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Abstract

Mathematical formulas with special emphasis on statistical distributions. The formulas are sketchy and not
necessarily complete or correct. Corrections can be sent to fn@Qimm.dtu.dk.
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Chapter 1

Distributions

1.1 Normal distributions

The “stationary colored noise” matrix normal X(N X P) ~ Ny p(M, X ® Q) (Triantafyllopoulos, 2002, p. 234)

(XM, Q, %) = (27) NP2 QP2 V2 exp {—étr 27 (X - M)Z (X - M)T]}

The probability density function for X(N
dimensional x,, with "1 =M and Q = Iy

p(X|p, ) = 205"V 2 exp

=273 N2 exp

with sufficient statistics x and S (Mardia et

=278 exp

(1.1)

x P) for “white noise” matrix normal, i.e., N independent P-
(Mardia et al., 1979, section 2.5.5)

L
) Z(Xn 1) S (% — ) (1.2)
(X - 1T (X - 1T (13
al., 1979, equation 4.1.20)

T ) - Gz (1.4

The multinormal distribution (the Gaussian distribution) of a P-dimensional x ~ Np(u,X) for a single case

N =1 (Mardia et al., 1979, equation 2.5.1)

Pl B) = 268] exp [—§<x N m]

With an isotropic (co-)variance

p(xlu, %) = (270%) =P/

Univariate P =1

—1/2

p(xlp,0?) = (2m0®) "2 exp

Standardized central univariate

ple) = (2m) V2 exp (

exp [—

(1.5)

(x — uglgx - u)] (L6)
=] a
_l‘;) , (1.8)

1.2 Wishart and y? distributions

The central Wishart distribution for M(P x P) where M can be regarded as a degree of freedom parameter
(Mardia et al., 1979, equation 3.8.1) (Conradsen, 1984, section 2.5)

1

p(M[Z, M) = -
QM P/27P(P=1)/4| 53| M/2

1
|M|(M=P=1)/2 oxpy [—Etr(z—wx)] (1.9)

[T, TI5(M +1—p)]



The central Wishart distribution on standard form with ¥ =1

1

p(M|M) = MP/2 P(P-1)/4TTE Il
2 ™ Hp IL5(M+1—p)]

1
|M|(M=P=1/2 oxpy [—Etr(M)] (1.10)

With a one dimensional P = 1 central Wishart distribution on standard form the M = y ~ x? (“chi-square”)

distribution is attained. The sum of the square of M independently standardized normal distribution random
variables is also x? distributed. The x? probability density function (Mardia et al., 1979, section B.3)

peiM) = {2720 (0/2)} g2 exp(—y/2) (111)

The cumulative distribution function is

P(y) = ﬁ (/2 P/2) (1.12)

where + is the lower incomplete gamma function, see section 3.1.

1.3 Generalized matrix 7', multivariate Student’s t and Cauchy dis-
tributions

The type I generalized matrix T distribution (Triantafyllopoulos, 2002, p. 72+), (Triantafyllopoulos, 2003)

—[tr(D)/P+N+P—-1]/2
p(TIM, 2, %, D) x |[DV2QDY? + (T - M)~ (T - M)" : (1.13)

where D is a matrix of degrees of freedom. The matrix T" distribution is obtained with v = tr(D)/P + constant
and rescaling Q. With X(N x P) ~ Np(M,X) and B ~ Wx(,v) then T(N x P) = B~/2X is a matrix
distributed with the matrix T distribution (Hedibert Freitas Lopes) (Dickey, 1967) 7?7 (Triantafyllopoulos,
2002, p. 235)

[(v+P—p+1)/2]
Ilv—-p+1)/2]

|Q|—V/2|E|—N/2 ’ﬂ_l + (T B M)E_I(T . M)T!‘(V+P)/2

P

r
p(TIM, Q,%,v) =7 V2]
p=1

(1.14)

