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A New Upper Bound on the Minimum Distance of Turbo A correspondence between the set of cycles in the graph and

Codes a subset of the turbo codewords is established, and the minimum

distance is estimated through the length of the shortest cycle. It is

Alberto Perotti Member, IEEEand Sergio Benedettéellow, shown that the minimum distance of turbo codes grows approximately
|IEEE with the base3 logarithm of the information word length. The new

bound is fairly simple to compute, and proves to be tighter than

the previously known results [7], [10], [11], and [13] for a wide
Abstract—In this paper, a new upper bound on the minimum distance
of turbo codes is derived. The new bound is obtained by construction of fange of parameter values. Moreover, specific results corresponding
an undirected graph which reflects the characteristics of the constituent to different variants of turbo codes are provided: either tail-biting
codes and the interleaver. The resulting expression shows that the and independently terminated codes are considered. Results for turbo

minimum distance of a turbo code grows approximately with the base&  ~yqeg Withio /o (ko > 1) constituent encoders and turbo codes with
logarithm of the information word length. The new bound is easy to . . .
symbol interleaving are provided as well.

compute, applies to rateko /no constituent encoders, and often improves ) ] )
over existing results. In Sec. Il, the reference coding scheme is described. Sec. lll

Index Terms— Minimum distance, performance bounds, permutation intrqduces th._'e basic notations of graph tr_leory and defines_some
graphs, turbo codes. basic properties of graphs. Sec. IV describes the construction of
the extended permutation graphs we will use to derive the bound.
Sec. V describes the derivation of the upper bound. Sec. VI shows
how the extended permutation graph is modified to take into account

Turbo-like codes, in their parallel [1] and serial [2] versionsthe independent termination of the constituent codes. In Sec. VII,
are widely known to be very powerful error correcting codes. Theihe obtained results are compared with the previously known results.
amazing performance are based on a code construction that privileggglly, in Sec. VIII high-rate turbo codes are considered: kgthg
very low error event multiplicities, rather than large distances. For thignstituent codes with puncturing and the use of high-rate constituent
reason, they tend to exhibit an “error floor” that limits their codingodes are analyzed.
gain at very low bit error probabilities [3].

The minimum distance of a turbo-like code is largely determined
by the interleaver. In order to avoid the occurrence of low-weight
codewords, several methods have been proposed for the design dthe main characteristics of the code, such as the information
permutations [4] [5], and some of them are based on graph theory [8prd length K, the memory of the constituent encodersand the
Moreover, as shown in [7] and [8], the logarithmic dependence germutation performed by the interleaver, determine the minimum
the information word length of the minimum distance is due to thdistance of the concatenated code.
presence of the interleaver. In this paper, we will refer to a coding scheme (see Fig. 1) where

While average bounds on the maximum-likelihood performande/o equal recursive, convolutional systematic encoders (see Fig. 2 for
of turbo-like schemes are known [2], [9], based on the concept ah example of a 4-state encoder) are concatenated in parallel through
the so-called “uniform interleaver”, the evaluation of the minimunan interleaver. The information bit sequence= {uo, ..., ux—1} is
distance of a scheme using an actual interleaver is a computationakyt to the first encoder, which generates the systematic bit sequence
intensive task. u and the coded bit sequeneg. The sequencer is interleaved

Upper bounds on the minimum distance of parallel concatenatadcording to a permutatioll : ¢ — (i) = 7, ¢ = 0,..., K — 1.
scheme based on known constituent codes as functions of the infidre interleaved sequendeis sent to the second constituent encoder,
leaver size have been proposed in [7], [10]-[12]. Among these, thdiich generates the coded bit sequeree The output of each
bounds in [7] and [13] are based on graph theory, and both result ie@nstituent encoder is punctured to obtain the desired coding rate.
logarithmic expression. In [7], the time required to evaluate the bound

I. INTRODUCTION

Il. REFERENCE CODING SCHEME

is O(K?), where K is the interleaver length; therefore, it becomes [ | Co,
impractical for large values oK. For this reason, in the same article Uy cc > p —>
a simpler bound is proposed whose complexity is independent from ! ! c,
K. In[13], a similar result is obtained which confirms the logarithmic >
growth of the minimum distance in a two-branch turbo code to be 7 _
due to the presence of the interleaver.

In this paper, a new upper bound on the minimum distance of par- |~_) CGC, > p2l>
allel concatenated convolutional codes with given information word Uy
length and constituent encoder memory is derived. This result is based T

on the construction of an undirected graph whose characteristics are |
determined by the constituent encoders and interleaver. The grap
construction is similar to that proposed in [7] and [13]. However, our
approach discards the artificial index partition introduced by both U, Co
papers, and this permits to determine the length of the error events
participating in the generation of a codeword more accurately, and
hence to derive a tighter upper bound. Thanks to these modifications,
the new bound significantly improves upon the results presented in [7]
and [13] for several example turbo codes.

