A COMPLETE CLASSIFICATION FOR PAIRS OF REAL ANALYTIC
CURVES IN THE COMPLEX PLANE WITH TANGENTIAL
INTERSECTION

PATRICK AHERN AND XIANGHONG GONG

1. INTRODUCTION AND RESULTS

Let v = (71,72) be a pair of real analytic curves in C, intersecting only at the origin.
Two such pairs v = (71,72) and 4 = (31, 72) are said to be equivalent, if there is a (local)
biholomorphic mapping h defined near 0 = h(0) such that h(y;) = 7; for j = 1,2. In
this paper we shall give a complete classification for pairs of smooth real analytic curves
in C with tangential intersection under a change of local holomorphic coordinates of the
complex plane.

For a biholomorphic map f of the complex plane defined near 0 = £(0), let C(f) be the
group of centralizers of f, i.e. biholomorphic maps ¢ satisfying fg = ¢f, and let C(f) be
the set of the centralizers of f that are tangent to the identity. We shall determine the
structures of the centralizer group ¢ (f). We shall also determine all composition roots of
f, i.e. holomorphic maps g whose n-th iterate ¢" = go --- o g, for some integer n, is f.

We shall classify, under a change of local holomorphic coordinates, the abelian subgroups
F of A, where A is the group of local biholomorphisms g(z), g(0) = 0, for which ¢’(0) is
a root of unity. We shall also classify the abelian subgroups F' C A which are invariant
by an anti-holomorphic involution ¢ (i.e. {ogo: g € F} = F) under a change of local
holomorphic coordinates that preserves o.

We now give some details for our main results.

1.1. Pairs of real analytic smooth curves. We first consider two smooth real analytic
curves that are tangent at the origin. All real analytic curves in this paper are germs of
smooth real analytic curves at the origin. By a local change of holomorphic coordinates,
one of curves in the pair is the y-axis, and the other is of the form

v =ay’™ +O(|yl"*?), a#0,

where p+ 1 is the order of tangency of two curves. It turns out that by a formal change of
coordinates the pair is defined by

nie=0, " x=ayPtt+ AP

where A € R, and a = 1 when p is odd and a = +1 when p is even. Moreover, a, A, p form

a complete set of formal invariants for the pairs of real analytic curves (see Kasner [11] and
Pfeiffer [14]).
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Let S be the set of holomorphic functions h such that h(£) — ¢ is bounded, holomorphic,
and of period one on some upper half-plane II*(¢): Im& > 1/e. Denote by M,, the set of
2p-tuples holomorphic functions ® = (®y,...,Py,) with @;((—1)771¢) € S. We say that
PP e M, are equivalent (written @ ~ i)), if there exist constants ¢; = c¢j;9, € C and
k € Z such that for L.(§) =&+ ¢

in which we put ®,45, = ®; and ijJrgp = &Dj. Let M, , be the set of & € M, satisfying
the additional condition

cj+1q)j+2kL—Cj7 ] = 17 s 72p7

@—1

2p—j
Denote ® < @, if they satisfy (1.1) for some ¢; € C with ¢yp_j11 = —¢; and for k = p/2 € Z
or for k = 0. Denote by M, ,/~ the set of such equivalence classes.

The classification for the pair of smooth real analytic curves with tangential intersection
is given by

=odj0, jEZ, o) =-E

Theorem 1.1. There is a one-to-one correspondence between M, ./~ and the set of local
holomorphic equivalence classes of the pairs of real analytic curves that are tangent to order
p+ 1, when p is odd; when p is even, the set of equivalence classes of the pairs of curves is
one-to-one corresponding to the disjoint union of two copies of /\/lpp/r‘z».

The proof of the theorem is in section 4, where one can also find a moduli space for the
holomorphic equivalence classes of pairs of real analytic curves intersecting with an angle
that is a rational multiple of 7.

The proof of Theorem 1.1 is based on the Ecalle-Voronin theory. Denote by A, the set
of holomorphic mappings

(1.2) f(2) =24 fon +O(271), fria #0.

Denote by Aj the set of holomorphic maps f € A, with f,11 = g (see (2.1) below).
Let A,/ ~ be the equivalence classes of mappings in A, under a change of holomorphic
coordinates, and let A~/ ~ be the set of equivalence classes of mappings in Aj under a
change of holomorphic coordinates that is tangent to the identity.

The Ecalle-Voronin theory says that there is a one-to-one correspondence between Ay / <
and M,/ ~, where ® < ® if they satisfy (1.1) with k = 0; see [6], [19], [12], and [9]. Note
that A,/~= A%/~ when p = 1. In general, one has

Theorem 1.2. There is a one-to-one correspondence between A,/ ~ and M,/ ~.

The above theorem is likely not original with us. However, due to the lack of a precise
reference and to its importance to other classification problems, a complete proof of the
theorem is given in section 2. See [1] also for finitely smooth local normalization for entire
functions that are tangent to the identity.

1.2. Centralizers and roots. In section 3 we shall give a complete description for the
centralizer group C(f) and roots of f(z) = z 4+ O(|z]?). We assume that f is not the time-
one map of a holomorphic vector field A(z)2 with A(z) = O(|z[?), since the case that f is
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in the flow is well-understood [7]. We shall see that C(f) is an abelian group and C(f)/C(f)

is a finite group of order ¢q. The elements of ¢ (f) of finite order form a cyclic group of finite
order 4.