The non-central multivariate ¢ distribution is attained with N =1 and 2 =1 =1 (Mardia et al., 1979, section
2.6.5), (O’Hagan, 1994, section 9.5)

_ppT(4E) B2

/ 1.15
I'(v/2) [1+v71(t — W) TE "t - )] (v+P)/2 (1.15)

pt(t|:u'7 3, V) = (7”/)

where P is the dimension of t. The multivariate Cauchy distribution is obtained with the degrees of freedom
parameter v = 1

F(1+P) |2|71/2
pealtlp, B) =2 =2 (1.16)
- (1+P)/2
P2 1t (6~ )™= (6~ o)
For the univariate P = 1 Cauchy distribution the probability density is
1 1
t N ———— 1.17
pCa( ‘:U’70- ) 7TO'1+(t;_N)2 ( )
The central standardized univariate Cauchy distribution g = 0 and % = 1
1 1
t|0,1) = ——— 1.18
pCa( | ) ) 1 +t2 ( )



1.4 Normal-inverse Wishart and normal-inverse gamma distribu-
tion

Posterior distribution for joint posterior with an information (natural) conjugate normal-inverse Wishart prior
(Mardia et al., 1979, exercise 4.3.2)

p(, XX, ¢, G, M) = p(p, X|%,S, ¢, G, N, M) (1.19)
o B VHMAD Rty (—;El [NS+G+ (p—@)(p— )" + N(p—%)(p — X)W) :
(1.20)

where etr() is the exponential of the trace: exp(tr(-)).

The normal-inverse gamma distribution is used as the informative (natural) conjugate prior distribution for
the parameters in a normal linear model (y = Xb + u,u ~ N;(0,0?)) in Bayesian inference (O’Hagan, 1994,
equation 9.5 and 9.8), (Hansen et al., 2002)

(a/2)P7
(2m) P2 V|H/2T(D/2)

1
pNIG(b7 0'2‘61, D7 P7 m, V) = (02)(D+P+2)/2 exp {_W (b - m)TV_l(b - l'l'l) + a“}

(1.21)

x (0_2)(D+P+2)/2 exp |—

53 (b—m)"V (b —m) +a)} (1.22)

where P is the dimension of V. The distribution is usually denoted NIG(a, D, m, V). The marginal distribution
of b is the multivariate ¢ distribution #(m,aV, D). The marginal distribution of o2 is the inverse gamma
distribution.

1.5 Inverse cosh distribution or hyperbolic secant distribution

The inverse hyperbolic cosine, hyperbolic secant distribution or Perks’ distribution that is used in independent
component analysis (ICA) is heavy-tailed (Smyth, 1994)

1
2°-1B(8/2,5/2)

where B is the beta function. Standardized § =1

p(z|3) = sech” (z), (1.23)

p(z) = %sech(x) (1.24)

For 8 = 2 there is also a nice normalization factor

p(z|f=2) = %sechQ(x) (1.25)

1.6 Multinomial distribution including binomial and Bernoulli

T

The discrete multinomial distribution for a discrete variate n = [nq,...,np|' containing counts (Mardia et al.,

1979, page 44)

P P

n! n

.ZD(rl‘a7 n) = m Hap", an =N (126)
p p

The parameters a are restricted to be probabilities: a, > 0 and 25 ap = 1. The binomial distribution is
obtained with P = 2

2
n! n nl n n! n nen
Pgin(nla,n) = ] H a,” = nl!n2!a1 (1—ay)™ = P TE—T nl)!al (I—a)"™™ (1.27)
p=1
- <”>a?1(1 —ay)" ™ (1.28)
ni



The Bernoulli distribution appears with n = 1, and then n; € {0, 1}
Pger(n]a) = P(nylay) = a}* (1 —ap)' ™. (1.29)
...And the important uninomial distribution with P =1

P(nla) =1, a=1 (1.30)

1.7 Dirichlet distribution including beta and uniform distributions

The Dirichlet distribution is a kind of “inverse” distribution compared to the multinomial distribution on the

bounded continuous variate x = [z1,...,zp| (Mardia et al., 1979, p. 44)
r (ZP ! > P
p P ap—1
pxla) = —g——7= || 7,7 (1.31)

