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Abstract

The bulk synchronous task scheduling problem (BSSP)
is known as an effective task scheduling problem for
distributed-memory machines, but the time complexity of
BSSP is unknown. This paper presents a proof of NP-
completeness of BSSP even in the case of unit time tasks
and positive integer constant communication delays. This
paper also gives an approximation algorithm for BSSP in
several restricted cases.

1 Introduction

Existing researches on the task scheduling problem for
distributed-memory machines (DMM for short) simply
model DMMs as the parallel machines with large com-
munication delay [11, 10, 3]. In contrast to this, the
literatures[5, 6] showed the following things:

• It is essential to task scheduling for DMM to consider
the software overhead in communication and message
packaging, even if a DMM is equipped with a dedi-
cated communication co-processor per processor.

• Existing task scheduling algorithms would ignore the
software overhead and do not consider message pack-
aging.

• For the above reasons, it is hard for existing algorithms
to generate schedules which become fast parallel pro-
grams on a DMM.

To remedy this situation, the literatures[5, 6] proposed
the bulk synchronous task scheduling problem (BSSPfor
short), i.e. the problem of finding a bulk synchronous
schedule with small makespan, and also proposed heuris-
tic algorithms for BSSP. However, the time complexity of

BSSP is unknown and the above heuristic algorithms has
no performance guarantee.

In this paper, we first present a proof of NP-completeness
of BSSP even for task graphs such that the execution time of
any task is unit and the communication delay of any edge
is a positive integer constant. Next, we give a method to
convert a general scheduleS into a bulk synchronous one
with twice the makespan ofS for such a task graph and
a specified number of processors. Several restricted cases
are known where optimal or near-optimal schedules are ob-
tained for the general task scheduling problem. We lead
an approximation algorithm with the performance guaran-
tee for BSSP in such cases by combining the method with
these existing algorithm.

2 Preliminaries and Notation

A parallel computation is modeled as a task graph[4].
A task graph is represented by a weighted DAG (Directed
Acyclic Graph)G = (V, E, λ, τ), whereV is a set of nodes,
E is a set of directed edges,λ is a function from a node to
the weight of the node, andτ is a function from a directed
edge to the weight of the edge. We write a directed edge
from a nodeu to a nodev as(u, v). If (u, v) ∈ E, v (u,
resp.) is called asuccessor(predecessor, resp.) ofu (v,
resp.). A node without a successor (predecessor, resp.) is
called anexit node(entry node, resp.). We write the set of
all the predecessors ofv asPred(v). A node in a task graph
represents a task in the parallel computation. We write a
task represented by a nodeu asTu. The valueλ(u) means
that the execution time ofTu is λ(u) time units. An edge
(u, v) means that the computation ofTv needs the result
of the computation ofTu. The valueτ(u, v) means that
interprocessor communication delay from the processorp
which computesTu to the processorq which computesTv

is at mostτ(u, v) time units ifp is not equal toq. If p and
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Figure 1. An example of a task graph

q are identical, no interprocessor communication delay is
needed.

Thurimella gave the definition of a schedule in the case
that λ(v) is equal to a unit time for anyv and τ(u, v) is
a constant independent ofu and v[13]. For general task
graphs, we define a schedule as extension of Thurimella’s
definition as follows. For a given numberp of available
processors, ascheduleS of a task graphG = (V, E, τ, λ)
for p is a finite set of triples〈v, q, t〉, wherev ∈ V , q(1 ≤
q ≤ p) is the index of a processor, andt is thestarting time
of taskTv. A triple 〈v, q, t〉 ∈ S means that the processorq
computes the taskTv between timet and timet+λ(v). We
call t+λ(v) thecompletion timeof the taskTv. A schedule
which satisfies the following four conditions R1 to R4 is
calledvalid (In the following of this paper, we abbreviate a
valid schedule as a schedule.):

R1 For eachv ∈ V , there is at least one triple〈v, q, t〉 ∈ S.

R2 There are no two triples〈v, q, t〉, 〈v′, q, t′〉 ∈ S with
t ≤ t′ ≤ t + λ(v).

