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1 Introdu
tionGiven a set A � N let rA(n) denote the number of ordered pairs (a; a0) 2A � A su
h that a + a0 = n. Then A is an asymptoti
 additive basis oforder 2 (a basis for short in what follows) if there is n0 = n0(A) su
h thatrA(n) � 1 for ea
h positive integer n � n0. It was 
onje
tured by Erd}osand Tur�an in 1942 [5℄ that, if A is a basis, thenlim supn!1 rA(n) = 1:An ex
ellent a

ount of this and related problems is given by S�ark�ozy andS�os [11℄.Not mu
h is known about this famous 
onje
ture. It 
an be easily shownthat if a set of positive integers A satis�es lim supn!1 jA(n)jn�1=2 = 1,where A(n) = A\ [1; n℄, then rA(n) 
an not be bounded. Indeed, if rA(n) �g for all n 2 N and An(x) = Pa2A(n) xa, then A2n(x) = Pi�0 rA(n)(i)xiand jA(n)j2 = A2n(1) =Xi�1 rA(n)(i) � ng:On the other hand, the 
ounting fun
tion of a basis must satisfy jA(n)j =
(n1=2), sin
e jA(n)j2 > jA(n) + A(n)j � n� n0(A) for some n0(A). Moreexpli
it quantitative expressions of both fa
ts 
an be found for instan
e in[7℄. Therefore, the Erd}os-Tur�an 
onje
ture is open for bases whose 
ountingfun
tion satis�es 0 < lim sup jA(n)j=n1=2 < 1, the so-
alled thin bases.The �rst examples of thin bases were given by Cassels, St�ohr and Raikov,see e.g. [6℄. More re
ent 
onstru
tions were provided by Hofmeister [7℄.In all these examples the 
onstru
ted basis either 
ontain arbitrarily largearithmeti
 progressions or 
ontain elements of the form Pi2E xidi; d � 2;for arbitrarily large subsets E � N and all possible 
hoi
es of xi 2 f0; rg forsome r 6= 0. In both 
ases we trivially obtain that rA(n) is not bounded.Erd}os [2℄ showed that the fun
tion rA(n) 
an grow slowly. More pre-
isely, he shows that there exist bases A for whi
h
1 logn � rA(n) � 
2 logn; n � n0(A)for some 
onstants 
1; 
2 > 0. The Erd}os-Fu
hs Theorem This result mayexplain the diÆ
ulties involved in the Erd}os-Tur�an 
onje
ture.In this note we prove the validity of Erd}os -Tur�an 
onje
ture for a 
lassof \bounded" bases. The binary support of a positive integer n is the subset2



S(n) � N [ f0g of its binary expansionn = Xi2S(n) 2i:We say that A � N is bounded if there is a fun
tion f su
h that, for ea
hn 2 A +A there is a pair x; y 2 A withn = x + y and jS(x) [ S(y)j � f(jS(n)j):For instan
e, if the binary expansion of ea
h element in A has no two
onse
utive 1's, then A is a bounded set with f(n) = n.We prove the following result.Theorem 1 Let A be a bounded asymptoti
 basis of order 2. Thenlim supn!1 rA(n) = 1:In fa
t we prove a more general form of Theorem 1. Let us �x a positiveinteger h � 2 and let r(h)A (n) denote the number of solutions of n = a1 +� � �+ah with a1; : : : ; ah 2 A. We say that A has the h-Erd}os-Tur�an property(h-ET for short) if r(h)A (n) is unbounded. Set A is an asymptoti
 additivebasis of order h if every suÆ
iently large integer 
an be expressed as thesum of h elements in A [ f0g and h is the minimum positive integer withthis property. We shall omit the referen
e to h in the above de�nitions whenh = 2. We prove the next result, for whi
h the pre
ise (and more te
hni
al)notion of (d; h)-bounded basis is explained in Se
tion 2.Theorem 2 Let A be an asymptoti