The beta type I distribution is obtained with a bivariate Dirichlet distribution P =2, xy =x and 2o =1 —
(Mardia et al., 1979, p. 488)

T
(a1 + a2)xa1—1

MaTag) " 797 (1.32)

p(x |041, 042) =
A uniform distribution with limits between 0 and 1 is obtained with o« = a1 = ap =1

p(z|la) =1, a=1 (1.33)

1.8 Hypergeometric distribution

The discrete univariate hypergeometric distribution

(1.34)
1.9 Normal linear model distribution
The multivariate regression model is (Box and Tiao, 1992, page 439)
Y =XB+U (1.35)
With the noise as central matrix normal UY ~ Nyxp(0,X ® ) ?
BY|X,Y,Z,Q ~?Noyp (XYY, Z® [X QX)) (1.36)
With U distributed as the white noise matrix normal the maximum likelihood estimates are
B=X"X)"'X"Y=X"Y (1.37)
3 = (Y - XB)"(Y — XB)/N (1.38)

With non-informative Jeffrey’s priors a posterior for B is the matrix 7" distribution (Box and Tiao, 1992,
page 440), (Mardia et al., 1979, page 180)

p(BIX,Y) x [NE + (B - B)TX"X(B — B)|~/? (1.39)

Conjugate priors
p(b|X) = Np(m, W) (1.40)
p(X[b) = Wr() (1.41)



Posterior of parameters b for known variance of the residual is a multinormal ¥, = 02 (O’Hagan, 1994, page
264) (Goutte et al., 2000, equation 6)

1 P ~
p(b|X,y, m, W,o?) o exp 72—2(1@ —b)"W~l(b-b) (1.42)
g

where the maximum a posteriori (MAP) estimates are

b=(W14s2X"X) " (W 'm+ 0 2X"y), (1.43)
W= (W !452XTX)"! (1.44)

1.10 Gaussian mixture distributions

Gaussian mixture distributions or Mixture of Gaussian (MoG) with a fixed number K of mixtures where
M = [pq,...,x]" and a data matrix X(N x P)

N K
XM, 2y, ., 2k) = [[ D p(xnluy, T) P(k) (1.45)
n k

Heterogeneous isotropic variance (Bishop, 1995, equation 2.77)

Ty (%0 — 1) T (%0 — p13)
p(XIM, 0%,....0%) = [[ > @ro3) "2 exp {— n "‘k%z n =~ My ] Pk) (1.46)
n k

2

Equal isotropic variances 0 = J,% with equal mixture weights P(k) = 1/K. Number of parameters is P x K + 1.

N K
p(X|M, 02) = % 1> @ro?) "2 exp { B = “k;;an - “k)] (1.47)
n k

with hard assignment where p,, is the mixture component p;, assigned exclusively for the x,, data point, and
where k(N x 1) contains the assignment indicators for all N objects

N

Xp — )" (X —
p(X|M, 02, k) = H %(27r02)_P/2 exp {—( = u”;ag = H”)} (1.48)

n

1.10.1 Ad hoc variances

The variance can be computed with a maximum likelihood estimate

K N

1
o = DD — el (1.49)
k n

However, it seems that this estimate becomes worse and worse (too small) as the number of clusters increase:
The maximum likelihood with the plug in variance estimate in a K-means algorithm tend to decrease as the
number of objects get large! Perhaps the unbiased estimate is better

K N,
=S S s gl (1.50)
UB — N.—1 n = Hgll - .
k n

This estimate does, however, not work in practice since there might be a small number of objects in a specific
cluster such that N, = 1. An ad hoc fix with “modified unbiased estimator”

K 1 Ny 5 .
2 Nt 2m s 1% — g ||? i N > 1

- ) 1.51
e zk: {0 it Ny <1 (1.51)