Reference coding scheme.
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Following the characterization carried out in [7], the constituent A graphG is calledr-regular when its vertices have all degree
encoders are described by the two parametesad 3, which express
the Hamming weight of the constituent code sequesicevhen the YoeVid)=r
information sequence consists of tweseparated byep — 1 zeroes. 3-regular graphs are callazlbic

Here,p = 2” — 1 is the encoder period This sequence causes a A cycleis a subgraptC = (V/, E') of G = (V, E), whereV’ C

Z;nt‘:'gltﬁ:rs'tte%';?c’der to leave the all-zero state, and return to it af(}erand E’ C E, and the following properties are satisfied: (1) every

vertex in V' has?2 incident edges, and (2) is connected, i.e., a

Di 4 Dithp path exists between any two vertices@f The length of a cycleC
u=

is defined as:
The resulting output Hamming weight is: (ey=\v' =g
wi(c) < ak+ B < kp+1 1) The girth of G is the length of its shortest cycle:
wherea and 8 depend on the encoder connections and puncturing 9(G) = min[l(C)] (5)
pattern. cec

Here, we will consider periodic puncturing patterns. The systematighere( is the collection of all the cycles af.
bit sequence is not punctured, while the code sequences are punctured
to obtain the desired rate. In generalpif is the puncturing pattern
applied to the output o€'C;, for a turbo code of ratg/(q + 1) we
have: The construction of a joint model including the characteristics of

the constituent encoders and the interleaver permits to analyze the

IV. EXTENDED PERMUTATION GRAPHS

2¢q 4q concatenated encoder as a whole. One way to construct such a model
pr = 14D 3+ D ,+ T (2) is to consider the permutation graph [14] associated to the interleaver
p: = D'+ DM4+DY+. . (3)  and modify it according to the constituent encoders characteristics.
where al in p; means that the corresponding bitdn is selected, Initially, we will considertail-biting [15] as the trellis termination
otherwise it is eliminated. technique, which consists of forcing each constituent encoder to start

Table | (taken from [10] and here extended) shows a set gpd end the block encoding in the same state. Therefore, every trellis
example parameter values that will be used to compare our resigdh starting and ending in the same state belongs to the code. The
with [7]. The encoder connections are in octal form. The numeratff!lis can be consideredrcular and this results in a highly regular
corresponds to the feedforward connections and the denomingi$fended permutation graph. We will then extend the construction to

corresponds to the feedback connections. the case of_ independently terr_ninr_:lted cons_tituent encoders, which is
the most widely adopted termination technique.
TABLE | The extended permutation graghrs = (V, E) is defined on the
PARAMETERS v, 3 OF THE CONSIDERED ENCODERS following set of vertices:
v | Connections | p R V=Viul,
Ys | Y2 | 2/s | /s

2] 5s/Ts 3(22[12] - | - where

3 175/13s 7 142]22|12 -

4| 355/235 | 15|8,2|4,2|22|1,2 Vi = {urj,j=0,....K—1}

Vo = {vo,;,7=0,...,K -1}

Given the set of information wordg, and the set of permutations
of length K, 1k, we perform the derivation in the following way: V; (resp.V%) corresponds to th& bits at the interleaver input (resp.

output). The set of edgeB is defined as follows:
dm < max min wg(CCi(u)) + wu(CC2(1)) (4)

II ucid’
, " . . . EF=FUFEgUEFE,
where i’ C U, and d,, is the minimum distance of the turbo

code. When tail-biting codes are consider@d contains information where
words with even Hamming weight. When the constituent codes are
independently terminated, the contentfwill be defined in Sec. V. ‘
Ei = {(vrj,v1,(+1) modK)), J=0,...,K —1}
I1l. GRAPH NOTATIONS En= {(vrj,v0,x;), §=0,...,K -1}

A graph( is defined by its set of verticég and set of edge%. Ez = {(v0,j,v0,((j+1) mod K)); § =0,..., K —1}
An edge can be considered as the association between two vertiv(\:lﬁ
v; € V andv; € V, and is usually indicated using the following
notation:

%re E; (resp. E3) contains the edges corresponding @&
error events (respC'C> error events), ande; contains the edges
corresponding to the interleaver.

