—1) +0|x], (32)

P-a.s. for all|x| large enough (and all the corresponding moderate skeletamks
of pathsy € %(x)).
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Proof (of Lemmé&l5)introduce the following notation: Given a realizationof the
environment orG;, let Qf‘ (-|Gi) be the corresponding probability distribution on
the set of path$/g, (Ui—1,V;). In this notation,

Gi),

wherep' = tw + (1—t)v. The conclusion follows as in the proof of Lemfda 41

m 1
Fie(w) ~Fi() = 3 [0 (3 (@) wivd

We can now proceed as in the annealed case and introducestirecfepd) surcharge
of a skeletony,

sq(¥k) 2 i(q}\ (Ui —ui-1) —h-(u—ui1)).

|
We then obtain the following quenched version of the suigharequality:

Lemma 7. For every smalk > 0, there exists K(d, 3,2, €) such thatP-a.s.,
Qx (sq(k) > 2¢lx]) < e,

uniformly in sufficiently large x Z%, he ng such that hx = g, (x), and scales
K > Kp.

3.4 Irreducible decomposition and effective directed stture.

The surcharge inequalities of Lemnids 3 &hd 7 pave the way &dadlet analysis
of the structure of typical paths, as they reduce probaigilesstimates to purely
geometric ones. We only describe here the resulting pidhurtedetails can be found

in [13].
LetA >0 andh e dK3. Letusfixd € (0,1). We define the forward cone by

Y5 () ={yez?: shy) < da,(v)},

and thebackward condy Y~ (h) = =Y (h). Giveny = (y, ..., ) : 0 = X, we say
thaty is a cone-point of if

yC (+Ys (h) U (k+ Y5 (h)).
The next theorem shows that typical paths have a positivsityest cone-points.

Theorem 4.[L3] Let #.,ne(y) be the number of cone-pointspfThere exist &C > 0
andd’ > 0, depending only on, g8, andA, such that

AX (HeoneY) < c|X|) < & X (33)
f
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uniformly in all sufficiently large x Z9 satisfyingsh(x) < &'ay (X).
Remark 3By (14) and Theoref3, there existe [1,0) andc’ > 0 such that

1= ef\“An(h) = z Ay ,n(x)eh'x +0 (e’d”) , (34)
a~In<|x<an
B0 <8 ar (%)

asn becomes large. It follows that sets of paths which are umfpexponentially
improbable under th&} -measures will remain exponentially improbable unélr
In particular, [3B) implies that there exisiC > 0, depending only od, 3,5 andh
such that

AN (#ond(y) < cn) <&M, (35)

uniformly in n sufficiently large.

With the help of [3b), we can decompose typical ballistidgahto a string of
irreducible pieces. A pathi= (y,..., yx) is said to be backward irreducibley is
the only cone-point of. Similarly, y is said to be forward irreducible if is the
only cone-point ofy. Finally, y is said to be irreducible ify and y, are the only
cone-points of.. We denote byZ~ (y), % <(y) and.Z (y) the corresponding sets of
irreducible paths connecting 0 yo

In view of (38), we can restrict our attention to pathpossessing at leasin
cone-points, at least whanis sufficiently large. We can then unambiguously de-
composey into irreducible sub-paths:

y=w-UwU---UwmU w-. (36)
We thus have the following expression

A=y Y S > an(y)ly—n +0( ).  (37)

m>cn w- €%~ Wy,...0mEF W €F <

Observe now that the weighi; ;,(y) of a pathy can be nicely factorized over its
irreducible components (sde (36)):

m

a h(Y) =ay p(w-)ay h(w<) ua/\,h(m),

Similarly, LemmdY implies:

Theorem 5.LetA > 0and he ng. There exist £ > 0, depending only on,8, &
and h such that

QN (Heondy) < cn) < €7C", (38)

P-a.s., uniformly in n sufficiently large. In particular, ugj the same notatioB86)
for the irreducible decomposition gf

e"Qn(h) = > D> > > Bor(Y)ly=n; +0O(e ). (39)

m>c'n ws €7 Wy,...0WmEF W €.F <
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P-a.s., for all n large enough.

3.5 Basic Partition Functions.

Let us say that a patjr: 0 — x is cone-confined ify C Y5 (h) N (x+ Y5 (h)). Let
T (X) C 2(x) be the collection of all cone-confined paths leading from £, tand
let #(x) C .7 (x) be the collection of all irreducible cone-confined patheatly
w- = w. = & in the irreducible decomposition (36) of paths .7 (x). LetA >0
andh € dK§. We define the following in general unnormalized quenchetitjza
functions,

A
tx,n =

S Liy—mtn and 555 S Ly mdin (40)
T

ye7 (X) ye

Their annealed counterparts are denoted(jayA: Et)ﬁf’n andfyn 4 Ef)ﬁj’n. As we shall
see below{fy} is normalized - it is a probability distribution,

TS s Y =1
n X n

with exponentially decaying tails. The tails are exporadity Theoreri 4. The prob-
abilistic normalization is explained in Subsection 4.1.