Where W is “some weight” most simply taken as W =1

(1.52)



1.10.2 Univariate Gaussian mixture models

The symmetric subgaussian Pearson mixture model as seen in (Lee et al., 1999): p(s|lp,0?) =
1/2 (N(/J’a 02) + N(_M>U2))

p(sl, 0%) = 47302 [exp (-%) + exp (—%)] (1.53)

1.11 Hyperbolic secant mixture distribution

The univariate hyperbolic secant mixture distribution is used in independent component analysis to model both
heavy-tailed and light-tailed distributions (Lee et al., 1999, equation 2.29)

p(s|p) oc sech?(s — ) 4 sech®(s 4 p) (1.54)

1.12 Beta-binomial mixture distribution

The beta-binomial mixture distribution (BBM) is continuously mixing via a beta distribution (Griffith, 1973;
Erdfelder, 1993), Anders Hald?

1
P(njn,a) = P(nq|n, ) = / Pgin(n|ar,n) ppir(a1|a) day . (1.55)
0
n\ B(ni + a1,n —n1 + asz)
_ 1.56
(nl) B(ai, a2) (1.56)

It might be said not to be a mixture distribution since the beta distribution could be regarded as a Bayesian
prior distribution (that in this case is the natural conjugate prior) where « is the hyperparameters. Applications
appear in (Lowe, 1999a; Lowe, 1999b).

1.13 Finite binomial mixture distribution

The finite binomial mixture distribution is a finite discrete mixture distribution, sometimes refered to as finite
binomial mixture (FBM) (Gelfand and Solomon, 1974), (Emrick, 1971)?, Poisson? Pearson (1915)? also
discussed in (Everitt and Hand, 1981, pp. 89-97), (Titterington et al., 1985) with K components

K
p($|N,p,)\) :Z)‘kpbm(xuvapk)v (157)
k=1

where z € {0,...,N} and 0 < A\p <1, ZkK Ar = 1 are the mixing proportions. The parameters are identifiable
with N > 2K — 1. The likelihood can be written with another sufficient statistics ¢

M K em
p(e/N,p,A) =[] [Z Akain(mNypk)l (1.58)
m=0 k=1

N

where ¢, = anl,zn:m 1 and m = 0... M. This might be more efficient to work with if M is small.

(1.59)



Chapter 2

Matrices

2.1 Types of matrices

2.1.1 Orthogonal matrices

P P=PP =1 (2.1)
det(P) = £1
Pl=PT

Givens matrices

Givens matrices are rotation matrices.

Helmert matrix

A Helmert matrix A(N x N) can be used to decorrelate random variables.

1/\/N,...,1/\/N} ifn=1

aq)
A= : , ag) = 2.4
) (=) vVin=Dn,...,v/(n—=1n, 0,...,0 otherwise @4
awn) _——
(n — 1) elements (N — n) elements
2.2 Arithmetic operations
The row sum of A(N x M) gives a column vector r(N x 1)
M
r=> apm =Aly. (2.5)

Strangely, in matlab the multiplication ‘X*ones(size(X,2),1)’ is faster than a “simple” sum ‘sum(X,2)’, —
perhaps because of poor cache management (Minka, 2003).

2.3 Matrix norms

Frobenius norm (Golub and Van Loan, 1996, section 2.3)

[Alr =D a2 (2.6)

2.4 Inversion
The inverse A~! of a square and non-singular matrix A satisfies

ATTA=AA =1 (2.7)



‘Matrix inversion lemma’ or ((Bartlett-)Sherman-)Morrison-Woodbury formula (Mardia et al., 1979, equa-

tion A.2.4f), (Golub and Van Loan, 1996, section 2.1.3)

(A+BCD) '=A"'-A'B(C'+DA'B)"'DA!

In simplified versions

(A+BD)'=A"1'-A"'BI+DA'B)"'DA!

(A+ab") '=A"'— (A 'ab"A"H)(1+bTAa)"!