In Fig. 3 an example of extended permutation graph for memory
1 constituent encoders is shown.
We will consider here onlyundirectededges. The resulting graph isubic

The degreeof a vertexv € V' is the number of edges incident in Two key considerations allow to exploit the characteristics of the
v, and is indicated withi(v). extended permutation graph for the derivation of our result:

€= (vi7vj)
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Vig -~ ~y Vika an edge. The extended permutation graphg for period p con-
stituent encoders is defined by its set of edges

EF=FUEqgUE,

where

Fig. 3. An example of permutation graph for memary= 1 constituent
encoders. .
El = {(Ul,ivvl,('H»p) mod K)a 7':07"'7K71}

En= {(vri,vor), 1=0,...,K —1}

1) If the constituent encoders are accumulators, i.e., 2-state re- .
) Ey = {(v0,i;v0,(i4p) mod k), 1=0,...,K —1}

cursive convolutional encoders, almost all the cycles in the

permutation graph can be associated to codevords The extended permutation graph for memory= 3 constituent
2) The length of a cycle is related to the Hamming weight of thencoders is shown in Fig. 5. This graph is cubic, and its girth can be
associated codeword. easily bounded from above.

In fact, if ¢ C Grp is a cycle, we can associate to it an
information wordu in the following way:

1 & (vik,v0,m) €C
_ 5 VO, 6
Uk { 0 < (vrksvom) ¢ C ©

i.e., every edge i'N Ep corresponds to &in the codeword. Clearly,
since|C'N En| is ever, only information words witrevenHamming
weight are considered. This defines the igéwof (4).

About the second consideration, the following statements can be
formulated:

1) Every vertexv € C can be associated to a non-zero trellis
transition in the corresponding constituent encoder (see Fig. 4).

2) Every path consisting of consecutive edges i@f () E1 (resp.
C'( E2) corresponds to an error event of lendth- kp trellis

steps |n.CC’1 (.resp.C’Cz). ) ) ) Similarly to the caser = 1, cycles correspond to codewords, and
The two considerations Iea(_j to slightly different expressions for thggijr length can be used to estimate the weight of the associated
upper bound. However, their values are very close to each other.cijeword. However, before performing the estimation, an improve-
the following, we will consider the second statement, since it allow§ient can be carried out: given a cydg the edges irC' N Ex do
an easier extension to the case- 1. not correspond to error events. The contribution of these edges to
the cycle length would result in an overestimation of the codeword

CC. TRELLIS W weight, and hence in a looser upper bound. Therefore, we perform a

Fig. 5. Extended permutation graph for tail-biting terminated turbo codes.

U 000110000001100 further modification onGrg: a new graphG’. is obtained from
Grp by contracting the edges i#n. As shown in Fig. 6, the
INTERLEAVER contraction of an edge incident in two degree-3 vertices results in

a new degree-4 vertex.

The resulting graptGz = (V', E’) is 4-regular. Its number of
vertices is|V’| = K, and its number of edges |#'| = 2K. The
set of edges?’ = E7 U E} is defined as

U 000010100110000
CC, TRELLIS

Fig. 4. Correspondence between codewords and cycles.
£ = {(UI’Wi’UI77T(i+P) mod k), 1=0,..., K — 1}

Eé - {(Uo,iavo,(i+p) mod K)a 1= 07 .. '7K - 1}

A. Extension to memory constituent encoders . o .,
The main advantage we obtain is ttat the edges inG’z corre-

When constituent encoders with memary> 1 are considered, gnonq to error events. Thereford, the edges imnycycle C C G4
the permutation graph must be modified to reflect their pmpert'escorrespond to error events.

Consider an information word. If u; = 1, the first constituent
encoder leaves the all-zero state at steff wiyrp = 1, k € zt,
the constituent encoder returns to the all-zero state, causing the error
event to terminate. This behavior is modelled by connecting vertices
vr1,i (resp.vo,:) andvr ((i4p) mod k) (I€SP-VO,((i4p) mod K)) With

1we will see later that, for tail-biting codes, some cycles do not correspond
to codewords. However, under certain constraints, this will not invalidate our
regult._ ] o Fig. 6. Contraction of an edge.

This property is due to the bipartite nature of the set of verficeSuppose
that a path inG contains an odd number of edgeshky. Then, if the initial . ;. . . .
vertexv; € Vi (resp; € Va), then the final vertex; € V4 (respuy € Vi). An upper bound on the girth @75 is derived in App. I. Applying
Therefore, the path cannot be closed. (20), we obtain:
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A. Considerations on some types of cycles and their associated

9(G75) < gun(Grrp) (7) codewords
Some types of cycles i6'rp andG’. 5 deserve a further analysis:
where for example, two edges may be partially overlapping (see Fig. 7). The
information word associated to this pair of edges corresponds to the

Gus(Glr) < 2logs (K +1) — 1. ®) modulo-2 sum of two weight-2 information sequences:

Eg. (8) provides a preliminary insight on the asymptotical behavior u=u +up = (D' + D"+ (D + D)
of the minimum distance turbo codes: and, as long as the constituent codes are linear, the resulting code
sequence is the modulo-2 sum of the two error events:
dm < wlogs(K)
(== CC’l(ul) + CCl(ug).
where thew coefficient corresponds to the Hamming weight of err

i OFhis results in a longer error event starting in positionand
events corresponding to edgesGty- 5.

terminating in positior.