 additive basis for N of order h � 2and d � 2. If A is (d; h)-bounded then it has the h-Erd}os-Tur�an property.This generalizes Theorem 1 as we shall see later that every (2; 2)-basisis a bounded basis.We tested bounded bases in the 
ontext of other bases-related results,both additive and multipli
ative. For example we have the following:The Erd}os-Newman problem [3℄ asked for the existen
e of a set A withlim supn!1 rA(n) = k su
h that, for every �nite partition A = A1[� � �[Arwe have lim sup rAi(n) = k for some i. The problem has a positive answeras proved by Ne�set�ril and R�odl [10℄. A similar question 
an be asked whenlim sup rA(n) = 1. The method we use in the proof of Theorem 2 gives thefollowing result. 3



Theorem 3 Let A = A1[: : :[Ar be a partition of a (d; h)-bounded additivebasis of order h � 2 into a �nite number of parts. Then one of the partshas the h-ET property.Erd}os also proposed the following strenghtening of Erd}os-Tur�an 
onje
-ture: if A is a set of positive integers satisfying jA(n)j = 
(n1=2) then Ahas the ET property, regardless of the fa
t that it is a basis or not. If truethen Theorem 3 follows for basis of order 2.The method we use to prove Theorems 2 and 3 is inspired by the proofthat Ne�set�ril and R�odl [10℄ gave for the multipli
ative analog of the Erd}os-Tur�an 
onje
ture. This was �rst proved by Erd}os [1℄ in 1964:Theorem 4 Suppose that every positive integer 
an be written as a produ
tof two elements in a set A � N . Then, for every m 2 N , there exists apositive integer n whi
h 
an be written as a produ
t of two elements in A inat least m di�erent ways.It is worth noting that the proof of Theorem 4 given in [10℄ 
an beextended to multipli
ative basis of Z. However the situation is strikinglydi�erent for additive basis of Z or, more generally, in any linearly orderedAbelian group. Nathanson [9℄ proves that, for any arbitrary fun
tion r :Z[ f1g ! N 0 with r�1(0) �nite, there is an additive basis A of order 2su
h that rA(x) = r(x) for all but a �nite number of x 2 Z. As shown byNathanson, a greedy algorithm provides basis for Z with rA(n) = 1 for alln 2 Z. A similar result holds when restri
ted to bounded basis.Theorem 5 There is a bounded basis of Z satisfying rA(n) = 1 for ea
hn 2 Z.Thus while the de�nition of bounded basis and the proofs of Theorems2 and 3 were inspired by the multipli
ative versions of the Erd}os-Tur�an
onje
ture whi
h is valid both in N and Z, this notion is sensitive enoughto separate N and Z in the additive 
ase.In the same vein, Theorem 3 is no longer true in Z. We 
an 
onstru
tan additive basis A for Z with a pres
ribed fun
tion rA(n), even possesingthe ET-property, su
h that it 
an be partitioned into two B12 sequen
es.Theorem 6 Let r : Z ! N [ f1g be a given fun
tion. There is a setA of integers su
h that rA(n) = r(n) for ea
h integer n and a partitionA = A1 [ A2 of A su
h that rAi(n) = 1, for ea
h n, i = 1; 2.4



2 Proofs of Theorems 2 and 3.Let d � 2 be an integer. We 
onsider the d-adi
 expansion of ea
h positiveinteger n = Pi�0 nidi; 0 � ni < d. The d-support of n is the subsetSd(n) � N 0 su
h that n = Xi2Sd(n)nidi; 0 < ni < d:Let 0 2 A be an additive basis of order h � 2, that is, every suÆ