It is well-known that C(f) is generated by the root f/¢ for some positive integer d = d;
(see [2], [5], [10]). Throughout the paper f/¢ stands for the (unique) d-th root of f that
is tangent to the identity. Berthier, Cerveau and Meziani [3] also showed that C(f) is an
abelian group generated by two elements 7y, w where w generated all periodic centralizers
of f. The following theorem describes suitable generators of C (f) which are relevant to
other invariants of the group, which will be useful to our applications.

Theorem 1.3. Let f be an element in A, that is not embeddable into any flow of a
holomorphic vector field A(z)2 with A(z) = O(|z[P™). Then

D) C(f) = <7, fH9> = <> @ <w> for some T,w satisfying 79° = w4 and w® = 1.
(<x,y> stands for elements generated by x and y.)

i1) Let r be the largest factor of dq/d with (r,d)|d. There exists a r-th root g of f and
all t-th roots h of f have the property: t divides r and h = w’¢"/t for some j with
0 dividing jt.

i1i) In particular, when é(f) has no periodic element, it is a cyclic group generated by
the unique r-th root g.

Moreover, d,q and ¢ depend only on the holomorphic equivalence class of f.

Theorem 1.4. For f € A, with dy # 0, we have

i) If f7' = HfH™' and H is anti-holomorphic, then H? = Id. Moreover g~ =
HgH™" for all g € C(f).

it) The number of germs of smooth real analytic curves at the origin that are invariant
under f is either 0, or dy. When the latter occurs, the curves are of the form
v = w2~ where w generates all periodic elements in é(f) In particular, f
has no two invariant smooth real analytic curves tangent at the origin.

i11) Let g be a germ of holomorphic function at 0 € C. Assume that f and gfg~*
are real-valued on R. Then g is real-valued on R, if and only if ¢’(0) is real; in
particular, g is real if p =1 or 2.

iv) Assume further that f = o109, where o are anti-holomorphic involutions generated
by germs of smooth real analytic curves v; at the origin. There exist at most two
biholomorphisms g with g(v;) =y, for j = 1,2. There exists g # 1d with g(v;) = ~;
for 5 =1,2 (and hence g* = 1d), if and only if §; is even.

1.3. The o-equivalence classifications of A; and their group structures. By the
Schwarz reflection, a smooth real analytic curve determines a local anti-holomorphic in-
volution fixing the curve pointwise, and vice versa. Thus a pair of smooth real analytic
curves determines a pair of (local) anti-holomorphic involutions 7y, 7. When one of real
analytic curve is the y-axis, its corresponding anti-holomorphic involution is

o.z2— —Z.

Then the composition f = 717 is reversible with respect to o, i.e. f~' = ofo. Thus the
classification for pairs of smooth real analytic curves tangent to order p + 1 corresponds
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to the classification of A, ,/ <, where A,, is the set of f € A, that are reversible by o.
Denote f Z f when f = gfg~! for some biholomorphism ¢ = ogo.

Given f € A,,, let A; be the set of elements in A,, that are equivalent to f under
some biholomorphism. In section 5 we classify A; under various more restrictive biholo-
morphisms. It turns out the equivalence classes admit some group structures related to
that of C(f).

In section 5 we shall also classify reversible holomorphic maps in A, i.e., maps that are
reversible by some holomorphic involution, under general biholomorphic maps.

We shall then use the moduli functions of A, described by Il'yashenko [9], to show the
following.

Theorem 1.5. There exists f € A, that is reversible by some formal anti-holomorphic
involution, but not by any (convergent) anti-holomorphic map.

For the existence of holomorphic maps f, with f’(0) not a root of unity, such that f is
not reversible by anti-holomorphic involution, see [8]. The method in [8], based on pairing
periodic orbits of reversible maps, is completely different from the one in this paper, since
maps in A, have no periodic orbits (remaining in small neighborhoods of the origin).

1.4. Real analytic maps on R. In section 6 we classify (local) real analytic maps on R
that is tangent to the identity, under real analytic maps of R. We shall also show that
Theorem 1.4 iii) implies that

Corollary 1.6. Let f, f € A, be real valued on R withp =1 or2. Then f, f are equivalent
under a germ of real analytic diffeomorphism of R at the origin, if and only if they are
equivalent under both a formal real analytic map of R and a holomorphic map defined near
the origin.

In contrast to the above, we also have

Theorem 1.7. For p > 3, there exist f, f € R, which are equivalent under a formal real
map and a holomorphic map, but not under any germ of real analytic diffeomorphism of R
at the origin.

Dropping the condition d; # 0 in Theorem 1.4, we shall prove

Theorem 1.8. Let f # Id be a biholomorphic mapping defined near 0 € C that admits two
smooth real analytic curves tangent at the origin. Then in suitable holomorphic coordinates
one of the followings holds

i) f(z) = —z. The set of invariant smooth real analytic curves of f consists of y =
A(x), or x = B(y) with B'(0) = 0, where A, B are odd real analytic functions.

it) f is the time-one map of v, = eplf:—;p% with A € R and ¢, = 1 for p odd and
e, = £1 for p even. The invariant smooth real analytic curves of f are fized-point
sets of z — Uﬁp,/\(e%ﬁ/pi), where j =1,...,p and t € iR.