Forn> 1, lett, 4 Sxtxn andfy 4 Sxfxn, and setq 4 1. The irreducible de-
composition[(3b) of paths imply the following renewal-tyggdations fort,, and for
ten:

n-1 n-1
th=Y tofom  t5= Y Stnhdvn (41)
m=0 m=0 Yy

For the rest of the paper we shall work mainly with the abov&@dansembles of
paths. All the results can be routinely extended (as in,[&4j) to general ensem-
bles by summing out over the pattis andw-.. paths in the irreducible decomposi-
tion (38), their weights being exponentially decaying.

4 The Annealed Model
4.1 Asymptotics of, = Yty n.

Annealed asymptotics are not related to the strength ofdiiscand hold for all
values of8 > 0. Neither do they require any moment assumptiong on

Lemma 8.LetA > 0and he dK§. There existx = k (A, h) such that
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. 1,1
fmin= {3} £ “2)
exponentially fast.

Proof. For |u| < 1, define the generating functions

8

fju 2 Y W'ty and flu2 s u'f.
n=0 n=1

It follows from Theoreni ¥ that the second series convergesoome disdD1., =
{ue C: |Jul < 1+v}. The first series blows up at afy> u > 1. It follows that
f[1] = 1, which is the probabilistic normalization mentioned adowe identifyx
in @2) ask = f'[1]. It then follows from the renewal relatioR {41) that

11 fu-fiy-ku-1, 1
1-fu  k@-u) k@A-fu)d-u) Kk(@-u)

+A[u. (43)

Since the functiomA is analytic on some dis@®;.,/, the claim follows from
Cauchy’s formula. O

4.2 Geometry oK$ and annealed CLT.

Let A > 0 andh € dK§. In the ballistic phase of the annealed model, the CLT is
obtained on the level of a local limit description: Givere C, let us try to find
H = H(z) € C such that

Fzp) &5 e hM o, =1 (44)
nmx

Since{fn} has exponential decay, the implicit function theorem iepthat

Lemma 9. There exis®,n > 0 and an analytic functiop on Dg such that

{(z,u) €D xDy : F(z,u):l}:{(z,u)e]]))g><}1]>,7 ; u:u(z)}. (45)

MoreoverHess$u](0) is non-degenerate.

If zis real, thenu(z) = Aa(h+z). ThereforedK§ is locally given by the level set
{h+z: u(z) = A}. In addition/\, inherits analyticity and non-degeneracy proper-
ties of u:

Ou(0) = OAa(h) 2 v=1A(h, ) and define Hegg](0) = HesgA ] (h) 2 = 1.
(46)
Givenz e Dy as above, define
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4 —U(Z)N+2X ; A —U(Z)N+Z:X
fxn(z) =fxne and, respectivelytyn(z) = tyne )

Setk (z)~* 4 Y nnfn(2). Literally repeating the derivation df(#2), we infer thiaete
existsa > 0 such that, uniformly irz € DY,

— | <en 47)

By Cauchy’s formuldllogtn(z) = O(1). Therefore,

1 txn

1 1 1
O(ﬁ) = ﬁDlogtn(O) = —Du(O)—i-ﬁ > XK = —v+ﬁgx

txn

th

This identifiesv as the limiting macroscopic spatial extension. Moreowar any
a € R4

Su(a) 2 th,nexp{ia . X__\/r_:‘"} = tn(i—\j{ﬁ) exp{nu(i_\j'ﬁ) v I_\;Xﬁ}
1

_ - _}:*1 . -1/2
= e 5= aa}(1+0(n ).

(48)

with the second asymptotic equality holding uniformlyaron compact subsets of
RY,

4.3 Local limit theorem for the annealed polymer.

Recall that

n—1

tx,n - Z Zty,mfxfy,nfm

m=0 Yy

N
- > > Ysmenzy—x rlfyi ~Yio1ms (49)
>1mg,....my>1y,;  yyezd i=

where we have set, for conveniengg= 0. As explained above, the weightgy
form a probability distribution ofZd x N,

; fym - 1,
yeZ9, meN

and decay exponentially both ynandm. Let us consider an i.i.d. sequence of ran-
dom vectors(Yx, My )k>=1 whose joint distribution B is given by these weights.
Then [49) can be expressed as
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N

txn= %1 Pef (I;(Yh Mi) = (X, n))

Consequently, sharp asymptotics figy readily follow from a local limit analysis of
the empirical mean of the i.i.d. random vectd¥g, M)x>1 with exponential tails.
In this way, one obtains the following sharp asymptoticstfa extension of an
annealed polymer, covering all possible deviation scales.