ientlylarge integer 
an be expressed as a sum of h elements from A. We say thatA is a (d; h)- bounded set on X � N if there is a fun
tion f : N ! N su
hthat, for ea
h n 2 X , there is an h-tuple �(n) = (a1; : : : ah) 2 Ah satisfyingjSd(a1) [ � � � [ Sd(ah)j � f(jSd(n)j): (1)We 
all a set X of positive integers (N; d)-good if there is an in�nite setY � N 0 all of whose N -subsets are supports of some element in X , that is,for every N -subset K � Y there is n 2 X su
h that Sd(n) = K. Set Xis d-good if it is (N; d)-good for in�nitely many values of N . A basis A is(d; h)- bounded if it is (d; h)- bounded on some d-good set X . In parti
ular,a 2-bounded basis A is (2; 2)-bounded on X = [n0(A);1). This explainsthe notions involved in Theorem 2 and it also shows that Theorem 2 impliesTheorem 1.Proof of Theorem 2. Let 0 2 A be an additive basis of order h � 2 whi
his (d; h)-bounded on a good set X . Given N for whi
h X is (N; d)-good,let Y 0 � N 0 be an in�nite set ea
h of whose N -subsets is the d-support ofsome element in X . By the de�nition, there is a fun
tion f su
h that forea
h N -subset K � Y 0 there is n 2 X and a h-tuple �(n) = (a1; : : : ; ah)satisfying inequality (1).Denote by M = dlogd he and 
onsider an in�nite subset Y = fy1 < y2 <� � �g � Y 0 su
h thatjyr+1 � yrj > maxff(N);Mg; r � 1:We 
olor the N -subsets of Y as follows. For ea
h N -subset K = fk1 <� � � < kNg � Y , 
hoose n = n(K) with Sd(n) = K and let �(n) =(a1; : : : ; ah). Note that,maxSd(n) � maxfSd(a1); : : : ; Sd(ah)g+M:5



Sin
e kr+1 � kr > M , we have(Sd(a1) [ � � � [ Sd(ah)) \ [kr �M;kr℄ 6= ;; r = 1; : : : ; N:We may therefore assume that Sd(a1) interse
ts s � N=h of the intervals[kr �M;kr℄. On the other hand, sin
e kr+1 � kr > f(N) we have Sd(a1) �[Nr=1[kr �M;kr℄. Let a1 =Pi�0 a1idi be the d-adi
 expansion of a1. Thenwe de�ne the 
oloring 
 on the N -subsets of Y as follows
r(K) = (a1i; i 2 [kr �M;kr℄) and 
(K) = (
1(K); : : : ; 
N (K)): (2)By the de�nition of 
, if 
r(K) = (xr0; : : : ; xrM ), r = 1; : : : ; N , thenx(K; 
) = k1Xi=k1�M x1idk1�M+i + � � �+ kNXi=kN�M xidkN�M+i = a1 2 A: (3)The 
oloring 
 uses less than NdM+1 
olors. By Ramsey theorem, thereis an in�nite subset Y0 � Y all of whose N -subsets re
eive the same 
olor� = (�1; : : : ; �N). Let J � f1; : : : ; Ng be the set of subs
ripts for whi
h�i 6= (0; : : : ; 0). By the 
hoi
e of a1 in the de�nition of 
 we have jJ j � s �N=h. Choose a subset S = fz1 < z2 < : : : < z2sg � Y0 of 
ardinality 2ssu
h that between any two 
onse
utive elements of S there are N elementsof Y0. Set Vj = fz2j�1; z2jg, j = 1; : : : ; s.Let U 0 � S be a subset of 
ardinality s obtained by pi
king out oneelement in ea
h Vj . Sin
e between any two elements in S there are Nelements of Y0, U 0 
an be 
ompleted to a set U = fu1 < � � � < uNg su
hthat ui 2 U 0 whenever i 2 J and ui 2 Y0 n S otherwise. By the 
hoi
eof Y0, set U has 
olor �. Therefore, the element x(U; 
) as de�ned in (3)belongs to the base A. By the same token, the 
omplement W 0 = S nU 0 ofU 0 in S 
an be 
ompleted to an N -subset W = fw1 < : : : < wNg of Y0 byadding N � s elements in Y0 n S whi
h �ll positions with value (0; : : : ; 0) in�. Therefore, the element x(W; 
) belongs to the base A as well.Note that, by the 
