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1. Introduction and results

Let γ = (γ1, γ2) be a pair of real analytic curves in C, intersecting only at the origin.
Two such pairs γ = (γ1, γ2) and γ̃ = (γ̃1, γ̃2) are said to be equivalent, if there is a (local)
biholomorphic mapping h defined near 0 = h(0) such that h(γj) = γ̃j for j = 1, 2. In
this paper we shall give a complete classification for pairs of smooth real analytic curves
in C with tangential intersection under a change of local holomorphic coordinates of the
complex plane.

For a biholomorphic map f of the complex plane defined near 0 = f(0), let Ĉ(f) be the
group of centralizers of f , i.e. biholomorphic maps g satisfying fg = gf , and let C(f) be
the set of the centralizers of f that are tangent to the identity. We shall determine the
structures of the centralizer group Ĉ(f). We shall also determine all composition roots of
f , i.e. holomorphic maps g whose n-th iterate gn = g ◦ · · · ◦ g, for some integer n, is f .

We shall classify, under a change of local holomorphic coordinates, the abelian subgroups
F of A, where A is the group of local biholomorphisms g(z), g(0) = 0, for which g′(0) is
a root of unity. We shall also classify the abelian subgroups F ⊂ A which are invariant
by an anti-holomorphic involution σ (i.e. {σgσ : g ∈ F} = F ) under a change of local
holomorphic coordinates that preserves σ.

We now give some details for our main results.

1.1. Pairs of real analytic smooth curves. We first consider two smooth real analytic
curves that are tangent at the origin. All real analytic curves in this paper are germs of
smooth real analytic curves at the origin. By a local change of holomorphic coordinates,
one of curves in the pair is the y-axis, and the other is of the form

x = ayp+1 +O(|y|p+2), a 6= 0,

where p+ 1 is the order of tangency of two curves. It turns out that by a formal change of
coordinates the pair is defined by

γ1 : x = 0, γ2 : x = ayp+1 + λy2p+1,

where λ ∈ R, and a = 1 when p is odd and a = ±1 when p is even. Moreover, a, λ, p form
a complete set of formal invariants for the pairs of real analytic curves (see Kasner [11] and
Pfeiffer [14]).
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Let S be the set of holomorphic functions h such that h(ξ)− ξ is bounded, holomorphic,
and of period one on some upper half-plane Π+(ǫ) : Im ξ > 1/ǫ. Denote by Mp the set of
2p-tuples holomorphic functions Φ = (Φ1, . . . ,Φ2p) with Φj((−1)j−1ξ) ∈ S. We say that

Φ, Φ̃ ∈ Mp are equivalent (written Φ ∼ Φ̃), if there exist constants cj = cj+2p ∈ C and
k ∈ Z such that for Lc(ξ) = ξ + c

(1.1) Φ̃j = Lcj+1
Φj+2kL−cj , j = 1, . . . , 2p,

in which we put Φj+2p = Φj and Φ̃j+2p = Φ̃j. Let Mp,σ be the set of Φ ∈ Mp satisfying
the additional condition

Φ−1
2p−j = σΦjσ, j ∈ Z, σ(ξ) = −ξ.

Denote Φ̃
σ∼ Φ, if they satisfy (1.1) for some cj ∈ C with c2p−j+1 = −cj and for k = p/2 ∈ Z

or for k = 0. Denote by Mp,σ/
σ∼ the set of such equivalence classes.

The classification for the pair of smooth real analytic curves with tangential intersection
is given by

Theorem 1.1. There is a one-to-one correspondence between Mp,σ/
σ∼ and the set of local

holomorphic equivalence classes of the pairs of real analytic curves that are tangent to order
p+ 1, when p is odd; when p is even, the set of equivalence classes of the pairs of curves is
one-to-one corresponding to the disjoint union of two copies of Mp,σ/

σ∼.

The proof of the theorem is in section 4, where one can also find a moduli space for the
holomorphic equivalence classes of pairs of real analytic curves intersecting with an angle
that is a rational multiple of π.

The proof of Theorem 1.1 is based on the Ecalle-Voronin theory. Denote by Ap the set
of holomorphic mappings

(1.2) f(z) = z + fp+1z
p+1 +O(|z|p+2), fp+1 6= 0.

Denote by A∗
p the set of holomorphic maps f ∈ Ap with fp+1 = µ0 (see (2.1) below).

Let Ap/ ∼ be the equivalence classes of mappings in Ap under a change of holomorphic

coordinates, and let A∗
p/

∗∼ be the set of equivalence classes of mappings in A∗
p under a

change of holomorphic coordinates that is tangent to the identity.

The Ecalle-Voronin theory says that there is a one-to-one correspondence between A∗
p/

∗∼
and Mp/

∗∼, where Φ̃
∗∼ Φ if they satisfy (1.1) with k = 0; see [6], [19], [12], and [9]. Note

that Ap/∼= A∗
p/

∗∼ when p = 1. In general, one has

Theorem 1.2. There is a one-to-one correspondence between Ap/∼ and Mp/∼.

The above theorem is likely not original with us. However, due to the lack of a precise
reference and to its importance to other classification problems, a complete proof of the
theorem is given in section 2. See [1] also for finitely smooth local normalization for entire
functions that are tangent to the identity.

1.2. Centralizers and roots. In section 3 we shall give a complete description for the
centralizer group Ĉ(f) and roots of f(z) = z +O(|z|2). We assume that f is not the time-
one map of a holomorphic vector field A(z) ∂

∂z
with A(z) = O(|z|2), since the case that f is
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in the flow is well-understood [7]. We shall see that Ĉ(f) is an abelian group and Ĉ(f)/C(f)

is a finite group of order q. The elements of Ĉ(f) of finite order form a cyclic group of finite
order δ.

It is well-known that C(f) is generated by the root f 1/d for some positive integer d = df
(see [2], [5], [10]). Throughout the paper f 1/d stands for the (unique) d-th root of f that

is tangent to the identity. Berthier, Cerveau and Meziani [3] also showed that Ĉ(f) is an
abelian group generated by two elements τ0, ω where ω generated all periodic centralizers
of f . The following theorem describes suitable generators of Ĉ(f) which are relevant to
other invariants of the group, which will be useful to our applications.

Theorem 1.3. Let f be an element in Ap that is not embeddable into any flow of a
holomorphic vector field A(z) ∂

∂z
with A(z) = O(|z|p+1). Then

i) Ĉ(f) = <τ, f 1/d> = <τ>⊗<ω> for some τ, ω satisfying τ q/δ = ωf 1/d and ωδ = 1.
(<x, y> stands for elements generated by x and y.)

ii) Let r be the largest factor of dq/δ with (r, δ)|d. There exists a r-th root g of f and
all t-th roots h of f have the property: t divides r and h = ωjgr/t for some j with
δ dividing jt.

iii) In particular, when Ĉ(f) has no periodic element, it is a cyclic group generated by
the unique r-th root g.

Moreover, d, q and δ depend only on the holomorphic equivalence class of f .

Theorem 1.4. For f ∈ Ap with df 6= 0, we have

i) If f−1 = HfH−1 and H is anti-holomorphic, then H2 = Id. Moreover g−1 =

HgH−1 for all g ∈ Ĉ(f).
ii) The number of germs of smooth real analytic curves at the origin that are invariant

under f is either 0, or δf . When the latter occurs, the curves are of the form

γj = ω(j−1)/2γ1, where ω generates all periodic elements in Ĉ(f). In particular, f
has no two invariant smooth real analytic curves tangent at the origin.

iii) Let g be a germ of holomorphic function at 0 ∈ C. Assume that f and gfg−1

are real-valued on R. Then g is real-valued on R, if and only if g′(0) is real; in
particular, g is real if p = 1 or 2.

iv) Assume further that f = σ1σ2, where σj are anti-holomorphic involutions generated
by germs of smooth real analytic curves γj at the origin. There exist at most two
biholomorphisms g with g(γj) = γj for j = 1, 2. There exists g 6= Id with g(γj) = γj
for j = 1, 2 (and hence g2 = Id), if and only if δf is even.

1.3. The σ-equivalence classifications of Af and their group structures. By the
Schwarz reflection, a smooth real analytic curve determines a local anti-holomorphic in-
volution fixing the curve pointwise, and vice versa. Thus a pair of smooth real analytic
curves determines a pair of (local) anti-holomorphic involutions τ1, τ2. When one of real
analytic curve is the y-axis, its corresponding anti-holomorphic involution is

σ : z → −z.
Then the composition f = τ1τ2 is reversible with respect to σ, i.e. f−1 = σfσ. Thus the
classification for pairs of smooth real analytic curves tangent to order p + 1 corresponds
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to the classification of Ap,σ/
σ∼, where Ap,σ is the set of f ∈ Ap that are reversible by σ.

Denote f̃
σ∼ f when f̃ = gfg−1 for some biholomorphism g = σgσ.

Given f ∈ Ap,σ, let Af be the set of elements in Ap,σ that are equivalent to f under
some biholomorphism. In section 5 we classify Af under various more restrictive biholo-
morphisms. It turns out the equivalence classes admit some group structures related to
that of Ĉ(f).

In section 5 we shall also classify reversible holomorphic maps in Ap, i.e., maps that are
reversible by some holomorphic involution, under general biholomorphic maps.

We shall then use the moduli functions of Ap, described by Il’yashenko [9], to show the
following.

Theorem 1.5. There exists f ∈ Ap that is reversible by some formal anti-holomorphic
involution, but not by any (convergent) anti-holomorphic map.

For the existence of holomorphic maps f , with f ′(0) not a root of unity, such that f is
not reversible by anti-holomorphic involution, see [8]. The method in [8], based on pairing
periodic orbits of reversible maps, is completely different from the one in this paper, since
maps in Ap have no periodic orbits (remaining in small neighborhoods of the origin).

1.4. Real analytic maps on R. In section 6 we classify (local) real analytic maps on R

that is tangent to the identity, under real analytic maps of R. We shall also show that
Theorem 1.4 iii) implies that

Corollary 1.6. Let f, f̃ ∈ Ap be real valued on R with p = 1 or 2. Then f̃ , f are equivalent
under a germ of real analytic diffeomorphism of R at the origin, if and only if they are
equivalent under both a formal real analytic map of R and a holomorphic map defined near
the origin.

In contrast to the above, we also have

Theorem 1.7. For p ≥ 3, there exist f, f̃ ∈ Rp which are equivalent under a formal real
map and a holomorphic map, but not under any germ of real analytic diffeomorphism of R

at the origin.

Dropping the condition df 6= 0 in Theorem 1.4, we shall prove

Theorem 1.8. Let f 6= Id be a biholomorphic mapping defined near 0 ∈ C that admits two
smooth real analytic curves tangent at the origin. Then in suitable holomorphic coordinates
one of the followings holds

i) f(z) = −z. The set of invariant smooth real analytic curves of f consists of y =
A(x), or x = B(y) with B′(0) = 0, where A,B are odd real analytic functions.

ii) f is the time-one map of vǫp,λ = ǫp
zp+1

1+λzp
∂
∂z

with λ ∈ R and ǫp = 1 for p odd and
ǫp = ±1 for p even. The invariant smooth real analytic curves of f are fixed-point
sets of z → vtǫp,λ(e

2πji/pz), where j = 1, . . . , p and t ∈ iR.

iii) f is −v1/2
ǫp,λ

with p even, while the invariant smooth real analytic curves of f are as
the same as above.
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iv) Let f be as in i), ii) or iii). Let g be a germ of biholomorphic map defining at
0 ∈ C. Then g−1fg remains real on the real axis, if and only if there is a germ
of real diffeomorphism h of R at the origin so that g(z) = h(z) + iA(h(z)) or

g(z) = B(h(z)) + ih(z) for case i), or g(z) = v
t/2
ǫp,λ

(eπji/ph(z)) with j = 1, . . . , p and

t ∈ iR for ii) and iii).

1.5. Abelian subgroups of A. In section 7 we turn to the classification of abelian sub-
groups F of A under a change of holomorphic coordinates, where we emphasize the rela-
tionship between group structures and invariants of generators of F ∩ A0. Here we would
like to mention that a moduli space for the classification of certain generators of F under
holomorphic maps tangent to the identity is given by Elizarov, Il′yashenko, Shcherbakov,
and Voronin [7], and that the moduli space can be easily adapted to the classification for
the groups.

We restrict ourselves to the case that F ∩Ap is non-empty; consequently, F is a subgroup

of Ĉ(f) for some f ∈ Ap. We shall see that if f is reversible or invariant by σ and f is not

in the flow of any holomorphic vector field A(z) ∂
∂z

with A(z) = O(|z|2), then Ĉ(f) is σ-
invariant. We shall also use holomorphic maps that commute with σ to classify the abelian
subgroups F of A that are invariant under σ. For the above two classification problems
about abelian subgroups, we shall use both moduli spaces for σ-reversible holomorphic
maps on C and real analytic maps on R. We shall also use the decomposition of Ĉ(f)
given by Theorem 1.3.

In section 8, we shall also classify pairs of holomorphic involutions and abelian subgroups
of A that are invariant under a holomorphic involution.

1.6. Exceptional non-abelian subgroups of Cerveau and Moussu. In section 9,
we shall find a moduli space for the exceptional non-abelian subgroups of Cerveau and
Moussu [4] via the Ecalle-Voronin theory. The connection between the Ecalle-Voronin
theory and the moduli space of the exceptional groups was already observed by Cerveau
and Moussu [4]. We shall also determine the relationship between the classifications of the
groups and of their generators.

1.7. Comments. The problem on classification for pairs of real analytic curves goes back
to works of Poincaré [16], Kasner [11], and Pfeiffer [14]. In [15], Pfeiffer showed the existence
of pairs of real analytic curves in C intersecting at some angle of irrational multiple of π
that are formally but not holomorphically equivalent to a pair of real lines.

Nakai [13] studied the problems about pairs of real analytic curves, via the Ecalle-Voronin
theory. Theorem 5.1 and Theorem 3 in [13] gave two moduli spaces for the classification
of the composition maps of pairs of anti-holomorphic involutions generated by two real
analytic curves intersecting tangentially to order 2. However, both theorems do not agree
with Theorem 5.8 below (Theorem 5.8 gives a moduli space for the classification of the
composition map of the pair of involutions). In fact, the moduli space given in Theorem
5.1 in [13] is the same as the one in Theorem 1.1 above, and it would thus seem to be the
one for the classification of the pairs of real analytic curves.

Section 5 also contains more complete results for some questions about the composition
of pairs of anti-holomorphic involutions studied by Nakai [13]. For recent work about pairs
of real analytic curves in the complex plane, see Trépreau [18].
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2. the Ecalle-Voronin theory: the complete set of invariants

In this section we shall find the moduli space for germs of holomorphic maps of the form

z → a1z + ap+1z
p+1 +O(|z|p+2), ap+1 6= 0, p > 0

under a holomorphic change of coordinates, where a1 is a root of unity. This moduli space
was obtained by Ecalle [6] and Voronin [19], for p = 1 and a1 = 1. The moduli space for
p > 1 under biholomorphisms that are tangent to the identity is given by Il’yashenko [9].

The moduli functions constructed in this section will describe precisely when two holo-
morphic maps z → z+ap+1z

p+1 +O(|z|p+2) are holomorphically equivalent under a biholo-
morphism g with a given linear part. This result will play a role for the other classification
problems in this paper.

Fix a positive integer p. Recall that Ap is the set of holomorphic mappings

f(z) = z + ap+1z
p+1 +O(|z|p+2), ap+1 6= 0.

We say that f, f̃ ∈ Ap are holomorphically equivalent, if there is a biholomorphic mapping

g such that f̃ = g−1fg. Let A∗
p be the set of above mappings f with

(2.1) ap+1 = µ0 =

{

1 p odd,

i p even.

Each f ∈ Ap is equivalent to some f̃ ∈ A∗
p by a linear change of coordinates. Thus there

is a (canonical) one-to-one correspondence between the holomorphic equivalence classes in
Ap and ones in A∗

p. Note that if f, g−1fg ∈ A∗
p, then

g(z) = µkz +O(|z|2),
where µ is a primitive p-th root of unity. For our purpose, we choose

(2.2)
√
µ =

{

ei
π
p , p = 0, 1 mod 4,

e−i
π
p , p = 2, 3 mod 4.

We say that Ωj, Aj, j = 1, . . . , 2p are a canonical collection for f ∈ A∗
p, if the following

I i-v hold

I i) Ωj, j = 1, . . . , 2p, are connected and simply connected domains of C, whose union
is a punctured neighborhood of 0 ∈ C. Ω2j+1 ∩ Ω2k+1 = Ω2j ∩ Ω2k = ∅ for k 6= j
mod p.

I ii) Denote by y+ the germ of sectors at the origin, centered along the positive imaginary
axis, i.e., a sector of the form {z : O < |z| < r, | arg z − π

2
| < ǫ} for some r, ǫ > 0.

Then Ωj ∩ Ωj+1 contains
√
µjy+. (Combining with Ii yields

√
µky+ ∩ Ωj = ∅ for

k 6= j, j + 1 mod 2p.)
I iii) Aj : Ωj → Ω̃j = Aj(Ωj) are conformal and satisfy

Ω2j+1
f−→ Ω2j+1





y
A2j+1





y
A2j+1

Ω̃2j+1
F−→ Ω̃2j+1

Ω2j
f−1

−→ Ω2j




y
A2j





y
A2j

Ω̃2j
F−1

−→ Ω̃2j
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for F (z) = z + 1. In particular, f(Ω2j+1) ⊂ Ω2j+1 and f−1(Ω2j) ⊂ Ω2j.
I iv) There exists ǫ > 0 such that

(−1)j−1R(ǫ) ⊂ Ω̃j, Πp,j(ǫ) ⊂ Aj(Ωj ∩ Ωj+1) ⊂ Πp,j(−ǫ),
Πp,j(ǫ) ⊂ Aj+1(Ωj ∩ Ωj+1) ⊂ Πp,j(−ǫ),

(2.3)

for

R(ǫ) = {| Im ξ| > 1/ǫ}
⋃

{Re ξ > 1/ǫ}, L(ǫ) = −R(ǫ),

Πp(ǫ) =

{

{ξ | Im ξ > 1/ǫ}, p = 2, 3 mod 4,

{ξ | Im ξ < −1/ǫ}, p = 0, 1 mod 4,

Πp,j(ǫ) = (−1)j−1Πp(ǫ).

For any ǫ′ > 0 and any punctured neighborhood ω′ of origin, the union
⋃

{A−1
2j+1(R(ǫ′)) ∪ A−1

2j (L(ǫ′))}

is a punctured neighborhood of the origin, and is contained in ω′ if ǫ′ is small.
I v) If ω (resp. ω′) is a subset of

⋃

j Ωj satisfying f(ω) ⊂ ω (resp. f−1(ω′) ⊂ ω′) then

ω ⊂ ⋃

j Ω2j+1 (resp. ω′ ⊂ ⋃

j Ω2j).

In the above, we already take Aj+2p = Aj and Ωj+2p = Ωj for k ∈ Z. This convention
will be used throughout our discussion. Our construction of the canonical collection is
still based on Voronin’s approach for the case p = 1. In fact we do not exclude the case
p = 1 in our construction. However, the second relation in (2.3) should be replaced with
Π±(ǫ) ⊂ A1(Ω1 ∩ Ω2 ∩ Π±(0)) ⊂ Π±(−ǫ), when p = 1.

To see a concrete example of a canonical collection, we start with the vector field

(2.4) v :
dz

dt
= µ0z

p+1,

where µ0 is given by (2.1). Denote by vt the flow of v. Put

ξ = Â(z) =
1

−pµ0zp
.

Then Â transforms v into the vector field

Â∗v :
dξ

dt
= 1,

of which the flow is the translation Lt : ξ → ξ + t. Define the p-th root function by

p
√
z = e

1
p
(log |z|+i arg z),

2π[
p

4
] ≤ arg z < 2π + 2π[

p

4
], p = 1, 3 mod 4

2π[
p

4
] − π

2
≤ arg z < 2π[

p

4
] +

3π

2
, p = 0, 2 mod 4,
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in which [p
4
] is the largest integer ≤ p/4. Put Âj = Â|Ω̂j(ρ)

and

Â−1(ξ) =
p

√

1

−pµ0ξ
, Â−1

j (ξ) =
√
µj−1Â−1(ξ),(2.5)

Ω̂j(ρ) = Â−1
j ((−1)j−1R(ρ)), j = 1, . . . , 2p.

We have chosen µ0 so that both Ω̂1(ρ) and Ω̂2p(ρ) intersect with the positive y-axis,

which forces Ω̂1(ρ), . . . , Ω̂2p(ρ) to be arranged counter-clockwise when p = 1, or 4 mod 4,

and clockwise when p = 2, or 3 mod 4. We have also chosen µ so that Ω̂j+1(ρ) =
√
µΩ̂j(ρ).

One can verify that the time-one mapping v1 is in A∗
p, and that Âj, Ω̂j(ρ) form a canonical

collection for v1. Notice that, by our choices of µ0 and µ, we also have

v−1 = σv1σ, Â2p−j+1 = σÂjσ, σ(Ω̂j(ρ)) = Ω̂2p−j+1(ρ), σ(z) = −z.
We now redefine Mp, by choosing 2p half-planes, which are possibly different from the

ones in section one, on which Φ = (Φ1, . . . ,Φ2p) are defined.
Let Mp be the set of holomorphic functions Φ1, . . . ,Φ2p, for which Φj(ξ)− ξ is bounded

and of period 1 on the half-plane Πp,j(ǫ). We say that Φ = (Φ1, . . . ,Φ2p), Φ̃ = (Φ̃1, . . . , Φ̃2p)
are equivalent, if there are constants c1, . . . , c2p, an integer k, and ǫ > 0 such that

Φ̃j(ξ) = Lcj+1
Φj+2kL−cj(ξ), ξ ∈ Πp,j(ǫ) j = 1, . . . , 2p.

We first need to construct the moduli function for a holomorphic mapping f ∈ A∗
p. We

start with the following basic lemma of Voronin

Lemma 2.1. Let G : R(δ0) → Ω be a quasi-conformal mapping, and let f : Ω → Ω be
holomorphic. Let F (z) = z + 1. Assume that

R(δ0)
F−−−→ R(δ0)

G





y





y
G

Ω
f−−−→ Ω

is a commutative diagram, and that Ω ⊃ R(ǫ0). There exists a conformal A : Ω → Ω̃ with Ω̃
containing some R(ǫ1), such that FA = Af . Moreover, if A′ : Ω → Ω̃′ is another conformal
satisfying R(ǫ′) ⊂ Ω̃′ and A′f = FA′, then A′ − A is constant.

Let D,D′ be two open subsets of C. Recall that f : Ω → Ω′ is a quasi-conformal
mapping, if f is a homeomorphism, f(x + iy) is locally absolutely continuous on almost
each horizontal or vertical line, and for some constant K ≥ 1

|fz(z)| + |fz(z)| ≤ K(|fz(z)| − |fz(z)|)
holds almost everywhere on D. Note that f is orientation-preserving, and belongs to the
Hölder class H1/Kf , where Kf is the least constant K satisfying the above inequality. Also
f−1 is quasi-conformal, with Kf−1 = Kf .

We also need the following
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Lemma 2.2. Let Π+(ǫ) = {ξ | Im ξ > 1/ǫ} and Π−(ǫ) = −Π+(ǫ). Let B : R(δ0) → Ω be
an orientation-preserving homeomorphism, and let

R(δ0)
F−−−→ R(δ0)

B





y





y
B

Ω
F−−−→ Ω

be a commutative diagram. Assume that Ω ⊃ R(ǫ0). Then for each ǫ > 0 there is δ > 0
such that

B−1(Π+(ǫ)) ⊃ Π+(δ), B−1(Π−(ǫ)) ⊃ Π−(δ), B−1(R(ǫ)) ⊃ R(δ),

B(Π+(ǫ)) ⊃ Π+(δ), B(Π−(ǫ)) ⊃ Π−(δ), B(R(ǫ)) ⊃ R(δ).

Proof. Let 0 < ǫ < ǫ0. Put γ± : Im ξ = ±1/ǫ and γ̃± = B−1(γ±). Both γ̃+ and γ̃− are
invariant under F and F−1. Let ω± = B−1(Π±(ǫ)) and ω0 = R(δ0) \ (ω+ ∪ ω−).

Let B̃ be the unique extension of B satisfying FB̃ = B̃F , defined by B̃(ξ) = F−nBF n

for some large n = n(ξ) ∈ Z. Notice that B̃ is a homeomorphism from C onto itself, and
that B̃ still preserves the orientation. It is clear that Im B̃(x± iy) is bounded on any strip
{ξ, | Im ξ| < M} for finiteM . Thus ω0 is the only connected component of R(δ0)\(γ̃+

⋃

γ̃−),
on which | Im ξ| is bounded. Now, ω+ contains an upper half plane, and ω− contains a lower
half-plane. Otherwise, ω+ contains a lower half-plane, and ω− contains an upper half-plane.
Let C be the boundary of the rectangle defined by |Re ξ| ≤M and | Im ξ| ≤ 1/ǫ, oriented
counter clockwise. Then the winding number, n(C, 0), of C about the origin is one. Since
Re B̃−1(z) tends to +∞ (resp. −∞) as Re z → +∞ (resp. −∞), and since Re B̃(x + iy)
tends to +∞ uniformly for |y| < 1/ǫ as x → +∞ , the winding n(B̃−1(C), B̃−1(0)) = −1
for large M , which contradicts the orientation-preserving assumption. This shows that
B−1(Π+(ǫ)) (resp. B−1(Π−(ǫ)) contains some Π+(δ) (resp. Π−(δ)).

Since ReB(z) tends to +∞ as Re z → +∞, we can choose 0 < δ′ < δ such that
B({ξ : Im ξ| < 1/ǫ,Re ξ > 1/δ′}) is contained in {ξ : |Re ξ > 1/ǫ}. Then B−1(R(ǫ))
contains R(δ′).

Applying the above result to B−1 : R(ǫ) → B−1(R(ǫ)) ⊃ R(δ′) yields the remaining
assertion of the lemma. �

We have

Theorem 2.3. For each f ∈ A∗
p and each punctured neighborhood ω of the origin, there

exists a canonical collection Aj,Ωj, j = 1, . . . , 2p satisfying Ii-v and ∪Ωj ⊂ ω.