In this case, the codeword weight is overestimated, because, in the
overlapping region, trellis transition are counted twice (or multiple
times, if more than two error events are overlapping). This situation

In order to derive an upper-bound on the minimum distance of tfigsults in a possibly looser, but still valid, upper bound.
code, we must consider that every edge sequenc&;ig N E; and
G’ N E> consisting ofk consecutive edges corresponds to an error
event of lengthl + kp trellis sections.

Using (1), we can write the output weight corresponding to an ~—

error event of length + kp for a systematiconstituent encoder: A ‘
— Y112/
“" N /s

</

wa(c1) < ka+ 3 ' ’ "}5
\ X .

V. THE UPPER BOUND

Hence, we can define th@aximum equivalent weighdf an error
event of lengthkp + 1 as

a ka+
e 2 g | E5EE) ©
Fig. 7. An example of cycle with partially overlapping error events.
which is clearly obtained fok = 1:
For tail-biting codes, another class of cyclesGirg has to be
considered: cycles containing no edge see Fig. 8). Since these
Weomax = & + f. (10) Yy 9 gein ( g.8)

cycles do not correspond to codewords (or correspond to information

\é/ords with zero Hamming weight), they could invalidate our result.
w - . - . .
However, their length is at leagt (the minimum length is obtained
when K is an integer multiple ofp), and, under the following
constraint:

In order to estimate the Hamming weight of the information word,
consider a cycle®’ of length!l in G’z which results from applying
edge contraction to cycl€ in Grg. Since two edges ifr; cannot be
adjacent, the length af” cannot exceed!. Therefore, the maximum
weight of the information sequence corresponding to the considered
cycle isl. ¢From this consideration, and from (8) and (10), we obtain

the following result:

> 2logy(K +1) — 1> g(Grs) (14)

==

none of these cycles can be the shortestring. Therefore, we are
sure that the shortest cycle contains at least two edgdsrinand
dm < (Wemax + 1) gub(GTB) (11) hence it corresponds to a codeword.

or:

dm < (a4 B+ 1) [2logy (K + 1) — 1] (12)

This result depends only on few relevant and easily derived
parameters of the turbo code. Moreover, its computation is of very v,
low complexity. However, a simpler expression can be used when
the parametera and 3 of the constituent encoders are not available.
This simpler expression derives from the second part of (1):

dm < (p+2)[2logs (K +1) —1]. (13) Fig. 8. An example of cycle containing no crossing edges.

This result only requires the knowledge of the memory of the  Tab. Il shows the minimum values & for which the upper bound
constituent encoders. for tail-biting codes is valid for different values of



IEEE TRANSACTIONS ON INFORMATION THEORY, to appear 5

TABLE I
MINIMUM VALUES OF K FOR WHICH THE UPPER BOUND FOR TAIEBITING

CODES IS VALID. dmr < 2@+B8+1)x

T Fom x flogy (26 —1-4 |2+ 2]] @)
2 11 which is an upper bound on the minimum distanceteiminated
3 41 turbo codes, independently of the adopted termination technique.
4 115 Being a general result with respect to the adopted termination
5 289 technique, this result is looser than the result obtained for tail-biting

codes. IndeedZrp can be considered as a special casé& of for
tail-biting codes.
VI. TERMINATED TURBO CODES Comparing (15) and (12), we can see that the difference between

the, two results becomes negligible féf — oo. In this sense,

When constituent COd.eS are terminated, our model must be ada can be considered as an asymptotic result for independently
to the new structure. First, we construct a graph leading to a re Fminated turbo codes

independent of the termination technique, and then we propose

h for ind dently terminated turb d lting in a tiah Fhis result, besides being general with respect to the adopted ter-
Sz)i)per k?orul:depen ently terminated turbo codes resuiting In a tig li%'ination technique, does not suffer from the limitation corresponding

to (14), since all the cycles @1 contain at least two edges ifi;.