R3 If (u, v) ∈ E and〈v, q, t〉 ∈ S, then there exists a triple
〈u, q′, t′〉 ∈ S either witht′ ≤ t − λ(u) andq = q′, or
with t′ ≤ t − λ(u) − τ(u, v) andq 6= q′.

R4 If (u, v) ∈ E and 〈u, q, t〉 ∈ S, then there exists a
triple 〈v, q′, t′〉 ∈ S either with t′ ≥ t + λ(u) and
q = q′, or with t′ ≥ t + λ(u) + τ(u, v) andq 6= q′.

Informally, the above rules can be stated as follows. The
rule R1 enforces each taskTv to be executed at least once.
The ruleR2 says that a processor can execute at most one
task at any given time. The ruleR3 states that any task
must receive the required data (if exist) before its starting
time. The ruleR4 prohibits the existence of a task such
that its result is not used for any task to be computed. The
makespanof S ismax{t+λ(v)|〈v, q, t〉 ∈ S}. An optimal
scheduleis a schedule with the smallest makespan among
all the schedules.
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Figure 2. A bulk synchronous schedule

A schedule within a factor ofα of optimal is called an
α-optimal schedule.
A ρ-approximation algorithm is a polynomial-time al-
gorithm that always finds aρ-optimal schedule; the value
ρ is referred to as theperformance guarantee of the
algorithm[9].

3 Review of a Bulk Synchronous Schedule

As shown in Fig. 2, a bulk synchronous schedule is a
schedule such that no-communication phases and commu-
nication phases appear alternately (In a general case, no-
communication phases and communication phases appear
repeatedly). Informally, a no-communication phase is a
set of task instances in a time interval such that the corre-
sponding program executes computations only. A commu-
nication phase is a time interval such that the correspond-
ing program executes communications only. A bulk syn-
chronous schedule is similar to BSP (Bulk Synchronous
Parallel) computation proposed by Valiant [15] in that local
computations are separated from global communications.
A no-communication phase corresponds to a super step of
BSP computation. In the following, we first define a no-
communication phase and a communication phase. Then,
we define a bulk synchronous schedule using them.

Let S be a schedule of a task graphG = (V, E, λ, τ) for
a numberp of available processors. We define the following
notation: ForS, t1, andt2 with t1 < t2,

S[t1, t2] = {〈v, q, t〉 ∈ S|t1 ≤ t ≤ t2 − λ(v)}

NotationS[t1, t2] represents the set of all the triples such
that both the starting times and the completion times are
betweent1 andt2. A setS[t1, t2] ⊆ S of triples is called a
no-communication phaseof S iff the following condition
holds.

C1 If (u, v) ∈ E and〈v, q, t〉 ∈ S[t1, t2], then there exists
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a triple 〈u, q′, t′〉 ∈ S either with t′ ≤ t − λ(u) and
q = q′, or with t′ ≤ t1 − λ(u) − τ(u, v) andq 6= q′.

The condition C1 means that each processor needs no
interprocessor communication between task instances in
S[t1, t2] since all the needed results of tasks are either com-
puted by itself or received from some processor beforet1.

Let S[t1, t2] be a no-communication phase. Lett3
be min{t|〈u, q, t〉 ∈ (S − S[0, t2])}. Assume that
a no-communication phaseS[t3, t4] exists for somet4.
We say thatS[t1, t2] and S[t3, t4] are consecutive no-
communication phases. We intend that in the execution of
the corresponding program each processor sends the results,
which are computed inS[t1, t2] and are required inS[t3, t4],
as packaged messages att2 and receives all the needed
results inS[t3, t4] as packaged messages att3. A com-
munication phasebetween consecutive no-communication
phases is the time interval where each processor executes
communications only. To reflect such program’s behav-
ior in the time interval on the model between consecu-
tive no-communication phases, we assume that the result of
〈u, q, t〉 ∈ S[t1, t2] is sent att2 even in case oft+λ(u) < t2
although the model assumes that the result is always sent at
t + λ(u). Let Comm(S, t1, t2, t3, t4) be {(u, v)|(u, v) ∈
E, 〈u, q, t〉 ∈ S[t1, t2], 〈v, q′, t′〉 ∈ S[t3, t4], 〈u, q′, t′′〉 6∈
S, q 6= q′, t′′ ≤ t′−λ(u)}. A setComm(S, t1, t2, t3, t4) of
edges corresponds to the set of all the interprocessor com-
munications between task instances inS[t1, t2] and task in-
stances inS[t3, t4]. We define the following notation: For
C ⊆ E,