Theorem 6.[L3] Suppose that ¢ K2. Let v, = OA4(h). Then, for some small
enoughe > 0, the rate function 3 is real analytic and strictly convex on the ball
Be (Vh) 4 {u: Ju—wy| < £} with a non-degenerate quadratic minimum gtMore-
over, there exists a strictly positive real analytic functiG on B (v,,) such that

AL‘(@ —u)- %‘j e "B (14 0(1)), (50)

uniformly in ue Bg(v) N 129,

Remark 4We would like to note that a local limit result for a particuiastance of
the annealed model (discrete Wiener sausage with a fixedaandrift at smal|3)
was obtained in[22]. We are grateful to Erwin Bolthausenstamding us a copy of
this work.

5 Weak disorder

In this section, we focus on the super-critical quenchedetfsod the weak disorder
regime. Let us say that the weak disorder holdgaB) if there existsA > 0 such
thath € K§ and the disorder is weak in the conjugate ensemb(a gt ), that is
the Lyapunov exponents coincide;(-) = g, (+). In particularA = Aa(h) = Aq(h).

5.1 LLN at super-critical drifts

An important, albeit elementary, observation is that, is tegime, events of expo-
nentially small probability under the annealed meastfteare also exponentially
unlikely under the quenched meas@g

Lemma 10. Assume that weak disorder holdg,(h) = Aq(h). Let E be a path event
such thatAl(E) < e °"for some constant s 0 and all n large enough. Then there
exists ¢> 0 such thatPP-a.s.,

QlE)<e M

for all n large enough.
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Proof. We note that, sincda(h) = Aq(h), it follows from Markov’s inequality that,
for all nlarge enough,

]P’(QP.(E) > e*C'n) — P(Qn(h; E)> Qn(h)e*d”)
<P(Qn(hE) > Anm)e*%d“) < AE(E)e+%c’n <e©3on

whereQp(h; E) denotes the quenched partition function restricted togiatE. The
conclusion now follows from Borel-Cantelli.O

Recall that a pulling forck € dK§ is called super-critical ik > 0. Using Lemm@alo,
itis very easy to prove that, in the super-critical weak diso regime, the quenched
model satisfies LLN, and that the polymer has the same ligtiracroscopic ex-
tension under the quenched and annealed path measures.

Lemma 11.Assume that weak disorder holds,= Aa(h) = Aq(h) > 0. Let v=
OAa(h) be the macroscopic extension of the polymer under the aedgaith mea-
sure. Then, for ang > 0,

lim QQ({M ~v|>¢€)=0, P-as,

n—co n
exponentially fast in n.

Proof. The claim immediately follows froni{7) and Lemial 100

5.2 Very Weak Disorder

For the rest of this section, we consider the regime of vergkndisorder, which
should be understood in the following sense: we fix either 0 orh # 0 and then,
for B sufficiently small, we pick the remaining paramethraf A) according to
he oK§.

The regime of very weak disorder is quantified in terms of thiéoWing upper
bound :

Lemma 12.Fix an external force B 0. Then, for all small enough, the random
weights@0) (with A = A (h, B) being determined by & JK}) satisfy: There exist
C1,C < o such that, uniformly in ', m,n", ¢ and in sube-algebras#,.%,

[BEAS B (18— fn| F)E(ff“ ~ for | #)

cye-Ca(mm) (51)

Ix— v

where v=0A (h).
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Although [51) looks technical, it has a transparent inggitheaning: the expressions
on the rhs are just local limit bounds for a couple of indemg@nnealed polymers
with exponential penalty for disagreement at their endyoin the regime of very
weak disorder, the interaction between polymers does rstalethese asymptotics.
The proof will be given elsewherg [12]. Closely related ugpaunds were already
derived in [14].

5.3 Convergence of Partition Functions.

As mentioned above, the rescaled quenched partition fumesatisfy the following
multidimensional renewal relation:

z > Kz S mandt® = Zt (52)

m=0 X

Theorem 7.1n the regime of very weak disorder,

lim t© = i(1+xzyt;’(fyf’x‘;’—fyx)) 4 %s’*’e (0,00), (53)

n—oo

P-a.s. and in L(Q).