i) f is —v:p/ 2/\ with p even, while the invariant smooth real analytic curves of f are as

the same as above.
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iv) Let f be as in i), ii) or iii). Let g be a germ of biholomorphic map defining at
0 € C. Then g~'fg remains real on the real axis, if and only if there is a germ
of real diffeomorphism h of R at the origin so that g(z) = h(z) + iA(h(z)) or
g(z) = B(h(2)) + ih(z) for case i), or g(z) = vif/\(e”ji/ph(z)) with j =1,...,p and
t € iR for ii) and 7).
1.5. Abelian subgroups of A. In section 7 we turn to the classification of abelian sub-
groups F of A under a change of holomorphic coordinates, where we emphasize the rela-
tionship between group structures and invariants of generators of F' N Ay. Here we would
like to mention that a moduli space for the classification of certain generators of F' under
holomorphic maps tangent to the identity is given by Elizarov, II'yashenko, Shcherbakov,
and Voronin [7], and that the moduli space can be easily adapted to the classification for
the groups.

We restrict ourselves to the case that F'N.A, is non-empty; consequently, F'is a subgroup
of C (f) for some f € A,. We shall see that if f is reversible or invariant by ¢ and f is not
in the flow of any holomorphic vector field A(z)2 with A(z) = O(|z|?), then C(f) is o-
invariant. We shall also use holomorphic maps that commute with ¢ to classify the abelian
subgroups F' of A that are invariant under o. For the above two classification problems
about abelian subgroups, we shall use both moduli spaces for o-reversible holomorphic
maps on C and real analytic maps on R. We shall also use the decomposition of é( f)
given by Theorem 1.3.

In section 8, we shall also classify pairs of holomorphic involutions and abelian subgroups
of A that are invariant under a holomorphic involution.

1.6. Exceptional non-abelian subgroups of Cerveau and Moussu. In section 9,
we shall find a moduli space for the exceptional non-abelian subgroups of Cerveau and
Moussu [4] via the Ecalle-Voronin theory. The connection between the Ecalle-Voronin
theory and the moduli space of the exceptional groups was already observed by Cerveau
and Moussu [4]. We shall also determine the relationship between the classifications of the
groups and of their generators.

1.7. Comments. The problem on classification for pairs of real analytic curves goes back
to works of Poincaré [16], Kasner [11], and Pfeiffer [14]. In [15], Pfeiffer showed the existence
of pairs of real analytic curves in C intersecting at some angle of irrational multiple of 7
that are formally but not holomorphically equivalent to a pair of real lines.

Nakai [13] studied the problems about pairs of real analytic curves, via the Ecalle-Voronin
theory. Theorem 5.1 and Theorem 3 in [13] gave two moduli spaces for the classification
of the composition maps of pairs of anti-holomorphic involutions generated by two real
analytic curves intersecting tangentially to order 2. However, both theorems do not agree
with Theorem 5.8 below (Theorem 5.8 gives a moduli space for the classification of the
composition map of the pair of involutions). In fact, the moduli space given in Theorem
5.1 in [13] is the same as the one in Theorem 1.1 above, and it would thus seem to be the
one for the classification of the pairs of real analytic curves.

Section 5 also contains more complete results for some questions about the composition
of pairs of anti-holomorphic involutions studied by Nakai [13]. For recent work about pairs
of real analytic curves in the complex plane, see Trépreau [18].



2. THE ECALLE-VORONIN THEORY: THE COMPLETE SET OF INVARIANTS
In this section we shall find the moduli space for germs of holomorphic maps of the form
z— a1z + ap 22T+ O(121PT?),  ap #0, p>0

under a holomorphic change of coordinates, where a; is a root of unity. This moduli space
was obtained by Ecalle [6] and Voronin [19], for p = 1 and a; = 1. The moduli space for
p > 1 under biholomorphisms that are tangent to the identity is given by Il'yashenko [9].

The moduli functions constructed in this section will describe precisely when two holo-
morphic maps z — z 4 a,,12P ™ 4+ O(|2|P*?) are holomorphically equivalent under a biholo-
morphism g with a given linear part. This result will play a role for the other classification
problems in this paper.

Fix a positive integer p. Recall that A, is the set of holomorphic mappings

flz) =2+ ap+12p+1 + O(|Z|p+2)u api1 7 0.

We say that f, f € A, are holomorphically equivalent, if there is a biholomorphic mapping
g such that f = g~ 'fg. Let A be the set of above mappings f with

1 odd,
(2.1) tpi1 = 1o = { P

1 p even.

Each f € A, is equivalent to some f € A; by a linear change of coordinates. Thus there
is a (canonical) one-to-one correspondence between the holomorphic equivalence classes in
A, and ones in A%. Note that if f,g7'fg € A%, then

9(2) = pFz + O(|2]),

where g is a primitive p-th root of unity. For our purpose, we choose

e'r p=0,1 mod 4,
(2.2) Vi = { «

S IE T

e 'r, p=2,3 mod 4.

We say that €2;, A;,j = 1,...,2p are a canonical collection for f € A, if the following
Ii-v hold

Ii) Q;,5 =1,...,2p, are connected and simply connected domains of C, whose union
is a punctured neighborhood of 0 € C. €11 N Qo1 = Qg5 N Qg = () for k # 5
mod p.

[4i) Denote by y, the germ of sectors at the origin, centered along the positive imaginary
axis, i.e., a sector of the form {z: O < [z| < r,|argz — §| < €} for some r,e > 0.
Then Q; N Q4 contains \/ﬁjy+. (Combining with I7 yields \/ﬁky+ NQ; = 0 for
k#34,j+1 mod 2p.)