hoi
e of Y , the supports of x(U; 
) and x(W; 
) aredisjoint. Moreover, for any other 
hoi
e of an s-subset L of S obtained bypi
king one element in ea
h Vj , we havex(U) + x(S nU) = x(L) + x(S n L):Therefore, we get 2s�1 � 2(N=h)�1 di�erent expressions of m = x(U) +x(S n U) as sums of two elements in the base. Sin
e there are in�nitelymany 
hoi
es for N , the base A has the ET-property. 26



Proof of Theorem 3. The proof is similar to the above proof of Theorem2. Given n and �(n) = (a1; : : : ; ah) 
onsider the following 
oloring of S(n),
0(S(n)) = (
(S(n));�(n));where 
(S(n)) is the 
oloring given in (2) and �(n) = i if a1 2 Ai. Bythe same argument as in the proof of Theorem 2, for ea
h N > 0 thereis an in�nite set Y0 � N su
h that all its N -subsets have the same 
olor�0 = (�1; � � � ; �N ;�), where � = �(N) identi�es the set of the partitionwhere the 
orresponding a1 belongs to. Hen
e, there is a positive integerm 2 N whi
h admits at least 2(N=h)�1 di�erent expressions as a sum of twoelements in A�(N). Sin
e A is partitioned into a �nite number of parts,there are in�nitely many values of N with the same value �(N). 2Let us now 
onsider additive basis in Z. For n 2 Z let S(n) denotethe 2-adi
 support of n in the sense that jnj = Pi2S(n) 2i. The notion of2-bounded sets is extended to subsets of Z in the obvious way.3 Additive bases for ZThe notion of (d; h)-bounded basis extends naturally to bases in Z. Forsimpli
ity we only 
onsider (2; 2)-bounded basis. In order to preserve theuni
ity of binary expansions, we de�ne the binary support of a negativeinteger as S(x) = �S(jxj), that is, x = �Pi2S(x) 2�i. A set B of integersis bounded if there is a fun
tion f : N ! N su
h that, for ea
h n 2 B + Bthere is a pair x; y 2 B satisfyingn = x + y and jS(x) [ S(y)j � f(jS(n)j):We 
an now pro
eed to prove Theorem 5.Proof of Theorem 5. We 
onstru
t an in
reasing family fAk; k � 1g ofsets of integers whi
h satisfy the following properties:1. rAk (n) � 1 for all n 2 Z.2. Ak +Ak � (�k=2; k=2) for all k � 1.3. For ea
h pair x; y 2 Ak we have jS(x) [ S(y)j � 4jS(x+ y)j.>From (1) and (2) it follows that A = [k�1Ak is a unique representationbasis of Z and, by (3), it is 2-bounded.7



For ea
h integer n 2 Z de�ne �(n) by S(�(n)) = fi 2 S(n) : i � 1 62S(n)g. Then jS(n + �(n))j = jS(�(n))j � jS(n)j and S(n + �(n)) has notwo 
onse
utive integers.Let A1 = f0g, A2 = f�10; 0; 9g and suppose we have 
onstru
ted Aksatisfying properties (1)-(3) above and su
h that the support of ea
h elementin Ak has no two 
onse
utive integers.Let nk be an element not in Ak + Ak with smallest absolute value.Suppose that nk > 0, the other 
ase being similar. Choose a subset Ukof positive integers with 
ardinality jUkj = jS(nk)j su
h that minUk >1 + maxx2Ak+Ak maxfi 2 S(jxj)g and Uk has no two 
onse
utive integers.De�neak = nk + �(nk) + Xi2Uk 2i; bk = nk � ak and Ak+1 = Ak [ fak; bkg:We haveAk+1 +Ak+1 = fnkg [ (Ak +Ak) [ (Ak + ak) [ (Ak + bk);where, by the 
hoi
e of ak and bk, the four sets in the righthand side ofthe equality are pairwise disjoint. Hen
e Ak+1 veri�es (1). Sin
e nk 2Ak+1 + Ak+1, (2) is also veri�ed. Let us 
he
k that (3) also holds. Sin