Proof. We rely on an expansion similar to the one employed by Sirdrewrite [52)
as

tz)nztz,n—i— Z Z (fyex(;)m fy—x,m) tzyr. (54)
I+mH-r=nXxy
Consequently,
=tat T T3 ( —fm)tr
|+m+r=n X
1 1
—tory Y E(RO-fm)+ Y S (189—fn) (—1)  (55)
I+m<n [+mHr=n X
:—$’+(tn 1/K)+ €%,
where
=1+ 5 4 (&9 fm), (56)
I+m<n

and the correction tergf?’ is given by

£ = 3 6 (189~ fm) (e - %). (57)
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We claim thatP-a.s.,

n—oo

lim s =s” and § E(ef)? < . (58)

The assertion of Theorenh 7 followsO

The main input for provind (88) is the upper bound[of](51) amelfollowing maxi-
mal inequality of McLeish.

Maximal Inequality. Let X1,X,... be a sequence of zero mean and square inte-
grable random variables. Let al§c7}”, be a filtration ofog-algebras. Suppose
that we have chosen> 0 and numberay, ay, ... in such a way that

2

E(E(X | Frm)?) < ﬁ and E (X, — E (X, [ F1m))? <

a
(1+m)tt+e’
(59)
forall ¢=1,2,... andm > 0. Then there exist& = K(&) < o« such that, for all
ng < ny,

m 2 2 2
E max (ZXE) ganla[. (60)

m=m=n \ f-

In particular, if 5, a? < o, theny, X, converged-a.s..
Proof of (58). The difficult part ofs? in (56) is

;t;f’g (fexw—l) éixg. (61)

To simplify the exposition, let us consider the case of arawis- external force
h = he;. By lattice symmetries, the mean displacemenrt 0A (h) = ve;. At this

stage, let us define the hyperplamgs, < {x: x-e1 < mv} and theo-algebras

Fnd o(V(x) : xey).
Then,
E(X|Fim= 3 tE (fexw— 1| %,m) ,
XEH
Consequently,

EEX|Fm))< T [Be@E(1%-1] 5 n)E(1%-1] Fin)|.

!~ 2p—
XX e,

The following notation is convenient: We say tteat< b, if there exists a constant
¢ > 0 such thas, < cby, for all £ . In this language, using (1), we bound the latter
expression by
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< édl e—Calx—v/| /fze—c2|x’ X < / ef‘y‘z/ldy
3 y|>m
M y (62)
1 12 1
_ ?lgr < —— g/t
= gd+1/ rle”/ldr S ~ p(d+1)/2 € '

Noting that, for any fixed,
g M/t 1
(Y/2+e ~ (14 mylte’

we conclude that
1 1

2
EEX | Zi-m)) S B T mE (63)
Similarly, the main contribution t&, — E (X, | #¢m) comes from
T t9 (f"X‘*’ - 1) .
XEH i
By a completely similar computation,
1 1
E (X —E (X | Frym)) (64)

gd/z € (1_|_ m)l+£'

As a result,[(5B) applies.

5.4 Quenched CLT.

One possible strategy for provingPaa.s CLT would be to try to adjust a powerful
approach by Bolthausen-Sznitman [3] which was developeHédrcontext of bal-
listic RWRE. It appears, however, that a direct work on gatieg functions goes
through. Let us introduce

F(a) £ Y e *EIA,
z

The asymptotics o6, (a) 4 E.¥(a) are given in[(4B). Using(35), we can write

IR =S(a@)+ 5 3t (R~ fyxm) ey €0 E™VL (65)
I +mHr=nXy,z

. A
Definea), = a+/r/nand
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Gia(a) £ 5 ey i (1 —fr). (66)
y

We can rewrite[(65) as

SO@) =S+ Y S(af) ztxfex MR GSe( ﬁ>

|+mr=n
=Syw(a)(1+ t9 (f&@ _f
(o) H;gﬂ;x,g( D)
+ Y (S(a) - Si(@) Tt (199 —fn)
I+mtr=n X 67)
+ Y ST (G"x‘*’ a ) -GS(0))
I+mHr=n X
+ a t ex y)ia/yn 1 Gexw
ZSegs o)
3
ésn<a>sz’+_zfr:<w>
wheres? is as in [56).
Theorem 8.For everya € RY, the correction termé”ri,(w) in (&4) satisfy
Fori=1,2,3, r!igwmé’,l(w)zo, P-a.s. and in b(Q). (68)

The proof of Theoreml8 is technical and will appear elsewffe2E In view of (48)
and [53), the convergence [n{68) implies that

H Lsﬂl'lo\)(a) _ 1:71
rl]moT_exp{—é_ a-al, (69)

P-a.s. for everya € RY fixed.