Proof. Given f ∈ A∗
p and an open set ω containing 0 ∈ C, we want to find a canonical

collection Ωj, Aj for f with
⋃

Ωj ⊂ ω.
By a theorem of Shcherbakov [17], for each ǫ0 > 0 there exist δ0 > 0 and a quasi-

conformal mapping H(z) = z + h(z) such that H−1fH(z) is the time-one map v1(z) of
vector field (2.4), and

|h(z)| ≤ |z|3/2, |z| < δ0.(2.6)

Let Ωj(ρ) = H(Ω̂j(ρ)). Obviously, Ii) and Iv) hold. From (2.6), we can see that H preserves
each germ of sector. For we first have |z|/2 ≤ |H(z)| ≤ 2|z| for z ∈ ∆(δ0). Since H is a
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homeomorphism, we write H−1(z) = z + h̃(z). Now (2.6) implies that

|h̃(z)| ≤ 8|z|3/2, z ∈ ∆(δ1),

| argH−1(z) − arg z| ≤ C1

√

|z|, arg z ∈ (2δ1, 2π − 2δ1), z ∈ ∆(δ1),

for some C1, δ1 > 0. Thus for all small and positive ǫ, H−1 sends the sector {z : | arg z −
π/2| < √

ǫ, |z| < ǫ} into {z : | arg z − π/2| < 2
√
ǫ, |z| < 2ǫ}, which implies that H sends

{z : | arg z − π/2| < 2
√
ǫ, |z| < 2ǫ} into {z : | arg z − π/2| < √

ǫ, |z| < ǫ}. This shows that
H fixes the germ of sector y+ (and in fact each germ of sector by the same argument).
Therefore, H(y+), and hence Ω1, contains the germ of sector y+. By a similar argument,
we can show that Ωk ∩ Ωk+1 contains

√
µky+. Thus, Iii) holds.

Let Â−1
j be given by (2.5). The existence of Aj is given by Voronin, by applying

Lemma 2.1 to the quasi-conformal mappings Gj = HÂ−1
j , sending (−1)j−1R(ρ) into Ωj(ρ),

and to each of the commutative diagrams

R(ρ)
F−−−→ R(ρ)

G2j+1





y





y

G2j+1

Ω2j+1(ρ)
f−−−→ Ω2j+1(ρ)

L(ρ)
F−1

−−−→ L(ρ)

G2j





y





y

G2j

Ω2j(ρ)
f−1

−−−→ Ω2j(ρ)

To verify Iiii), we apply Lemma 2.2 to B = Bj = AjHÂ
−1
j for j = 1, . . . , 2p. Hence for

each ǫ > 0, there is δ > 0 such that B−1
j ((−1)j−1R(ǫ)) contains (−1)j−1R(δ) for all j. Now

⋃

j

A−1
j ((−1)j−1R(ǫ)) =

⋃

j

HÂ−1
j B−1

j ((−1)j−1R(ǫ))

⊃
⋃

HÂ−1
j ((−1)j−1R(δ)).

The latter is H(∪Ω̂j(δ)), a punctured neighborhood of the origin. �

If f,Ωj, Aj satisfy Ii-v), we say that Ωj, Aj are a canonical collection of f . We also need
the following

Lemma 2.4. If {Ωj, Aj}, {Ω′
j, A

′
j} are two canonical collections of f and ω in a neighbor-

hood of the origin, there exists a canonical collection Ω′′
j , A

′′
j of f such that Ω′′

j ⊂ Ωj∩Ω′
j∩ω

and A′′
j = Aj|Ω′′

j
= A′

j|Ω′′

j
+ cj for some constants cj ∈ C.

Proof. Take a canonical collection Ω′′
j , A

′′
j such that ∪Ω′′

j is contained in (∪jΩj) ∩ (∪Ω′
j).

Since Ω′′
2k+1 is connected and invariant under f , then Ω′′

2k+1 is contained in some Ω2j+1 for
1 ≤ j ≤ p. Note that j = k mod p, since Ω2j+1 ∩ Ω2k+1 = ∅ for k 6= j mod p. Therefore,
we have Ω′′

2k+1 ⊂ Ω2k+1. By the same argument, we obtain Ω′′
j ⊂ Ωj ∩ Ω′

j for all j.
Now the uniqueness assertion in Lemma 2.1 implies that Aj−A′′

j , A
′
j−A′′

j are constants.
The lemma is proved by replacing A′′

j with Aj|Ωj
. �

For each f ∈ A∗
p and for a canonical collection Ωj, Aj of f , we denote Φf,j = Aj+1A

−1
j .

Then for some δ > 0, Φf,j is a conformal mapping from the half-plane Πp,j(δ) into Πp,j(−δ),
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which commutes with F . Thus Φf is an element in Mp. Note that Aj are uniquely
determined up to the form LcjAj for cj ∈ C, where

Lc : z → z + c.

We now restate Theorem 1.2 in a detailed form

Theorem 2.5. Let f, f̃ ∈ A∗
p, and µ be given by (2.2). If f̃ = g−1fg for some holomorphic

mapping g, then g′(0) = µk and

(2.7) Φf̃ ,j = Lcj+1
Φf,j+2kL−cj , j = 1, . . . , 2p

for some cj ∈ C. Conversely, if (2.7) holds, Φf,j = Aj+1Aj and Φf̃ ,j = Ãj+1Ã
−1
j , then

g = A−1
j+2kL−cj Ãj extends to a holomorphic mapping with g′(0) = µk and f̃ = g−1fg. For

each Φ ∈ Mp, there exists f ∈ A∗
p such that Φf,j = Φj for j = 1, . . . , 2p.

Proof. We first prove that if f, f̃ are equivalent, then their moduli functions are equivalent.
Assume that f, f̃ ∈ A∗

p satisfy f̃ = g−1fg. Put g(z) = cz + O(|z|2). Then g−1fg(z) =

z+µ0c
pzp+1 +O(|z|p+2). Hence c = µk. Let Ωj, Aj be a canonical collection of f . We have

Ω2j+1
f−−−→ Ω2j+1

A2j+1





y





y

A2j+1

Ω̃2j+1
F−−−→ Ω̃2j+1

Ω2j
f−1

−−−→ Ω2j

A2j





y





y

A2j

Ω̃2j
F−1

−−−→ Ω̃2j

Thus, when ∪Ωj is contained in the domain of g−1, we get

g−1(Ω2j+1)
g−1fg−−−→ g−1(Ω2j+1)

A2j+1g





y





y

A2j+1g

Ω̃2j+1
F−−−→ Ω̃2j+1

g−1(Ω2j)
g−1f−1g−−−−−→ g−1(Ω2j)

A2jg





y





y

A2jg

Ω̃2j
F−1

−−−→ Ω̃2j

Since Ωj contains the germ of sector
√
µjy+. Thus g−1(Ωj+2k) contains the germ of sec-

tor
√
µjy+. Thus, we can take A′

j = Aj+2kg and Ω′
j = g−1(Ωj+2k) as another canonical

collection of f̃ . By Lemma 2.4, we have Φf̃ ,j = Lcj+1
Φf,j+2kL−cj .

Next we shall prove that f, f̃ are equivalent, if their moduli functions are equivalent.
Let {Ωj, Aj} and {Ω̃j, Ãj} be canonical collections of f, f̃ ∈ A∗

p, respectively. Assume

now that Ãj+1Ã
−1
j = Lcj+1

Aj+1+2kA
−1
j+2kL−cj . Hence A−1

j+1+2kL−cj+1
Ãj+1 = A−1

j+2kL−cj Ãj on

Ã−1
j (Πp,j(ǫ0)) ⊃ Ã−1

j (Πp,j(ǫ0)) ∩ Ã−1
j+1(Πp,j(ǫ0))

= Ã−1
j ((−1)j−1R(ǫ0)) ∩ Ã−1

j+1((−1)jR(ǫ0)).

(Of course, when p = 1, we have to replace the above with Ã−1
j (Π+(ǫ0) ∪ Π−(ǫ0)) ⊃

Ã−1
1 (R(ǫ0)) ∩ Ã−1

2 (L(ǫ0)).) Put ωj = Ã−1
j ((−1)j−1R(ǫ0)). We also have ωj ∩ ωk = ∅ for

k − j 6= 0,±1 mod 2p. Thus g = A−1
j+2kL−cj Ãj is well defined on ∪ωj. The latter is a

punctured neighborhood of the origin, and g extends to a holomorphic mapping defined
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near the origin. By the same argument, we know that h = Ã−1
j−2kLcj−2k

Aj is also well-defined
near the origin. Since hg = Id, then g is biholomorphic. Now

g−1fg = Ã−1
1 Lc1A2k+1fA

−1
2k+1L−c1Ã1 = f̃

on ω1, and hence in a neighborhood of the origin. Since f, f̃ ∈ A∗
p, then g′(0) = µl for some

integer l. Since g(y+) is not contained in Ω2l+1 for l 6= k mod 2p, we see that g′(0) = µk.
Finally, we shall realize each Φ ∈ Mp as the moduli function of some f ∈ A∗

p.
Given Φ ∈ Mp, we need to find f ∈ A∗

p such that Φf,j = Φj for all j. Note that Φj(ξ)−ξ
is bounded and of period one on the half-plane Πp,j. Write

Φj(ξ) = ξ +
∑

k≥0

cj,ke
ǫj2πikξ, j = 1, . . . , 2p,

where

ǫj =

{

(−1)j−1, p = 2, 3 mod 4,

(−1)j, p = 0, 1 mod 4.

Put

Π̃p,j+1(ρ) = Φj(Πp,j(ρ)).

Note that Φj : Πp,j(ρ) → Π̃p,j+1(ρ) is conformal, for small and positive ρ. Choose ρ > 0 so
small that |Φ′

j − 1| < 1/4 on Πp,j(ρ). Put

Ω̃j(ρ) = Πp,j(ρ) ∪ Π̃p,j(ρ) ∪ {ξ : (−1)j−1 Re ξ > 1/ρ}, j = 1, . . . , 2p.

Denote by
⊔2p
j=1 Ω̃j(ρ) the disjoint union of Ω̃j(ρ). Let S be obtained from the disjoint union

by identifying ξj ∈ Πp,j(ρ) with ξj+1 = Φj(ξj) ∈ Π̃p,j+1(ρ). Let π :
⊔2p
j=1 Ω̃j(ρ) → S be the

canonical projection. By definition a subset ω of S is open, if and only if π−1(ω) ∩ Ω̃j(ρ)
are open for all j. For ρ > 0 sufficiently small, the Riemann surface S is Hausdorff,
with ξj : ξ

−1
j Ω̃j(ρ) → Ω̃j(ρ) being the holomorphic coordinates, and with Φj = ξj+1ξ

−1
j the

transition functions.
Let Ω̃′

j(ρ) = Ω̃j(ρ) ∩ F−1(Ω̃j(ρ)). Since Φj commutes with F , then

Ω̃′
2j+1(ρ) = Ω̃2j+1(ρ), Ω̃′

2j(ρ) = Πp,2j(ρ) ∪ Π̃p,2j(ρ) ∪ {ξ : Re ξ < −1/ρ− 1}.
Let S ′ =

⊔2p
j=1 Ω̃′

j(ρ)/∼ be obtained by the same identification ξj+1 = Φj(ξj), j = 1, . . . , 2p.

Define a holomorphic mapping f̃ : S ′ ⊂ S → S by f̃ = ξ−1
j Fξj. Then f̃ is well-defined since

Φj commutes with F . Note that f̃ is injective also.
We shall now use a holomorphic map to identify S with a punctured neighborhood of

the origin in C, and to identify f̃ with a holomorphic mapping defined near the origin.
We shall first identify S with a punctured neighborhood of the origin by a quasi-conformal

mapping. Replacing ρ by a smaller number, one may assume that there exists a smooth
function χ : R → [0, 1] such that χ(t) = 1 for |t| > 1

2ρ
, χ(t) = 0 for |t| < 1

4ρ
and |χ′| < 8ρ

on R. Define mappings Kj from C into itself by

Kj(ξ) =

{

ξ, ξ ∈ Πp,j−1(−4ρ),

ξ + χ(Im ξ)(Φ−1
j (ξ) − ξ), otherwise.
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For ρ > 0 sufficiently small, we have |Kj(ξ) − ξ| < C1 and |Kj,ξ(ξ) − 1| + |Kj,ξ(ξ)| < C1ρ
for some constant C1. Thus

∣

∣

∣

∣

∂ξKj(ξ)

∂ξKj(ξ)

∣

∣

∣

∣

< C2ρ < 1, ξ ∈ C.

Therefore, Kj is a quasi-conformal mapping from C onto itself. Recall that Âj, given by

(2.5), sends Ω̂j(ρ
′) onto (−1)j−1R(ρ′) for all ρ′ > 0. Define K :

⋃

Â−1
j K−1

j Ω̃j(ρ) → S by

K(z) = ξ−1
j KjÂ(z), z ∈ Â−1

j K−1
j Ω̃j(ρ).

We need to verify that K is well-defined. For z ∈ Â−1
j K−1

j Ω̃j(ρ) ∩ Â−1
j+1K

−1
j+1Ω̃j+1(ρ) we

have Â(z) ∈ Πp,j(2ρ). Hence, KjÂ(z) = Φ−1
j Â(z) and Kj+1Â(z) = Â(z), since Kj = Φ−1

j

and Kj+1 = Id on Πp,j(2ρ).

Thus K−1 : S → ⋃

Â−1
j K−1

j Ω̃j(ρ) is a quasi-conformal mapping, and the latter contains
⋃

Ω̂j(ρ/2). By a lemma of Voronin [19], there exists a quasi-conformal mapping B from C

onto itself, sending
⋃

Â−1
j K−1

j Ω̃j(ρ) onto ω, a punctured neighborhood of the origin, such

that B(0) = 0, D = BK−1 : S → ω is conformal, and

(2.8)

∣

∣

∣

∣

∂ξB(ξ)

∂ξB(ξ)

∣

∣

∣

∣

< C2ρ, ξ ∈ C.

Let S ′′ = K(
⋃

Ω̂j(ρ/2)). Then S ′′ is a subset of S ′, for ρ sufficiently small. Recall that

f̃ = ξ−1
j Fξj. Define f = Df̃D−1 on ω′′ = D(S ′′), which extends to a biholomorphic map-

ping defined near the origin. Note that f = BK−1ξ−1
j FξjKB

−1 = BÂ−1
j K−1

j FKjÂjB
−1 =

BÂ−1
j FÂjB

−1 = Bv1B−1 holds on ω′′, since v1 = Â−1
j FÂj.

Since B is quasi-conformal and satisfies estimate (2.8), then

1

C4

|z′′ − z′|
1+c2ρ
1−c2ρ ≤ |B(z′′) −B(z′)| ≤ C4|z′′ − z′|

1−c2ρ
1+c2ρ .

From f = Bv1B−1 and |z|p+1/2 ≤ |v1(z) − z| ≤ 2|z|p+1, we see

1

C5

|z|
(

1+c2ρ
1−c2ρ

)2
(p+1) ≤ |f(z) − z| ≤ C5|z|

(

1−c2ρ
1+c2ρ

)2
(p+1)

.

Thus f(z) = z + ap+1z
p+1 +O(|z|p+2) with ap+1 6= 0, when ρ is sufficiently small.

Let Rb be the mapping z → bz. Choose a constant b ∈ C∗ such that f1 = R−1
b fRb ∈ A∗

p.
Put

Aj = ξjD
−1Rb|Ωj

: Ωj ≡ R−1
b B(Ω̂j(ρ/2)) → Kj((−1)j−1R(ρ/2)) ≡ Ω̃j.

Now Φj = ξj+1ξ
−1
j = Aj+1A

−1
j . Moreover, A2j+1f1A

−1
2j+1 = F and A2jf

−1
1 A−1

2j = F−1.

Since f1 = R−1
b Bv1B−1Rb, we see that f1Ω2j+1 ⊂ Ω2j+1 and f−1

1 Ω2j ⊂ Ω2j. Moreover,
any connected open subset of ∪Ωj, invariant under f1 (resp f−1

1 ), is contained in some Ω2k

(resp. Ω2l+1). We have achieved Ii-v, except for Iii.
Note that ω̃ =

⋃

Ωj is a punctured neighborhood of the origin. Let Ω′
j, A

′
j be a canonical

collection of f1 with
⋃

Ω′
j ⊂ ω̃, for which the existence has already been established. We

know that each Ω′
j is contained in some Ωj′ . Also there is no Ωj0 that contains two distinct

Ω′
j1

and Ω′
j2

; otherwise, there is a proper subset I of {1, . . . , 2p} such that ω1 = ∪2p
j=1Ω

′
j
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is contained in ω2 = ∪j∈IΩj, which contradicts that ω1 is a punctured neighborhood of

the origin, while ∪j∈IΩ̂j (and hence ω2) is not. Now Ω′
1 is a connected subset of ω̃ and

satisfies f1(Ω
′
1) ⊂ Ω′

1. We know that Ω′
2p is contained in Ω2j0 for some unique j0 mod p.

Since Ω′
1 ∩ Ω′

2p is contained in Ω2k+1 ∩ Ω2j0 , we have only two cases: either j0 = k mod p
or j0 = k + 1 mod p. If the latter occurs, then Ω′

j is contained in Ω2k−j+2 for all j. We
take a point zj in Ω′

j ∩ Ω′
j+1, and connect zj−1 to zj by an oriented curve γ′j in Ω′

j. Let

γ′ = ∪2p
j=1γ

′
j. Then γj = B−1Rbγ

′
j is an oriented curve in Ω̂2k+2−j(ρ/2). Thus the winding

numbers of γ′ and γ = B−1Rbγ
′ with respect to the origin have opposite sign, contradicting

to the orientation-preserving property of the quasi-conformal mapping B. Therefore, we
have Ω′

j ⊂ Ω2k+j for j = 0, 1, and hence for all j.

Finally, let f2 = Rk
µf1R

−k
µ , A∗

j = AjR
−k
µ , and Ω∗

j = Rk
µΩj. Then A∗

j+1A
∗−1
j = Φj,

f
(−1)j

2 = A∗−1
j+1F

(−1)j
A∗
j+1, and Ω∗

j ⊃ Rk
µΩ

′
j−2k ⊃ √

µjy+. One can verify the remaining
properties in Ii-v for f2, A

∗
j and Ω∗

j . This shows that f2 has a canonical collection realizing
Φ. �

The above construction of moduli functions of Ap follows Voronin’s approach [19] (p = 1)
in the sprit. Voronin’s construction yields a decomposition of a punctured neighborhood
∪Ωj of the origin. The domains Ωj admit the maximality property that if ω is a con-
nected open subset of ∪jΩj and if f(ω) ⊂ ω (resp. f−1ω ⊂ ω), then ω is a subset of
some Ω2j+1 (resp. Ω2j). Malgrange [12] and Il’yashenko [9] gave another construction of
moduli functions of Ap, based on Fatou’s sectorial normalization, where Ωj are replaced
with suitable sectors Sj with vertex at the origin. It is likely, the proof of Theorem 2.5
(in the most general form of allowing changes of coordinates that are not necessary to
be tangent to the identity) can be obtained through that line of approach, except the
maximality property on the domains Ωj. Combining the above two approaches, one has
both the maximality property on the domains Ωj and asymptotic expansion about Aj in
some sectoral domains contained in Ωj. There is one advantage about the construction
through sectorial normalization (see [9]). Namely, it links the coefficients fp+1 and f2p+1 in

f(z) = z + fp+1z
p+1 + f2p+1z

2p+1 +O(|z|2p+2) to cj0 in Φj(ξ) = ξ +
∑

k≥0
cj,ke

(−1)j−1ǫp2πikξ.

Specifically, c1,0 + · · · + c2p,0 = 2πiǫ(f2p+1/f
2
p+1 − (p+ 1)/2) (ǫ = 1 for p = 0, 1 mod 4 and

ǫ = −1 for p = 1, 2 mod 4), which is needed for the proof of Theorem 1.5.

3. centralizers and composition roots

Given f ∈ Ap, denote by Ĉ(f) be germs of biholomorphic mappings g commuting with

f , and by C(f) ⊂ Ĉ(f) the ones that are tangent to the identity. Note that Ĉ(f) is a group
under the composition.

The main result in this section is to give a complete description for the group of central-
izers Ĉ(f) = <τ, f 1/d>= <τ>⊗<ω>, while τ, f 1/d and ω are linked by τ q/δ = ωf 1/d.

The group C(f) is studied in [2], [10], and [19] for p = 1, and in [5], [9] for arbitrary p.
We shall now describe some facts in [9]. Given Φ ∈ Mp, denote by dΦ the greatest common
divisor of all k 6= 0 with |c1,k| + · · · + |c2p,k| 6= 0, where cj,k are the coefficients of Φj. Put
dΦ = 0, if all Φj are polynomials of degree one. Then C(f) consists of all holomorphic
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mappings

f t = gvtλg
−1, t ∈ C,

where g is a holomorphic mapping satisfying g−1fg = v1
λ, and vtλ is the flow of the vector

field

(3.1) vλ =
µ0z

p+1

1 + λzp
∂

∂z
.

A simple computation shows that the flow vt of v(z) = azp+1 + bz2p+1 +O(|z|2p+2) has the
expansion

(3.2) vt(z) = z + atzp+1 + (bt+
pat2

2
)z2p+1 +O(|z|2p+2).

When f ∈ Ap is not holomorphic equivalent to any v1
λ, one knows that there is a unique

positive integer d = df and a unique holomorphic mapping g, denoted by f 1/d, such that
g′(0) = 1 and gd = f . Moreover, C(f) consists of all mappings of the form f l/d with l ∈ Z.
Note that when f ∈ A∗

p, we have df = dΦf
and f l/d = A−1

j Ll/dAj, where A1, . . . , A2p,
together with some domains Ω1, . . . ,Ω2p, form a canonical collection of f .

We shall now describe Ĉ(f) when f is not embeddable in a holomorphic flow. Let Rp be
the group of p-th roots of unity. We first need the following

Lemma 3.1. For f ∈ Ap with df 6= 0, Ĉ(f)/C(f) is isomorphic to a subgroup of Rp, and

Ĉ(f) is an abelian group given by {τ kh : h ∈ C(f), k = 1, . . . , q} for some τ ∈ Ĉ(f), where

q is the order of Ĉ(f)/C(f). Moreover, one has

i) For each g ∈ Ĉ(f), we have Ĉ(f) ⊆ Ĉ(g) and the equality holds if and only if g is
non-periodic.

ii) If f−1 = σfσ and df 6= 0, then each h ∈ Ĉ(f) satisfies h−1 = σhσ.

iii) If f = σfσ, then hσhσ ∈ C(f) for h ∈ Ĉ(f). If df 6= 0, then h = σhσ for h ∈ C(f).

Proof. We know that if g commutes with f , then g′(0) is a p-th root of unity. Now one

sees that g 7→ g′(0) is a group homomorphism from Ĉ(f) into Rp, and that Ĉ(f)/C(f)

is isomorphic to a subgroup of Rp. In particular Ĉ(f)/C(f) is cyclic. This implies that

Ĉ(f) = {τ kh : h ∈ C(f), k ∈ Z, 0 ≤ k < p}. We first consider the case that df 6= 0. Since
(τf 1/dτ−1)d = f , the uniqueness of roots of f in C(f) implies that τf 1/dτ−1 = f 1/d. Hence

τ commutes with each centralizer in C(f); consequently, Ĉ(f) is abelian.
When df = 0, we may assume that f = v1

λ is the time-one map of (3.1). Since (Rµ)∗vλ =

vλ, then Rµ commutes with vtλ. Since
∣

∣Ĉ(f)/C(f)
∣

∣ divides p, one sees that Ĉ(f) is the union

of Rk
µC(f), k = 1, . . . , p. In particular, Ĉ(f) is abelian.

To prove (i), we take g ∈ Ĉ(f). Since Ĉ(f) is abelian, then Ĉ(f) is a subset of Ĉ(g). Now

take h ∈ Ĉ(g). Since g = h−1gh, then gq = h−1gqh. We know that gq = f l/d. Assume
that l 6= 0 first. Then h and f are centralizers of f l/d ∈ Ap. Thus h, f commute, i.e.,

h ∈ Ĉ(f). Assume now that g is periodic. By a change of coordinates, one may assume

that g(z) = µkz. Now it is straightforward that Ĉ(f) is a proper subset of Ĉ(g), since the
latter is obviously non-abelian.
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For (ii), we assume that f−1 = σfσ for some anti-holomorphic involution and we want to

show that all elements in Ĉ(f) are reversible by σ. (Nakai [13] showed that, when df 6= 0,

each element of C(f) is reversible by σ.) In general, we take h ∈ Ĉ(f). Since f−1 = σfσ

and h−1fh = f = σh−1f−1hσ, then σhσh−1 ∈ Ĉ(f), i.e. hσhσ ∈ C(f). Write hσhσ = f l/d.
Using hq = f s/d, we get f ql/d = Id, i.e., l = 0.

For (iii), we assume that f = hfh−1 and σf = fσ. Then h−1σhσ is a centralizer of f ,
and hence hσhσ ∈ C(f). Assume now that df 6= 0 and h = fk/d. We have fk = (σfk/dσ)d.

Since Ĉ(f) is abelian, then fk/d = σfk/dσ. �

We have

Lemma 3.2. Let f ∈ Ap with d = df 6= 0, and let ν be a primitive q-th root of unity for

q = |Ĉ(f)/C(f)|. Then there is a unique τν ∈ Ĉ(f) with

τ qν = f
q′

d , τ ′ν(0) = ν, 0 ≤ q′ < q.

Moreover, Ĉ(f) consists of τ kν f
l/d with l ∈ Z and 0 ≤ k < q, and qf , q

′
f are holomorphic

invariants.

Proof. Since {νj : j = 0, . . . , q−1} is the unique subgroup of Rp of order q, there is τ0 ∈ Ĉ(f)
such that τ ′0(0) = ν. We have τ q0 = f l/d ∈ C(f). Write l = uq + q′ with 0 ≤ q′ < q. Set
τν = τ0f

−u/d. Then we have τ ′ν(0) = ν and τ qν = f q
′/d. Assume now that τ1 also satisfies

τ q1 = f q
′′/d for some 0 ≤ q′′ < q and τ ′1(0) = ν. Since τν and τ1 commute and have the same

linear part, then (τ−1
1 τν)

q = f (q′−q′′)/d. On the other hand τ−1
1 τν = f s/d for some s ∈ Z.