A. General result on terminated turbo codes B. Independent termination of constituent codes

By performing a simple modification oli’75, we obtain an A trellis termination technique often used in parallel concatenated
extended permutation grapfi for terminated turbo codes which convolutional codes consists in forcing both encoders to the all-zero
is independent on the adopted termination technique and then gygte independently at the end of each block. This technique implies

will apply edge contraction to obtain a grag;. the existence of certain types of codewords generated by information
The trellis of independently terminated turbo codes cannot Rgords of weightl, which consist of error events ending in the trellis
considerectircular, therefore edges termination. These codewords have not been taken into account in the
previous analysis. Unfortunately, it is not straightforward to construct
ei = (VI4,V1,((i—p) mod K))s 1 =0,...,p—1 a graph modelling this behavior. However, in order to show how

the independent termination of the encoders determines the value of
the upper bound, we will refer to a slightly different termination
rule which introduces such codewords: after thé information
ej = (V0,5,V0,((j—p) mod Kk)), § =0,...,p—1 bits are sent to each encoder, another 1 steps are added. The
information bitsu,; corresponding to the termination are determined
by the following rule:

and

must be removed (see Fig. 9).

1

K—
D
u; = > w, K<i<K+p-1 (16)
jmod;z(z‘)

mod p

where ®Z indicates a modulo-2 summation.

We will initially perform modifications onGrg to obtain an
extended permutation gragh;r for independently terminated turbo
codes, and then we will apply edge contraction to ob@ig-.

The trellis of independently terminated turbo codes cannot be
considerectircular, therefore edges

and
Now, we apply edge contraction on the g&t. The cycles in the
resulting graph still correspond to codewords, and their length is still ej = (V0,j,V0,((j—p) mod K))s 3 =0,...,p—1

related to the codeword weight. . L .
Due to edge contraction, the obtained graph contains some must be removed. Moreover, since the termination consisty of

vertices whose degree is reduceditor 2. The latter corresponds to further trellis steps at the end of each block, the corresponding
the following situation: part of the graph must be modified. The chosen approach is to

extend the graph beyond the termination by addifyg— 1)vertices,
and 4(p — 1) additional edges corresponding to error events span-
F% e {0,....p—-1,K—p,...K—1}: ning beyond the end of thimformation word. Moreover, an edge
me{0,....,p—1,K—p,... K —1} (vr,k+p—2,v0,K+p—2) is added to take into account error events
forced to terminate after the end of the information word. This
Taking into account these considerations, in App. Il an upper bountbdification results in considering also some odd-weight information
on the girth of a graph with the characteristics @Gf- is derived. words inZ{’. In Fig. 10, the removed and added edges are highlighted,
Applying (25) withn = K andm = 2p, we obtain: and Fig. 11 shows the resulting graph .
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which is an upper bound on the minimum distanceénafependently

P Vi terminatedturbo codes.
Comparing (18) and (12), we can see that the difference between
) Voxsoz the two results becomes negligible féf — oo. In this sense,

(12) can be considered as an asymptotic result for independently
terminated turbo codes.

Fig. 10. Modifications ofGrp to obtain the graph for terminated turbo

codes. Thick edges and bold vertices are added. Square vertices have the{y” C OMPARISON WITH THE PREVIOUSLY KNOWN RESULTS
degree reduced. '
This section shows the obtained results for independently ter-

minated turbo codes compared to the previously known upper
[ : l{ bounds [7] [13].
-

In pursuing a result for the wide class of parallel concatenated

& 6 & & & o & o 4 OV, .y ; . .
Vi g"“' NS R A convolutional codes with more than two constituent encoders, the
authors of [13] introduced an artificial partitioning of the interleaver
VO'O"" ' P AL indices. Moreover, they modelled the multipl ncatenation
R - . , y modelle e multiple concatenation as a

T Ji% | hypergraph whose characteristics depend on the artificial partitioning.
X - , f This is, in our opinion, the main cause of the difference between the

-
results in [13] and our results.

Fig. 11. Extended permutation graph for independently terminated turboIn [7]_’ a partitioning .accordlng to th_e residue classes modulo

codes. the period of the constituent encoders is performed. Moreover, an
artificial index partitioning (Quasi-Uniform Index partitioning) is
performed: a given QUI partitioning excludes from the search all

Now, we apply edge contraction on the s&#. Moreover, the the codewords consisting of error events that cross the partition

2(p — 1) termination vertices are pairwise contracted, resulting ipoundaries.
p — 1 degree-4 vertices (see Fig. 12). Since contraction does noffhe derivation of our results discards any artificial index par-
involve edges corresponding to error events, the cycles in the resultiiigpning. This permits to estimate the length of the error events
graph still correspond to codewords, and their length is still relatgurticipating in the generation of a codeword more accurately, and
to the codeword weight. hence to derive a tighter upper bound.