Liii) Aj: Q; — Q; = A;(§;) are conformal and satisfy

f £
Doj1 — Qojp Qg — Qyy

Az Ao |4y |4y
Q2j+1 - Q2J‘+1 Q2j 5 QQj



for F(z) = z+ 1. In particular, f(Qa;11) C Qaj11 and f~1(Qg;) C Qa;.
[4v) There exists € > 0 such that
(—1Y7'R(e) €y, Iye) € Aj(Qy N Q) C Mpy(—e),

(2.3)
I, 5(€) C Aj1 (N Q1) C 1, (—e),

for
R(e) = {|Im¢| > 1/} J{Re& > 1/e}, L(e) = —R(e),

I (c) = {{]Im¢ >1/e}, p=2,3 mod 4,
YT e | tme < —1/e}, p=0,1 mod 4,

IL,5(e) = (=1) 'L, (e).

For any ¢ > 0 and any punctured neighborhood w’ of origin, the union

A (R()) U A (L))}

is a punctured neighborhood of the origin, and is contained in w’ if € is small.
Tv) If w (resp. w') is a subset of {J; Q; satisfying f(w) C w (resp. f~'(«') C «') then
w C U, Qajp (resp. ' C U, Qy)-

In the above, we already take A;9, = A; and Q;,9, = Q; for £ € Z. This convention
will be used throughout our discussion. Our construction of the canonical collection is
still based on Voronin’s approach for the case p = 1. In fact we do not exclude the case
p = 1 in our construction. However, the second relation in (2.3) should be replaced with
1% (e) C A1 (21 NQy NTTE(0)) C IF(—€), when p = 1.

To see a concrete example of a canonical collection, we start with the vector field

dz
2.4 L — = p+1
where jig is given by (2.1). Denote by v' the flow of v. Put
N 1
E=A(2) = .
( ) —Ppoz?
Then A transforms v into the vector field
~ df
Av: —= =1,
U

of which the flow is the translation L;: & — & 4 t. Define the p-th root function by

1 .
\’/E _ e;(log |z|+iarg z)

2#[%] <argz <27+ 27r[§], p=1,3 mod4

3
27r[]—)] < arg z < 2#[2] + ;,

1 5 p=0,2 mod 4,
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in which [%] is the largest integer < p/4. Put A; = A‘Qj(p) and

(2.5) A== A0 = A

Q(p) = AN (=1 'R(p)), j=1,...,2p.

We have chosen gy so that both €(p) and Qy,(p) intersect with the positive y-axis,
which forces Q4(p), ..., (p) to be arranged counter-clockwise when p =1, or 4 mod 4,
and clockwise when p = 2, or 3 mod 4. We have also chosen p so that €2;,1(p) = /1£2;(p).

One can verify that the time-one mapping v! is in A5, and that Aj, Qj (p) form a canonical
collection for v!. Notice that, by our choices of yy and i, we also have

Uil = O'UlO', Agp,jJrl = 0'121]'0', U(Qj(p» = QQP,J'+1([)>, O'(Z) = —Z.
We now redefine M,,, by choosing 2p half-planes, which are possibly different from the
ones in section one, on which ® = (&4, ..., ®,,) are defined.
Let M, be the set of holomorphic functions @4, ..., ®y,, for which ®;(§) — ¢ is bounded

and of period 1 on the half-plane II,, ;(¢). We say that ® = (®y,..., Dy,), P = (Py,. .. ,CTDQP)
are equivalent, if there are constants cy, ..., ¢y, an integer k, and € > 0 such that

(i](f) = Lcj+1®j+2kL—c]' (5)7 5 € prj(e) .] = 17 ceey 2]7

We first need to construct the moduli function for a holomorphic mapping f € A;. We
start with the following basic lemma of Voronin

Lemma 2.1. Let G: R(d) — Q be a quasi-conformal mapping, and let f: Q — Q be
holomorphic. Let F(z) = z+ 1. Assume that

R(dp) —— R(8)

Ll

is a commutative diagram, and that 2 > R(ey). There exists a conformal A: Q@ — Q with
containing some R(e1), such that FA = Af. Moreover, if A': Q — ' is another conformal
satisfying R(e') C Q' and A'f = FA', then A" — A is constant.

Let D,D’ be two open subsets of C. Recall that f: Q — Q' is a quasi-conformal
mapping, if f is a homeomorphism, f(x + iy) is locally absolutely continuous on almost
each horizontal or vertical line, and for some constant K > 1

£ + 1 f2(2)] < K(1f2(2)] = [2(2)])

holds almost everywhere on D. Note that f is orientation-preserving, and belongs to the
Holder class H'/%s | where K 7 is the least constant K satisfying the above inequality. Also
[~ is quasi-conformal, with K;-1 = K.

We also need the following
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Lemma 2.2. Let 1Tt (¢) = {¢ | Im& > 1/e} and 117 (¢) = —I1"(¢). Let B: R(dy) — 2 be
an orientation-preserving homeomorphism, and let

R() —— R(d)

5| |5

0O 25 0

be a commutative diagram. Assume that Q@ O R(ey). Then for each € > 0 there is 6 > 0
such that

B~HIT"(e)) D IT*(5), BN (¢)) DI (8), B~'(R(e)) D R(d),
B(T*(e)) S II(8), B(II(e) > II(5), B(R(e)) O R(5).