Hence sq = q′ − q′′, which implies that q′ = q′′ and s = 0, i.e., τ1 = τν .
Finally, assume f, f̃ ∈ Ap and f̃ = g−1fg for some holomorphic g. Then

C(f̃) = {g−1hg : h ∈ C(f)}, Ĉ(f̃) = {g−1hg : h ∈ Ĉ(f)}.
In particular, q(f) = q(f̃). Assume now that τ ′ν(0) = ν and τ qν = f q

′/d. Put τ̃ν = g−1τνg.

Then we still have τ̃ ′ν(0) = ν and τ̃ qν = g−1f q
′/dg = f̃ q

′/d. By the uniqueness assertion
proved above, we know that q′

f̃
= q′f . �

Conversely, we have the following realization

Proposition 3.3. Let p, q, d be positive integers such that q divides p. Let q′ be an integer
satisfying 0 ≤ q′ < q, and let ν be a primitive q-th root of unity. There exist f ∈ A∗

p and

τν ∈ Ĉ(f) such that Ĉ(f)/C(f) is isomorphic to the subgroup of Rp of order q and τ qν = f q
′/d

with τ ′ν(0) = ν.

Proof. Put q∗ = p/q. Then ν = µq
∗s with (q, s) = 1, where (q, s) denotes the greatest

common divisor of q, s. Define

Φj(ξ) = ξ, j 6= 1 mod 2q∗,

Φ1(ξ) = ξ + eǫ12πidξ, Φ1+2sq∗l = L lq′

qd

Φ1L− lq′

qd

, 1 ≤ l ≤ q − 1.

The above is well-defined, since sq∗l mod 2p are distinct for 0 ≤ l < q. Let f ∈ A∗
p be a

realization of the above Φ. Since

Φj = L− q′

qd

Φj+2sq∗L q′

qd

,
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Theorem 2.5 implies that τν = A−1
j+2sq∗L q′

qd

Aj satisfies τνfτ
−1
ν = f , τ ′ν(0) = µsq

∗

= ν. We

also have τ qν = f q
′/d, and τ jν 6∈ C(f) for 0 < j < q. On the other hand, if h is in Ĉ(f) with

h′(0) = µl, Theorem 2.5 says that Φj = Lc′j+1
Φj+2lL−c′j for some c′j ∈ C. It it clear that q∗

divides l. This shows that Ĉ(f)/C(f) is realized as the subgroup of Rp of order q. �

Theorem 3.4. Let f ∈ Ap with d = df 6= 0 and q =
∣

∣Ĉ(f)/C(f)
∣

∣. Let τ qν = f q
′/d with

τ ′ν(0) = ν a primitive q-th root of unity and 0 ≤ q′ < q. We have

i) There exists τ such that τ q/δ = ωf 1/d for δ = (q′, q), and Ĉ(f) = <τ, f 1/d>=
<ω>⊗<τ>, for some ω of order δ (here <x, y> denotes the subgroup generated by
x and y). In particular, δf = (q, q′) depends only on f . Moreover τ̃ q = f δ/d holds
if and only if τ̃ = ωjτ for some 1 ≤ j ≤ δ.

ii) There exists a holomorphic mapping g, tangent to the identity, such that f ∗(z) =
(g−1fg( δf

√
z))δf ∈ Ap/δf , qf∗ = qf/δ, δf∗ = 1, and df = df∗. Moreover, the holo-

morphic equivalence class of f ∗ depends only on that of f .
iii) Conversely, if k is a positive integer and h ∈ Ap with dh 6= 0 and δh = 1, the

map f(z) = k
√

h(zk) = z + O(|z|2) satisfies δf = k. Moreover, the holomorphic
equivalence class of f depends on that of h.

Proof. Lemma 3.1 says that Ĉ(f) is generated by τν and f 1/d.

To prove i) we first look for an element of finite order in Ĉ(f). Since δ = (q, q′) then
q = δn and q′ = mδ with (m,n) = 1. Hence we have λ0n + µ0m = 1 for some λ0 and µ0.
Notice that we have (µ0, n) = 1. Next we want to find λ, µ such that λn + µm = 1 and
(q, µ) = 1. Take µ = µ0 + jn and λ = λ0 − jm, where j is the largest divisor of q that
is prime to µ0. Then (µ, q) = 1. For if k is prime and k|(µ, q). We have two cases: k|µ0

or (k, µ0) = 1. The former implies that (k, j) = 1, and hence k|n. Since (µ0, n) = 1, then
k = ±1. For the latter we have k|j, and hence k|µ0 also. This shows that k = ±1. Now
define ω = τnν f

−m/d and note that ωδ = τnδν f−mδ/d = f (q′−mδ)/d = 1 and that ω′(0) is a
primitive δ-th root of unity.

Since Ĉ(f) is a finitely generated abelian group it is a direct product of cyclic groups.
We want to find such a decomposition. To that end we define τ = τµν f

λ/d (with (µ, q) = 1).

Then Ĉ(f) is still generated by τ and f 1/d. Note that τnω−µ = f 1/d and that τmωλ = τν .

This shows that Ĉ(f) is generated by τ and ω. Now τ must have infinite order or else

Ĉ(f) would have finite order. From this it follows that <ω>∩<τ>= {1}. So we see that

Ĉ(f) = <ω>⊗<τ>. We have achieved τn = ωµf 1/d. Using (µ, q) = 1 again, we replace ω
with ωµ and keep τ . We get all desired properties.

Note that τ q = f (q′µ+λq)/d = f δ/d. Let τ̃ satisfy τ̃ q = f δ/d also. Since (τ−1τ̃)q = Id then
τ̃ = ωjτ .

To prove ii) we choose a holomorphic mapping g tangent to the identity such that
g−1ωg(z) = c1z, with c1 a primitive δ-th root of unity. Still denote g−1τg, g−1ωg and g−1fg
by τ, ω, f , respectively. Now f ∗(z) = [f( δ

√
z)]δ = z +O(|z|2) ∈ Ap/δ.

Assume that h is a centralizer of f ∗. Let P−1
δ be the multi-valued inverse of Pδ : z → zδ.

Let h̃ be a single-valued branch of P−1
δ hPδ with h̃′(0) a δ-th root of h′(0). Then

h̃f = P−1
δ hPδf = P−1

δ hf∗Pδ = P−1
δ f ∗hPδ = fh̃.
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(In the above, all quantities, except two ends, are equal as multiple-valued functions, and

the two ends are equal as single-valued branches.) Consequently, h̃ is a centralizer of f .

In particular, all roots [h′(0)]
1
δ have the form µlp/q, which implies that h′(0)q/δ = 1 and

that Ĉ(f ∗)/C(f ∗) has order at most q/δ. On the other hand τ and ω commute and PδτP
−1
δ

has a single-valued branch τ ∗. Now f ∗τ ∗ = PδfτP
−1
δ = PδτfP

−1
δ = τ ∗f ∗. Hence τ ∗ is

a centralizer of f ∗. Also, τ ∗′(0) is a primitive (q/δ)-th root of unity. So Ĉ(f ∗)/C(f ∗) is
of order q/δ. To verify δ(f ∗) = 1 we take a periodic centralizer h of f ∗ with period k.

As shown above single-valued branches of h̃ = P−1
δ hPδ are centralizers of f . Also h̃k is a

single-valued branch of P−1
δ hkPδ = P−1

δ Pδ. Hence all h̃ are periodic centralizer of f . Hence

h̃ = ωs for some s, which implies that h = Id.
To show df = df∗ , take f t ∈ C(f). Since C(f) is abelian, then ωf t = f tω. Thus

f ∗
t (z) ≡ [f t( δ

√
z)]δ = z +O(|z|2) is holomorphic for all f t ∈ C(f). We have

f ∗
s f

∗
t = Pδf

sf tP−1
δ = f ∗

t f
∗
s .

Thus (f ∗
1/df

)df = f ∗
1 = f ∗, which implies that df∗ = df .

To show that the holomorphic equivalence class of f ∗ depends only on that of f , we
assume that g̃−1fg̃ commutes with ω also and let f̃ ∗ = Pδg̃

−1fg̃P−1
δ . Put f1 = g−1fg. We

have
g̃−1gf1g

−1g̃ = g̃−1fg̃ = ωg̃−1fg̃ω−1 = ωg̃−1gf1g
−1g̃ω−1.

Hence g−1g̃ωg̃−1g is a periodic centralizer of f1; consequently it is ω. Thus g−1g̃ and ω
commute. Let g1 be a single-valued branch of Pδg

−1g̃P−1
δ . We now have

g1f̃
∗g−1

1 = Pδg
−1g̃P−1

δ f̃ ∗Pδg̃
−1gP−1

δ = Pδg
−1fgP−1

δ = f ∗.

For the proof of iii), let g(z) = e2πi/kz. Then g is a centralizer of f and δf is a multiple of

k. Let g̃ ∈ Ĉ(f) be of period δf . Since g, g̃ commute then g̃∗(z) = (g̃( k
√
z))k is holomorphic.

Now g̃∗h = hg̃∗ and g̃∗ is periodic. Thus g̃∗ = Id. In particular, g̃′(0)k = 1. This shows
that δf = k.

If h̃ = ghg−1 and f̃(z) = k

√

h̃(zδ) = z +O(|z|2), we put g1(z) = k
√

g(zk). Then

g1fg
−1
1 = P−1

k gPkfP
−1
k gPk = P−1

k ghg−1Pk = f̃ .

Therefore, f, f̃ are holomorphically equivalent. �

Theorem 3.4 provides a decomposition via τ and ω, which are in general not uniquely
determined by the relations

(3.3) Ĉ(f) = <τ, f 1/d>= <τ > ⊗<ω>, ω = τ q/δf−1/d.

In fact, if τ1 satisfies τ q1 = f δ/d, and if τ ′1(0) is a primitive q-th root of unity, then τ1, in
place of τ (and ω1 = τ q/δf−1/d in place of ω), satisfies (3.3) also, and vice versa. Therefore,
when δf = 1, the τ in Theorem 3.4 is uniquely determined by the condition that τ q = f 1/d.
In general we decide τ to be the map satisfying (3.3), for which τ ′(0) = µpq0/q has the
smallest possible integer q0 ≥ 0 so that (q0, q) = 1 and

(3.4) τ q = f δ/d.

We now have
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Proposition 3.5. Let µ be defined by (2.2). Let f ∈ Ap with df = d and qf = q, and let
q0f = q0 be the smallest positive integer such that τ = τf with τ ′(0) = µpq0/q, satisfy (3.4).

Put ωf = τ q/δf−1/d. Then (3.3) holds. Moreover, if f̃ = gfg−1, then τf̃ = gτfg
−1, ωf̃ =

gωfg
−1, qf̃ = qf , and q0f̃ = q0f .

Proof. We already see the existence of τ, ω, q, q0 for the given f . Assume that f̃ = gfg−1.
Then f̃ , ω̃ = gωg−1, τ̃ = gτg−1 satisfies (3.3). We also have τ̃ ′(0) = µpq0/q. Hence q0(f̃) ≤
q0(f); analogously, q0(f) ≤ q0(f̃). We get q0(f) = q0(f̃). �

Let d, p, q, δ be positive integers with δ|q and q|p. Let q0 be an integer with 0 ≤ q0 < q
and (q0, q) = 1 such that q0 + jq/δ is not prime to q when 0 ≤ q0 + jq/δ < q0.

Let Ap,q,q0,δ,d be the set of functions f ∈ Ap with (df , qf , q0f , δf ) = (d, q, q0, δ). We shall
now describe a moduli space for Ap,q,δ,q0,d, and we shall see that the latter is non-empty.

Let Mp,q,δ,q0,d be the set of functions Φ ∈ Mp with (dΦ, δΦ, qΦ, q0Φ) = (d, δ, q, q0), where
qΦ is the largest integer q satisfying

(3.5) Φj = Lcj+1
Φj+2p/qL−cj , cj+2p = cj,

δΦ is the largest δ satisfying

(3.6) Φj = Lcj+1
Φj+2p/δL−cj ,

δ
∑

k=1

cj+2kp/δ = 0, cj+2p = cj,

and q0Φ = q0 is the smallest positive integer that is prime to q and satisfies

(3.7) Φj = L−c′j+1
Φj+2q0p/qLc′j ,

q
∑

k=1

c′j+2kp/q = δ/d, c′j+2p = c′j,

where (d, q, δ) = (dΦ, qφ, δΦ). We say that Φ, Φ̃ ∈ Mp,q,δ,q0,d are equivalent, if Φ̃j =
Lcj+1

Φj+2kL−cj for some k ∈ Z and cj = cj+2p ∈ C.

Theorem 3.6. Let p, q, and δ be positive integers with δ|q and q|p, and let q0 ≥ 0 be an
integer prime to q such that q0 + jq/δ ∈ [0, q) for j ∈ Z is not prime to q. There is a
one-to-one correspondence between holomorphic equivalence classes of Ap,q,δ,q0,d and ones
of Mp,q,δ,q0,d for each positive integer d. Moreover, the latter is non-empty.

Proof. Assume that Φj = Φf,j = Aj+1A
−1
j . If q satisfies (3.5), then g = A−1

j+2p/qL−cjAj,

with g ∈ Ĉ(f) and g′(0) = µp/q, is well-defined. Thus qΦ = qf . Note that if δ satisfies
(3.6), then ω = A−1

j+2p/δL−cjAj is well-defined, ωδ = Id, and ω commutes with f . Thus

δΦ = δf . Also if q0 satisfies (3.7), then τ = A−1
j+2pq0/q

Lc′jAj is well-defined, τ q = f δ/d, and

τ ′(0) = µpq0/q is a primitive q-th root of unity. Thus q0Φ = q0f .
To show that Mp,q,δ,q0,d is non-empty, we put

Φ1+2jq0p/q = L jδ
qd

Φ1L− jδ
qd
, j = 1, . . . , q,

Φ1(ξ) = c0 + ξ + eǫp2πξdi, Φj = c0 + ξ, j 6= 1 mod 2p/q.

Then Φj = L−δ/(qd)Φj+2pq0/qLδ/(qd) for all j. To show that qΦ = q, we first assume that

(3.8) Φj = Lcj+1
Φj+2p/sL−cj , cj+2p = cj
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for some positive integer s. Then p/s = jpq0/q mod p, which implies that s ≤ q. Next,
choose integers a, b so that aq0 + bq = 1. Then Φj = L−aδ/(qd)Φj+2p/qLaδ/(qd). Thus qΦ = q.
To show that δΦ = δ, we first note that Φj = L−a/dΦj+2p/δLa/d = Φj+2p/δ. Assume now
that (3.8) holds with

∑s
k=1 cj+2kp/s = 0. Obviously c1 = · · · = c2p = 0. We know that

δ divides s and s divides q. Thus Φ1 = L−aδ/(sd)Φ1+2p/sLaδ/(sd). Now (3.8) implies that s
divides aδ. Since (a, d) = 1, then s divides δ. Thus δΦ = δ. By the definition we know
that there is τ satisfying τ q = f δ/d, for which τ ′(0) = µpq0/q. Since no q0 + jq/δ is both in
[0, q0) and prime to q, this shows that q0Φ = q0. �

We now turn to the (composition) roots of f .

Theorem 3.7. Let f ∈ Ap with d = df 6= 0. Let q, δ, and ω be as in Proposition 3.5. Let r
be the largest factor of dq/δ with (r, δ)|d. There exists g ∈ Ap such that gr = f . Moreover,
ht = f for some integer t, if and only if t divides r and h = ωjgr/t for some j with δ
dividing jt.

Proof. Now suppose that ht = f . Write h = τaωb, where τ , ω are as in Theorem 3.4 i).
(The ω before it is replaced by a suitable ωk with (k, δ) = 1.) Recall from the proof of
Theorem 3.4 i) we have f 1/d = τnω−µ for q = nδ, q′ = mδ and λn+ µm = 1. Thus we get
that ta = dn and tb = −dµ + cδ, i.e., t|dn and (t, δ)|dµ. Since d = λdn + mdµ, we know
that (t, δ)|d. Conversely, if ta = dn and d = −tb′ + c′δ, we put b = µb′ and c = µc′. Then
(τaωb)t = fωµd−dµ+cδ = f .

Now consider all t satisfying t|dn and (t, δ)|d (by definition r is the largest such t). we first
need to show that t|r. To this end suppose that tj|dn and (tj, δ)|dµ for j = 1, 2. Let t3 be
the least common multiple of t1 and t2. A simple computation via the prime factorization
shows that (t3, δ)|d and t3|dn. Therefore, r is in fact the lest common multiple of all such
t.

Take g such that gr = f . Return to equation ht = f . We know from above that r = tt1
and that (gt1)t = ht = f . Since gt1 and h commute we get (h−1gt1)t = Id, i.e. h−1gt1 = ωj.
Therefore δ|jt. �

We now describe the moduli space for holomorphic equivalence classes of holomorphic
mappings f(z) with f ′(0) a root of unity. Of course, the only interesting maps are the
non-periodic ones. For coprime integers r and s with 0 ≤ r < s, let Ap,r,s be the set of
holomorphic mappings

f(z) = e2πi r
s z +O(|z|2), f s ∈ Ap.

By Lemma 3.1, if Ap,r,s is non-empty then s divides p.
For a positive integer s, we know that f s ∈ Ap if f ∈ Ap; also if f s1 = f s2 ∈ Ap and

f ′
1(0) = f ′

2(0) then f1 = f2, since fj are in Ĉ(f s1 ) and Ĉ(f s1 ) is abelian. Therefore, the
mapping g → gs yields a one-to-one correspondence between the holomorphic equivalence
classes of Ap,r,s and ones of f ∈ Ap with f = gs and g′(0) = e2πi r

s .
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Fix positive integers s and p with s dividing p, and fix an integer r with 0 ≤ r < s and
(r, s) = 1. Let Mp,r,s be the set of Φ ∈ Mp satisfying

Φj = Lcj+1
Φj+2ǫpr/sL−cj , j = 1, . . . 2p,(3.9)
s

∑

l=1

cj+2lpr/s = −1,(3.10)

where ǫ = 1 for p = 0, 1 mod 4, and ǫ = −1 otherwise. We say that Φ̃,Φ ∈ Mp,r,s are
equivalent, if

Φ̃j = Lcj+1
Φj+2kL−cj , j = 1, . . . , 2p

for some k ∈ Z and cj ∈ C.

Theorem 3.8. Let r, s be integers with (r, s) = 1, 0 ≤ r < s, and let p be a positive integer
divisible by s. There is a one-to-one correspondence between the holomorphic equivalence
classes of mappings in Ap,r,s and ones in Mp,r,s.

Proof. We have already seen that for g ∈ Ap,r,s the holomorphic equivalence class of g
depends only on that of gs. For each g ∈ Ap,r,s, we choose a linear transformation h such
that f = h−1gsh ∈ A∗

p. Denote by A∗
p,r,s the set of all such h−1gh as g varies in Ap,r,s.

Then g → Φgs is a map from A∗
p,r,s into Mp,r,s, which is well-defined up to the equivalence

relations.
Put k = pr/s. Let Aj,Ωj be a canonical collection of f = gs with g ∈ A∗

p,r,s. Since

g commutes with f , and g′(0) = µǫk, Theorem 2.5 says that Aj+2ǫkg = L−cjAj for some

constants cj, which yields (3.9). From f = A−1
j FAj = gs we obtain (3.10). Therefore, Φgs

is actually in Mp,r,s.
Conversely, if Φf satisfies (3.9), Theorem 2.5 says that A−1

j+2ǫkL−cjAj = g extends to a

holomorphic map with g′(0) = µǫk = e2πir/s. Now (3.10) implies that gs = f . �

We conclude the section with the following.

Proof of Theorem 1.4. Let f ∈ Ap with df 6= 0.
For (i), assume that H(z) = cz + O(|z|2) is an anti-holomorphic map satisfying f−1 =

HfH−1. We need to show that H2 = Id. One has H2(z) = z+O(|z|2). So H2 = f l/d. Now
f−l = (f−l/d)d = H2d = (Hf l/dH−1)d = f l. Hence l = 0, i.e., H2 = Id. By Lemma 3.1, we

know that HgH−1 = g−1 for all g ∈ Ĉ(f).
For (ii), we assume that σ1f = fσ1 and σ1 is an anti-holomorphic involution. Let ω be a

generator of periodic elements in Ĉ(f). Then σωσ and ω−1 are in Ĉ(f). So they commute.
Since σωσ and ω−1 have the same linear part, then they are the same.

Assume now that there are two germs of real analytic curves γj with f(γj) = γj. Let σj
be the anti-holomorphic involution generated by γj through the Schwarz reflection. Then

σj = fσjf
−1. Thus g = σ1σ2 ∈ Ĉ(f) and gq = f l/d for q = qf . Now f−l = σ1g

dqσ1 =
(σ1fσ1)

l = f l. Hence f 2l = 1, which implies that l = 0 since df 6= 0. Now g = ωj.
This shows that there are exactly δ anti-holomorphic involutions that are preserved by
f , i.e, that there are exactly δ germs of real analytic curves at the origin invariant under
f . Next, we need to show that σ1ω

1/2 = (ω1/2)−1σ1 for square roots of ω. It suffices
to find a holomorphic change of coordinates so that ω and τ1 are linear. In suitable
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holomorphic coordinates, σ1(z) = cz. Then ω and its linear part Dω are reversed by σ1.

Take g =
∑δ

k=1(Dω)−1 ◦ ω. Then gω = Dωg, and σ1g = gσ1. Finally we know that
σ1ω

j = ω−j/2σ1ω
j/2. This shows that the fixed point of σ̃j is given by ω−j/2γ1.

For (iii), we assume for the sake of contradiction that f and f̃ = gfg−1 are both real

valued real analytic functions on R, and that g′(0) ∈ R and R̃ = g−1(R) 6= R. Then both

R and R̃, as germs at the origin, are invariant under f . On the other hand, R̃ and R are
tangent at the origin, which contradicts to (ii).

For (iv), we know gσjg
−1 = σj. Thus g ∈ Ĉ(f) for f = σ1σ2, where σj are anti-

holomorphic involutions generated by γj. Lemma 3.1 says that g−1 = σjgσj also. Hence
g2 = Id. When g 6= Id, this means that δf is even. Conversely, when δf is even, let ω
be a generator for periodic centralizers of f . Then ωδ/2 preserves both σj and hence both
γj. �

4. pairs of smooth real analytic curves

In this section we shall give a complete classification for pairs of smooth real analytic
curves intersecting at an angle that is a rational multiple of π. We shall first consider the
case that two curves intersects tangentially and treat the general case later. (Recall that
all real analytic curves in this paper are smooth.)

By the Schwarz reflection, a smooth real analytic curve determines a unique anti-holo-
morphic involution locally, and vice versa. Also, all smooth real analytic curves are locally
holomorphically equivalent. Given a pair of smooth real analytic curves (γ1, γ2) intersecting
at the origin, let σ1, σ2 be the anti-holomorphic involutions generated by γ1, γ2, respectively.
Put f = σ1σ2. We choose local holomorphic coordinates such that γ1 is the y-axis, so σ1

becomes σ : z → −z. Under the new coordinates, f is reversible by σ, i.e., f−1 = σfσ.
Conversely each holomorphic map reversible by σ is the composition of anti-holomorphic
involutions σ and σf . Thus, classifying the pairs of real analytic curves is equivalent
to classifying holomorphic maps reversible by σ under biholomorphic maps g satisfying
gσ = σg.

Nakai [13] considered the classification of compositions f = σ1σ2 under biholomorphic
maps g without the restriction gσ = σg. We shall return to this classification in next
section.

Denote by Ap,σ be the set of holomorphic maps f ∈ Ap satisfying

f−1 = σ ◦ f ◦ σ, σ(z) = −z.

Let Ap,σ/
σ∼ be holomorphic equivalence classes of Ap,σ under holomorphic changes of

coordinates that preserve σ. For f ∈ Ap,σ, write f(z) = z + czp+1 + O(|z|p+2) with c 6= 0.
Then

σfσ(z) = z + c(−1)pzp+1 +O(|z|p+2), f−1 = z − czp+1 +O(|z|p+2).

(4.1) (c/|c|)2 = (−1)p+1.
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Put g(z) = (−1)p p
√

|c|z. Then gσg−1 = σ, while f̃ = gfg−1(z) = z + µσ0z
p+1 + O(|z|p+2)

with

µσ0 =

{

1 p odd,

±i otherwise.

When p > 0 is even, let A−
p,σ be the set of above f̃ with µσ0 = −µ0. For a positive integer

p, let A∗
p,σ be the set of above f̃ with µσ0 = µ0. Thus Ap,σ/

σ∼= A∗
p,σ/

σ∼ when p is odd.

When p is even, Ap,σ/
σ∼ is the disjoint union of A∗

p,σ/
σ∼ and A−

p,σ/
σ∼. To see that, we

assume that f ∈ A∗
p,σ and g commutes with σ. Then g(z) = cz+O(|z|2) with c ∈ R. Then

g−1fg(z) = z + µ0c
pzp+1 +O(|z|p+2) is not in A−

p,σ for cp > 0.

We shall identify A−
p,σ with A∗

p,σ by mapping f to f−1, when p is even.

Lemma 4.1. For each f ∈ A∗
p,σ, there exists a canonical collection Ωj, Aj such that Aj is

conformal on Ωj

⋃

σ(Ω2p−j+1), and A2p−j+1 = σAjσ on Ω2p−j+1. Moreover, for any ǫ > 0,

p
⋃

j=1

{A−1
j (R(ǫ)) ∪ σA−1

j (R(ǫ))}

is a punctured neighborhood of the origin, and is contained in any given neighborhood of
the origin when ǫ is sufficiently small.

Proof. Let Ωj, Aj be a canonical collection of f . From f = A−1
2j+1FA2j+1 and f−1 =

A−1
2p−2jF

−1A2p−2j, we have

f = σA−1
2p−2jσF

−1σA2p−2jσ, on σ(Ω2p−2j),

f−1 = σA−1
2j+1σFσA2j+1σ, on σ(Ω2j+1).