ejS(ak)j � 2jS(nk)j and jS(bk)j � 2jS(nk)j then jS(ak)[S(bk)j � 4jS(nk)j =4jS(ak + bk)j. Let x 2 Ak . Sin
e S(x) has no two 
onse
utive integers, wehave jS(x) [ S(ak)j � jS(x + ak)j if x > 0 and it 
an be easily 
he
kedthat jS(x) [ S(ak)j � 4jS(x + ak)j if x < 0. Indeed, let V = S(x) andV 0 = S(jxj) n S(ak). ThenjS(x)[S(ak)j � jV j+2jS(nk)j � jV 0j+3jS(nk)j � 4(jV 0j+jUkj�1) � 4jS(x+ak)j;where in the last inequality we used the fa
ts that V 0 has no two 
onse
utiveintegers, that maxS(jxj) < minUk and that, for ea
h positive integers r ands, 2r+s�2r = 2r+s�1+� � �+2r. Similar arguments show that jS(x)[S(bk)j �4jS(x+ bk)j. 2Proof of Theorem 6. Denote by Z = r�1(1) and Z 0 = Zn Z. Considerthe set F � Z� N of ordered pairsF = f(i; j) : i 2 Z; j = 1; 2; : : :g [ f(i; j) : i 2 Z 0; j = 1; : : : ; r(i)g;8



with the ordering de�ned as(i; j) � (i0; j0) , 8>><>>: jij+ j < ji0j+ j0; orjij+ j = ji0j+ j0 and j < j0; orjij+ j = ji0j+ j0 and j = j0 and jij < ji0j; orjij+ j = ji0j+ j0 and j = j0 and jij = ji0j and i < i0:so that F = ff1 = (0; 1); f2 = (�1; 1); f3 = (1; 1); f4; � � �g in this ordering.We 
onstru
t an non de
reasing family fAk; k � 1g of sets of integersverifying(i) rAk (n) = maxfj : (n; j) � fkg if (n; 1) � fk and rAk (n) � 1 otherwise,and(ii) rA+k (n) � 1 and rA�k (n) � 1 for all n 2 Z, where A+k = Ak \ [0;1) andA�k = Ak nA+k .On
e su
h a family of sets has been 
onstru
ted, then A = [k�1Akveri�es rA(n) = limk!1 rAk (n) = r(n) for all n 2 Zwhile both A+ = A \ [0;1) and A� = A nA+ are B12 sequen
es.Let A1 = f0g and suppose that Ak�1 satis�es 
onditions (i) and (ii)above. Let fk = (i; j). Then we have rAk�1(i) = j � 1 if j > 1 andrAk�1(i) � 1 if j = 1.If rAk�1(i) = j = 1 then we de�ne Ak = Ak�1.If rAk�1(i) = j � 1, let xk = maxfjxj : x 2 Ak�1 +Ak�1g+ jAk�1j+ jijand de�ne ak = i+ xk; bk = �xk and Ak = Ak�1 [ fak; bkg:Then,Ak +Ak = ((Ak�1 +Ak�1) [ fig) [ (Ak�1 + ak) [ (Ak�1 + bk);where, by the 
hoi
e of xk , the three sets on the righthand side of theequality are pairwise disjoint. Therefore rAk (n) � rAk�1(n) + 1 for alln 2 Z, where the equality holds either if n = i, so that rAk(i) = j, or whenn 2 (Ak�1 + ak) [ (Ak�1 + bk), in whi
h 
ase fk � (n; 1) and rAk(n) = 1.Thus Ak veri�es (i). Moreover, sin
e xk is large enough, then both A+k =A+k�1 [ fakg and A�k = A�k�1 [ fbkg are still B12 sets. This 
ompletes theproof. 29



4 Remarks and Open ProblemsIt is pleasing to note that the multipli
ative version of Erd}os-Tur�an 
onje
-ture is valid both in N and in Z. However the additive version for 2-boundedbasis is true in N while it fails to be true in Z even in the stronger form ofTheorem 6 (we note that the basis in this Theorem 
an be required to bebounded as well). The proof of Theorem 5, though, involves 
onstru
tinga very sparse basis for the set of all integers. Thi
ker bases for the inte-gers without the ET property have been 
onstru
ted by Nathanson [9℄ and Lu
zak and S
hoen [8℄ with 
ounting fun
tion of order n1=3. It might betrue that unboundedness of the representation fun
tion appears when thelower density of the set has order n1=2. In that respe
t the following maybe an easier problem.Problem 1 Let A be an additive basis of N and assume that it has the ETproperty. Is it true that in any �nite partition of A one of the parts still hasthe ET property.?Perhaps the following perspe