6 Strong Disorder

In this section, we do not impose any moment assumptions @remlironment
{V(x)}. Even the case of traps (i.e., wh&{V =) > 0) is not excluded. We
still need thatP (V # 0,0) > 0. Without loss of generality, we shall assume that
P(V € (0,1]) > 0. Under this sole assumption, the environment is alwapsgtn
two dimensions in the following sense.

Theorem 9.Let d=2 and 3,A > 0. There exists e= ¢(8,A) > 0 such that the
following holds: For any x S define x = |nx|. Then,
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Ilmsup log 2’\(( ;
n—oo A

In particular, a, < q) whenever, is well defined.

< —C. (70)

Remark 5As in [16] and, subsequently, [28] proving strong disoraedimension
d = 3 is a substantially more delicate task.

Let us explain Theorerml 9: By the exponential Markov’s indiyigand Borel-
Cantelli) it is sufficient to prove that there exit> 0 anda > 0 such that

QA(XH) “ —c'n
E(AA(Xn)) =€ ()

Normalization. In order to facilitate the notation we shall proceed with araxis
casex = (0,x). Let h = (0,h) € K% be unambiguously defined by the relation
a, (X) = h-x. We shall explore

1ioqQunba) 2 1,0 *Qx (Xn)
Arvn(a) N EMA(Xn)

Since the annealed Lyapunov exponepis well-defined, we can rely on the loga-
rithmic equivalencé,, h(x) < 1. Note that, for any family of path,

Ay h (X(Y) = *n; Tn) 2 Aj h (X0 ) =EQ) n (Xn; ).

Consequently, by the exponential Markov inequality andéB@antelli Lemma, we
can ignore the familie, for which Ay (X (y) = Xn; ) < e~l.

Reduction to Basic Partition Functions.In particular, we can restrict attention to
pathsy which have at least two cone points. With a slight abuse adtraot,

Qi h(Xn) zf‘*’ tewaezw Xn — 2).

The left and right irreducible partition functions satisfyf©(u) < e Y. Conse-
quently, for fractional powera € (0,1),

E (Qxan (Xn))a < z e VR (tzaiy)a ——
Y.z

As a result we need to check that

lim supiE(t(;’)" <0. (72)

use U]

In its turn, [72) is routinely implied by the following statent ({74) below): Lety
be the partition function dfl irreducible steps:
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A By, By 1 @
T SR 118 CERRE Neery (73)
Uy, ,UN
Then, L
limsup= logE (r®)% < 0. (74)
N—0c0 N

Note by the way that by the very definition of the irreducibeedmposition any
trajectoryy which contributes to @ = (up, U, . .., ux )-term in [Z3) is confined to the
setD(u) = U,D(u,_1,u,) where the diamond sha@gu, 1, u,) 4 (U—1+Y5 (h)N
(u5+Y5<(h)).

Fractional Moments. Following Lacoin [16], [7#) follows once we show that there
existN anda € (0,1) such that

EY (o) <1 (75)

Pick K sufficiently large and small, and consider
An={0,...,KN} x {—NY2e  NY2rey 72,

Since]E(r)‘;fN)a < (ErN’x)a, annealed estimates enable us to restrict attention to
X € An. Furthermore, since, as was explained in SubseEfidnrd.8 a partition
function which corresponds to an effective random walk weithon-axis drift and
exponential tails we may restrict attention only to the effee trajectoriess which
satisfyD(u) C An. By the confinement property of the irreducible decompositi
we may therefore restrict attention to microscopic polyeunfigurations/ which
stay insideAy.

At this stage, we shall modify the distribution of the envineent insideAy in
the following way: The modified law of the environméhts still product and, for
everyx € An,

S—P (V) 2 e &OVADHI&)  wheree 9(0) = R d(VAD),
P )

¢ From Holder’s inequality,

Now, the first term is

(fa (S_E)l/(la))la _ (fE exp{ (5N(v A1) —9(6N))/(1_ a)})ufa)\AN\_

However, the first order terms by cancel,
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Bexp{ MYAD I g expf O (auv ) -g(@) )
a

:eXp{_g(_lfaéN) B 1—ag(6N)} S eXp{(l—aTz)Zé'%}'

On the other hand (recall th& is the set of irreducible paths),

(76)

3 . N
Ergy <Erg = (E > q/\,h(V))

yeF

1>

fauN.

It is straightforward to check thdt (0) < 0. As a resultfir® < e,

We are now ready to specify the choicedf We want to have simultaneously
35 |An| < 0N and SN > NE.

The choicedy = N~1/2-2 with ¢ € (0,1/3) qualifies, and{75) follows. O
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