Proof. Let 0 < € < ¢5. Put v*: Im¢ = +1/¢ and 45 = B~1(y*). Both 4t and 4~ are
invariant under ' and F~!. Let w® = B7}(IT*(e)) and w® = R(d) \ (@ Uw™).

Let B be the unique extension of B satisfying FB = BF, defined by B(¢) = F~"BF"
for some large n = n(€) € Z. Notice that B is a homeomorphism from C onto itself, and
that B still preserves the orientation. It is clear that Im B (x £1y) is bounded on any strip
{&,|Tm ¢] < M} for finite M. Thus w? is the only connected component of R(do)\ (¥ U~57),
on which | Im €] is bounded. Now, w™ contains an upper half plane, and w™ contains a lower
half-plane. Otherwise, w™ contains a lower half-plane, and w™ contains an upper half-plane.
Let C be the boundary of the rectangle defined by |Re&| < M and |Im¢| < 1/¢, oriented
counter clockwise. Then the winding number, n(C,0), of C' about the origin is one. Since
Re B~'(z) tends to 400 (resp. —oo) as Rez — +oo (resp. —o0), and since Re B(x + iy)
tends to +oo uniformly for |y| < 1/€ as * — 400 , the winding n(B~'(C), B~1(0)) = —1
for large M, which contradicts the orientation-preserving assumption. This shows that
B~Y(IT"(¢)) (resp. B~*(II"(€)) contains some IT7(8) (resp. IT(4)).

Since Re B(z) tends to +o00 as Rez — +o00, we can choose 0 < ¢’ < ¢ such that
B({¢: Tmé&| < 1/e,Reé > 1/4'}) is contained in {¢: |[Re& > 1/e}. Then B7'(R(e))
contains R(d').

Applying the above result to B~': R(e) — B '(R(¢)) D R(¥) yields the remaining
assertion of the lemma. U

We have

Theorem 2.3. For each f € A} and each punctured neighborhood w of the origin, there
exists a canonical collection A;,$Y;,7 =1,...,2p satisfying li-v and UQ; C w.

Proof. Given f € A} and an open set w containing 0 € C, we want to find a canonical
collection €, A; for f with |J; C w.

By a theorem of Shcherbakov [17], for each €y > 0 there exist dy > 0 and a quasi-
conformal mapping H(z) = z + h(z) such that H~'fH(z) is the time-one map v'(z) of
vector field (2.4), and

(2.6) [A(2)] < |22, |2] < do.

Let Q,(p) = H(€2;(p)). Obviously, I7) and Iv) hold. From (2.6), we can see that H preserves
each germ of sector. For we first have |z]/2 < |H(z)| < 2|z]| for z € A(dp). Since H is a
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homeomorphism, we write H~'(z) = z + h(z). Now (2.6) implies that
[A(2)| < 8l2*2, =z € A(é),
larg H™'(2) —argz| < C1/|z], argz € (201,21 — 28,), 2 € A(8),

for some C4,d; > 0. Thus for all small and positive ¢, H~! sends the sector {z: |argz —
/2| < V€ |z| < €} into {z: |argz — /2| < 24/€,|2| < 2¢}, which implies that H sends
{z: |argz — /2| < 2/€,|z| < 2¢} into {z: |argz — /2| < \/€,|z| < €}. This shows that
H fixes the germ of sector y, (and in fact each germ of sector by the same argument).
Therefore, H(yy), and hence €2y, contains the germ of sector y,. By a similar argument,
we can show that € N ;41 contains \/ﬁky+. Thus, Ii7) holds.

Let Aj_l be given by (2.5). The existence of A; is given by Voronin, by applying
Lemma 2.1 to the quasi-conformal mappings G; = Hflj_l, sending (—1)7"1R(p) into Q;(p),
and to each of the commutative diagrams

Rp) —~ R(p) L(p) —— Lp)
sz+1l lG2j+1 GQjJ/ lG%
Qi1 (p) —L— Qoja(p) Qa;(p) S Qa5(p)

To verify Iiid), we apply Lemma 2.2 to B = B; = AjHA]-_l for y =1,...,2p. Hence for
each € > 0, there is d > 0 such that B; '((—1)7"'R(e)) contains (—1)7'R(4) for all j. Now

UA Y LR(e) UHA "B (-1 R(e))

o) U HAZY((—1)77'R(9)).
The latter is H(UQ,(9)), a punctured neighborhood of the origin. O

If f,Q;, A; satisfy Ii-v), we say that €2;, A; are a canonical collection of f. We also need
the following

Lemma 2.4. If {Q;, A;}, {Q, A%} are two canonical collections of f and w in a neighbor-
hood of the origin, there exists a canonical collection S0, A7 of f such that Q7 C Q;NQNw
and A} = Ajlor = Ajlar + ¢; for some constants ¢; € C.

Proof. Take a canonical collection Q7, A7 such that UQY is contained in (U;€2;) N (USY)).
Since €25, ., is connected and 1nvar1ant under f, then €5, is contained in some {2y;,; for
1 <j < p. Note that j = k mod p, since Qg1 N Qo1 = 0 for k # j mod p. Therefore,
we have Qg ., C Qi1 By the same argument, we obtain Q7 C ;N €Y} for all j.