One readily sees that σ(Ω2p−j+1) = Ω′
j, σA2p−j+1σ = A′

j are a canonical collection of f also.
By the uniqueness of the canonical collection, there exists a canonical collection Ω′′

j , A
′′
j

such that A′′
j = Aj for 1 ≤ j ≤ p and A′′

2p−j+1 = σAjσ on Ω′′
2p−j+1 for 1 ≤ j ≤ p. Since

A2p−j+1 = Lc2p−j+1
σAjσ for 1 ≤ j ≤ p, then

⋃p
j=1{A−1

j (R(ǫ)) ∪ σA−1
j (R(ǫ))} remains to be

a punctured neighborhood. �

Let f ∈ A∗
p,σ, and let Ωj, Aj be a canonical collection of f satisfying Ii-v. Based on

Lemma 4.1, we shall always choose A2p−j+1 = σAjσ for j = 1, . . . , p, unless specifying
otherwise. Of course, A1, . . . , A2p (together with some domains Ωj) satisfy Ii-iv. Now
define Φf,j = Aj+1A

−1
j , so Φ−1

f,2p−j = σΦf,jσ. Note that Φf,j are well-defined up to the form
Lcj+1

Φf,jLcj with c2p−j+1 = −cj.
Let Mp,σ be the set of Φ ∈ Mp satisfying Φ−1

2p−j = σΦjσ, j = 1 . . . , 2p. Denote Φ̃
σ∼ Φ in

Mp, if Φj = Lcj+1
Φf,j+2kLcj with c2p−j+1 = −cj for k = 0 or p/2 (the latter occurs only for

p even).
We now restate Theorem 1.1 as follows.

Theorem 4.2. Let f, f̃ ∈ A∗
p,σ. If f̃ = g−1fg for some holomorphic mapping g commuting

with σ, there exist cj = −c2p−j+1 ∈ C such that one of the following holds
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i) g′(0) = 1 and

(4.2) Φf̃ ,j = Lcj+1
Φf,jL−cj , j = 1, . . . , 2p;

ii) g′(0) = −1, p is even, and

(4.3) Φf̃ ,j = Lcj+1
Φf,j+pL−cj , j = 1, . . . , 2p.

Conversely, if (4.2) holds, then f̃ = g−1fg for some g with gσ = σg and g′(0) = 1; if (4.3)

holds then f̃ = g−1fg for some g with gσ = σg and g′(0) = −1. For each Φ ∈ Mp,σ, there
exists f ∈ A∗

p,σ with Φf,j = Φj for all j.

Proof. Let f̃ , f ∈ A∗
p,σ. Assume that f̃ = g−1fg with gσ = σg. Then g′(0) = 1 if p is odd,

and g′(0) = 1 or −1 when p is even.
We first consider the case g′(0) = 1. Let Ωj, Aj be a canonical collection of f with

A2p−j+1 = σAjσ. Then A′
j = Ajg and g−1(Ωj) are a canonical collection of f̃ . Thus,

A′
1, . . . , A

′
p, σA

′
pσ, . . . , σA

′
1σ, together with some domains Ω′

j, form a canonical collection

of f̃ . Of course we have A′
j+1A

′−1
j = Aj+1A

−1
j for j = 1, . . . , p − 1. From σg = gσ,

we get the remaining identities A′
j+1A

′−1
j = Aj+1A

−1
j for j = p, . . . , 2p. In other words,

Φf̃ ,j = Lcj+1
Φf,jL−cj with c2p−j+1 = −cj.

Next, consider the case that g′(0) = −1 and p is even. Again, let Ωj, Aj be a canonical

collection of f . Now Ω′
j = g−1(Ωj+p) and A′

j = Aj+pg are a canonical collection of f̃ . Thus
A′

1, . . . , A
′
p, σA

′
pσ, . . . , σA

′
1σ, together with some domains Ω′′

j , form a canonical collection

of f̃ . From gσ = σg, we see that Φf̃ ,j = Φf,j+p for j = 1, . . . , 2p.

Next, assume that Φf̃ ,j = Lcj+1
Φf,jL−cj with c2p−j+1 = cj. Recall that Φf̃ ,j = Ãj+1Ã

−1
j ,

Φf,j = Aj+1A
−1
j with Ã2p−j+1 = σÃjσ and A2p−j+1 = σAjσ. Replacing Ãj with L−cj Ãj,

we may assume that Ãj+1Ã
−1
j = Aj+1A

−1
j . As in the proof of Theorem 2.5, we know that

g = A−1
j Ãj (j = 1, . . . , 2p) extends to a holomorphic mapping defined near the origin and

f̃ = g−1fg. Also σgσ = σA−1
1 Ã1σ = A−1

2p Ã2p = g on Ω̃2p ∩ A−1
2p Ã2p(Ω̃2p), and hence in a

neighborhood of the origin.
Assume now that p is even, and that Φf̃ ,j = Lcj+1

Φf,j+pL−cj with c2p−j+1 = −cj. Again,

we may assume that all cj = 0. Let g = A−1
j+pÃj. Then g extends to a biholomorphic

mapping defined near the origin. We have f̃ = g−1fg. Also σgσ = σA−1
1+pÃ1σ = A−1

p Ã2p =

g on Ω̃2p ∩ A−1
p (Ã2p(Ω̃2p)). Therefore, gσ = σg.

Given Φ ∈ Mp,σ, we need to find f ∈ A∗
p,σ such that Aj+1A

−1
j = Φj, where Aj =

σA2p−j+1σ, j = 1, . . . , 2p, together with some domains Ω1, . . . ,Ω2p, are a canonical collection
of f . By Theorem 2.5, there exists f ∈ A∗

p such that Φj = Aj+1A
−1
j = Φf,j, where Aj,Ωj

form a canonical collection of f (here A2p−j+1 = σAjσ does not necessarily hold). Since
Φ−1

2p−j = σΦjσ, we have σAj+1A
−1
j σ = A2p−jA

−1
2p−j+1 on some half-plane Πp,j(ρ1). Hence,

A−1
2p−j+1σAj = A−1

2p−jσAj+1
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holds on

A−1
j (Πp,j(ρ1)) ⊃ A−1

j (Πp,j(ρ1)) ∩ A−1
j+1(Πp,j(ρ1))

= A−1
j ((−1)j−1R(ρ1)) ∩ A−1

j+1((−1)jR(ρ1)).

Put ωj = A−1
j ((−1)j−1R(ρ1)). We know that ωj ∩ ωk = ∅ for k 6= j − 1, j + 1 mod 2p.

Hence, σ̂ = A−1
2p−j+1σAj is well-defined on ∪ωj. By removable singularities, σ̂ extends to

an anti-holomorphic mapping defined near the origin. On ω1 we have σ̂2 = Id. Hence, σ̂ is
an anti-holomorphic involution.

Note that

σ̂f σ̂ = σ̂A−1
1 FA1σ̂ = A−1

2p σFσA2p = f−1.

Put σ̂(z) = cz +O(|z|2). Hence |c| = 1. We have

f(z) = z + µ0z
p+1 +O(|z|p+2), f−1(z) = z − µ0z

p+1 + (|z|p+2),

σ̂f σ̂ = z + µ0c
pzp+1 +O(|z|p+2).

By the choice of µ0, we have µ0 = (−1)p+1µ0; consequently, c = −µk and σ̂(y+) = µky+ for
some 0 ≤ k < p. One the other hand, σ̂ = A−1

2p σA1 implies that σ̂(y+) is contained in Ω2p.
Therefore, k = 0 by Iii).

Since σ̂(z) − σ(z) = O(|z|2), then g(z) = 1
2
(z + σσ̂(z)) = z + O(|z|2). Now g is biholo-

morphic, and gσ̂ = σg. Thus σf̃σ = f̃−1 for f̃ = gfg−1. We now have Φf̃ ,j = Ãj+1Ã
−1
j and

Φ−1

f̃ ,2p−j = σΦf̃ ,jσ. Since f̃ = gfg−1 and g′(0) = 1, Theorem 2.5 says Φf̃ ,j = Lcj+1
ΦjL−cj .

Using σΦjσ = Φ−1
2p−j, we get

Lcj+1
ΦjL−cj = Φf̃ ,j = σLc2p−j

Φ−1
2p−jL−c2p−j+1

σ = L−c2p−j
ΦjLc2p−j+1

.

Thus c′ = cj + c2p−j+1 for all j and L−c′ΦjLc′ = Φj. In particular, c′ = 1
p
Re(c1 + · · ·+ c2p).

When dΦ = 0, we put A′
j = L−cj+ c′

2
Ãj for j = 1, . . . , 2p. Clearly, A′

j+1A
′−1
j = Φj. Now

cj − c′

2
= −c2p−j+1 + c′

2
implies that σA′

jσ = Ã′
2p−j+1 + cj − c′

2
= A′

2p−j+1, which gives us

the desired realization. When d = dΦ = dΦf
6= 0, then c′ = k

d
, k ∈ Z. When k is even,

A′
j = Ãj − cj + c′

2
gives us the realization as above. Assume now that k = 2l + 1. Put

A′
j = L−cj+ l

d
Ãj for j = 1, . . . , p and A′

j = L−cj+ l+1
d
Ãj for j = p+ 1, . . . , 2p. Then we have

σA′
jσ = A′

2p−j+1; A′
j+1A

′−1
j = Φj, j 6= p, 2p;

A′
p+1A

′−1
p = L 1

d
Φp, A′

1A
′−1
2p = L− 1

d
Φ2p.

(4.4)

Take σ̃ = f̃
1
dσ. Then σ̃ is an anti-holomorphic involution with σ̃(z) = −z+O(|z|2). Put

h = 1
2
(Id +σσ̃), so hσ̃ = σh. Put f ∗ = hf̃h−1. Then f ∗−1 = σf∗σ. Put A∗

j = A′
jh

−1 =

σA∗
2p−j+1σ for j = 1, . . . , p. Obviously, A∗

j+1A
∗−1
j = A′

j+1A
′−1
j = Φj for j = 1, . . . , p − 1.

Now rewrite hσ̃ = σh as

h−1σh = σ̃ = A
′−1
p L 1

d
A′
pσ.

We have

A∗
p+1A

∗−1
p = σA′

ph
−1σhA

′−1
p = σL 1

d
A′
pσA

′−1
p = Φp.
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For j = p + 1, . . . , 2p, we obtain Φf∗,j = σΦf∗,2p−j+1σ = σΦ2p−j+1σ = Φj, which gives us
the desired realization. �

Remark 4.3. We shall see from Theorem 5.1 below that f and f ∗ appeared in the above
proof are σ-equivalent, if and only if f 1/d admits a square root.

We shall now give a complete classification of pairs of real analytic curves which form
an angle that is a rational multiple of π.

Let r, s be coprime with 0 ≤ r < s. Let Pp,r,s be the set of pairs of real analytic curves
γ = (γ1, γ2) satisfying the following: f(z) = τ1τ2(z) = e2πir/sz + O(|z|2), where τ1, τ2 are
the anti-holomorphic reflections generated by γ1 and γ2, respectively; f s is in Ap. Notice
that when the latter does not hold for all p > 0, f is periodic. Then γ is holomorphically
equivalent to a pair of real lines, which follows from the following

Proposition 4.4. Let f be a periodic holomorphic map which is reversible by σ. Then f
is linearizable by some holomorphic g commuting with σ.

Proof. Let Df be the linear part of f . Then Df is also reversible by σ. Take g =
∑n

k=1(Df)−k ◦ fk, assuming fn = Id. Then gσ = σg and (Df) ◦ g = gf . �

Denote by Mp,r,s,σ the set of Φ ∈ Mp,r,s such that σΦjσ = Φ−1
2p−j. We say that Φ, Φ̃ ∈

Mp,r,s,σ are equivalent, if there exist constants cj ∈ C and k ∈ Z such that

Φ̃j = Lcj+1
Φj+2kL−cj , c2p−j+1 = −cj, j = 1, . . . , 2p,

where k = 0 or k = p/2 (and p is even). The set of equivalence classes of Mp,r,s is denoted

by Mp,r,s,σ/
σ∼.

We have

Theorem 4.5. Let r, s be coprime integers with 0 ≤ r < s, and let p be a positive integer
divisible by s. When p is odd there exists a one-to-one correspondence between the set of
holomorphic equivalence classes of pairs of real analytic curves in Pp,r,s and Mp,r,s,σ/

σ∼;
when p is even there is a one-to-one correspondence between the set of holomorphic equiv-
alence classes of Pp,r,s and the disjoint union Mp,r,s,σ/

σ∼ ⊔Mp,r′,s,σ/
σ∼, where r′ = s − r

when r > 0, or r′ = 0 when r = 0.

Proof. Given a pair of real analytic curves γ = (γ1, γ2) ∈ Pp,r,s, we choose local coordinates
such that γ1 is the y-axis. Let σj be the anti-holomorphic involutions generated by γj
respectively, and put h = σ1σ2. Next we use a linear transformation which commutes with
σ(= σ1) to transforms h into fγ such that fγ ∈ A∗

p,r,s when p is odd, or fγ ∈ A∗
p,r,s or

f−1
γ ∈ A∗

p,r,s when p is even.
We first assume that p is odd. Then Φγ = Φfs

γ
∈ Mp,r,s,σ. It is also clear that the

equivalence class of Φγ in Mp,σ depends only on that of γ.
Conversely, if Φγ,Φγ̃ are equivalent in Mp,σ, then f sγ̃ = gf sγg

−1 for some holomorphic g

commuting with σ. Thus f̃γ̃ = gfγg
−1; consequently, g sends the pair γ̃ into the pair γ.

For the realization, we take Φ ∈ Mp,r,s,σ. Then Φ = Φg for some g ∈ Ap,σ and g = f s

for f ∈ Ap,r,s. Since g is reversible by σ we have (σfσ)s = f−s. Since σfσ, f−1 have the
same linear part, then f−1 = σfσ and hence f is in Ap,r,s,σ.
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Assume now that p is even. Let P∗
p,r,s be the set of γ ∈ Pp,r,s such that f sγ is in A∗

p. Let
P−
p,r,s = Pp,r,s \ P∗

p,r,s. Then Pp,r,s/∼ is the disjoint union of P∗
p,r,s/∼ and P−

p,r,s/∼. As in

the case that p is odd, we can verify that the former is identified with Mp,r,s,σ/
σ∼ and the

latter is Mp,r′,s,σ/
σ∼. �

5. classification of reversible maps

In this section we first turn to σ-equivalence classification for σ-reversible holomorphic
maps g that are holomorphically equivalent to a given f ∈ Ap,σ. An example of such
maps g is f ∗, appeared in the realization part of the proof of Theorem 4.2. In general, for
f ∈ Ap,σ, define

• Af = {f̃ ∈ Ap,σ : f̃ = gfg−1}.
• A±

f = {f̃ ∈ Ap,σ : f̃ = gfg−1, g′(0) = ±1}.
• A∗

f = {f̃ ∈ Ap,σ : f̃ = gfg−1, g′(0) = 1}.
• f̃ ∗∼ f , f̃

±∼ f f̃∼f , if f̃ = hfh−1 for some biholomorphism h = σhσ satisfying
h′(0) = 1,±1, and h′(0) 6= 0, respectively. (In the above notations g are holomor-
phic.)

The main purpose of this section is to identify Af/
∗∼, Af/

±∼, and Af/∼ and their group
structures. In this section we shall also classify reversible holomorphic maps and show the
existence of non-reversible holomorphic maps.

We shall need the following notation. Given two biholomorphisms f and ν with |ν ′(0)| =
1, we put

(5.1) fν = gfg−1, g =
1

2
√

ν ′(0)
(Id +ν ′(0)σνσ).

Note that Lemma 4.1 says that if ν ∈ Ĉ(f), then νσ is an anti-holomorphic involution, and
hence gνσg−1 = σ. Put f ∗ = ff1/d , when df 6= 0.

We start with

Theorem 5.1. Let f ∈ Ap,σ with df 6= 0. The map R : g 7→ g−1σgσ sends {g : gfg−1 ∈ Af}
onto Ĉ(f), and induces a one-to-one correspondence between Af/∼ and the quotient group

Ĉ(f)/Ĉ2(f) = <τ>/<τ 2> ⊗ <ω>/<ω2>. Moreover, f ∗ = gfg−1 for some holomorphic
g = σgσ, if and only if f 1/d admits a square root (i.e., rf1/d, given by Theorem 3.7, is
even).

Proof. Let g be a biholomorphism. Note that σgfg−1σ = σgσf−1σg−1σ. Thus gfg−1

remains reversible by σ if and only if ν = g−1σgσ is a centralizer of f−1. Conversely, if ν
is a centralizer of f , then ν−1 = σνσ, by Lemma 3.1(ii). Hence νσ is an anti-holomorphic
involution, and νσ = g−1σg for some g. Now gfg−1 is still reversible by σ as we just proved.
This shows that the map R, defined by g 7→ g−1σgσ, sends

G = {g : gfg−1 ∈ Ap,σ, g holomorphic}

onto Ĉ(f).



28

Next we need to show that for νj = g−1
j σgjσ ∈ Ĉ(f) and fj = gjfg

−1
j , the identity

kf1k
−1 = f2 holds for some k = σkσ, if and only if v2v

−1
1 ∈ Ĉ2(f). (In particular, the

σ-equivalence class of gfg−1, when g−1σg = νσ, depends only on ν ∈ Ĉ(f), i.e., on that of
fν .)

We first assume that kf1k
−1 = f2 with kσ = σk. Then ϕ = g−1

2 kg1 and f commute.
Now

g2ϕg
−1
1 = k = σg2ϕg

−1
1 σ = σg2σϕ

−1σg−1
1 σ = g2ν2ϕ

−1σν1σg
−1
1 .

By Lemma 3.1(ii) we have σν1σ = ν−1
1 . Hence ϕ2 = ν−1

1 ν2. Conversely, assume that ϕ2 =

ν−1
1 ν2 for some ϕ ∈ Ĉ(f). Put k = g2ϕg

−1
1 . Then kf1k

−1 = f2 and σkσ = g2ν2σϕν1σg
−1
1 =

g2ν2ϕ
−1ν−1

1 g−1
1 = k.

Since Ĉ(f) = <τ>⊗<ω>, then

Ĉ(f)/Ĉ2(f) = <τ>/<τ 2>⊗<ω>/<ω2>.

By definition f ∗ = ff1/d . Hence f ∗ and f are equivalent by some holomorphic k com-

muting with σ, if and only if f 1/d ∈ Ĉ2(f). �

Theorem 5.2. Let f be in Ap,σ with df 6= 0. Then the map R : g 7→ g−1σgσ induces

one-to-to correspondence between A∗
f/

∗∼ and the quotient group C(f)/C2(f), and between

A±
f /

±∼ and the quotient group C(f)/Ĉ2(f) ∩ C(f). The latter equals {1} when f 1/d admits

a square root, and equals C(f)/C2(f) otherwise.

Proof. We need to modify the proof of Theorem 5.1. We already know that f̃ = gfg−1

remains reversible by σ if and only if g−1σgσ = ν ∈ Ĉ(f). Notice that ν is actually in C(f)
when g′(0) = ±1. Therefore, the map R sends both A±

f and A∗
f onto C(f).

For fj = gjfg
−1
j ∈ A∗

f and νj = g−1
j σgjσ, we have kf1k

−1 = f2 for some k = σkσ, if and

only if ν−1
1 ν2 = ϕ2 for some ϕ ∈ Ĉ(f) (and ϕ = g−1

2 kg1). Thus f1, f2 ∈ A∗
f are equivalent

by some k = σkσ with k′(0) = 1 if and only if ν−1
1 ν2 ∈ C2(f). The latter is a subgroup of

C(f). Thus A∗
f/

∗∼ is identified with the quotient group C(f)/C2(f).

Analogously, A±
f /

±∼ is identified the quotient of C(f) by the subgroup C(f)∩Ĉ2(f). Note

that C(f) ∩ Ĉ2(f) = C2(f), unless f 1/d ∈ Ĉ2(f). �

Remark. (a) Let f ∈ Ap with df 6= 0. Then f 1/d admits a square root, if and only if q
is even and δ is odd.

To see this, assume that f 1/d = g2. Then g′(0) = −1, and 2d divides dq/δ by Theorem 3.7.
The latter implies that q is even. Also δ is odd; otherwise ωδ/2g would be a square root of

f 1/d in C(f). Conversely, if q is even and δ is odd, then τ q = f δ/d yields (f− δ−1
2d g

q
2 )2 = f 1/d.

(b) In [13] Nakai introduced an associativity relation between pairs of real analytic curves
of tangential intersection as follows: If γ and γ̃ be two pair of real analytic curves with
tangential intersection, and if f = σ1σ2 and f̃ = σ̃1σ̃2 are the composition of the pairs
of anti-holomorphic involutions, then γ̃ and γ are associated if gfg−1 = f̃ or f̃ ∗ and
gσ1g

−1 = σ̃1 for some holomorphic mapping g (assuming df 6= 0). Nakai proved that
f and f ∗ are not equivalent by holomorphic mappings preserving σ1 when p is odd, and
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Theorem 5.1 above gives a more complete answer. Namely, f and f ∗ are equivalent by
holomorphic mappings commuting with σ1, if and only if f 1/d admits a square root.

Theorem 5.3. Let f be a reversible map in Ap with df 6= 0. Let R̃(g) = (g−1σgσ, g′(0))

and N(z) = −z. Then R̃ induces a one-to-one correspondence between A±
f /

∗∼ and the
quotient group of C(f) ⊗ Z2 given by

A±
f /

∗∼=



















{f, f∗, NfN,Nf ∗N} = C(f)/C2(f) ⊗ Z2, q odd,

{f, f∗} = C(f)/C2(f) ⊗ {1}, q even and δ even,

{f,NfN} = {f, f ∗}
= C(f) ⊗ Z2/<(f 1/d,−1)>, q even and δ odd.

Proof. We already know that for each ν ∈ C(f) there is g such that g−1σgσ = ν and

g′(0) = 1. Put f̃ = gfg−1 ∈ A±
f . Note that Ngfg−1N is also reversible by σ. Thus R̃

maps {g : gfg−1 ∈ A±
f , g

′(0) = ±1} onto C(f) ⊗ Z2. Let fj = gjfg
−1
j , j = 1, 2 be reversible

by σ with g′j(0) = ±1, and let νj = g−1
j σgjσ. Assume that kf1k

−1 = f2 for some k = σkσ

with k′(0) = 1. As in the proof of Theorem 5.2, we still have ϕ = g−1
2 kg1 is in Ĉ(f) and

ν−1
1 ν2 = ϕ2. Note that k′(0) = 1, if and only if ϕ′(0) = g′2(0)−1g′1(0). Thus R̃ induces a

one-to-one and onto map between A±
f /

∗∼ and (C(f) ⊗ Z2)/ ∼, where (ν1, s1) ∼ (ν2, s2),

if and only if (ν1, s1)
−1(ν2, s2) is in the subgroup {(ϕ2, ϕ′(0)) : ϕ2 ∈ Ĉ2(f) ∩ C(f)}. Thus

(C(f) ⊗ Z2)/∼ is indeed a quotient group of C(f) ⊗ Z2.

We first consider the case that C(f) ∩ Ĉ2(f) = C(f), i.e., that q is even and δ is odd.

Given (ν1, s1) ∼ (ν2, s2) there is ϕ ∈ Ĉ(f) with ν−1
1 ν2 = ϕ2. In fact ϕ is unique, since δ is

odd. Therefore, we always have that (ν2, s2) ∼ (ν1, s1) or (ν2, s2) ∼ (ν1,−s1) and (ν1, s1) 6∼
(ν1,−s1). In other words, either f1, f2, orNf1N, f2 are equivalent in A±

f /
∗∼, while f1, Nf1N

are never equivalent in A±
f /

∗∼. Therefore, A±
f /

∗∼= {f,NfN} = C(f) ⊗ Z2/<(f 1/d,−1)>

is isomorphic to Z2. Since (f 1/d, 1) is not in <(f 1/d,−1)>, we also know that f ∗ is not

equivalent to f in A±
f /

∗∼.

Next we consider the case that Ĉ2(f) ∩ C(f) = C2(f). There are only two cases: either
q is odd, or both q, δ are even. For the former case, we know that δ is odd. Hence,

{(ϕ2, ϕ′(0)) : ϕ ∈ Ĉ2(f)∩C(f)} = C2(f)⊗{1}, and A±
f /

∗∼= C(f)⊗Z2/(C2(f) ⊗ {1}) ∼= Z2⊗
Z2. When q and δ are even, we have {(ϕ2, ϕ′(0)) : ϕ2 ∈ Ĉ2(f)∩C(f)} = <(f 2/d, 1), (1,−1)>

and A±
f /

∗∼= C(f)/C2(f) ⊗ {1} ∼= Z2. �

Proposition 5.4. Let f ∈ Ap,σ with df 6= 0. Let fϕ = gfg−1 for ϕσ = g−1σg, where

g is defined by (5.1). Then for each ψ ∈ Ĉ(f), we have (fϕ)gψg−1 = h−1fϕψh for some
holomorphic map h = σhσ. In particular, (f ∗)∗ is equivalent to f by some holomorphic
h = σhσ.

Proof. Notice that Ĉ(fϕ) = gĈ(f)g−1. Hence (fϕ)gψg−1 is well-defined for all ψ ∈ Ĉ(f). We
have

fϕ = gfg−1, ϕσ = g−1σg,

(fϕ)gψg−1 = kgfg−1k−1, gψg−1σ = k−1σk.
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Since (fϕ)gψg−1 ∈ Af , then Theorem 5.1 says that it equals h−1fνh for some centralizer ν
of f ; in fact, we can take ν = (gk)−1σgkσ = ψg−1σgσ = ψϕ.

Now (f ∗)∗ is σ-equivalent to ff2/d , and the later is σ-equivalent to f by Theorem 5.1. �

Theorem 5.5. Let f ∈ A∗
p,σ with df 6= 0. The map R : g 7→ g−1σgσ sends {g : gfg−1 ∈

A∗
p,σ} onto a subgroup K of Ĉ(f). Moreover R induces a one-to-one correspondence between

Af ∩ A∗
p,σ/∼ and the quotient group K/K ∩ Ĉ2(f), and

Af ∩ A∗
p,σ/∼=



















Ĉ(f)/Ĉ2(f), p odd, or p/q even

{f}, p/q odd, q/δ even, and δ odd,

{f, fω}, p/q odd, q/δ even, and δ even,

{f, fτω}, p/q odd, q/δ odd, and δ even.

Proof. Recall that A∗
p,σ consists of f̃ = σf̃−1σ of the form z → z+µ0z

p+1 +O(|z|p+2), with

µ0 being given by (2.1). Then Af ∩ A∗
p,σ consists of maps f̃ = gfg−1 with

(5.2) ν = g−1σgσ ∈ Ĉ(f), g′(0)p = 1.