τsuff (C) =

{

0 if C = ∅
max{τ (u, v)|(u, v) ∈ C} otherwise

Consider simultaneous sendings of all the results inC. The
value τsuff (C) represents the elapsed time on the model
till all the results are available to any processor. So, the
value τsuff (Comm(S, t1, t2, t3, t4)) represents the mini-
mum communication delay on the model between the con-
secutive no-communication phases.

We sayS is a bulk synchronous scheduleiff S can
be partitioned into a sequence of no-communication phases
〈S[st1, ct1], S[st2, ct2], · · · , S[stm, ctm]〉 (m ≥ 1) which
satisfies the following condition C2.

C2 For any i(1 ≤ i < m), cti +
τsuff (Comm(S, sti, cti, sti+1, cti+1)) ≤ sti+1

Fig. 2 shows an example of a bulk synchronous sched-
ule 〈S[0, 3], S[5, 9]〉 of the task graph in Fig. 1 for
four processors. The setComm(S, 0, 3, 5, 9) of edges is
{(9, 6), (10, 8), (11, 3)}. The edge with maximum weight
of all the edges inComm(S, 0, 3, 5, 9) is (11, 3). So, the
weight of the edge(11, 3) decides that
τsuff (Comm(S, 0, 3, 5, 9)) is two.

4 A Proof of NP-completeness of BSSP

We prove that BSSP is NP-complete even in the case of
unit time tasks and positive integer constant communication
delays (BSSPc for short) by reducing the unit time prece-
dence constrained scheduling problem[14] (SPfor short) to
BSSPc. These problems are:

BSSPc Instance: A task graphG1c such that all the weight
of nodes are unit time and all the weight of edges are
positive integerc, a numberp of available processors,
a deadlineD (positive integer);
Question: Is there a bulk synchronous scheduleSBSP

whose makespan is less than or equal toD ?

SP Instance: A task graphG10 such that all the weight
of nodes are unit time and all the weight of edges are
zero, a numberp of available processors, a deadlineD
(positive integer);
Question: Is there a scheduleS whose makespan is
less than or equal toD ?

Theorem 1 BSSPc is NP-complete.

Proof Let T be a 3D boolean array such that〈v, p, t〉 ∈
S ⇔ T [v, p, t] = true. Let n be the number of all the
nodes in a given task graph. We can assume1 ≤ p ≤ n
and1 ≤ v ≤ n without loss of generality. IfD ≥ n, then
the answer for BSSPc (G, p, D) is yes since the makespan
of a trivial schedule for one processor (Compute each task
in topological order. Note that the trivial schedule is a
bulk synchronous schedule with a no-communication phase
only) is n. Therefore, we can assume0 ≤ t < n without
loss of generality. There are2n3

cases to decideT . BSSPc
is in NP, since we can verify in polynomial time whether
each case is valid as a bulk synchronous schedule and its
makespan is less than or equal to a given deadline.

Let (G10, p, D) be an instance of SP. For(G10, p, D),
form an instance(G′

1c, p
′, D′) of BSSPc as follows:

• D′ = D + (D − 1)c

• p′ = p + 1 + D′

• Let G′
1c be a task graph such that the following nodes

and edges are added toG10 and all the weight of nodes
(edges, resp.) are unit time (c, resp. wherec is an
arbitrary positive integer) (See Fig. 3). Note that each
additional node is not connected to any node inG10.

– additional nodes
vi(1 ≤ i ≤ D) andui,j(1 ≤ i < D, 1 ≤ j ≤
D′)

– additional edges
(vi, vi+1) (1 ≤ i < D) and(ui,j , vi+1) (1 ≤ i <
D, 1 ≤ j ≤ D′)
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Figure 3. An input task graph for reduction

If (G10, p, D) is an ”yes” instance of SP, then letS be
a schedule for(G10, p, D). A set S′

BSP = {〈v, q, t(c +
1)〉|〈v, q, t〉 ∈ S}∪{〈vi, p+1, (i−1)(c+1)〉|1 ≤ i ≤ D}∪
{〈ui,j, p+1+j, (i−1)(c+1)〉|1 ≤ i < D, 1 ≤ j ≤ D′} of
triples is a bulk synchronous schedule for(G′

1c, p
′, D′) with

D no-communication phases and(D − 1) communication
phases (See Fig. 4).