Now the uniqueness assertion in Lemma 2.1 implies that A A” Al — A;-’ are constants.
The lemma is proved by replacing A7 with Ajq; O

For each f € A} and for a canonical collection €2, A; of f, we denote ®;; = Aj+1Aj_1.
Then for some § > 0, @ ; is a conformal mapping from the half-plane II,, ;(4) into IL, ;(—¢),
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which commutes with F. Thus ®; is an element in M,. Note that A, are uniquely
determined up to the form L, A; for ¢; € C, where

L.: z— z+ec.
We now restate Theorem 1.2 in a detailed form

Theorem 2.5. Let f, f € A, and p be given by (2.2). If f = gL fq for some holomorphic
mapping g, then ¢'(0) = u* and

(27) q)f,j = LCj+1(pf,j+2kL—Cj7 j = 1, ce ,2p

for some c; € ~C Conversely, if (2.7) holds, ®y; = Aj11A; and ®j; :~14~1j+1f1;1, then
g = AJ+2kL_chj extends to a holomorphic mapping with ¢'(0) = p* and f = g~ fg. For
each ® € M,, there exists f € A} such that ®5; = ®; for j=1,...,2p.

Proof. We first prove that if f, f are equivalent, then their moduli functions are equivalent.
Assume that f, f € A% satisfy f = g7'fg. Put g(2) = cz + O(|z?). Then g~'fg(z) =
z+ poc? 2P 4+ O(|2]PT2). Hence ¢ = pF. Let Q;, A; be a canonical collection of f. We have

f !

Qajr1 —— Qi Qoj —— Oy
Azja l lAsz Agj l lfbj
~ 3 ~ ~ -1 ~
Qajr1 —— Qyjn Qo T Q5
Thus, when USQ; is contained in the domain of g~*, we get
-1 g7 fg -1 g lf g -1
g (92j+1) RARELA g (Q2j+1) g <Q2j) - g (Q2j)
A2j+1gl 1A2j+1g A2j9l J,Ang
~ F ~ ~ F71 ~
Qojr1 —— Qo Qy; — Oy

Since Qj contains the germ of sector \/ﬁj yy. Thus ¢g7'(2;42) contains the germ of sec-
tor \/#'y,. Thus, we can take A} = Aj o9 and Q) = 97 (9 +2) as another canonical
collection of f By Lemma 2.4, we have (I)f] Le, ®yjronli—c;-

Next we shall prove that f, f are equivalent, if their moduli functions are equivalent.
Let {QJ,A } and {€;, A;} be canonical collections of f, f € A* respectlvely Assume

now that A]HAJ-_ =L A]+1+2kAJ+2kL, Hence AJ+1+%L,CJ+1AH1 A7L L. A on

Cj+1
A7 5(e0)) 2 A7 (T (e0) 0 A (T (o)
= A7 (=) R(e0)) N AT (< 1) R(eo)).
(Of course, when p = 1, we have to replace the above with flj’l(HJ“(eO) UII (e)) D
AT (R(eo)) N Ay'(L(eo)).) Put wj = 12171(( 1)"'R(ep)). We also have w; Nwy, = 0 for

k—j # 0,£1 mod 2p. Thus g = A +2kL A is well defined on Uw;. The latter is a
punctured neighborhood of the origm and g extends to a holomorphic mapping defined

j+2k
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near the origin. By the same argument, we know that h = A~ y 12 WL A; is also well-defined

near the origin. Since hg = Id, then g is biholomorphic. Now
97 f9= AT Lo, A f A Do A =

on wi, and hence in a neighborhood of the origin. Since f, f € A, then ¢'(0) = ' for some
integer [. Since g(y, ) is not contained in Qg for [ # k mod 2p, we see that ¢'(0) = pF.
Finally, we shall realize each ® € M,, as the moduli function of some f € A;.
Given ® € M,, we need to find f € Aj such that ®;; = ®; for all j. Note that ®;(£) —¢

is bounded and of period one on the half-plane II, ;. Write

@ f) :£+ ch7k66]2ﬂ-zk£7 j = 17 A '72p7

Cj—2k

k>0
where
(=171, p=2,3 mod 4,
= {(—1)]’, p=0,1 mod 4.
Put

pi+1(p) = @I, ;(p))-

i
Note that ®;: IT, ;(p) — II,,.1(p) is conformal, for small and positive p. Choose p > 0 so
small that |<I>’ — 1/ <1/4on1l,,;(p). Put

(p

Q](p):H ()UHPJ )U{S ( )j_lRe§>1/p}7 ]:1772p
Denote by |_|j2’; ., (p) the disjoint union of Q;(p). Let S be obtained from the disjoint union
by identifying & € IT,,;(p) with &41 = ©;(¢;) € I, j51(p). Let w2 |77, Q;(p) — S be the
canonical projection. By definition a subset w of S is open, if and only if 7=(w) N Q;(p)
are open for all j. For p > 0 sufficiently small, the Riemann surface S is Hausdorff,
with &;: §lej(p) — §;(p) being the holomorphic coordinates, and with ®; = §j+1fj_1 the

transition functions. R
Let Q(p) = Q;(p) N F~1(Q;(p)). Since ®; commutes with F, then

Qyi1(p) = Qojia(p),  Q;(p) = Hp2;(p) UTlpo5(p) U{E: Reé < —1/p—1}.