In Fig. 13, the result corresponding to terminated turbo codes (15)
is compared to [13, Theorem 2]. Since in [13, Theorem 2] puncturing
is not considered, in order to perform a fair comparison the rate
code has been chosen. Our results improve over [13, Theorem 2] of
roughly two orders of magnitude for all the considered parameter
ranges.

LE+06

1 -0
Edge contraction s P ——
T T N %

Fig. 12. Edge contraction applied to termination vertices of an extended ..., e
permutation graph.

1E+03

LE+02 M

s [bits]

If we assume that

m>p, 0<i<p a7) e |
o I
then G- contains2p degree3 vertices corresponding to the firgt | Engeoned §
bits in u and a. If we release (17), the’7;> contains at mosgp 1o
degree 2 vertices. In either case, it is straightforward to noteGhat i

can be transformed in a 4-regular graph by adding the following Fig- 13. Result (15) compared to [13, Theorem 2] (labelled BMS).

edges inGyr:
Fig. 14 shows the new upper bound (15) for independently ter-

minated codes compared to the logarithmic upper bound in [7]. The
upper bound for tail-biting codes (12) is always tighter than the one
and not contracting them. Therefore, the girth@f;- can be upper in [13, Theorem 2], while the upper bound for terminated codes (15)
bounded as in App. II, where a 4-regular graph with some of missitf tighter than the one in [7] for a wide range of block lengths.
edges has been considered.

(vr,i,v0,i), 1=0,...,p—1

Applying (25) withn = K + p — 1 vertices andn = p missing VIIl. HIGH-RATE TURBO CODES
edges, we obtain: In order to obtain high rates > 1/2), the following techniques
are usually applied:
dmir < 2(a+B+1)x 1) Puncturing of the coded bit sequence at the output of the

P P constituent encoders (usually performed when the constituent
< [logs (2 +2p =34 | 7)) + [1]] a9 code rate isl /o)
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Fig. 14. Upper bounds (12), (15) and (18) for ratg; codes.
Fig. 15. Upper bounds (12), (15) and (18) for ra& codes.

2) Use of rateko/no, ko > 1 constituent encoders.

The two techniques can be applied jointly as well; however, we
will analyze them separately.

Fig. 15 shows the obtained results for raje turbo codes.

B. Rateko/no constituent codes
A. Punctured high-rate turbo codes Here, constituent codes with ratg/no, ko > 1, are considered.

Puncturing consists in eliminating some bits in the code sequen&e reference constituent encoder scheme is shown in Fig. 16. For a
at the output of the constituent encoders, and is usually perfornfégfailed description of this encoder structure, see [16].
applying a periodic puncturing pattern. The elimination of coded L€t ko be the number of bits per input symbol. Th¢h symbol
bits results in a reduced value of parameterand 3 (see Tab. I). in the information bit word isu;. The trellis diagram hag"
Moreover, due to the characteristics of the iterative decoding &utgoing edges from each state. We assume the recursive encoder
gorithm used to decode turbo codes, systematic bits are seldhPe characterized by a primitive feedback polynomial.
punctured. This results in a larger number of eliminated coded bitsUnder these hypotheses, similarly to rafeo encoders, when the
rather than information bits. Therefore, in this case, the contributi@ncoder is forced to leave tladi-zerostate by a single non-zero input
of information bits to the codeword weight becomes significansymbolu;, it starts walking through all the non-zero states and never
Moreover, while the upper bound in [7] counts theactHamming returns to the zero state unless a symipl;, = u;, j € Z* forces
weight of the considered information words, (12), (15) and (18) dbto return to the all-zero state.
not allow such accurate estimation. This consideration explains theBy considering an input symbak; : wg(u}) = 1, we can state
reason why the upper bound of [7] is tighter for some puncturdbat two1 whose distance in the inplit sequence is a multiple of
high-rate turbo codes. kop cause an error event to start (with the leftmbgtand terminate

(with the rightmostl).
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Fig. 17. Upper bounds for a ratie/2 8-state turbo code of Example 1.