2.5 Determinant

A determinant only applies for square matrices. With a square A(P x P)

lcA| = c"|A|
|A" = A"
|AB| = [A[|B]

|A +BC| = |A||Ip + A"'BC]|
=|A||[Iy + CA'B|

2.6 Trace

The trace of a square matrix is the sum of the diagonal elements

tI‘(A) = Z Aig.

tI‘(CTD) = Z Z Cijdij
i

For a ‘squared’ matrix the trace can be computed with the Frobenius norm

tr(CTC) = ||C|%

2.7 Derivatives

Matrix derivatives are defined as, see, e.g., (Mardia et al., 1979, section A.9)

4[]

2.7.1 Determinant

2.8 Integrals

2.8.1 Transformation with Jacobian

Change from one coordinate system x to another u by the transformation x = ¢(u) (Jacobsen, 2004)

[ sixc= [ s o) du
D D
with the Jacobian J = d¢p(u)/0u and the integration region ¢(D’) = D.

10

(2.8)

(2.9)
(2.10)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)



2.8.2 Dirac function

Scalar integral involving Dirac delta function (MacKay, 1999, page 3) relevant for ‘no-noise’ distributions

/5(x7v5)f(s)ds: ﬁf(x/v), (2.22)
and the matrix version
J 1 LA
J ot = Vieso L0 d's = g LAV a2 (2:29
J i i

11



Chapter 3

Functions

3.1 Gamma function

The gamma function (found in Matlab as gamma) defined as
[(z) = /OO u" e du
0
The faculty function, when x is a positive integer
I'(z) = (z—1)!
The lower incomplete gamma

xr
fy(x,a):/ u e du
0

The lower “standardized” incomplete gamma is computed by Matlab’s gammainc

Y(z,a) =1/T(a) /OI u e " du

The generalized gamma function (Box and Tiao, 1992, equation 8.2.22)

M(M-1)/2 M

F(M,N)z[l“(;)] I;II‘<N+m;M>,

and since I'(1/2) = /&

M
M
L(M,N) = zMM-D/AT]T <N+ m; > .

The digamma function

12

(3.1)

(3.3)

(3.4)

(3.6)



Chapter 4

Inequalities

4.1 Jensen’s inequality

log (Z )\il‘i> > Z Ailog(z;)

13

If)\iZOandZ)\izl



Chapter 5

Information theory

5.1 Entropies

Shannon entropy for a discrete random variable

H(X)=—> Px(z)logy[Px()]. (5.1)
rzeX

Rényi entropy of order o (Cachin, 1997, page 15)

1
11—«

Hy(X) = log > Px(z)*, (5.2)

zeX

where oo > 0 and « # 1. Rényi entropy of order o = 2 aka. quadratic entropy (Torkkola, 2002)
Hy(X) = —log, Z[P(gﬂ)]Q (5.3)

“Guessing” entropy for ordered probabilities

Hg(X) =logy Y ipi. (5.4)
Rényi’s quadratic entropy for a continuous random variable X
Hy(X) = —log, / p(x)? dx. (5.5)

5.2 Mutual information

The mutual information is a measure of the dependence between two random variables x and y, i.e., a generalized

form of correlation coefficient. ( )
X,y

I(x,y ://px,yloi 5.6

(x,¥) (x,¥) & 6 p(y) (5.6)

For independent variables, p(x,y) = p(x) p(y), and the mutual information is I = 0. The measure is symmetric
inx and y

I(x,y) =I(y,x) (5.7)

Expectation value of the mutual information for multinomial variables (Hutter, 2002, eq. 15), see also (Wolf
and Wolpert, 1993)