Let G = {g : gfg−1 ∈ Af ∩ A∗
p,σ} and K = R(G). We need to show that K is a subgroup

of Ĉ(f). Take gj ∈ G and put νj = g−1
j σgjσ. Then ν3 = ν1ν2 is still reversible by σ. Hence

there is g3 such that g3ν1ν2σg
−1
3 = σ. We may also take g3 satisfying g′3(0) = g′1(0)g′2(0),

since ν ′3(0) = g′1(0)−2g′2(0)−2. Then g3fg
−1
3 is reversible by σ and g′3(0)p = 1, which implies

that g3 ∈ G. Obviously, we have R(g3) = R(g1)R(g2), from which we conclude that K is
a subgroup. Again we know that for g1, g2 ∈ G, kg1fg

−1
1 k−1 = g2fg

−1
2 for some k = σkσ,

if and only if ν−1
1 ν2 = ϕ2 (and g2ϕg

−1
1 = k). Thus Af ∩ A∗

p,σ/ ∼ is the quotient group

K/K ∩ Ĉ2(f).
We need to find K.
Write ν = τaωb. Since τ ′(0) = µpq0/q and ω′(0) = µpq0/δ, the derivatives of (5.2) at

the origin yield apq0/q + bpq0/δ = 2l + jp. Conversely, if a, b satisfy the identity, then
ν ′(0) = µ2l. Hence hνσh−1 = σ for some h with h′(0)p = µ−pl = 1. Therefore,

{(a, b) : gfg−1 ∈ Af ∩ A∗
p,σ, τ

aωbσ = g−1σg, [g′(0)]p = 1}

is precisely the set of (a, b) ∈ Z2 such that (2, p) divides (a+ bq/δ)pq0/q. Denote by I the

set of all such (a, b). Obviously, when p is odd or p/q is even, I = Z2, i.e., K = Ĉ(f), and

K/K ∩ Ĉ2(f) = Ĉ(f)/Ĉ2(f).
Next, we assume that p is even and p/q is odd. Since (q0, q) = 1 then q0 is odd;

consequently, I is the set of (a, b) such that a + bq/δ is even. When q/δ is even, I =
{(a, b)|a ∈ 2Z}, i.e., K = <τ 2, ω>. When q/δ is odd, I = {(a, b) : a + b ∈ 2Z}, i.e.,
K = <τ 2, τω, ω2>.

Finally, we compute K/K ∩ Ĉ2(f). The case that p/q is odd and q/δ is even is further

divided into two cases: δ is odd, which implies that K/K ∩ Ĉ2(f) = {f}; δ is even, which

implies that K/K ∩ Ĉ2(f) = {f, fω}. When p is even, and p/q, q/δ are odd (and hence δ is

even), we have K/K ∩ Ĉ2(f) = {f, fτω}. �



31

Let Ar
p be the set of f ∈ Ap such that f is reversible by some anti-holomorphic involution.

We shall identify the moduli space for the equivalence classes of Ar
p under holomorphic

maps, i.e. the moduli space for equivalence classes of Ap,σ under holomorphic maps (without
preserving σ). As we mentioned in the introduction, the classification of Ap,σ for p = 1
under holomorphic maps was studied by Nakai [13].

Put A∗−
p,σ = {f−1 : f ∈ A∗

p,σ} for p even, and put A∗−
p,σ = ∅ for p odd. We start with the

following

Lemma 5.6. Let f ∈ A∗
p,σ and Φf ∈ Mp,σ. Then g−1fg = f̃ ∈ A∗−

p,σ for some holomorphic
map g, if and only if

(5.3) Φf̃−1,j = Lcj+1
ρΦ−1

f,2k−j+1ρL−cj , ρ(ξ) = ξ, j = 1, . . . , 2p

for some k ∈ Z and cj ∈ C, in which case g′(0) =
√
µ2k+1 with

√
µ being given by (2.2).

Proof. Choose a canonical collection Aj,Ωj for f with A2p−j+1 = σAjσ. Choose Ω1, . . . ,Ω2p

so small that g−1 : Ωj → g−1Ωj are well-defined. Since f and f̃−1 are in A∗
p,σ, we get

g′(0)p = −1, i.e., g′(0) =
√
µ2k+1. Put Ω′

j = σg−1Ω2k+2−j and A′
j = ρA2k+2−jgσ. Then

A′
j sends Ω′

j onto Ω̃′
j = ρAj(Ωj). Note that Ω′

j+1 ∩ Ω′
j = σg−1(Ω2k−j+2 ∩ Ω2k−j+1) contains√

µjy+. Since ρF = Fρ, A2j+1f = FA2j+1, A2jf = F−1A2j, and σf̃σ−1 = f̃−1, one sees

that Ω′
j, A

′
j form a canonical collection for f̃−1 ∈ A∗

p. A simple computation shows that

Φf̃−1,j = Lc′j+1
A′
j+1A

′−1
j L−c′j = Lc′j+1

ρΦ−1
f,2k−j+1ρL−c′j ,

which yields (5.3). Assume now that (5.3) holds. For Φf,j = Aj+1A
−1
j and Φf−1,j =

Ãj+1Ã
−1
j , rewrite (5.3) as

A−1
2k+1−jρL−cj+1

Ãj+1σ = g = A−1
2k+2−jρL−cj Ãjσ.

Then g extends to a biholomorphic map defined near the origin. One readily verifies that
g−1fg = σf̃−1σ = f̃ . Obviously, g(y+) is contained in Ω2k+1 ∩ Ω2k+2. Since g transforms

f ∈ A∗
p,σ to f̃ ∈ A−

p,σ, then g′(0) =
√
µ2l+1. Now one sees that k = l mod 2p. �

Proposition 5.7. Let p be even. Then f ∈ A∗
p,σ is holomorphic equivalent to some element

in A∗−
p,σ, if and only if Φf ∈ Mp,σ satisfies

(5.4) Φf,j = Lcj+1
Φf,j+4k+2L−cj , j = 1, . . . , 2p

for some k ∈ Z and cj ∈ C.

Proof. The proposition holds for df = 0. We assume df 6= 0.
Assume that (5.3) holds. Then

Lc2k+j+2
ρΦ−1

f,−jρL−c2k+j+1
= Φf̃−1,j+2k+1 = σΦ−1

f̃−1,−j−2k−1
σ

= L−c−2k−j−1
ρΦ−1

f,−4k−j−2ρLc−2k−j
,

from which (5.4) follows.
Assume now that (5.4) holds. We first notice that we may replace Φf,j with Lcj+1

Φf,jL−cj
such that the resulted Φf,j = ξj +

∑∞
k=0 cj,ke

ǫk2πik satisfies c1,0 = · · · = c2p,0. We still have
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(5.4), in which we now have c1 = · · · = c2p = c. We know that Lpc commutes with all Φf,j.

Hence c is real. Put Φ̃2k−j+1 = L c
2
ρΦ−1

f,jρL− c
2
. Then Φ̃ is in Mp,σ, since

σΦ̃2k−j+1σ = L−c/2ρΦf,−jρLc/2

= Lc/2ρΦf,−j+4k+2ρL−c/2 = Φ̃−1
−2k+j−1.

�

Let Mr
p be the disjoint union M+

p,σ ⊔ M−
p,σ, where M−

p,σ = Mp,σ when p is even and

M−
p,σ = ∅ when p is odd, and M+

p,σ = Mp,σ. We say that Φ, Φ̃ ∈ Mr
p are equivalent, if

there are k ∈ Z and cj ∈ C satisfying either Φ̃j = Lcj+1
Φj+2kL−cj when Φ, Φ̃ both are in

M+
p,σ or in M−

p,σ, or Φ̃j = Lcj+1
ρΦ−1

2k−j+1ρL−cj otherwise.
Define

Φr
f =

{

Φf ∈ M+
p,σ, f ∈ A∗

p,σ,

Φf−1 ∈ M−
p,σ, f ∈ A∗−

p,σ.

We have

Theorem 5.8. There is a one-to-one correspondence between the holomorphic equivalence
classes of reversible maps Ar

p and ones of Mr
p.

Proof. For f ∈ Ar
p with σ1fσ1 = f−1 for some anti-holomorphic involution σ1, choose a

biholomorphism g such that f1 = gfg−1 ∈ A∗
p,σ ∪ A∗−

p,σ, and gσ1g
−1 = σ. Define Φf = Φr

f1
.

Assume now that f̃ = hfh−1 and σ̃1f̃ σ̃1 = f̃−1 for some anti-holomorphic involution σ̃1.
Let g̃σ̃1g̃

−1 = σ and f̃1 = g̃f̃ g̃−1 ∈ A∗
p,σ ∪ A∗−

p,σ. Then Φf̃ = Φr
f̃1

.

We need to show that moduli functions Φf and Φf̃ are equivalent. We have h̃f1h̃
−1 = f̃1

for h̃ = g̃hg−1. There are two cases: if f1, f̃1 both are in A∗
p,σ or in A−

p,σ, then, say
for the former, Φf̃1

= Lcj+1
Φf1,j+2kL−cj for some k ∈ Z and cj ∈ C; if f1 ∈ A∗

p,σ and

f̃1 ∈ A∗−
p,σ, or f1 ∈ A∗−

p,σ and f̃1 ∈ A∗
p,σ, then Lemma 5.6 says that, say for the former,

Φf̃−1
1 ,j = Lcj+1

Φf,2k−j+1L−cj for some k ∈ Z and cj ∈ C.

Conversely, if f, f̃ are in Ar
p, and if Φf and Φf̃ are equivalent, then Theorem 2.5 and

Lemma 5.6 imply that f, f̃ are holomorphically equivalent. The realization follows from
Theorem 4.2. �

In this section and preceding one, we have seen mappings in Ap that are reversible either
by σ (a fixed anti-holomorphic involution), or by some anti-holomorphic involution, and
their classifications. By Theorem 1.4, we also know that when df 6= 0, f is reversible by
some anti-holomorphic map H, then H is actually an involution.

Next we want to show the existence of f ∈ A∗
p that is reversible by some formal anti-

holomorphic involution but not by any convergent holomorphic involution.

Proof of Theorem 1.5. We first describe the set of f ∈ Ap that are reversible by some anti-
holomorphic map. Let H(z) = cz + O(|z|2) be an anti-holomorphic map so that f−1 =
HfH−1. Write f(z) = z + fp+1z

p+1 + O(|z|)p+2. Then HfH−1(z) = z + µ0cc
−p−1zp+1 +

O(|z|p+2). Thus cp = −µ0/µ0 = (−1)p, i.e., c = −µk. Let Aj,Ωj be a canonical collection of

f . Then HΩj contains H(
√
µjy+) =

√
µ2k−j ⊂ Ω2k−j ∩ Ω2k−j+1. Thus A′

2k−j+1 = σAjH
−1
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and Ω′
2k−j+1 form another canonical collection of f ; consequently, A2k−j+1 = LcjσAjH

−1,
i.e.,

(5.5) Φ−1
f,2k−j = Lcj+1

σΦf,jσL−cj .

Thus Φ−1
f,2k−j = Lcj+1−c2k−j

Φ−1
2k−jLc2k−j+1−cj and cj − c2k−j+1 = l/d. Consequently, l = 0

and H = A−1
2k−j+1LcjσAj is an involution. (Notice that this give another proof via moduli

functions for Theorem 1.4 i.)
Conversely, if Φf satisfies (5.5), then H = A−1

2k−j+1LcjσAj defines an anti-holomorphic

map satisfying f−1 = HfH−1.
Now take

Φ1(ξ) = ξ + α+ βeǫp2πiξ, α ∈ R, β 6= 0,

Φj = ξ + α, j 6= 1 mod (2p).

Since β 6= 0, then Φ−1
1 6= ξ−α+γeǫp2πiξ for any γ. Thus (5.5) does not hold. Let f ∈ A∗

p be

a realization of Φ. By [9], we know that f(z) = v1(z) +O(|z|2p+2) where v1(z) is the time-

one map of v = µ0zp+1

1−iλzp
∂
∂z

with λ ∈ R. Since f is formally equivalent to v1 and τ∗v = −v,
then f is reversible by some formal anti-holomorphic involution. �

6. real analytic maps on R

Denote by Rp be the set of real analytic maps on R of the form

f(x) = x+ fp+1x
p+1 +O(|x|p+2), fp+1 6= 0.

Let Rp/ ∼ be real analytic equivalence classes of Ap under real analytic changes of coor-

dinates on R. For each f ∈ Rp, there is a R-linear map g such that f̃ = g−1fg satisfies

f̃p+1 = 1 for p odd and f̃p+1 = ±1 for p even.
To apply results of section two, we shall introduce new C-linear coordinates such that

all real analytic maps become elements in A∗
p, which leads us to a new anti-holomorphic

involution σ1 which might be different from ρ.
When p is odd, let I+

p,σ1
be the set of holomorphic maps f ∈ A∗

p with fσ1 = σ1f with

σ1(z) = z. Denote f̃
σ1∼ f if f̃ = gfg−1 for some biholomorphic map g with gσ1 = σ1g.

When p is even, for each f ∈ Rp with fp+1 = 1, we see that f̃ = R−1
eπi/(2p)fReπi/(2p) is in A∗

p

and satisfies f̃σ1 = σ1f̃ for σ1(z) = e−πi/pz. In general, for f ∈ Rp, we have

(6.1) R−1
eπi/(2p)fReπi/(2p)(z) = z + aµ0z

p+1 +O(|z|p+2), a ∈ R.

Let I+
p,σ1

be the set of f ∈ A∗
p with fσ1 = σ1f . Let I−

p,σ1
be the set of f ∈ Ap with

f−1 ∈ A∗
p and fσ1 = σ1f . Thus Rp/∼= I+

p,σ1
/
σ1∼, when p is odd. When p is even, Rp/∼

is the disjoint union of I+
p,σ1

/
σ1∼ and I−

p,σ1
/
σ1∼. Note that we can identify I−

p,σ with I+
p,σ1

by

mapping f to f−1, when p is even.

Lemma 6.1. Let ρ(z) = z. Let

(6.2) m =











(p+ 1)/2 p odd,

p/2 + 1 p = 2 mod 4,

p/2 p = 0 mod 4.
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For each f ∈ I+
p,σ1

, there exists a canonical collection Ωj, Aj such that Aj is conformal on
Ωj ∪ σ1(Ω2m−j), and A2m−j = ρAjσ1 on Ω2m−j. Moreover, for any ǫ > 0,

p
⋃

j=1

{A−1
2j+1(R(ǫ)) ∪ σA−1

2j (L(ǫ))}

is a punctured neighborhood of the origin, and is contained in any given neighborhood of
the origin when ǫ is sufficiently small.

Proof. Let Ωj, Aj be a canonical collection of f satisfying Ii-v. One readily sees that for
some m

σ1(Ω2m−j) = Ω′
j, ρA2m−jσ1 = A′

j, j = 1, . . . , 2p

are a canonical collection of f also. By the uniqueness of the canonical collection, there
exists a canonical collection A′′

j ,Ω
′′
j ⊂ Ωj ∩ Ω′

j such that A′′
j = Aj|Ω′′

j
and A′

j = A′′
j + cj for

1 ≤ j ≤ 2p. Thus ρA2m−jσ1 = Aj + cj. From ρ2 = Id and σ2
1 = Id, we get cj = −c2m−j. In

particular, cm and cm+p are pure imaginary. Put Ãj = Aj, Ã2m−j = ρAjσ1 for j 6= m,m+p

mod 2p, and Ãj = Aj + cj/2 for j = m, p+m. Then Ãj,Ω
′′
j are a canonical collection of f ,

satisfying ρÃjσ1 = Ã2m−j.
To find m, we start with σ1Ω

′
1 = Ω2m−1. If σ1(z) = z (and p is odd), then σ1(y+) =√

µpy+ ⊂ Ω2m−1, which implies that 2m − 1 = p mod 2p. We take m = (p + 1)/2.

Recall that
√
µ = e−πi/p for p = 2 mod 4 and

√
µ = eπi/p for p = 0 mod 4. When

σ1(z) = e−πi/pz (and p is even), σ1(y+) = −e−πi/py+ =
√
µp+1y+ ⊂ Ω2m−1 for p = 2

mod 4, and σ1(y+) =
√
µp−1y+ ⊂ Ω2m−1 for p = 0 mod 4. Therefore, p+1 = 2m−1 when

p = 2 mod 4, and p = m when p = 0 mod 4. �

Let f ∈ I+
p,σ1

, and let Ωj, Aj be a canonical collection of f satisfying Ii-v. Based on
Lemma 6.1, we shall always choose Aj satisfying A2m−j = ρAjσ1 for j = 1, . . . , 2p, unless
specifying otherwise. In particular, if A′

j,Ω
′
j are another canonical collection, there is a

canonical collection A′′
j ,Ω

′′
j such that on Ω′′

j ⊂ Ωj ∩ Ω′
j, A

′′
j = Aj and A′

j = Aj + cj with

cj = c2m−j. Now define Φf,j = Aj+1A
−1
j , so Φ−1

f,2m−j−1 = ρΦf,jρ. Note that Φf,j are
well-defined up to the form Lcj+1

Φf,jL−cj with c2m−j = cj.

Let Np,σ1 be the set of Φ ∈ Mp satisfying Φ−1
2m−j−1 = ρΦjρ, j = 1 . . . , 2p, for m given by

Lemma 6.1. Note that

σ1 = −√
µ2m−1z.

We now have

Theorem 6.2. Let f, f̃ ∈ I+
p,σ1

. If f̃ = g−1fg for some holomorphic mapping g commuting
with σ1, there exist cj = c2m−j ∈ C such that one of the following holds

i) g′(0) = 1 and

(6.3) Φf̃ ,j = Lcj+1
Φf,jL−cj , j = 1, . . . , 2p;

ii) g′(0) = −1, p is even, and

(6.4) Φf̃ ,j = Lcj+1
Φf,j+pL−cj , j = 1, . . . , 2p.
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Conversely, if (6.3) holds, then f̃ = g−1fg for some g with gσ1 = σ1g and g′(0) = 1; if

(6.4) holds then f̃ = g−1fg for some g with gσ1 = σ1g and g′(0) = −1. For each Φ ∈ Np,σ1,
there exists f ∈ I+

p,σ1
with Φf,j = Φj for all j.

Proof. Let f̃ , f ∈ I+
p,σ1

. Assume that f̃ = g−1fg with gσ1 = σ1g. Then g′(0) = 1 if p is
odd, and g′(0) = 1 or −1 when p is even.

Let Ωj, Aj be a canonical collection of f with A2m−j = ρAjσ1, and let Ω̃j, Ãj be a

canonical collection of f̃ with Ã2m−j = ρÃjσ1

We first consider the case g′(0) = 1. Then A′
j = Ajg and g−1(Ωj) are a canonical

collection of f̃ (satisfying A′
2m−j = ρA′

jσ1). Thus, A′
j, together with some domains Ω′

j ⊂
Ω̃j∩g−1(Ωj), form a canonical collection of f̃ , and hence Ãj = Ajg+cj for some cj = c2m−j.
In other words, Φf̃ ,j = Lcj+1

Φf,jL−cj with c2m−j = cj.

Next, consider the case that g′(0) = −1 and p is even. Now Ω′
j = g−1(Ωj+p) and

A′
j = Aj+pg are a canonical collection of f̃ . Thus A′

j, together with some domains Ω′
j ⊂

Ω̃j ∩ g−1(Ωj+p), form a canonical collection of f̃ , and Ãj = Aj+pg+ cj for some cj = c2m−j.
We have Φf̃ ,j = Lcj+1

Φf,j+pL−cj for j = 1, . . . , 2p.

Next, assume that Φf̃ ,j = Lcj+1
Φf,jL−cj with c2m−j = cj. Recall that Φf̃ ,j = Ãj+1Ã

−1
j ,

Φf,j = Aj+1A
−1
j with Ã2m−j = ρÃjσ1 and A2m−j = ρAjσ1. Replacing Ãj with L−cj Ãj, we

may assume that Ãj+1Ã
−1
j = Aj+1A

−1
j . We know that g = A−1

j Ãj (j = 1, . . . , 2p) extends to

a holomorphic mapping defined near the origin and f̃ = g−1fg. Also σ1gσ1 = σ1A
−1
1 Ã1σ1 =

A−1
2m−1Ã2m−1 = g on Ω̃2m−1 ∩ A−1

2m−1Ã2m−1(Ω̃2m−1), and hence in a neighborhood of the
origin.

Assume now that p is even, and that Φf̃ ,j = Lcj+1
Φf,j+pL−cj with c2m−j = cj. Again, we

may assume that all cj = 0. Let g = A−1
j+pÃj. Then g extends to a biholomorphic mapping

defined near the origin. We have f̃ = g−1fg. Also σ1gσ1 = σA−1
1+pÃ1σ1 = A−1

2m−p−1Ã2m−1 =

g on Ω̃2m−1 ∩ A−1
2m−p−1(Ã2m−1(Ω̃2m−1)). Therefore, gσ1 = σ1g.

Given Φ ∈ Np,σ1 , we need to find f ∈ I+
p,σ1

such that Aj+1A
−1
j = Φj, where Aj =

ρA2m−jσ1, j = 1, . . . , 2p, together with some domains Ω1, . . . ,Ω2p, are a canonical collection
of f . By Theorem 2.5, there exists f ∈ A∗

p such that Φj = Aj+1A
−1
j = Φf,j, where

Aj,Ωj form a canonical collection of f . Since Φ−1
2m−j−1 = ρΦjρ, we have ρAj+1A

−1
j =

A2m−j−1A
−1
2m−jρ on some half-plane Πp,j(ρ1). Hence,

A−1
2m−jρAj = A−1

2m−j−1ρAj+1

holds on

A−1
j (Πp,j(ρ1)) ⊃ A−1

j (Πp,j(ρ1)) ∩ A−1
j+1(Πp,j(ρ1))

= A−1
j ((−1)j−1R(ρ1)) ∩ A−1

j+1((−1)jR(ρ1)).

Put ωj = A−1
j ((−1)j−1R(ρ1)). We know that ωj ∩ ωk = ∅ for k 6= j − 1, j + 1. Hence,

σ̂1 = A−1
2m−jρAj is well-defined on ∪ωj. By removable singularities, σ̂1 extends to an anti-

holomorphic mapping defined near the origin. On ω1 we have σ̂2
1 = Id. Hence, σ̂1 is an

anti-holomorphic involution.
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Note that
σ̂1fσ̂1 = σ̂1A

−1
1 FA1σ̂1 = A−1

2m−1ρFρA2m−1 = f.

Put σ̂1(z) = cz +O(|z|2). We have

f(z) = z + µ0z
p+1 +O(|z|p+2),

σ̂−1
1 fσ̂1 = z + µ0c

pzp+1 +O(|z|p+2).

By the choice of µ0, we have µ0 = (−1)p+1µ0; consequently, c = −µk+1/2 for some 0 ≤ k < p
and σ̂1(y+) = µk+1/2y+. One the other hand, σ̂1 = A−1

2m−1ρA1 implies that σ̂1(y+) is
contained in Ω2m−1. Therefore, k = m− 1 by Iii), and hence σ̂1(z) = σ1(z) +O(|z|2).

Now g(z) = 1
2
(z + σ1σ̂1(z)) = z + O(|z|2) is biholomorphic, and gσ̂1 = σ1g. Thus

σ1f̃σ1 = f̃ for f̃ = gfg−1. We now have Φf̃ ,j = Ãj+1Ã
−1
j and Φ−1

f̃ ,2m−j−1
= ρΦf̃ ,jρ. Since

f̃ = gfg−1 and g′(0) = 1, Theorem 2.5 says Φf̃ ,j = Lcj+1
ΦjL−cj . Using ρΦjρ = Φ−1

2m−j−1,
we get

Lcj+1
ΦjL−cj = Φf̃ ,j = ρLc2m−1−j

Φ−1
2m−1−jL−c2m−j

ρ = Lc2m−1−j
ΦjL−c2m−j

.

Thus c′ = cj − c2m−j for all j and L−c′ΦjLc′ = Φj. In particular, c′ = i
p
Im(c1 + · · · + c2p)

is pure imaginary. When dΦ = 0, we put A′
j = L−cj+ c′

2
Ãj for j = 1, . . . , 2p. Clearly,

A′
j+1A

′−1
j = Φj. Now cj − c′

2
= −c2m−j + c′

2
implies that ρA′

jσ1 = Ã′
2m−j − cj − c′

2
= A′

2m−j,
which gives us the desired realization. When d = dΦ = dΦf

6= 0, then c′ = 0, i.e., cj = c2m−j.
So Φf̃ is already the desired realization. �

In contrast to Theorem 1.4 ii, we shall prove the following

Theorem 6.3. There exists f ∈ A∗
p that admits no invariant smooth real analytic curve,

while it admits invariant formal smooth curves.

Proof. Let g be in A∗
p. Assume that H is an anti-holomorphic involution satisfying Hg =

gH. Then H(z) = −µm+kz + (|z|2), where m is given by (6.2). Let Aj,Ωj be a canonical
collection of g. Then A′

2m+2k−j = ρAjH
−1 and Ω2m+2k−j are a canonical collection of g

also. Thus A2m+2k−j = LcjρAjH
−1, and c2m+2k−j = cj since H2 = Id. Thus

(6.5) Φ−1
g,2m+2k−j−1 = Lcj+1

ρΦg,jρL−cj , c2m+2k−j = cj.

Conversely, if Φg satisfies the above, then H = A−1
2m+2k−jρAj defines an anti-holomorphic

involution and Hg = gH. Let f be a realization of

Φ1 = ξ + eǫp2πiξ, Φj = ξ, j = 2, . . . , 2p.

Since Φ−1
1 6= ξ + a + beǫp2πξ, then (6.5) does not hold for any k and cj, which means that

there is no anti-holomorphic H satisfying Hf = fH.
By a result of Il’yashenko [9], f is formally equivalent to f̂(z) = z + zp+1. It admits

formal smooth curves. �

Proof of Corollary 1.6. Assume that f, f ∈ Ap with df 6= 0 are real valued on R. Assume

that f̃ = gfg−1. We need to show that g is real when p = 1 and or f3f̃3 > 0 when p = 2.
The case p = 1 follow from Theorem 1.4 iii. When p = 2 and f3f̃3 > 0, we know that
g′(0)2 = f3/f̃3. Thus g′(0) is real; consequently g is real. �
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Proof of Theorem 1.7. Assume that p ≥ 3. We need to find f, f̃ ∈ Ap which are real on R,

such that f̃ , f are equivalent under a forma real map and a holomorphic map. But they
are not equivalent under any real analytic maps of R.

Recall from Theorem 6.2 that if Φ satisfies

Φ2m−1−j = ρΦjρ

then there is a realization f for Φ satisfying f = σ1fσ1.
Write p = 2sp′ with p′ odd. Put k = 2s. Define

ρΦ−1
2m−4kj−2ρ = Φ1+4kj = Φ1 = ξ + eǫ12πiξ,

Φj = ξ, j 6= 1 + 4kj, 2m− 4kj − 2.