Conversely, if (G′
1c, p

′, D′) is an ”yes” instance of
BSSPc, then letS′

BSP be a schedule for(G′
1c, p

′, D′). Any
vi+1(1 ≤ i < D) cannot construct a no-communication
phase with all of{ui,j |1 ≤ j ≤ D′} because the computa-
tion time(D′+1) of the no-communication phase is greater
than the given deadlineD′. That is, anyvi+1(1 ≤ i < D)
must communicate with at least one of{ui,j|1 ≤ j ≤ D′}.
This means thatS′

BSP includes at least(D − 1) com-
munication phases. On the other hand,S′

BSP cannot in-
clude more than(D − 1) communication phases because
(D′ − D)/c = D − 1. Therefore,S′

BSP includes just
(D − 1) communication phases. Consequently,S′

BSP in-
cludes just(D − 1) communication phases and justD no-
communication phases with one unit long. Hence,S′

BSP

would become a schedule as shown in Fig. 4. A subset
S = {〈v, q, t〉|〈v, q, t(c + 1)〉 ∈ S′

BSP , 1 ≤ q ≤ p} of
S′

BSP is a schedule for(G10, p, D).
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5 An Approximation Algorithm

5.1 A Conversion Method of a General Schedule
into a Bulk Synchronous Schedule

In this section, we assume that the weight of any node is
unit time and the weight of any edge is a positive integer.
Any edge may have different weight from any other edge.

Let cmin (cmax, resp.) be the smallest (largest, resp.)
weight of all the edges. LetS be an arbitrary general sched-
ule. Consider anycmin units long time intervalI in S. From
the condition R3 in Section 2, there exists no interprocessor
communication such that both the sending time and the re-
ceiving time are inI. Therefore, for anyt, S[t, t + cmin]
satisfies the conditions C1 in Section 3. This observation
gives a conversion method of any general schedule into a
bulk synchronous schedule, as described below.

By partitioning S into cmin units long time inter-
vals which become no-communication phases and set-
ting up cmax units long communication phases between
consecutive time intervals, we can generate a bulk syn-
chronous scheduleS′ = {〈v, q, t + ⌊t/cmin⌋(cmin +
cmax)〉|〈v, q, t〉 ∈ S} with cmin units long no-
communication phases andcmax units long communication
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Figure 5. The conversion of a general sched-
ule into a bulk synchronous schedule

phases (See Fig. 5). Clearly, the following lemma holds.

Lemma 1 The makespan of S′ is at most (1 + cmax/cmin)
times makespan of S.

5.2 The Performance Guarantee of the Conver-
sion Method

Consider the general task scheduling problem (GSP
for short) and BSSP for the same input (a task graphG
and a numberp of available processors). LetOPT and
OPTBSSP be the optimal makespan of GSP and BSSP, re-
spectively. Since the set of all the bulk synchronous sched-
ules for G and p is a subset of the set of all the general
schedules forG andp, OPT ≤ OPTBSSP holds. Assume
that we have a general scheduleS whose makespan is at
mostαOPT (α is a constant). Then, from Lemma 1, our
conversion method gives a bulk synchronous scheduleS′

whose makespan is at mostαOPT (1 + cmax/cmin). From
OPT ≤ OPTBSSP , we obtain:

αOPT (1 + cmax/cmin)

OPTBSSP

≤
αOPT (1 + cmax/cmin)

OPT

= α(1 + cmax/cmin)

Therefore, the following theorem holds:

Theorem 2 The conversion method in Section 5.1 gener-
ates a schedule with at most α(1 + cmax/cmin) times op-
timal makespan for BSSP from an α-optimal schedule for
GSP.

In particular, we obtain the following corollary ifcmin =
cmax holds.