Let S' = |_|§il Q; (p)/ ~ be obtained by the same identification ;41 = ®;(&;),j =1,...,2p.
Define a holomorphic mapping f 8" C S — Shy f = §;1F &;. Then f is well-defined since
®; commutes with F'. Note that f is injective also.

We shall now use a holomorphic map to identify S with a punctured neighborhood of
the origin in C, and to identify f with a holomorphic mapping defined near the origin.

We shall first identify S with a punctured neighborhood of the origin by a quasi-conformal
mapping. Replacing p by a smaller number, one may assume that there exists a smooth
function x: R — [0, 1] such that x(¢) = 1 for |t| > i, x(t) = 0 for |t| < ﬁ and x| < 8p
on R. Define mappings K; from C into itself by

e §ell,;—1(—4p),
K;(8) = {5 + x(Im 5)(@;1(5) — &), otherwijse.
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For p > 0 sufficiently small, we have |K;(§) — §| < Oy and [K;¢(§) — 1] + |K;£(§)] < Cip
for some constant C. Thus

9 K;(8)
0 I55(€)
Therefore, K; is a quasi-conformal mapping from C onto itself. Recall that /1]-, given by
(2.5), sends Q;(p') onto (=1)7*R(y/) for all p’ > 0. Define K: [JA;'K;'Q;(p) — S by
K(z) =&'KjA(z), =€ A7'K'Q5(p).

We neAed to verify that K is Well—Adeﬁned. FoAr z € flj_lKj_lf)j (p) N j ]_+1Qj+1(ﬂ) we
have A(z) € I1,;(2p). Hence, K;A(z) = ®;'A(z) and K; 1 A(z) = A(z), since K; = = ¢!
and K; 1, =1Id on II, ;(2p).

Thus K~1: S — | AJ-_IK j_le(p) is a quasi-conformal mapping, and the latter contains

<Cgp<1, e C.

U Qj (p/2). By a lemma of Voronin [19], there exists a quasi-conformal mapping B from C
onto itself, sending | J flj_lK i 1Q;(p) onto w, a punctured neighborhood of the origin, such
that B(0) =0, D = BK~!': S — w is conformal, and
9 B(¢)
9:B(§)
Let S” = K(JS(p/2)). Then S” is a subset of S, for p sufficiently small. Recall that
f= fj_ngj. Define f = DfD! on w” = D(S”), which extends to a biholomorphic map-
ping defined near the origin. Note that f = BK_lf’lFﬁjKB_l = Bflj’lKj’lFKjfljB_l =
BA 1FA B~! = Bv'B~! holds on w”, since v! = A 1FA
Smce B is quasi-conformal and satlsﬁes estimate (2 8), then

(2.8)

< Cyp, £ €C.

14-c: 1—c
Ci,g// - Z/|—1J:c§z <|B(2") — B(2)| < Cy|2" — 21|ﬁ'
1
From f = Bv!B~! and |2|PT1/2 < |vl(2) — 2| < 2|2|PTL, we see
c 2 _e 2
Sl (FE) 0 < 7(2) — o) < ] (F5) 040

Thus f(2) = z + apr12PT + O(|2]P*2) with a,y1 # 0, when p is sufficiently small.

Let R, be the mapping z — bz. Choose a constant b € C* such that f; = R, ' fR, € A
Put

Aj =D Ryfo, s Q5 = Ry 'B(Q(p/2)) — Kj((=1 7' R(p/2)) =

Now (I)j = £j+1£j_1 = Aj+1Aj . B/[OI'GOVGI‘7 A2j+1f1A2_jl+1 = F and Agjfl_lAZ_jl = F_l.
Since f; = Rb_lelele, we see that fi1{s; 11 C ;41 and fl_ngj C €. Moreover,
any connected open subset of US2;, invariant under f; (resp f; 1), is contained in some
(resp. Q941). We have achieved li-v, except for Iii.

Note that @ = [ J€2; is a punctured neighborhood of the origin. Let 2}, A’ be a canonical
collection of f; with U Q) C , for which the existence has already been estabhshed We
know that each €2} is Contained in some 2. Also there is no €2, that contains two distinct

Q) and Q ; otherwise, there is a proper subset I of {1,...,2p} such that w, = UZp N
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is contained in wy = U;e€);, which contradicts that w; is a punctured neighborhood of
the origin, while U;¢;€0; (and hence w,) is not. Now ] is a connected subset of & and
satisfies f1(€2)) C €. We know that 5, is contained in {2y, for some unique jo mod p.
Since 2] N €2, is contained in Qa4 N yj,, we have only two cases: either jo =k mod p
or jo = k+1 mod p. If the latter occurs, then €2} is contained in ;4o for all j. We
take a point z; in Q) N Q. ,, and connect z; 1 to z; by an oriented curve 7} in Q. Let
v = U?’;ﬂ}. Then ; = B~ Ryyj is an oriented curve in Q2k+2_j(p/2). Thus the winding
numbers of 4/ and v = B! R,y with respect to the origin have opposite sign, contradicting
to the orientation-preserving property of the quasi-conformal mapping B. Therefore, we
have ) C Qggy; for j = 0,1, and hence for all j.
Finally, let fo = R{AiR,", AF = A;R.*, and Q; = RiQ;. Then A7 A7 = @y,
2(_1)J = A;;%F(*l)jAjH, and 0 D REQY . D VAys+. One can verify the remaining
properties in li-v for fs, A7 and €27. This shows that f; has a canonical collection realizing