Then ρΦjρ = Φ−1
2m−1−j for all j. Let Φ̃j = Φj+2k. Then ρΦ̃jρ = ρΦj+2kρ = Φ−1

2m−1−j−2k =

Φ̃2m−1−j−4k = Φ̃2m−1−j. Thus there is f̃ ∈ Ip,σ1 such that Φf̃ = Φ̃. Obviously, f̃ = g−1fg

for some holomorphic g with g′(0) = µk.

Assume now that there is a biholomorphism g commuting with σ1 such that gfg−1 = f̃ .
By Theorem 6.2, there are two cases. The first case is Φ̃j = Lcj+1

ΦjL−cj , which contradicts
to that Φ1+2k is a polynomial in ξ, while Φ1 is not. The second case says that p is even
and Φ1+4k = Lc2+2k

Φ1+2k+pL−c1+2k
, which is a contradiction since 2k + p = (2 + p′)k 6= 4jk

mod 2kp′ and 1 + 2k + p 6= 2m− 4kj − 2 mod 2p since p is even.
Since f̃ = g−1fg and g′(0) = µk. We know that f̃p+1 = fk. Since f̃2p+1/f̃

2
p+1 = f2p+1/f

2
p+1,

then there exists a unique formal holomorphic map h with coefficients h1 = 1 and hp+1 = 0

so that f̃ = h−1fh. Since σ1 commutes with both f and f̃ , then f̃ = σ1h
−1σ1fσ1hσ1. By

the uniqueness of h, we obtain h = σ1hσ1. This shows that f̃ and f are equivalent under
a formal transformation commuting with σ1. �

Proof of Theorem 1.8. Assume that f have two invariant smooth real analytic curves γj
that are tangent at the origin of C. Let σj be the corresponding anti-holomorphic involu-
tions generated by γj. Without loss of generality, we may assume that f preserves the real
axis, i.e. that fρ = ρf for ρ(z) = z. We need to identify f and their invariant curves.

Note that σ1σ2 = h ∈ Ap, and f is a centralizer of h. In particular f ′(0) = µj. Hence
f ′(0) = 1 when p is odd and f ′(0) = ±1 when p is even.

Consider the case that dh 6= 0 first. By Lemma 3.1, we know that σ1fσ1 = f−1. Since
f commutes with σ1. We get f 2 = Id. Then g(z) = (z − f(z))/2 commutes with ρ and
transforms f into I(z) = −z. Let γ be a smooth real analytic curve invariant by I. We
know that γ is given by y = A(x), or by x = B(y), where A,B are real-valued analytic
functions defined near the origin of R satisfying A(0) = B(0) = 0 = B′(0). It is easy to
see that A and B are odd. We obtain case i).

Assume now that dh = 0 and that f 2 6= Id. Consider the case that f ′(0) = 1 first.
Then f ∈ Ap and df = 0. There exists a real analytic change of coordinates so that f

becomes the time-one map of vǫp,λ = ǫpzp+1

1+λzp , where ǫp = 1 when p is odd and ǫp = ±1

when p is even. Since v1
ǫp,λ

= ρv1
ǫp,λ

ρ = v1
ǫp,λ

, then (3.2) implies that λ is real. Let γ

be preserved by f and H be the corresponding anti-holomorphic involution. Then Hρ
is a centralizer of f , and hence H(z) = µjvtǫp,λ(z) for some integer j. Using (3.2) and

λ ∈ R, we get H2 = f t+t, which implies that t ∈ iR. Conversely, for t ∈ iR we have
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fµjvtǫp,λρ = fρµ−jv−tǫp,λ = ρµ−jv−tǫp,λf = µjvtǫp,λρf . So H and f commute. We obtain case

ii).
Consider now the case that f ′(0) = −1 (and hence p is even). By Theorem 6.2, there is

a real analytic change of coordinates so that f 2 = v1
ǫp,λ

. Since f is a centralizer of f 2, then

f = Iv
1/2
ǫp,λ

. Since ρ and If commute, then (3.2) says that λ̃ is real. Assume now that H

is an anti-holomorphic involution commuting with f . Then H commutes with f 2, and we
get H = µjvtǫp,λρ with t ∈ iR. Conversely, such H commutes with f . We obtain case iii).

For iv), assume that g is biholomorphic and g−1fg is real on the real axis. Then g(R)
is invariant under f . In case i), we know that g(R) is a reparameterization of some
(Id +iA)(R) or (i Id +B)(R), which means that g = h + IdA ◦ h or g = ih + B ◦ h.
For case ii), the fixed points of H(z) = µjvtǫp,λ(z) (with t ∈ iR and λ ∈ R) are v

t/2
ǫp,λ

(µj/2R).

Thus g(z) = v
t/2
ǫp,λ

(µj/2h(z)). The case iii) we get g(z) = v
t/2
ǫp,λ

(µj/2h(z)). �

7. invariant abelian subgroups of germs of holomorphic maps

Let A be the set of biholomorphic maps f with f ′(0) a root of unity. Let A0 be the set
of biholomorphic maps f which are tangent to the identity. Let F, F̃ be two subgroups
of A. We say that F, F̃ are holomorphically equivalent, denoting F∼F̃ , if there is a
biholomorphic map g such that g−1Fg ≡ {g−1fg : f ∈ F} = F̃ ; when g is tangent to the

identity additionally, we denote F
∗∼ F̃ . Denote by Fp be the set of abelian subgroups

F of A such that F ∩ Ap is non-empty. Let Fp/∼ be the set of holomorphic equivalence

classes of abelian subgroups of A, and let Fp/
∗∼ be the set of equivalence classes of abelian

subgroups of A under holomorphic maps that are tangent to the identity.
Theorem 1.3 in [7] describes a moduli space for the generators τ, f of groups F in Fp

with τ s = fk and τ ′(0) = e2πi/s, where s = |F/F ∩ A0|. One can see that that moduli space
is also a moduli space for the classification of groups in Fp, if k is subject to 0 ≤ k < s.

The main purpose of this section is to describe a moduli space for F ∈ Fp in terms of
its generator F ∩ A0 and other discrete invariants of the group.

For each F ∈ Fp, one first notices that F ∩ A0 is an infinite cyclic subgroup generated

by some f ∈ Ap (f−1 is the other generator), and that F is a subgroup of Ĉ(f). Therefore,
dF = df is well-defined. The classification for F ∈ Fp with df = 0 is already given by [7].
Recall that F is holomorphically equivalent to one of

Fu,t = <Rµp/u>⊗<vtλ>, u|p, λ ∈ C, t ∈ C,

where vtλ is the flow of vλ = µ0zp+1

1+λzp
∂
∂z

.
We shall now consider F ∈ Fp with dF 6= 0.

Lemma 7.1. Fix f ∈ Ap. Let F ∈ Fp with F ∩ A0 = <f>. Assume that df 6= 0. Then
s = |F/F ∩ A0| satisfies

s|qf , (s, df )|δf .
Conversely, if s is a positive integer satisfying the above condition, there are exact (s, df )
groups Fs,j(f) = F ∈ Fp with F ∩ A0 = <f> and s = |F/F ∩ A0|. Moreover, if g is
biholomorphic, then gFs,u(f)g−1 = Fs,u(gfg

−1).
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Proof. Let s be the order of F/(F ∩ C(f)). We first need to show that s divides q = qf .
(Put d = df , δ = δf .) To that end note that the map h→ hC(f) is a homomorphism from

F into Ĉ(f)/C(f) and the latter is isomorphic to Rq, which induces an monomorphism
from F/(F ∩ C(f)) into Rq by differentiation at the origin. Hence s divides q. Let τ be

the unique element in Ĉ(f) given by (3.3) for which τ ′(0) has the smallest non-negative
argument. Since there is a unique subgroup of Rq having order s, there exists a unique
τ1 = τ q/sfd

′/d ∈ F with 0 ≤ d′ < d. So τ s1 = f s
′

. From τ s1 = f s
′

and τ q = f δ/d we get
δ + sd′ = s′d. Thus (s, d) divides δ.

To find all such groups F , we start with δ = s′d− sd′ = s′0d− sd′0 with 0 ≤ d′0 < d/(d, s).
Consequently, there is a unique 0 ≤ u < (d, s) such that d′ = d′0 + ud

(d,s)
, i.e, such that

τ1 = τ q/sf
d′0
d

+ u
(d,s) ∈ F . Therefore,

(7.1) Fs,j = <τ q/sf
d′0
d

+ j
(d,s) , f>, j = 0, . . . , (d, s) − 1

are all distinct groups.

Let f̃ = gfg−1. By Proposition 3.5, we know that τ̃ = gτg−1. Thus g<τ q/sf
d′

d , f>g−1 =

<τ̃ q/sf̃
d0
d , f̃>; in particular, gFs,u(f)g−1 = Fs,u(f̃). �

Proposition 7.2. Let f ∈ Ap with df 6= 0. (d, s) is the number of equivalence classes in
Fs,j(f) under holomorphic mappings tangent to the identity. The number of the equivalence
classes under general biholomorphic mappings is (d, s) if f and f−1 are not equivalent, or
1 + [(d, s)/2]. When the latter occurs there exists an involution κ of {0, 1, . . . , (d, s) − 1},
depending only on δ, s and d, so that Fs,j(f) is equivalent to Fs,j̃(f), if and only if j̃ = κ(j).

Proof. Assume that gFs,m(f)g−1 = Fs,n(f). Then gfg−1 = f or f−1. For the former we
have m = n. In particular the first assertion holds. Assume now that gfg−1 = f−1. Then
gFs,m(f)g−1 = Fs,m′(f). By Lemma 9.1 below, we know that q = δ and gτg−1 = τf−2/d.
Thus

gFs,m(f)g−1 = <τ δ/sf− d′0
d
− m

(d,s)
− 2δ

sd , f>.

This implies that −d′0
d
− m

(d,s)
− 2δ
sd

=
d′0
d

+ m′

(d,s)
mod 1. Equivalently, m′ = −m− 2d′0(d,s)

d
− 2δ(d,s)

sd

mod (d, s) = −m − 2s′0(d, s)/s mod (d, s). This shows that m → m′ is a non-trivial
involution when (d, s) > 1. Write (d, s) = αd + βs. Then s′0 = αδ/(d, s) mod s/(d, s);
consequently s′0(d, s)/s = αδ/s mod 1 = k ∈ Z. We get m′ = −m − 2k mod (d, s). One
readily sees that m→ m′ is an involution on 0, 1, . . . , (d, s)−1, which has exactly one fixed
point when (d, s) is odd and exactly two fixed points when (d, s) is even. In other words,
the number of equivalence classes among Fs,j(f) is 1 + ((d, s) − 1)/2 when (d, s) is odd,
and 2 + ((d, s) − 2)/2 when (d, s) is even. �

In the next three theorems, we describe moduli spaces for groups F in Fp. We shall also
separate the moduli spaces into two parts. One part involves some obvious invariants of
F , and the other is determined by subgroups F ∩ Ap.

To be proved later, some obvious invariants of F ∈ Ap, under mappings tangent to
the identity, are p, q, δ, s, d and a ∈ C∗ with arg a ∈ [0, π), where a is determined by
F ∩ Ap = <f> and by f(z) = z + azp+1 + O(p+ 2), s = |F/F ∩ A0|, d = df , q = qf , and



40

δ = δf ; denote this set of groups F by Fp,q,δ,d,s,a, and by Fp,q,δ,d,s,a/
∗∼, the set of equivalence

classes under holomorphic mappings tangent to the identity.
Define

M̂∗
p,q,δ,d = {Φ ∈ Mp : dΦ = d, δΦ = δ, qΦ = q}.

Given Φ̃,Φ ∈ M̂∗
p,q,δ,d, we denote Φ̃

∗∼ Φ, if Φ̃j = Lcj+1
ΦjL−cj for some cj ∈ C. Let

M∗
p,q,δ,d/

∗∼ be the set of equivalence classes.

Theorem 7.3. Let p, q, δ, d, s be positive integers, and let a ∈ C∗ with arg a ∈ [0, π). As-

sume that q|p, s|q and (d, s)|δ. There is a one-to-one correspondence between Fp,q,δ,d,s,a/
∗∼

and (s, d) copies of M̂∗
p,q,δ,d/

∗∼.

Proof. For F ∈ F = Fp, take f0 ∈ F ∩Ap. Since F is abelian, then F ∩A0 is a subgroup of
C(f0) and F ∩A0 = F ∩C(f0). The latter is an infinite cyclic group, if df0 6= 0. Now F ∩A0

has a unique generator f(z) = z + fp+1z
p+1 + O(|z|p+2) with arg fp+1 ∈ [0, π). (Note that

f−1 is the other generator and fp+1 = a is a holomorphic invariant for the equivalence class

of F in Fp/
∗∼.) Let s = sF and u = uF be the unique integers such that F = Fs,u,τ (f),

where τ satisfies τ q = f δ/d so that τ ′(0) is a primitive q-th root of the smallest non-negative
argument.

Choose Rλ with arg λ ∈ [0, 2π/p) such that f1 = R−1
λ fRλ ∈ A∗

p, and define ΦF = Φf1 .

Let F, F̃ ∈ Fp with F ∩ Ap = <f> and F̃ ∩ Ap = <f̃>, and arg fp+1, arg f̃p+1 ∈ [0, π).

Assume that gFg−1 = F̃ and g′(0) = 1. It is clear that sF = |F/(F ∩ A∗
0)| = sF̃ , which

is denoted by s, and that gfg−1 = f̃ . Now Lemma 7.1 and g−1Fg = F̃ imply that
Fs,u(f) = gF̃ g−1 = gFs,ũ(g

−1fg)g−1 = Fs,ũ(f). Hence ũ = u,

From gfg−1 = f̃ , we see that fp+1 = f̃p+1. There is a unique Rλ with arg λ ∈ [0, 2π/p)

such that f1 = RλfR
−1
λ and f̃1 = Rλg

−1fgR−1
λ are in A∗

p. Thus for g̃1 = RλgR
−1
λ we see

that Φf̃ = Φg̃−1
1 f1g̃1

is equivalent to Φf1 = Φf .

Let F, F̃ ∈ Fp be two abelian subgroups such that ΦF and ΦF̃ are equivalent. More
specifically, aF = aF̃ = a, sF = sF̃ = s, and Φf1,j = Lcj+1

Φf̃1,j
L−cj for some constants cj so

that f̃1 = g̃−1f1g̃ for some g̃ tangent to the identity, where f1 = R−1
ν fRν , f̃1 = R−1

ν f̃Rν are

in A∗
p with f(z) = z + azp+1 + O(|z|p+2), f̃(z) = z + azp+1 + O(|z|p+2) generating F ∩ A0

and F̃ ∩ A0, respectively. We have f̃ = g−1fg for g = Rν g̃R
−1
ν . By definition we have

F = Fs,u(f) and F̃ = Fs,u(f̃). Now Lemma 7.1 says that F̃ = g−1Fg, which shows that F

and F̃ are equivalent.
For the realization, we assume that Φ ∈ M̂∗

p,q,δ,d. Take f ∈ Ap with f(z) = z + azp+1 +

O(|z|p+2) such that ΦR−1
λ fRλ,j

= Φj for some λ with arg λ ∈ [0, 2π/p). Since s|q and (d, s)|δ,
then Fs,u(f) is a realization. �

Let M̂′
p,q,δ,d and M̂′′

p,q,δ,d be the set of Φ ∈ Mp satisfy dΦ = d, qΦ = q, δΦ = δ and satisfy
Φj+2k 6= Lcj+1

R−1Φj+1R−1Lcj (j = 1, 2, . . . , 2p) for all cj, k and Φj+2k = Lcj+1
R−1Φj+1R−1Lcj

(j = 1, 2, . . . , 2p) for some cj, k, respectively. If Φ̃,Φ are both in M̂′
p,q,δ,d, or in M̂′′

p,q,δ,d,

we denote Φ̃ ∼ Φ, if Φ̃j = Lcj+1
Φj+2kL−cj for some k ∈ Z and for all j or Φ̃j+2k =

Lcj+1
R−1Φj+1R−1L−cj . Let F ′

p,q,δ,d,s be the set of F ∈ Fp such that |F/F ∩ Ap| = s,
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qf = q, δf = δ, df = d for F ∩Ap = <f>, and such that f and f−1 are not holomorphically
equivalent. Define F ′

p,q,δ,d,s analogously, but f, f−1 are now holomorphically equivalent. Let
F ′
p,q,δ,d,s/∼ and F ′′

p,q,δ,d,s/∼ the sets of holomorphic equivalence classes.

Theorem 7.4. There is a one-to-one correspondence between F ′
p,q,δ,d,s/∼ and (s, d) copies

of M̂′
p,q,δ,d/∼.

Proof. For F ∈ Fp, let f be the generator of F ∩ A0 with arg fp+1 ∈ [0, π) for f(z) =
z + fp+1z

p+1 + O(|z|p+2). We choose λ such that f1 = RλfR
−1
λ ∈ A∗

p. Define ΦF = Φf1 .

Then the equivalence class of ΦF in M̂′
p,q,δ,d/ ∼ is well-defined. Define s = |F/F ∩ A0|.

To define uF = u, we first choose an element f∗ ∈ A∗
p for each equivalence class of Ap.

Here two elements f, f̃ ∈ Ap are equivalent, if f̃ is equivalent to f , or f−1. For each

representative f∗, let τf∗ be the unique element such that τ qf∗ = f
δ/d
∗ and τ ′f∗(0) has the

smallest non-negative argument. Now let f∗ be the representative of two generators of
F ∩ Ap. Then F is equivalent to Fs,u,τf∗ (f∗). Define u = uF . Since f∗ and f−1

∗ are not
equivalent, Proposition 7.2 says that u depends only on the equivalence class of F .

Assume that F̃ = gFg−1. Let f̃ be the generator of F̃ with arg f̃p+1 ∈ [0, π). There

are two cases: either gfg−1 = f̃ or gfg−1 = f̃−1. We need to show that Φf̃1
and Φf1 are

equivalent, which is obvious when gfg−1 = f̃ . Assume now that gfg−1 = f̃−1. We have
f̃1 = Rλf̃R

−1
λ ∈ A∗

p. Then f̃2 = R√
µf̃

−1
1 R−1√

µ is in A∗
p. Write Φf̃1,j

= Aj+1A
−1
j , where Aj,

together with Ωj, form a canonical collection of f̃1. We have

R√
µf̃

−1
1 R−1√

µ = R√
µA

−1
2j R−1FR−1A2jR

−1√
µ

on R√
µΩ2j. Now Ãj+1 = R−1AjR

−1√
µ and Ω̃j+1 = R√

µΩj form a canonical collection for f̃2,

from which we get Φf̃2,j+1 = R−1Φf̃1,j
R−1. Returning to R√

µgfg
−1R−1√

µ = f̃2, we see that

ΦF,j and R−1ΦF̃ ,j+1R−1 have the same equivalence class in Mp/ ∼.

Conversely, let F = hFs,u,τf∗ (f∗)h
−1 and F̃ = h̃Fs,ũ,τf̃∗ (f̃∗)h̃. Let F ∩ Ap = <f> and

F̃ ∩ Ap = <f̃> with arg fp+1, arg f̃p+1 ∈ [0, π). We first consider the case that Φf1,j and

Φf̃1,j
are equivalent. This implies that f̃ = gfg−1. By the choice of f∗, we get f̃∗ = f∗

and ghf∗h
−1g−1 = h̃f∗h̃

−1 or h̃f∗h̃
−1. The latter does not occur since f ∗ and f̃ ∗−1 are not

equivalent. With ũ = u, we get gFg−1 = ghFs,u,τf∗ (f∗)h
−1g−1 = h̃Fs,u,τf̃∗ (f̃∗)h̃

−1 = F̃ . Next

we assume that ΦF,j and R−1ΦF̃ ,j+1R−1 are equivalent in Mp/ ∼, that is that f̃−1 = gfg−1

as seen above. In this case, we still have f̃∗ = f∗ and ghf∗h
−1g−1 = h̃f∗h̃

−1. So F and F̃
are equivalent.

The realization is already proved in Theorem 7.3. Finally the set of equivalence classes

is identified with (s, d) copies of M̂′
p,q,δ,d/∼, since Fs,u,τf∗ (f∗) = <τ

q/s
f∗
f
d′0/d+u/(s,d)∗ , f>, d′0

depends only on s, d, δ, and u = 0, 1, . . . , (s, d) − 1. �

Theorem 7.5. Let p, q, δ, d, s are positive integers with s|q|p and (s, d)|δ. There is a one-

to-one correspondence between F ′′
p,q,δ,d,s/∼ and 1 + [(s, d)/2] copies of M̂′′

p,q,δ,d/∼.

Proof. We briefly modify the proof of the previous theorem. For F ∈ F ′′
p,q,δ,d,s and F ∩Ap =

<f> the construction of Φf1 ∈ M̂′′
p,q,δ,d is the same as above. We also let uF = u be given
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by F = hFs,u,τf∗ (f∗)h
−1. This time, u is not an invariant of F . Instead, if F, F̃ are

equivalent then uF̃ = uF or κ(uF ) for an involution κ of {0, 1, . . . , (d, s) − 1}, described

in Proposition 7.2. More precisely, let F = hFs,u,τf∗ (f∗)h
−1, F̃ = h̃Fs,ũ,τf̃∗ (f̃∗)h̃

−1, and

gFg−1 = F̃ . Then f̃∗ = f∗ and h̃−1ghf∗h
−1g−1h̃ = f̃∗ or f̃−1

∗ . Thus ũ = u or ũ = κ(u).
Conversely, let F, F̃ ∈ F ′′

p,q,δ,d,s such that the corresponding Φf1 and Φf̃1
are equiv-

alent and uF̃ = uF or κ(uF ). Hence gfg−1 = f̃ or f̃−1, F = hFs,u,τf∗ (f∗)h
−1 and

F̃ = h̃Fs,ũ,τf̃∗ (f̃∗)h̃
−1 imply that f̃∗ = f∗. We have either h̃−1ghf∗h

−1g−1h̃ = f∗ or

f−1
∗ . From the former, we see that h̃−1ghFs,u,τf∗ (f∗)h

−1g−1h̃ = Fs,u,τf∗ (f∗), which is also

equivalent to Fs,κ(u),τf∗ (f∗) . So F and F̃ are equivalent. From the latter, we see that

h̃−1ghFs,u,τf∗ (f∗)h
−1g−1h̃ = Fs,u,τ−1

f∗
(f−1

∗ ) = Fs,u,τf∗ (f∗). Again, F and F̃ are equivalent.

Finally the set of equivalence classes is identified with 1 + [(s, d)/2] copies of M̂′′
p,q,δ,d/∼,

since κ depends only on δ, s, d. �

Proposition 7.6. Let f ∈ Ap with df 6= 0. Assume that Ĉ(f) = <τ, f 1/d> and τ q/δ =
ωf 1/d. Then for any τ̃ = τωa with τ̃ ′(0) a primitive q-th root of 1, we have Fs,j,τ (f) =
Fs,j̃,τ̃ (f) where j̃ = (1 + aq/δ)j + aαq/s mod (d, s) and (d, s) = αd+ βs.

Proof. Assume that Fs,j,τ (f) = Fs,j̃,τ̃ (f). We have τ̃ = τ 1+aq/δf−a/d and Fs,j̃,τ̃ (f) =

<τ q/s(1+aq/δ)fd
′

0/d+j̃/(d,s)−qa/(sd), f>. Thus j̃ = (d, s)(aq/(ds)−d′0/d)+(1+aq/δ)(d′0(d, s)/d+
j) mod (d, s) = (1 + aq/δ)j + (d′0(d, s)/d + (d, s)δ/(ds))qa/δ mod (d, s) = (1 + aq/δ)j +
aαq/s mod (d, s), where the last identity is computed as in the proof of Proposition 7.2.

�

Note that if τ1, τ2 satisfy (3.3), then (7.1) defines two sets {Fs,j,τ1(f)} and {Fs,j,τ2(f)},
with one being a permutation of another. There is a permutation j → j− so that Fs,j(f) =
Fs,j−(f−1), where the latter is defined in terms of τf−1 whose derivative τ ′f−1(0) is of the

smallest non-negative argument. We now compute the permutation j → j−, without
requiring τ ′f (0) and τ ′f−1(0) have the smallest non-negative arguments. Let τ∗ = τf∗ satisfy

(7.2) Ĉ(f) = <τ∗, f
1/d>= <τ∗ > ⊗<ω∗>, τ q/δ∗ = ω∗f

1/d.

so that τ
′

∗(0) = µpq̃/q has the smallest absolute value |q̃|. If there are two such elements,

denote by τ+ the one of derivative µp|q̃|/q, and the other by τ−. Put ω+ = τ
q/δ
+ f−1/d and

ω− = τ
q/δ
− f−1/d

Proposition 7.7. Let f ∈ Ap with df 6= 0. Then

(i) τ∗ is unique, if and only if q 6= δ or 2δ.

(ii) If q = δ or 2δ, then τ− = τ−1
+ f

2δ
qd .

(iii) If q = δ or 2δ, then Fs,j+,τ+(f) = Fs,j−,τ−(f) for j+ = j− = 0 or j− = (d, s) − j+.

Proof. Let τ∗ with τ ′∗(0) = µpq̃/q satisfy (7.2). We have ω′
∗(0) = µpq̃/δ. If τ∗ is not unique,

there is a ∈ Z so that (τ+ω
a
+)′(0) = τ ′−(0) = τ ′+(0)−1. We get 2q̃/q+aq̃/δ = k; equivalently,

2δq̃/q + aq̃ = δk. Since q̃ is prime to q, then q divides 2δ. Conversely, if q divides 2δ, then

(τ+ω
−2δ/q
+ )′(0) = τ ′+(0)−1. This shows that τ− = τ+ω

−2δ/q
+ = τ−1

+ f
2δ
qd .
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Assume now that q divides 2δ. We have τ− = τ−1
+ f

2δ
qd . Write (d, s) = αd + βs. We get

δ = δα
(d,s)

d+ δβ
(d,s)

s and d′0 = − δβ
(d,s)

mod d
(d,s)

. Hence −2δ(d,s)
sd

− 2d′0(d,s)

d
= −2δ

s
α mod 1 is an

integer, since s|q and q|2s. We get

Fs,j+,τ+(f) = <τ
−q/s
− f

2δ
sd

+
d′0
d

+
j+

(d,s) , f> = <τ
q/s
− f− 2δ

sd
− d′0

d
− j+

(d,s) , f> = Fs,−j+,τ−(f),

which implies that j− = −j+ mod (d, s). �

Corollary 7.8. If f ∈ Ap with df 6= 0, then τf−1∗ = τf∗ for q 6= δ or 2δ. If q = δ or 2δ,
then τf−1+ = τ−1

f− and τf−1− = τ−1
f+ .