tive may 
ontribute to a better under-standing of the Erd}os-Tur�an 
onje
ture. Given a fun
tion f : N ! N , wesay that a base A � Z is f -restri
ted if for any n 2 Z there exist x; y 2 Xsu
h that n = x + y and maxfjxj; jyjg � f(n):A basis for the set of positive integers is f -restri
ted with f(n) = n, sothat this 
ase for basis of Z seems to be 
losely related to the Erd}os-Tur�an
onje
ture. One possible formulation of the link between the two problemsis the following:Problem 2 Is it true that for every thin additive basis A of N there existsa basis B of N and a 
onstant 
 whi
h is bounding the number of solutionsn = a� b; a 2 A; b 2 B for every n 2 N?A positive answer implies that proving the ET property for f -restri
tedbasis in Z with f(n) = n gives a proof of the Erd}os-Tur�an 
onje
ture.On the one side of the spe
trum the fun
tion f(n) = n=2 + 
 yields apositive solution of the Erd}os-Tur�an 
onje
ture for f -restri
ted bases.Proposition 1 For any positive integer 
 a f-restri
tive basis in Z withf(n) = n=2 + 
 has the Erd}os-Tur�an property.10



Proof. Let A be a f -restri
ted base of Z. De�ne sets Ai; i = 0; 1; : : : ; 2
by n 2 Ai i� there exists x 2 A su
h that n=2 � x = i=2. Using Van derWaerden Theorem, one of the sets Ai 
ontains an arithmeti
 progression ofany length. Sin
e an arithmeti
 progression of length k yields k=2 pairs ofelements with the same sum, the basis A has the Erd}os-Tur�an property.Of 
ourse the same proof gives the Erd}os-Tur�an property for f -restri
tedbases for fun
tions f(n) = n=2 + �(n) where �(n) is a very slowly growingfun
tion (essentially the inverse fun
tion to the Van der Waerden's fun
tionW (k; k); by Shelah and Gowers this is not as astronomi
ally slowly growingas it seems on the �rst glan
e.) These remarks also apply to f -restri
tedbases in N .By using a greedy algorithm like in the above proof of Theorem 5 weeasily get examples of f -restri
ted basis for Z without the ET-property forany fun
tion f(n) > 2n . It would be interesting to �nd examples for moreslowly growing fun
tions as suggested by the following problem.Problem 3 Fix a positive 
 2 R. Let A be a basis for Z su
h that, forea
h suÆ
iently large n 2 A + A there is x; y 2 A with n = x + y andmaxfjxj; jyjg � 
n. Is it true that A has the ET property?Referen
es[1℄ P. Erd}os, On the multipli
ative representation of integers, Israel J. Math.2 (1964), 251{261.[2℄ P. Erd}os, Problems and results in additive number theory, Colloque surla Theorie des Nombres (CBRM), Bruxelles, 1956, 127{137.[3℄ P. Erd}os, R.L. Graham, Old and New Problems and Results in Combi-natorial Number Theory, LEnseignement Math. 28 (1980), 128 pp.[4℄ P. Erd}os, Some appli
ations of Ramsey's theorem to additive numbertheory, European. J. Combin. 1 (1980) 43{46.[5℄ P. Erd}os and P. Tur�an, On a problem of Sidon in additive number theoryand some related problems, J. London Math. So
. 16 (1941), 212{215.[6℄ H. Halberstam and K. F. Roth ,Sequen
es, Springer-Verlag (1983).[7℄ G. Hofmeister, Thin basis of order two, Journal of Number Theory 86(2001) 118-132. 11
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