Corollary 1 The conversion method in Section 5.1 gener-
ates a schedule with at most 2α times optimal makespan for
BSSPc from an α-optimal schedule for GSP.

5.3 Application of the Conversion Method

There are several restricted cases where optimal or near-
optimal schedules can be obtained for the general task
scheduling problem. In Table 1, we summarize the perfor-
mance guarantees of our approximation algorithm in cases
that we use these existing algorithms as subroutines.

In the following of this section, we define the notions
in Table 1. LetG = (V, E, λ, τ) be a task graph. For a
nodev ∈ V , let g1(v) and g2(v) be min{λ(u)|(u, v) ∈
E}/ max{τ(u, v)|(u, v) ∈ E} and min{λ(w)|(v,w) ∈
E}/ max{τ(v,w)|(v,w) ∈ E} respectively. Thegranu-
larity of G is given byg(G) = min{min(g1(v), g2(v))|v ∈
V }[8]. A task graphG is coarse-grained if g(G) ≥
1; otherwise it isfine-grained[8]. An in-tree (out-tree,
resp.) is a directed rooted tree in which every edge is di-
rected from a node to its predecessor (successor, resp.)[10].
A fork-join is a hybrid of an in-tree and out-tree. It
has an entry node which spawns a number of succes-
sors. The output edges of the successors connect to ei-
ther an intermediate node that spawns an other set of suc-
cessors or an exit node[1].Reduction computation is
computation concerning an equation comprised of opera-
tions where the number of the arguments is always the
same and the associative law is satisfied[7]. A partial or-
der Θ is calledseries-parallel if it can be obtained recur-
sively from singletons by two operations, theseries com-
position Θ1 × Θ2 and theparallel composition Θ1 ∪ Θ2

of two (series-parallel) subordersΘ1, Θ2 [9]. A partial
order is calledinterval-order when its elements can be
mapped into intervals on the real line and two elements
are related iff the corresponding intervals do not overlap[4].
Let u1 and u2 be the predecessors of nodev which
have the highest and second-highest values of{ect(u) +
τ(u, v)|(u, v) ∈ E}, respectively. The following condition
is calledTDS[3]: λ(u1) ≥ τ(u2, v) if est(u1) ≥ est(u2)
or, λ(u1) ≥ τ(u2, v) + est(u2) − est(u1) if est(u1) <
est(u2) where est(v) = 0 if Pred(v) = ∅, est(v) =
minu∈Pred(v) maxs∈Pred(v),s 6=u(ect(u), ect(s) + τ(s, v))
if Pred(v) 6= ∅, ect(v) = est(v) + λ(v). Note that condi-
tion TDS can be satisfied if the DAG is coarse-grained, but
it is not necessary[3].

6 Conclusion

For the bulk synchronous task scheduling problem, we
have presented the proof of NP-completeness of the prob-
lem and an approximation algorithm for several restricted
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Table 1. The performance guarantee of the proposed approximation algorithm for BSSP and BSSP c
(all the weight of nodes are unit time)

subroutine DAG topology edge weight # of procs BSSP guarantee BSSPc guarantee
[4] in-tree, out-tree unit time 2 2 2
[2] interval-order unit time arbitrary 2 2
[7] reduction comp. constant unlimited 2 2
[3] arbitrary condition TDS unlimited (1 + cmax/cmin) 2
[16] fork, join arbitrary unlimited (1 + cmax/cmin) 2

coarse-grained tree
some fine-grained trees

[1] out-tree, fork-join arbitrary unlimited (1 + cmax/cmin) 2
unit-height in-tree

[9] series-parallel unit time arbitraryp 4 − 2/p 4 − 2/p

[11] arbitrary constant unlimited 4 4
[10] arbitrary arbitrary unlimited 2(1 + cmax/cmin) 4
[12] arbitrary unit time arbitrary 6 6
[16] arbitrary arbitrary unlimited (1 + 1/g(G))(1 + cmax/cmin) 2(1 + 1/g(G))

cases. In particular, we have presented thatα-optimal gen-
eral schedules can be converted into2α-optimal bulk syn-
chronous schedules if tasks are unit time and communica-
tion delays are a positive integer constant.
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