Let σ(z) = −z. Let F be an abelian subgroup of A0. We say that F is σ-invariant, if
σfσ ∈ F for all f ∈ F . Since σ2 = Id, then σFσ ⊂ F if and only if σFσ = F . Denote by
Fp,σ be the set of F ∈ Fp such that σFσ = F . We are interested in classifying F under a
single change of holomorphic coordinates that preserves σ.

Proposition 7.9. Let f ∈ Ap, and let τ = τf , ω = ωf , q = qf , d = df be as in Proposi-
tion 3.5. Assume that df 6= 0. If σFσ = F with F ∩ A0 = <f>6= {1}, exact one of the
following (three) cases occurs:

a) σfσ = f−1.
b) σf1/dσ = f 1/d, σωσ = ω−1 and

i) στσ = τ−1f 1/d, q = 2δ; or
ii) στσ = τ−1f 2/d, q = δ.

Moreover, if σfσ = f−1, all Fs,u(f) belongs to Fp,σ; if σfσ = f , the total number of Fs,u(f)
that are σ-invariant is two when s|δ and (d, s) is even, and is one when s|δ and (d, s) is odd

(and F = <τ q/sf− δ
sd , f>), or when s 6 |δ and s divides δ−sd/2 (and F = <τ q/sf

1
2
− δ

sd , f>),
and is zero otherwise.

Proof. Let f be a generator of F ∩ A0. Since σfσ remains a generator, then σfσ = f or
σfσ−1 = f−1. Since f is not an involution, then two cases cannot occur simultaneously.
For the latter we already know by Lemma 3.1 that σ reverses each element of Ĉ(f). In
particular all Fs,u(f) are σ-invariant.

Assume now that σ and f commute. We have σĈ(f)σ = Ĉ(f). In the proof of Theo-

rem 1.4, we proved that σωσ = ω−1. Since Ĉ(f) = <τ, f 1/d>, we can write τστσ = f l/d.
Raising both side to q-th power yields 2δ = ql. We have either q = 2δ with l = 1, or q = δ
with l = 2. For the former, we get στσ = τ−1f 1/d. For the latter, we get στσ = τ−1f 2/d.
By Proposition 7.9 we know that F = <τ

q
s fd

′/d, f> with 0 ≤ d′ < d. Now σFσ = F , if
and only if

(7.3) στ q/sσfd
′/d = (τ q/sfd

′/d)af b.

Looking at the linear parts of both sides we see that a = −1. When l = 1 (and q = 2δ),
(7.3) holds if and only if d divides q/s+ 2d′, i.e,

(7.4) d|2(d′ + δ/s).

When l = 2 (and q = δ), then (7.3) holds if and only if d divides 2q/s + 2d′ = 2δ/s + 2d′,
i.e., (7.4) holds. Recall that d′ = d′0 + jd/(d, s) for some 0 ≤ j < (d, s) and for some d′0 and
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s′0 satisfy δ = s′0d− d′0s. Consequently, the number of groups Fp,u(f) is 0 when d does not
divides any 2d′ + 2δ/s, 1 when d divides some 2d′ + 2δ/s and (d, s) is odd, and 2 when d
divides some 2d′ + 2δ/s and (d, s) is even.

Consider the case s divides δ first. For d′ = −δ/s and s′ = 0, d divides 2d′ + 2δ/s.
Consider now that s does not divide δ. Since s divides q and the latter is δ or 2δ, then

s is even, q = 2δ and q/s is odd. Assume now that d divides some 2d′ + 2δ/s = 2d′ + q/s
(with δ = s′d− d′s), then d is odd. In particular, (d, s) is odd.

Finally, note that d divides some 2(d′ + δ/s) = 2ds′/s, if and only if s divides some 2s′

for δ = s′d− d′s. Furthermore, we may also assume that 0 ≤ s′ < s. Thus, we have either
s′ = 0 or s = 2s′. The case s′ = 0 occurs, if and only if s divides δ. The case s = 2s′

occurs, if and only if δ
s
− d

2
is an integer. �

Let σ1(z) = −√
µ2m−1z with m being given by (6.2). Recall that Np,σ1 , modulo a suitable

equivalence relation, is the moduli space for the classification of holomorphic maps f ∈ A∗
p

commuting with σ1 under changes of coordinates that preserve σ1. Define

M̂∗
p,σ =

{

(a, s, u,Φ): Φ ∈ Mp,σ, dΦ 6= 0, a > 0,

s|qΦ, (s, dΦ)|δΦ, 0 ≤ u < (d, s)
}

⊔

{

(a, s, u,Φ): Φ ∈ Np,σ1 , dΦ 6= 0, a > 0,

s|qΦ, (s, dΦ)|δΦ, u = u0, or u = u0 +
(d, s)

2
∈ Z

}

,

in which u0 is the smallest integer u0 in [0, (d, s)) such that Fs,u0(f) ∈ Fp,σ. Proposition 7.9
says that u0 exists if and only if s divides some 2s′ for δ = s′d−d′s, and that Fs,u0+(d,s)/2 is

in Fp,σ if and only if s|δ and (d, s) is even. Given (ã, s̃, u, Φ̃), (a, s, u,Φ) ∈ M̂∗
p, we denote

(ã, s̃, ũ, Φ̃)
∗∼ (a, s, u,Φ), if (ã, s̃, ũ) = (a, s, u) and if Φ, Φ̃ are in Mp,σ and Φ̃j = Lcj+1

ΦjL−cj
for all j and some cj = −c2p−j+1 ∈ C, or if Φ, Φ̃ are in Np,σ1 and Φ̃j = Lcj+1

ΦjL−cj for all
j and some cj = c2m−j ∈ C.

Theorem 7.10. There is a one-to-one correspondences between {F ∈ Fp,σ : dF 6= 0}/ ∗∼
and M̂∗

p,σ/
∗∼.

Proof. For F ∈ Fp,σ with dF 6= 0, we need to define a, s, u and Φ for F . We take a generator
f0 of F ∩ A0. By Proposition 7.9, there are two cases: either σf0σ = f−1

0 , or σf0σ = f0.
Note that exact one case occurs, since f0 is not an involution.

Let sF be the order of F/F ∩ A0. We now define ΦF and aF . We first consider the case
that f0 is reversible by σ. By (4.1), F ∩ A0 has a unique generator f(z) = z + aµ0z

p+1 +
O(|z|p+2) with a > 0, and we assign aF = a. Choose a unique Rλ with λ > 0 such that
f1 = R−1

λ fRλ ∈ A∗
p,σ, and define ΦF = Φf1 ∈ Mp,σ. When f0 and σ commutes, we first

choose a linear map Rλ0 , dependent of µ and p only, such that Rλ0σR
−1
λ0

= σ1. Now,

by (6.1), choose a generator f of F ∩A0 such that Rλ0fR
−1
λ0

(z) = z + aµ0z
p+1 +O(|z|p+2)

with a > 0. Define aF = a and choose λ > 0 such that f1 = Rλλ0fR
−1
λλ0

∈ I+
p,σ1

. Define
ΦF = Φf1 ∈ Np,σ1 . Let u be the unique integer such that F = Fs,u(f).

We need to show that a,Φ, s, u depend only on the equivalence class of F ∩A0 in Fp,σ/
∗∼.

Assume that F̃ = g−1Fg with g′(0) = 1 and gσ = σg. Let f1 = RνfR
−1
ν be as above (ν = λ
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or λ0λ). Then f̃1 = Rνgfg
−1R−1

ν is in A∗
p,σ or in I+

p,σ1
, and f̃ = g−1fg is a generator of

F̃ . Since gσ = σg, we have either f and f̃ are reversible by σ, or f and f̃ commute with
σ. This shows that aF = aF̃ . Put g̃ = RνgR

−1
ν . We see that ΦF̃ = Φg̃f1g̃−1 is equivalent

to Φf1 = ΦF in Mp,σ/
∗∼ or in Np,σ1/

∗∼, since Rνg
−1R−1

ν is tangent to the identity and
commutes with σ or with σ1. By a similar argument in Theorem 7.3, we obtain sF = sF̃
and uF = uF̃ .

Let F, F̃ ∈ Fp,σ be two abelian subgroups such that aF = aF̃ = a, sF = sF̃ = s,

and uF = uF̃ = u, while ΦF and ΦF̃ are equivalent in Mp,σ/
∗∼ or in Np,σ1/

∗∼. Let

f(z) = z + aµ0z
p+1 + O(|z|p+2) and f̃(z) = z + aµ0z

p+1 + O(|z|p+2) be the generators of
F ∩A0 and F̃ ∩A0, respectively. There exists ν dependent of a only such that f1 = RνfR

−1
ν

and f̃1 = Rν f̃R
−1
ν are both in A∗

p or in I+
p,σ1

. Since ΦF and ΦF̃ are equivalent, there exists a

biholomorphic map g̃, satisfying g̃′(0) = 1 and g̃ = σg̃σ or g̃ = σ1g̃σ1, such that g̃f̃1g̃
−1 = f1.

Put g = R−1
ν g̃Rν . Then f̃ = g−1fg. By definition, we have F = Fs,u(f) and F̃ = Fs,u(f̃).

By Lemma 7.1, we get F̃ = g−1Fg, which shows that F and F̃ are equivalent.
For the realization, we assume that (a, s, u,Φ) ∈ M̂∗

p. Take f1 in A∗
p or in I+

p,σ1
such

that Φf1,j = Φj. Put f = R−1
ν f1Rν , where ν is determined by a as above. Now Fs,u(f) is a

realization. �

Define
M̂p,σ =

{

(s, u,Φ): (1, s, u,Φ) ∈ M̂∗
p,σ}.

Given (s̃, ũ, Φ̃), (s, u,Φ) ∈ M̂p,σ, we denote (s̃, ũ, Φ̃) ∼ (s, u,Φ), if one the following occurs:

i) (s̃, ũ) = (s, u), and Φ̃ ∼ Φ in Mp,σ/∼, i.e.

(7.5) Φ̃j = Lcj+1
Φj+2kL−cj , j = 1, . . . , 2p

hold with cj = −c2p−j+1 and with k = 0 or k = p/2 ∈ Z.

ii) (s̃, ũ) = (s, u), Φ ∼ Φ̃ in Np,σ1/∼, i.e. (7.5) hold with cj = c2m−j and k = 0 or
k = p/2 ∈ Z.

iii) (s̃, ũ) = (s, u−), p is odd, and Φ̃
∗∼ R−1Φ

′R−1 in Mp,σ/
∗∼, i.e.

(7.6) Φ̃j = Lcj+1
R−1Φj+pR−1L−cj , j = 1, . . . , 2p

hold with cj = −c2p−j+1, where Φ′
j = Φj+p. (Recall that Fs,u,τf (f) = Fs,u−,τf−1

(f−1),

with both τf , τf−1 have smallest non-negative arguments for τ ′f (0) and τ ′f−1(0).)

iv) (s̃, ũ) = (s, u−), p is odd, and Φ̃
∗∼ R−1Φ

′R−1 in Np,σ1/
∗∼, i.e. (7.6) hold with

cj = c2m−j.

Theorem 7.11. There is a one-to-one correspondences between {F ∈ Fp,σ : dF 6= 0}/∼
and M̂p,σ/∼.

Proof. We need to modify the proof of Theorem 7.10.
For F ∈ Fp,σ, we need to define s, u and Φ for F . As before we take a generator f0 of

F ∩ A0. By Proposition 7.9, there are two cases: either σf0σ = f−1
0 , or σf0σ = f0.

The definitions of sF ,ΦF and uF are the same as in Theorem 7.10.
We need to show that Φ, s, u depend only on the equivalence class of F ∩ A0 in Fp,σ/∼.

Assume that F̃ = g−1Fg with gσ = σg. Let f1 = RνfR
−1
ν , f̃1 = Rν̃ f̃R

−1
ν̃ be as in the proof
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of Theorem 7.10 (ν = λ and λ0λ, or ν̃ = λ̃ and ν̃ = λ0λ̃, and λ, λ̃ > 0). Put g̃ = RνgR
−1
ν̃ .

We have

i) f1, f̃1 = g̃−1f1g̃ are in A∗
p,σ and g̃σ = σg̃; or

ii) f1, f̃1 = g̃−1f1g̃ are in I+
p,σ1

and g̃σ1 = σ1g̃; or

iii) f1, f̃ are in A∗
p,σ, f̃

−1
1 = g̃−1f1g̃, and g̃σ = σg̃; or

iv) f1, f̃1 are in I+
p,σ1

, f̃−1
1 = g̃−1f1g̃ and g̃σ1 = σ1g̃.

For (i) or (ii), we see immediately that ΦF̃ = Φg̃−1f1g̃ ∼ Φf1 = ΦF in Mp,σ/ ∼ or in Np,σ1/ ∼.

Consider case (iii). Since f1, f̃1 ∈ A∗
p and g̃ commutes with σ, then g̃′(0) is real. Thus

g̃′(0) = −1 and p is odd. Put h = g̃R−1. Then hσ = σh and f̃2 = R−1f̃
−1
1 R−1 = h−1f1h.

Consequently, Φf̃2
and Φf1 are equivalent in Mp,σ/

∗∼. We need to compute the former.

Write f̃1 = A−1
2j+1FA2j+1. Then

R−1f̃
−1
1 R−1 = R−1σA

−1
2j+1FA2j+1σR−1 = R−1Ã

−1
−2jR−1FR−1Ã−2jR−1.

Set Ãj = R−1Aj+pR−1. Then Φf̃2
= R−1Φ

′
f̃1
R−1. Therefore, Φ′

f̃1
and R−1Φf1R−1 are

equivalent in Mp,σ/
∗∼. Consider case (iv). Again we know that g̃′(0) = −1 and p is odd.

Put h = g̃R−1. Then hσ1 = σ1h and f̃2 = R−1f̃
−1
1 R−1 = h−1f1h. Consequently, Φf̃2

and

Φf1 are equivalent in Np,σ1/
∗∼. To compute the former, write f̃1 = A−1

2j+1FA2j+1. Then

R−1f̃1R−1 = R−1σ1A
−1
2j+1FA2j+1σ1R−1 = R−1Ã

−1
p−2jR−1FR−1Ãp−2jR−1.

Set Ãj = R−1Aj+pR−1. Then Φf̃2
= R−1Φ

′
f̃1
R−1. Therefore, Φ′

f̃1
and R−1Φf1R−1 are

equivalent in Np,σ1/ ∼.

Still assume that F̃ = g−1Fg with gσ = σg. Return to cases (i) and (ii). We also have

sF = |F/(F ∩ A∗
0)| = sF̃ . To show that uF = uF̃ , we may assume that f̃ = f (so g = Id).

From F = F̃ we know that F and F̃ have the same u value. For cases (iii) and (iv), we

may assume that generators f̃ = f−1, which gives us u−F = uF̃ .

Let F, F̃ ∈ Fp,σ be two abelian subgroups such that (sF , uF ,ΦF ) and (sF̃ , uF̃ ,ΦF̃ ) are

equivalent according to (i)-(iv) above. There exist ν, ν̃ such that f1 = RνfR
−1
ν and f̃1 =

Rν̃ f̃R
−1
ν̃ are both in A∗

p or in I+
p,σ1

, where f, f̃ generate F ∩ A0 and F̃ ∩ A0, respectively.
For (i) and (ii), there exists a biholomorphic map g̃, satisfying g̃ = σg̃σ or g̃ = σ1g̃σ1, such

that g̃f̃1g̃
−1 = f1. Put g = R−1

ν g̃Rν̃ , F
∗ = gF̃ g−1 and f ∗ = gfg−1. By Lemma 7.1 we get

For (iii) and (iv), we find g̃, satisfying g̃ = σg̃σ or g̃ = σ1g̃σ1, such that g̃f̃1g̃
−1 = f−1

1 . Now

F̃ = FsF̃ ,uF̃
(f̃) = FsF ,u

−

F
(g−1f−1g) = g−1Fg.

The realization is given by Theorem 7.10. �

8. pairs of holomorphic involutions

In this section we shall classify pairs of holomorphic involutions, and abelian groups in
Fp invariant under a holomorphic involution.

Let I1, I2 be a pair of holomorphic involutions such that none of I1, I2 and I1I2 is the
identity. We want to classify the pairs under a change of holomorphic coordinates. We
shall always normalize I1 as I : z → −z. Put f = I1I2. Notice that f−1 = IfI. We shall
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see that f is in some Ap for which p is odd. Thus, when p is odd, let Ip be the set of f ∈ Ap

satisfying IfI = f−1, and let I∗
p = Ip ∩A∗

p. We need to classify Ip under biholomorphisms
g commuting with I.

Let us first look at the formal normal form of f ∈ Ip. Assume that f−1 = IfI. We have
IfI(z) = z + (−1)pfp+1z

p+1 +O(|z|p+2) and f−1(z) = z − fp+1z
p+1 +O(|z|p+2). Thus p is

odd. We also know that there is a unique polynomial g(z) of degree less than p+1 such that
gfg−1 = z + zp+1 + λz2p+1 + O(|z|2p+2). Now g̃f g̃−1(z) = z + zp+1 + λ′z2p+1 + O(|z|2p+2)
for g̃ = IgI. The uniqueness of g also implies that IgI = g. Assume that f(z) =
z+zp+1 +λz2p+1 +O(|z|2p+2). From f−1 = IfI, a simple computation shows that λ = p+1

2
.

Now let g be the unique formal map with gp+1 = 0 such that gfg−1 is the time-one map
v1 of zp+1 ∂

∂z
. Since both f and v−1

1 = Iv1I are reversible by I, the uniqueness of g implies
that IgI = g. One also sees that g is the unique map commuting with I and transforming
f into v1.

Let Ip/∼ be holomorphic equivalence classes of Ip under biholomorphisms g that com-

mute with I. Let I∗
p/

∗∼ be holomorphic equivalence classes of I∗
p under g satisfying gI = Ig

and g′(0) = 1.
As Lemma 4.1, we have

Lemma 8.1. Let p > 0 be odd. For each f ∈ I∗
p , there exists a canonical collection Ωj, Aj

such that Aj is conformal on Ωj

⋃

IΩp+j, and Aj+p = IAjI on Ωp+j. Moreover, for any
ǫ > 0,

p
⋃

j=1

{A−1
j (R(ǫ)) ∪ IA−1

j (R(ǫ))}

is a punctured neighborhood of the origin, and is contained in any given neighborhood of
the origin when ǫ is sufficiently small.

For f ∈ I∗
p , let Ωj, Aj be a canonical collection of f satisfying Ii-v. Based on Lemma 8.1,

we choose Ap+j = IAjI for j = 1, . . . , p, when p is odd. Now define Φf,j = Aj+1A
−1
j ,

so Φp+j = IΦf,jI. Note that Φf,j are well-defined up to the form Lcj+1
Φf,jL−cj with

cp+j = −cj.
For p odd, let Np be the set of Φ ∈ Mp satisfying Φp+j = IΦjI, j = 1 . . . , 2p. Denote

Φ̃ ∼ Φ, if Φ̃j = Lcj+1
Φj+2kL−cj for some k ∈ Z and cj = −cj+p, and denote Φ̃

∗∼ Φ, if the
additional condition k = 0 holds.

We have

Theorem 8.2. Let p > 0 be odd. Let f, f̃ ∈ I∗
p . If f̃ = g−1fg for some holomorphic

mapping g commuting with I, there exist k ∈ Z and cj = −cp+j ∈ C such that g′(0) = µk

(8.1) Φf̃ ,j = Lcj+1
Φf,j+2kL−cj , j = 1, . . . , 2p.

Conversely, if (8.1) holds, then f̃ = g−1fg for some g with gI = Ig and g′(0) = µk. For
each Φ ∈ Np, there exists f ∈ I∗

p with Φf,j = Φj for all j.

Proof. Let f̃ , f ∈ I∗
p . Assume that f̃ = g−1fg with gI = Ig. Then g′(0) = µk.
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Let Ωj, Aj be a canonical collection of f with Ap+j = IAjI. Then A′
j = Aj+2kg and

Ω′
j = g−1(Ωj+2k) are a canonical collection of f̃ . Thus, Φf̃ ,j = Lcj+1

Φf,j+2kL−cj with
cp+j = −cj.

Next, assume that Φf̃ ,j = Lcj+1
Φf,j+2kL−cj with cp+j = −cj. Recall that Φf̃ ,j = Ãj+1Ã

−1
j ,

Φf,j = Aj+1A
−1
j with Ãp+j = IÃjI and Ap+j = IAjI. Replacing Ãj with L−cj Ãj, we get

Ãj+1Ã
−1
j = Aj+2k+1A

−1
j+2k. As in the proof of Theorem 2.5, we know that g = A−1

j+2kÃj (j =

1, . . . , 2p) extends to a holomorphic mapping defined near the origin, f̃ = g−1fg and
g′(0) = µk. Also IgI = g in a neighborhood of the origin.

Given Φ ∈ Np, we need to find f ∈ I∗
p such that Aj+1A

−1
j = Φj, where Aj = IAp+jI, j =

1, . . . , 2p, together with some domains Ω1, . . . ,Ω2p, are a canonical collection of f . By
Theorem 2.5, there exists f ∈ A∗

p such that Φj = Aj+1A
−1
j = Φf,j, where Aj,Ωj form a

canonical collection of f (Ap+j = IAjI does not necessarily hold). Since Φp+j = IΦjI,

we have IAj+1A
−1
j I = Ap+j+1A

−1
p+j on some half-plane Πp,j+p(ρ1). Now Î = A−1

p+jIAj is
well-defined and extends to a holomorphic involution defined near the origin.

Note that

Îf Î = ÎA−1
1 FA1Î = A−1

p+1IFIAp+1 = f−1.

Since I is not an identity, we get Î(z) = −z +O(|z|2).
Put g(z) = 1

2
(z + IÎ(z)) = z + O(|z|2). Now g is biholomorphic, and gÎ = Ig. Thus

If̃I = f̃−1 for f̃ = gfg−1. We now have Φf̃ ,j = Ãj+1Ã
−1
j and Φf̃ ,p+j = IΦf̃ ,jI. Since

f̃ = gfg−1 and g′(0) = 1, Theorem 2.5 says Φf̃ ,j = Lcj+1
ΦjL−cj . Using IΦjI = Φp+j, we

get

Lcj+1
ΦjL−cj = Φf̃ ,j = ILcp+j+1

Φp+jL−cp+j
I = L−cp+j+1

ΦjLcp+j
.

Thus c′ = cj + cp+j for all j and L−c′ΦjLc′ = Φj. When dΦ = 0, we put A′
j = L−cj+ c′

2
Ãj

for j = 1, . . . , 2p. Clearly, A′
j+1A

′−1
j = Φj. Now cj − c′

2
= −cp+j + c′

2
implies that IA′

jI =

Ãp+j + cj − c′

2
= A′

p+j, which gives us the desired realization. When d = dΦ = dΦf
6= 0,

then c′ = k
d
, k ∈ Z. When k is even, A′

j = Ãj − cj + c′

2
gives us the realization as above.

Assume now that k = 2l+1. Put A′
j = L−cj+ l

d
Ãj for j = 1, . . . , p and A′

j = L−cj+ l+1
d
Ãj for

j = p+ 1, . . . , 2p. Then we have

IA′
jI = A′

p+j; A′
j+1A

′−1
j = Φj, j 6= p, 2p;

A′
p+1A

′−1
p = L 1

d
Φp, A′

1A
′−1
2p = L− 1

d
Φ2p.

(8.2)

Take Ĩ = f̃
1
d I. Then Ĩ is a holomorphic involution with Ĩ(z) = −z + O(|z|2). Put h =

1
2
(Id +IĨ), so hĨ = Ih. Put f ∗ = hf̃h−1. Then f ∗−1 = If ∗I. Put A∗

j = A′
jh

−1 = IA∗
p+jI

for j = 1, . . . , p. Obviously, A∗
j+1A

∗−1
j = A′

j+1A
′−1
j = Φj for j = 1, . . . , p − 1. Now rewrite

hĨ = Ih as

h−1Ih = Ĩ = A
′−1
1 L 1

d
A′

1I.

We have

A∗
p+1A

∗−1
p = IA′

1h
−1IhA

′−1
p = IL 1

d
A′

1IA
′−1
p = Φp.
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For j = p + 1, . . . , 2p, we obtain Φf∗,j = IΦf∗,p+jI = IΦp+jI = Φj, which gives us the
desired realization. �

Remark. Theorem 8.2 is due to Voronin [20], when p = 1. One should also compare
the above argument with Voronin’s proof. Notice that the f and f ∗ that appeared in the
above proof are not equivalent by any biholomorphism commuting with I. Otherwise, f 1/d

admits a square root, which is impossible since p and hence q is odd. (The proof of the
last assertion of Theorem 5.1 is valid when ν1, ν2 and σ are replaced with f 1/d, Id and I,
respectively.)

Next we shall classify subgroups in Fp that are invariant under I. For this purpose we
need to study maps in Ap that commute with I, i.e. the odd maps. In fact, we shall consider
a more general linear periodic map R other than the involution I. For a positive integer k,
let Ip,k be the set in Ap commuting with Rµk , and let Np,k be the set of Φ ∈ Mp satisfying
Φ2k+j = Φj. Put I∗p,k = Ip,k ∩ A∗

p. Define Ip,k/∼ to be the set of holomorphic equivalence

classes under maps g commuting with Rµk , and I∗
p,k/

∗∼ the set of equivalence classes under

g satisfying the additional condition g′(0) = 1. Denote Φ̃ ∼ Φ, if Φ̃j = Lcj+1
Φj+2lL−cj for

some l ∈ Z and cj = cj+2k, and denote Φ̃
∗∼ Φ, if l = 0 additionally. Let Np,k/∼,Np,k/

∗∼
be the corresponding sets of equivalence classes.

We have

Lemma 8.3. Let k be a positive integer, and let R = µk. Let f, f̃ = z + O(2) be formal

power series commuting with R, and let g be a formal transformation such that gfg−1 = f̃ .
If f is not the identity, then g and R commute. If Φ, Φ̃ ∈ Mp satisfy Φj+2k = Φj and

Φ̃j+2k = Φ̃j, and if Φ̃j = Lcj+1
Φj+2lL−cj , then cj = cj+2k.