We will initially define the extended permutation graph-z for
rate ko/no encoders, and then apply edge contraction to obtain
G'r 5. The extended permutation gragh-5 is defined by connecting
verticesvr,; and vy, (i+kgp) mod K-

By partitioning the set of verticeB; (resp.V2) in ko classes/, 1
(resp.Vg4,2), ¢ =0,...,ko — 1, defined as follows:

Ev = {(v16,91,(i4kop) mod K)s 1 =0,..., K —1} vri € Vo1 & (i mod ko) =g

En= {(vrs,v0m), i=0,...,K -1} vo; € Va2 & (j modko)=gq

Es = {(v0,i,v0,(i4+kop) mod k), 1=0,..., K —1} we note that every edge ifi; and E» connects vertex pairs belonging

. . to the same class:
Clearly, an extended permutation graph for rafe:, constituent

encoders is obtained whén = 1.
With respect to raté /no codes, the resulting extended permutation ei = (vri,vr) <  j=1+kop
graph is a}galn_tl-regular, and the number of vertices is unchanged, & (5 modko)=(i mod ko)
therefore its girth is unchanged. However, parameteand 3 are
changed according to the encoder connections. In fact, as long as th€learly, this is true also for edges if> and, due to symbol
input symbols aré),the state trajectory of &/no encoder is equal interleaving, inErn as well. Therefore, no edge connects vertex pairs
to that of a ratel /no encoder with the same memory and feedbadielonging to different equivalence classes, and the resulting extended
connections. Moreover, if the feedforward connections are equal, aggrmutation graph can be partitioned Ap disjoint subgraphs con-
the output sequence is equal; therefore, their paramatarsd 3 are taining K /kq vertices each.
equal. The girth of G/-5, which is obtained fromGr5 by contracting
Example 1:Consider two ratel /2 turbo codes. The first code isthe edges inFr, can be upper bounded choosing at random one of
obtained by puncturing tw8-state recursive convolutional encodersthe kq subgraphs and applying (20) with = K /ko. The resulting

From Tab. |, we havey; = 2 and3; = 2. upper bound is:

The second code is obtained by concatenating in parallel two
rate 2/3 , 8-state recursive convolutional encoders. In this scheme, dm.s1 < (a+B+1) {2 log (5 + 1) _ 1] (19)
puncturing is not performed. Suppose that the constituent encoders ko

are based on a memory= 3 shift register with feedback connections | K/ko > 1, the +1 term in the argument of the logarithm can

13s and feedforward connectionisis. Since these connections arepe neglected. By comparing (19) with (12), we note that symbol

equal to those of a rate/2 convolutional encoder, its parameters Cakhterleaving causes a reduction (@f + 5+ 2) logs (ko) (see Fig. 18).

be derived from Tab. I, row = 3, col. R = 1/3, that corresponds sincek; is typically low (ko < 10 — logs(ko) < 2), if the block

to unpuncturedconstituent codes. We have, = 4 and 5 = 2. length is large, this reduction is negligible also for low information
Clearly, the upper bound for the second code is larger than th@yq lengths.

upper bound for the first code, as shown in Fig. 17.

e [IREEEEH
. . —5¢—Rate 1/2 (kIn), Breiling
C. Symbol interleaving e 2 ), 0. 12
Symbol interleaving consists of performing a permutation on the —o=Rae 12 (k). 3. 19
set of symbols instead of bits. Indeed, a permutation
K . e
m:t—-m, 1€<0,...,——1 H
{ ko } . /
(K an integer multiple ofko) operating onko-bit symbols is 100 — ]
equivalent to a permutation //’ :%%;
/ﬁ:ﬁ%
m:i—on, i€f{0,...,K—1} e
having the following property: reor 1er 1600 Leos Leos Leros

K [bits]

(i mod ko) = (mf_ mod ko) Fig. 18. Effect of symbol interleaving on a ratg3 tail-biting turbo code.
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IX. CONCLUSIONS

We have shown in the paper that a connection between parallel g>2 = n>1+4
concatenated convolutional codes and the topological properties of g>4 = n>1+4(1+3)
certain associated graphs can be established. The connection has been o
used to obtain an upper bound on the minimum distance of parallel ge 1
concatenated convolutional codes. The proposed method has been 9~ 9 = n=1+4 (1 +3+...+32 ) =

used both for tail-biting and independently terminated turbo codes. =1+ 2(3%“ —1)=2x 3% _1
Moreover, it has been extended to ratg'no constituent codes with

bit- and symbol-interleaving. The new bound is easy to compute, afitgrefore:

improves over known bounds for a wide range of constituent codes

parameters. ge < 2logs(n + 1) — 2log, 2 (22)

From (21) and (22), we obtain:

APPENDIXI
< mse = _
THE GIRTH OF4-REGULAR GRAPHS g < max(ge, go) = 2logs(n + 1) — 1 (23)
) ] and this proves the theorem.
Here, we derive an upper bound on the girtrdefegular graphs. 0
The result is obtained following the derivation of thaive bound
in [17]. APPENDIX I
Theorem 1:The girthg of a4-regular graph withV| = n vertices THE GIRTH OF AN ALMOST-4-REGULAR GRAPH
1S In the following, we derive an upper bound on the girth of a graph
g <2logs(n+1)—1 (20) @ = (V, E) which results from removing a small numbet of