ElT) = =3 g [0y + 1) = i+ 1) = by + 1) + 6+ 1) (53

14



Chapter 6

Receptor kinetics

Table 6.1: Receptor kinetics. Partially from (Maguire and Leen-
ders, 2003). A dagger (}) indicates that the symbol is not widely

used.
Symbol Unit Name Description, Reference
Brax [mol/]] Total concentration of receptors
B! .. [mol/1] Concentration of available receptors Biax — B (Innis, 2003, p. 49)
Bl [fmol/mg] tReceptor density (after cortical thick- The unit is per milligram protein (Foru-
ness weighting) tan et al., 2002)
BP [] Binding potential
BP¢ [] 1Binding potential (graphical) BP when determined by a “graphical”
method, that is the Logan plot (Biver
et al., 1994). To distinguish it from,
e.g., BPnir
Cp [mol/]] Concentration in plasma
fi [ Fraction of free ligand in plasma f1 = Cree/Ctotal = Ctree/(Cree + Cbound )
Some part of total ligand might be
bound to proteins in the blood
DVR [] Distribution volume ratio The ratio between distribution vol-
ume in a receptor region and a non-
containing receptor (reference) region
(Logan et al., 1996)
f2 [] Fraction of free ligand in tissue
K, [min—!] Rate (constant) from blood to tissue
ko [min—!] Rate (constant) from tissue to blood
ks [min—!] Rate (constant) from free ligand in tis-
sue to bound to specific receptor
Ky [min—!] Rate (constant) from receptor bound to
free ligand
ks [min~?] Rate (constant) from free ligand in tis-
sue to nonreceptor sites (non-specific
bound)
ke [min—!] Rate (constant) from nonreceptor sites
to free ligand in tissue
Ky [nM] Equilibrium  dissociation  constant. Ky = kog/kon (Innis, 2003, p. 48)
“Affinity” is 1/ K4. (Lammertsma, 2003, p. 63)
Koft [min—!] Rate of dissociation (Innis, 2003, p. 48)
kon [MM~! min~!] Rate of association (Innis, 2003, p. 48)
K; mol

15




Symbol Unit Name Description, Reference

Ry [] “Relative delivery of radiotracer nor- R; = Kjgroi/Ki Rrer, (Rabiner et al.,
malized to the cerebellum” 2002)
SA [TBq/mmol]  Specific activity
Va [] Volume of distribution Also called “distribution volume” (DV)
and the same as the partition coefficient
Ct/ Cp

6.1 Distribution volume

The “distribution volume” or “volume of distribution” is a ratio between tissue concentration and blood con-
centration of a ligand and can be found abbreviated as V4 or DV

Va=ci/cp (6.1)
The blood concentration value can be corrected with the fraction of the ligand that is free (Knudsen, 2003, p.

77)

Ct

V= 6.2
¢ fl Cp ( )
For a single-tissue compartment model
Va = K1 /ko (6.3)
For a two-tissue compartment model
K ks
Vi=—(14+-— 6.4
= (14 ) (6.4
For a three-tissue compartment model (Lammertsma, 2003, p. 66)
K kg :ZC5
Vi=— (14 =+ — 6.5
1= < R (6.5)
This value was refered to as Knpr (for estimation with Non-Linear Regression) in (Biver et al., 1994).
The “distribution volume ratio” is actually an estimate of the binding potential.
6.2 Binding potential
The binding potential (Lammertsma, 2003, p. 64), Mintun 1984
BP = ks /ky (6.6)
BP = f2Bmax/Ka (6.7)
The “SRTM” model (Rabiner et al., 2002, p. 622)
Bmafo
BP = 6.8
Ko (Lt 5 /K (0%

The distribution volume ratio is a estimate of the binding potential using a two-tissue model with a
reference region with no specific receptor binding

DV
DViatio = =———, 6.9
atio DVrcfcrcncc ( )
where DV is taken from equation 6.4 (as V) and the distribution volume of the reference is
K
DVreference - _1 (610)
ko
One is substracted to give an estimate of the binding potential
ks
BP = — =DV, g0 — 1 (6.11)
k4

16



6.3 Other values
Incorporation coefficient (Sadzot et al., 1995, p. 789) at time T with plasma activity Cj,

_ ROI(T)
Q= Tond (6.12)

17
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