Proof. Since R and f commute, then f̃ and gRg−1 also commute. Since f̃(z) = z+O(2) is

formally equivalent to vλ,1, the group of formal centralizers of f̃ is abelian. Thus R−1gRg−1

is periodic and tangent to the identity, and hence it is the identity.
For the second part, one readily sees that Φj+2l = L−cj+1+cj+1+2k

Φj+2lLcj−cj+2k
. Thus

c′ = cj+2k − cj are independent of j. Now 2pc′ = 0, i.e., cj = cj+2k. �

Theorem 8.4. Let k be a positive integer. There is a one-to-one correspondence between

I∗
p,k/

∗∼ and Np,k/
∗∼. There is a one-to-one correspondence between Ip,k/∼ and Np,k/∼.

Proof. Assume that f is in I∗
p,k. Let Aj,Ωj be a canonical collection of f . Then A′

j =

Aj+2kRµk ,Ω′
j = R−1

µk Ωj+2k form a canonical collection also. Thus we may assume that

Aj+2k = AjRµ−k for all j. Consequently, we get a moduli function Φf,j = Aj+1A
−1
j such

that Φj+2k = Φj.
Conversely, assume that Φ ∈ Mp satisfies Φj+2k = Φj. Take a canonical collection Aj,Ωj

for some f ∈ A∗
p with Aj+1A

−1
j = Φj. Then R̂ = A−1

j+2kAj is a holomorphic map satisfying

R̂fR̂ = f . Now we see that R̂′(0) = µk. Choose a holomorphic map g, tangent to the

identity, such that gR̂g−1 = Rµk . Put f̃ = gfg−1. Now let A′
j be a canonical collection of

f̃ satisfying A′
j+2k = A′

jRµ−k . Then A′
j+1A

′−1
j = Lcj+1

ΦjL−cj with cj = cj+2k.
The remaining assertions in the theorem follow from Theorem 2.5 and Lemma 8.3. �
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We say that F is I-invariant, if IfI ∈ F for all f ∈ F . Since I2 = Id, then IFI ⊂ F
if and only if IFI = F . Denote by Fp,I be the set of F ∈ Fp such that IFI = F . We are
interested in classifying F under a single change of holomorphic coordinates that preserves
I.

Proposition 8.5. Let f ∈ Ap, and let τ = τf , ω = ωf , q = qf , d = df be as in Proposi-
tion 3.5. Assume that df 6= 0.

a) Assume that f = IfI. Then p is even and each Fs,u(f) belongs to Fp,I .
b) Assume that IfI = f−1. Then p is odd, IτI = τf−2/d and IωI = ω. There is

a group in Fs,u(f) invariant by I, if and only if q = δ, s divides q, in which case

<τ q/sf− q
sd , f> is the unique group in Fs,u(f) invariant under I.

Proof. Let f be a generator of F ∩ A0. Since IfI remains a generator, then IfI = f or
IfI = f−1. For the former we already know by Lemma 3.1 that I commutes with each
element of Ĉ(f). In particular all Fs,u(f) are I-invariant.

Assume now that I reverses f . We have IĈ(f)I = Ĉ(f). For if gfg−1 = f , then

IgI ∈ Ĉ(f) and if g is additionally periodic then IgI = g. Since Ĉ(f) = <τ, f 1/d>, we can
write τ−1IτI = f l/d. Raising both sides to q-th power yields −2δ = ql. Since q divides p
and p is odd, we get q = δ with l = −2.

Assume now that F = <τ q/sfd
′/d, f> is invariant by I. Then we have

τ q/sf−2 δ
ds

− d′

d = Iτ q/sfd
′/dI = τ q/sfd

′/df l

for some l ∈ Z. Thus d divides 2( δ
s
+ d′), i.e., s divides 2s′. Since s, dividing q = δ, is odd,

then s divides s′. Since s′ = s′0 + j s
(d,s)

with 0 ≤ j < (d, s) and s′ = l s
(d,s)

, then s′ is unique.

Conversely, if all the conditions are satisfied, then <τ q/sf−q/(sd), f> is I-invariant. �

For p even, define

N̂ ∗
p =

{

(a, s, u,Φ): Φ ∈ Np,p/2, dΦ 6= 0, arg a ∈ [0, π),

s|qΦ, 0 ≤ u < (d, s)
}

,

and define (ã, s̃, ũ, Φ̃)
∗∼ (a, s, u,Φ), if (ã, s̃, ũ) = (a, s, u) and if Φ̃j = Lcj+1

ΦjL−cj for some
cj = cj+p ∈ C.

For p odd, define

N̂ ∗
p =

{

(a, s,Φ): arg a ∈ [0, π),Φ ∈ Np, dΦ 6= 0, qΦ = δΦ, s|qΦ
}

,

and define (ã, s̃, Φ̃)
∗∼ (a, s,Φ), if (ã, s̃) = (a, s) and Φ̃j = Lcj+1

ΦjL−cj for some cj =
−cj+p ∈ C.

Let Fp,I/∼ be the set of holomorphic equivalence classes of F ∈ Fp,I under holomorphic

maps g satisfying gI = Ig, and let Fp,I/
∗∼ be the set of holomorphic equivalence classes of

F ∈ Fp,I under g satisfying the additional condition g′(0) = 1.

Theorem 8.6. There is a one-to-one correspondences between {F ∈ Fp,I : dF 6= 0}/ ∗∼ and

N̂ ∗
p /

∗∼.
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Proof. We shall first find a one-to-one correspondence between Fp,I/
∗∼ and N̂ ∗

p /
∗∼.

For F ∈ Fp,I , we need to define a, s and Φ for F . We take a generator f0 of F ∩ A0.
Proposition 8.5 says that If0I = f0 with p even, or If0I = f−1

0 with p odd.
Let sF be the order of F/F ∩ A0. We now define aF and ΦF . There is a unique generator

f(z) = z+aµ0z
p+1 +O(|z|p+2) with 0 ≤ arg a < π, and we assign aF = a. Choose a unique

Rλ with λ > 0 such that f1 = R−1
λ fRλ ∈ I∗

p , and define ΦF = Φf1 ∈ Np. When p is even,
let u be the unique integer such that F = Fs,u(f). The rest of proof is similar to that of
Theorem 7.10. �

For p even, define

N̂p =
{

(s, u,Φ): (1, s, u,Φ) ∈ N̂ ∗
p }.

Given (s̃, u, Φ̃), (s, u,Φ) ∈ N̂p, we denote (s̃, ũ, Φ̃) ∼ (s, u,Φ), if (s̃, ũ) = (s, u), and Φ̃j =

Lcj+1
Φj+2kL−cj with cj = cj+p, or if (s̃, ũ) = (s, u−), and Φ̃j = Lcj+1

R−1Φj+2k+1R−1L−cj
with cj = cj+p. (Recall that Fs,u(f) = Fs,u−(f−1) and Φf = Φ.) When p is odd, define

N̂p =
{

(s,Φ): (1, s,Φ) ∈ N̂ ∗
p }.

Given (s̃, Φ̃), (s,Φ) ∈ N̂p, we denote (s̃, Φ̃) ∼ (s,Φ), if s̃ = s, and Φ̃j = Lcj+1
Φj+2kL−cj for

all j or Φ̃j = Lcj+1
R−1Φj+2k+1R−1L−cj for all j with cj = −cj+p.

Analogous to Theorem 7.11, we have

Theorem 8.7. There is a one-to-one correspondences between {F ∈ Fp,I : dF 6= 0}/∼ and

N̂p/∼.

9. Exceptional non-abelian subgroups of Cerveau and Moussu

Recall that A0 is the group of germs of local biholomorphic mappings of C fixing the
origin. Denote by A∗

0 ⊂ A0 the subgroup consisting of mappings that are tangent to the
identity.

According to Cerveau and Moussu [4], a non-abelian subgroup G ⊂ A0 is exceptional, if
G ∩ A∗

0 is generated by some h 6= Id. A theorem of Cerveau and Moussu [4] says that if
G, G̃ ⊂ A0 are two non-exceptional subgroups and g is a formal holomorphic map satisfying
gGg−1 ≡ {gfg−1 : f ∈ G} = G̃, then g is actually convergent. They also studied relations
among the classification of exceptional non-abelian subgroups, mappings in Ap that are
reversible by a periodic maps, and the Ecalle-Voronin theory. The main purpose of this
section is to make the results of Cerveau and Moussu [4] on exceptional non-abelian groups
more precise; in particular, we shall determine when the classification of the exceptional
non-abelian groups G is equivalent to that of a generator of G ∩ A∗

0.
By Cerveau and Moussu [4], we know that each exceptional non-abelian subgroupG ⊂ A0

is generated by two elements, ω0 and h0, where h0 = ω0h
−1
0 ω−1

0 is in Ap, ω0 is periodic, and
ω′

0(0) =
√
µm with m > 0 odd. One can find g so that ω1(z) = gω0g

−1(z) =
√
µmz. Then

gGg−1 = <ω1, h1> for h1 = gh0g
−1. We have m = m1m2 with m1 = (m, p). Since m is

odd, then ω′
1(0) and

√
µm1 are both primitive 2p

m1
-th roots of unity. Put ω(z) =

√
µm1z. We

have <ω1> = <ω>, and ωhω−1 = h−1 too. By a linear transformation, one may assume
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that h is in A∗
p. From now on we assume that the non-abelian exceptional subgroups have

the form

(9.1) G = <ω, h>, ωh−1ω−1 = h ∈ A∗
p, ω(z) =

√
µmz, m|p,m > 0.

We first remark that ω is an invariant. If g<ω, h>g−1 = <ω̃, h̃>, then ghg−1 = h̃, or h̃−1.
Note that 2p/m is the order of the quotient group <ω, h>/<h> ≡ <ω>. Thus ω̃ = ω (but
gωg−1 6= ω̃ in general).

Lemma 9.1. Let ω be holomorphic and h ∈ Ap with d = dh 6= 0. If h−1 = ωhω−1, then
we have (a) ω is periodic, and ω′(0) =

√
µm0 with m0 is odd. (b) ωτω−1 = τh−2/d, p/δ|m0,

and q = δ. (c) The square root ω
1/2
h =

√
µp/δz + O(2) reverses h and satisfies (ω

1/2
h )k = ω

for k = m0/(p/δ).

Proof. Since ω reverses h then ω2p = hk/d and h−k/d = ωhk/dω−1 = ωω2pω−1 = hk/d. Hence
k = 0 and ω is periodic. Using ωhω−1 = h−1, we see from the coefficients of zp+1 that
ω′(0)p = −1. So ω′(0) =

√
µm0 for some odd m0 > 0. Since ω is periodic and ω2 commutes

with h, ω2 = ωah and ω2δ = 1. Hence p/δ divides m0. Since m0 is odd, we conclude
q = δ. Since ω reverses h, then ωτω−1 commutes with h. So ωτω−1 = τhl/d Raising
both sides to q-th power, we get h−δ/d = hδ/d+ql/d. Thus l = −2δ/q = −2. Let ωh be

the generator of periodic elements of Ĉ(h) satisfying ω′
h(0) = µp/δ. Write m0 = kp/δ and

ω1 = ωω
−(k−1)/2
h . Then ω1 reverses h. Since ωωhω

−1 commutes with h, ωωhω
−1 = ωh. Now

(ω2
1)

′(0) = µp/δ = ω′
h(0), ω2

1 is periodic and commutes with h. Thus ω2
1 = ωh. �

Proposition 9.2. Let ω(z) =
√
µmz with m > 0 and m|p. Assume that h, h̃ ∈ Ap with

dh 6= 0 are reversible by ω. (a) There is a holomorphic g satisfying g<ω, h>g−1 = <ω, h̃>,

if and only if there is a holomorphic g1 satisfying g1hg
−1
1 = h̃, and g1ωg

−1
1 = ω or ωh̃. (b)

There is a holomorphic g so that gωhg−1 = ω and ghg−1 = h, if and only if dh is even.

Proof. For (a), the existence of g1 implies g1<ω, h>g
−1
1 = <ω, h̃> trivially. Assume now

that g<ω, h>g−1 = <ω, h̃>. We have gωg−1 = ωahb. Looking at the linear parts, we see
that gωg−1 = ωhb. We also have ghg−1 = h̃, or h̃−1. When the latter occurs, replacing g by
ωg, we may assume that ghg−1 = h̃. Put g1 = h̃b/2g when b is even, and put g1 = h̃(b−1)/2g
when b is odd. We obtain g1hg

−1
1 = h̃ and g1ωg

−1
1 = ω, or ωh̃.

For (b), when dh is even, h1/2ωhh−1/2 = ω and h1/2hh−1/2 = h. Assume now that there
is g satisfying ghg−1 = h and gωhg−1 = ω. The former implies that g = τahk/d. By
Lemma 9.1, we have ωτω−1 = τh−2/d. Now ω−1gωhg−1 = 1 implies that h−2a/d−2k/d+1 = 1,
which holds for some choice of a, k, if and only if d is even. �

Remark. Obviously, <ωh, h> = <ω, h>, (ωh)2 = ω2 (so ωh is periodic) and ωh reverses
h. Proposition 9.2 concludes that classifying exceptional non-abelian groups <ω, h> with
h ∈ Ap agrees with classifying h = ωh−1ω−1 ∈ Ap under local biholomorphic mappings
preserving ω, if and only if dh is even. This clarifies a remark of Cerveau and Moussu [4].

Proposition 9.3. Let ω(z) =
√
µmz with m|p. Assume that h, h̃ ∈ Ap are reversible by ω.

Let ω
1/2
h and ω

1/2

h̃
have the linear parts

√
µp/δhz and

√
µp/δh̃z, respectively. If gωg−1 = ω and
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ghg−1 = h̃, then gω
1/2
h g−1 = ω

1/2

h̃
; if gωg−1 = ωh̃ and ghg−1 = h̃, then gω

1/2
h g−1 = ω

1/2

h̃
h̃.

The converse is also true, if ghg−1 = h̃, (ω
1/2
h )k = (ω

1/2

h̃
)k = ω for m = kp/δ and δ = δh.

Proof. Assume that g satisfies gωg−1 = ω and ghg−1 = h̃. Then (gω
1/2
h g−1)k = (ω

1/2

h̃
)k,

where m = kp/δ and δ = δh = δh̃. Note that both gω
1/2
h g−1 and ω

1/2

h̃
reverse h̃, by

Lemma 9.1. Thus gω
1/2
h g−1 = ω

1/2

h̃
h̃l/d. Raising both sides to k-th power and noting that k

is odd, we get gωg−1 = ωh̃l/d. Thus l = 0, which shows that gω
1/2
h g−1 = ω

1/2

h̃
. Conversely,

start with gω
1/2
h g−1 = ω

1/2

h̃
and ghg−1 = h̃. Raising the former to k-th power, we get

gωg−1 = ω for (ω
1/2
h )k = (ω

1/2

h̃
)k = ω.

Assume now that gωg−1 = ωh̃ and ghg−1 = h̃. Again gω
1/2
h g−1 = ω

1/2

h̃
h̃l/d. Raising

both sides to k-th power, we get l/d = 1, i.e., gω
1/2
h g−1 = ω

1/2

h̃
h̃. Conversely, assume

that gω
1/2
h g−1 = ω

1/2

h̃
h̃ and ghg−1 = h̃. Rasing the former to the k-th power, we get

gωg−1 = ωh̃. �

Recall that each exceptional non-abelian group is equivalent to a group <ω, h>. By

Proposition 9.3, two groups <ω, h> and <ω, h̃> are equivalent, if and only if <ω
1/2
h , h>

and <ω
1/2

h̃
, h̃> are equivalent. By another change of coordinates, one may assume that

ω
1/2
h (z) =

√
µp/δz. This shows that the set of equivalence classes of exceptional non-abelian

groups G with G∩A∗
0 ⊂ Ap is identified with a positive odd integer m|p (2p/m is the order

of G/G ∩ (Ap)) together with the set of equivalence classes of

<ω
1/2
h , h>, h = ω

1/2
h h−1ω

−1/2
h ∈ A∗

p, ω
1/2
h (z) =

√
µp/δz.

Fix positive integers δ, p satisfying δ|p, and fix a positive integer d. Let Mr
p,δ,d be the set

of Φ ∈ Mp, dΦ = d, satisfying

Φj = ξ +
∑

k≥1

cj,ke
ǫj2πikξ = IΦj+p/δI, j = 1, . . . , p/δ,

Φj+2p/δ = Φj, j = 1, . . . , 2p, Φj′+2p/δ′ 6= Φj′ ,

for any δ′ > δ and for some j′ dependent of δ′. Note that Mr
p,δ,d is non-empty; for instance,

Φ1 = ξ + eǫ12πiξ/d = I lΦ1+lp/δI
l and Φj = ξ for j 6= 1 + lp/δ form an element in Mr

p,δ,d.

Given Φ, Φ̃ ∈ Mr
p,δ,d, we say that Φ, Φ̃ are equivalent, and denote Φ̃ ∼ Φ, if there is k so

that

Φ̃j+2k = Φj, j = 1, . . . , 2p

or if there is k so that

Φ̃j+2k = L−1/2ΦjL1/2, j = 1, . . . 2p, dΦ odd.

Let Ep,δ,d,m be the set of non-abelian groups of the form

G = <ω, h>, h ∈ A∗
p, ω(z) =

√
µm(z), ωhω−1 = h−1, dh = d, δh = δ,m|p.
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Denote by Ep,δ,d,m/ ∼ the equivalence classes of the groups under local biholomorphic
transformations.

Theorem 9.4. Fix positive integers m, p, δ satisfying m|p, p/δ|m and let d be a positive
integer. If m is odd, then Ep,δ,d,m is non-empty and there is a one-to-one correspondence
between Ep,δ,d,m/ ∼ and Mr

p,δ,d/ ∼.

Proof. Fix m. Let G ∈ E = Ep,δ,d,m. We already know that G is equivalent to some

<κmδ/p, h> with κ(z) = ω
1/2
h (z) =

√
µp/δz, h ∈ A∗

p, and h−1 = κhκ. Let A1
j ,Ω

1
j be a

canonical collection of h. Since κlhκ−l = h(−1)l
and κ′(0) =

√
µp/δ then for each k, Ak+1

j+kp/δ =

IkA1
jκ

−k and Ωk+1
j+kp/δ = κkΩ1

j form a canonical collection for h. By the uniqueness of

canonical collections, there exists a canonical collection Ãj, Ωj ⊂ ∩2δ
k=1Ω

k
j so that Ãj =

Lak
j
Akj on Ωj for k = 1, . . . , 2δ. Put

Aj = A1
j , Aj+lp/δ = I lA1

jκ
−l, j = 1, 2, . . . , p/δ, l = 1, 2, . . . , 2δ − 1.

Clearly, Aj+p/δ = IAjκ
−1 for j = 1, . . . , (2δ − 1)p/δ. For (2δ − 1)p/δ < j ≤ 2p, we have

Aj+p/δ = Aj+p/δ−2p = I−1A1
j+2p/δ−2pκ = I−1A1

j−(2δ−2)p/δκ = IAjκ
−1. Obviously A−1

j L1Aj =

h. Write Φj = Aj+1A
−1
j = ξ +

∑

k≥0 cj,ke
ǫj2πikξ. Then we have Φj+p/δ = IΦjI for all j; in

particular Φj+2p/δ = Φj for all j. Next we need to achieve cj0 = 0 for all j, by replacing
Aj with A∗

j = LbjAj for j = 1, 2, . . . 2p. Of course, we still need A∗
j+p/δ = IA∗

jκ
−1, which

is equivalent to bj+p/δ = −bj for all j. Let c∗j0 be the constant terms in the expansion

of Φ∗
j = A∗

j+1A
∗−1
j . Then c∗j0 = bj+1 − bj + cj0. To achieve c∗j0 = 0 for j = 1, . . . , p/δ,

taking the sum yields −2b1 = c10 + · · ·+ cm0. Taking bj+1 = bj − cj0 for j = 1, . . . , p/δ − 1
gives us c∗10 = · · · = c∗p/δ0 = 0. Put bj+lp/δ = (−1)lbj for l = 1, . . . , 2δ − 1. Then we have

Φ∗
j+lp/δ = I lΦ∗

jI
l; in particular c∗j0 = 0 for all j. Having achieved cj0 = 0 for Φj = Aj+1A

−1
j ,

we need only to show that Φj+2p/δ′ = Φj does not hold for some j if δ′ > δ. Otherwise, put

A−1
j+2p/δ′+1Aj = A−1

j+2p/δ′+1Aj+1 = g. Then g commutes with h, g2δ′ = 1 and g′(0) = µp/δ
′

,

which contradicts δh = δ.
Assume now that G, G̃ ∈ E are equivalent. Then G and G̃ are equivalent to <κmδ/p, h>

and <κmδ/p, h̃>, respectively. Proposition 9.3 says that there is g so that ghg−1 = h̃ and
gκg−1 = κ or κh̃.

Consider first that gκg−1 = κ. Put Φh = Φ and Φ̃ = Φh̃. We want to show that Φ̃j+2k =

Φj. By Theorem 2.5, we have Φ̃j+2k = Laj+1
ΦjL−aj

. Obviously, a1 = · · · = a2p = a. We

also have g′(0) = µk and g = Ã−1
j+2kLaAj. Recall that κ = A−1

j+p/δIAj and κ = Ã−1
j+p/δIÃj.

Now 1 = κ−1gκg−1 = Ã−1
j ILaIL−aÃj, i.e. a = 0. Assume now that ghg−1 = h̃ and

gκg−1 = κh̃. We want to show that Φ̃j+2k = L−1/2ΦjL1/2. We still have Φ̃j+2k = LaΦjL−a,

g = Ã−1
j+2kLaAj. Now Ã−1

j L1Aj = h̃ = κ−1gκg−1 = Ã−1
j ILaIL−aÃj, i.e. a = −1/2. When

dh = dh̃ is even, we conclude Φj+2k = Φ̃j.

Assume now that Φ̃ = Φh̃ and Φ = Φh satisfy Φ̃j+2k = Φj. We have A−1
j L1Aj = h,

Ã−1
j L1Ãj = h, κ = A−1

j+p/δIAj, and κ = Ã−1
j+p/δIÃj. Put g = Ã−1

j+2kAj. Then ghg−1 =

Ã−1
j+2kL1Ãj+2k = h̃. Also gκg−1 = Ã−1

j+2kIÃj+2k−p/δ = κ. Assume now that Φ̃j+2k =
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L−1/2ΦjL1/2. Put g = Ã−1
j+2kL−1/2Aj. Then ghg−1 = Ã−1

j+2kL−1/2L1L1/2Aj+2k = h̃. Also

gκg−1 = Ã−1
j+2kL−1/2IL1/2Ãj+2k−p/δ = κh̃.

For the realization, we need to construct, for each Φ ∈ M, an h ∈ A∗
p satisfying the

following: Φh,j = Φj, κhκ
−1 = h−1 for κ(z) =

√
µp/δz + O(2). Then <κmδ/p, h> ∈ Erp,δ,d

is a realization for Φ. We have h0 ∈ A∗
p and a canonical collection Ãj, Ω̃j of h0 satisfying

Ã−1
j+1Ãj = Φj. We have Φj+p/δ = IΦjI. Thus Ã−1

j+p/δ+1IÃj+1 = Ã−1
j+p/δIÃj = κ0 is periodic

and satisfies κ′0(0) =
√
µp/δ and κ

2p/δ
0 = 1. We also have κ0h0κ

−1
0 = h−1

0 . So κ2
0 commutes

with h0. We want to show that κ2
0 generates all periodic centralizers of h0. Assume that a

periodic ω0(z) = µp/δ
′

z+O(2) commutes with h0 and that δ|δ′. Then ω0h0ω
−1
0 = h0 implies

that ω0 = A−1
j+2p/δ′Laj

Aj and Φj+2p/δ′ = Laj+1
ΦjL−aj

. First we see a1 = · · · = a2p = a. Now

ωδ
′

0 = 1 implies that δ′a = 0. So a = 0 and Φj+2p/δ′ = Φj, which violates the definition of
M, if δ′ > δ.

Next we choose g′1(0) = 1 so that g1κ0g
−1 = κ, and so that h1 = g1h0g

−1
1 is still in A∗

p.

In particular, κ2 generates all periodic centralizers of h1. Let A′
j, Ω′

j be a set of canonical

collection of h1 satisfying A′
j+p/δ = IA′

jκ
−1
1 , constructed above for the group <κ, h1>. We

only have

Φh1,j = Laj+1
ΦjL−aj

.

Since all constant terms in the expansions of Φh1,j and Φj are zeros, we get a1 = · · · =
a2p = a. Applying I to both sides, we see that L2a commutes with all Φj. Thus 2a = l/d.
When l is even, we get immediately Φh1,j = Φj. When a = k

d
+ 1

2d
, we obtain

Φh1,j = L 1
2d

ΦjL− 1
2d
.

Let g2 be holomorphic with g′2(0) = 1 so that g2h
1/d
1 κg−1

2 = κ, and so that h = g2h1g
−1
2 ∈

A∗
p. Then h is reversible by κ and κ2 generates all periodic centralizers of h. Define Aj =

L− 1
2d
A′
jg

−1
2 for j = 1, . . . , 2p. Then A−1

j L1Aj = g2A
′−1
j L1A

′
jg

−1
2 = g2h1g

−1
2 = h, IAjκ

−1 =

L 1
2d
A′
j+p/δκg

−1
2 κ−1 = L 1

2d
A′
j+p/δh

−1/d
1 g−1

2 = Aj+p/δ, and Aj+1A
−1
j = L− 1

2d
A′
j+1A

′−1
j L 1

2d
=

Φj. �

Fix positive integers m, p, δ satisfying m|p, p/δ|m and let d be a positive integer. Denote
by F r

p,δ,d,m the set of holomorphic functions f ∈ Ap satisfying h−1 = ωhω−1 for ω(z) =
√
µmz. Denote h̃

∗∼ h, if there is holomorphic g so that gωg−1 = ω and ghg−1 = h̃. Denote

Φ̃
∗∼ Φ, if Φ̃j+2k = Φj for all j and for some k.
Proposition 9.3 and the above proof imply the following

Theorem 9.5. Fix positive integers p, δ, d,m with m odd, m|p and p/δ|m. There is a

one-to-one correspondence between F r
p,δ,d,m/

∗∼ and Mr
p,δ,d/

∗∼.
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