Proof: Choose an edge = (v;,v;) € E at random. Ifg > 3, edges from at-regular graph with the additional constraint that the
verticesv;, v; and their neighboring vertices must be distinct (levelminimum degree of7 is not lower thar®.
I =0andl =1 in Fig. 19); otherwise, a cycle of length 3 would be Theorem 2:Let G be a graph onV| = n vertices and E| =
present. Therefore, the number of vertices(dfis n > 2+ 2 x 3.  2n — m edges. Then its girth is
If g > 5, also the neighbors of the previously considered vertices
must be distinct (level§ to 2 in Fig. 19). Therefore, the number of g < gl (24)
vertices ofG is n > 2(1 + 3 + 3?). Extending to higher odd values

. where

of g, we obtain:

gfﬁ:> = 2log, (271 —-1-4 {%J) 2 {%J . (25)

923 = n=242x3 Ao I Ao, 1 we derive th bound following the derivati

2 s in App. |, we derive the upper bound following the derivation
9>5 = nz201+3+3) of the naive boundin [17].
= ... . Suppose we construct the graph by removingedges form a 4-
g>Gg = n>2 <1 +34+...+ 3%z ) = 3leot)/2 _ 4 regular graph. Starting from a randomly selected edge, we construct

the spanning tree resulting form a breadth-first visit of the original 4-

therefore: regular graph. If we stop our construction at legelthe total number

of vertices in the tree is

9o < 2logg(n+1) — 1 (21) np =201 43+...+35) =35+ 1

Now, we count the total number of vertices of the same spanning
tree, considering that there are missing edges. If such missing
edges are not in the spanning ttethey do not result in a reduced
[ S A4 G i Gl G Gl S G S S Sl oo ¢ tree height, and consequently in a reduced girth. Hence, we restrict
ARG A AT A A to the case where each missing edge is placed between!jeartl
gvel li+1,i=0,...,m— 1, and compute the number of vertices

0

1

=2

Fig. 19. Construction for the derivation of the upper bound on the girth (oc!

values). in a tree withL levels of vertices:
m—1
ng = nL-— Y. <1+3+32+...+3L‘“‘1)
1=0
m—1 gL—li _ 1
= nr — . 2
1=0

nyoonyoonay ooy oy m nyoonyoonyony oy

T2 T N A T VO A T VO A VY A T WY A I T2 T Y 2 T O A T VY A WO A T WY A I milgL*lz‘_l

L
- ey y St @)
Fig. 20. Construction for the derivation of the upper bound on the girth i—0 i=0 2
(even values). It is straightforward to note that, for a given number of levéls

) ) o ) ‘the minimum number of vertices is obtained when levglsi =
If g is even, we operate in a similar way, but choosing as a starting

point a vertex instead of an edge (see Fig. 20. We obtain: 3A spanning tree contains on|y’| — 1 edges.
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0,...,m—1 are minimum. For a fixed number of verticgs|, this

turns into the largest height for the spanning tree, hence in the Iargem

girth.
Considering that, starting from é&-regular graph, there can be

at most4 missing edges between each pair of consecutive leve
(otherwise, the minimum degree would be reduced below 2), w

obtain:
Lo lm/a .
n, o= 23 3 -2 % (3“’—1) Sy
i=0 =0
gL—lm/aj+1 _ 4 19 L%J _a
gL—lm/4]+1
> eriJrZL%J:nZ (27)
where
gL—Im/4] _ 1

a=(m mod 4) 5

This results from consideringn mod 4) < 3. The girth of G is
related to the number of levels needed to visit all the vertices:

g<2L,+2 (28)
where
Lm =inf{L:n}, >n} (29)
Sincen < n’,, we derive the following result:
m m
< —1—4|— —1.
g_210g3<2n 1 4{4J>+2{4J (30)
which proves the theorem.
O
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Fig. 1. Reference coding scheme.
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Fig. 2. A 4-state systematic, recursive convolutional encoder.
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Fig. 3. An example of permutation graph for memary= 1 constituent
encoders.
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Fig. 4. Correspondence between codewords and cycles.
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Fig. 5. Extended permutation graph for tail-biting terminated turbo codes.
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Fig. 6. Contraction of an edge.

16



IEEE TRANSACTIONS ON INFORMATION THEORY, to appear

v, Vi /7 Vik /7 Vi
/

’ . ~—
(===,
AN VAR | [ | N/

Y /

VI,O VI,K—l

v "'.‘ pm ‘
«‘ \b‘}(
o A T AN
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Fig. 12. Edge contraction applied to termination vertices of an extended
permutation graph.
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