. U

The above construction of moduli functions of A, follows Voronin’s approach [19] (p = 1)
in the sprit. Voronin’s construction yields a decomposition of a punctured neighborhood
USQ2; of the origin. The domains 2; admit the maximality property that if w is a con-
nected open subset of U;Q; and if f(w) C w (resp. f~'w C w), then w is a subset of
some (911 (resp. ;). Malgrange [12] and II'yashenko [9] gave another construction of
moduli functions of A,, based on Fatou’s sectorial normalization, where €2; are replaced
with suitable sectors S; with vertex at the origin. It is likely, the proof of Theorem 2.5
(in the most general form of allowing changes of coordinates that are not necessary to
be tangent to the identity) can be obtained through that line of approach, except the
maximality property on the domains €2;. Combining the above two approaches, one has
both the maximality property on the domains 2; and asymptotic expansion about A; in
some sectoral domains contained in 2;. There is one advantage about the construction
through sectorial normalization (see [9]). Namely, it links the coefficients f,;; and fo,11 in
f(z) =z + fp+12p“ + f2p+122p+1 + O(|Z|2p+2) to ¢jo in @j(ﬁ) =¢+ Zk>0 ijke(*l)JflepQwiké_
Specifically, ¢10 + - - - + ¢p0 = 2mi€( fops1/fo11 — (P +1)/2) (e =1 for p=0,1 mod 4 and
e =—1for p=1,2 mod 4), which is needed for the proof of Theorem 1.5.

3. CENTRALIZERS AND COMPOSITION ROOTS

Given f € A,, denote by C(f) be germs of biholomorphic mappings ¢ commuting with
f, and by C(f) € C(f) the ones that are tangent to the identity. Note that C(f) is a group
under the composition.

The main result in this section is to give a complete description for the group of central-
izers C(f) = <, fY9>= <r>®<w>, while 7, f/¢ and w are linked by 79/% = w f1/4.

The group C(f) is studied in [2], [10], and [19] for p = 1, and in [5], [9] for arbitrary p.
We shall now describe some facts in [9]. Given ® € M, denote by dg the greatest common
divisor of all k # 0 with |c1 x| 4+ -+ + |cop k| # 0, where ¢, are the coefficients of ®;. Put
de = 0, if all ®; are polynomials of degree one. Then C(f) consists of all holomorphic
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mappings
fr=gug™", tecC,
where ¢ is a holomorphic mapping satisfying g~* fg = v}, and v} is the flow of the vector
field
B luozp—l-l o
14 AP0z
A simple computation shows that the flow v of v(z) = azP™ + b2?P*1 + O(|z|***2) has the
expansion

(31) Ux

t2
(3.2) v(2) = 2 + atzPT + (bt + Z%)Z%H +O(|22*2).

When f € A, is not holomorphic equivalent to any v}, one knows that there is a unique
positive integer d = d; and a unique holomorphic mapping ¢, denoted by f /4 such that
¢'(0) = 1 and g¢ = f. Moreover, C(f) consists of all mappings of the form f¢ with [ € Z.
Note that when f € A5, we have df = dg, and fUd = Aj_lLl/dAj, where Ay, ..., Ay,
together with some domains €y, ..., {2y,, form a canonical collection of f.

We shall now describe C (f) when f is not embeddable in a holomorphic flow. Let R, be
the group of p-th roots of unity. We first need the following

Lemma 3.1. For f € A, with d; # 0, C(f)/C(f) is isomorphic to a subgroup of R,, and
é(f) is an abelian group given by {T*h: h € C(f),k =1,...,q} for some T € é(f), where
q is the order of C(f)/C(f). Moreover, one has

i) For each g € (f(f), we have é(f) - é(g) and the equality holds if and only if g is
non-periodic.

i) If f' = ofo and dy # 0, then each h € C(f) satisfies h™' = oho.

iii) If f = o fo, then hoho € C(f) for h € C(f). Ifd; # 0, then h = cho for h € C(f).

Proof. We know that if g commutes with f, then ¢’(0) is a p-th root of unity. Now one
sees that g — ¢/(0) is a group homomorphism from C(f) into R,, and that C(f)/C(f)
is isomorphic to a subgroup of R,. In particular C(f)/C(f) is cyclic. This implies that
C(f) = {*h: h e C(f),k € Z,0 < k < p}. We first consider the case that ds # 0. Since
(rfY47r=1)4 = £, the uniqueness of roots of f in C(f) implies that 7f%/47~1 = f/4. Hence
7 commutes with each centralizer in C(f); consequently, C(f) is abelian.

When d; = 0, we may assume that f = v} is the time-one map of (3.1). Since (R,,).v) =
vy, then R, commutes with vf. Since ‘é(f)/C(f)’ divides p, one sees that é(f) is the union
of REC(f),k=1,...,p. In pfmrticular, é(;f) is abelian. ) )

To prove (i), we take g € C(f). Since C(f) is abelian, then C(f) is a subset of C(g). Now
take h € é(g) Since ¢ = h~'gh, then g9 = h'¢g%h. We know that ¢¢ = fY¢. Assume
that [ # 0 first. Then h and f are centralizers of f/? € A,. Thus h, f commute, i.e.,
hel (f). Assume now that g is periodic. By a change of coordinates, one may assume

that g(z) = ¥z, Now it is straightforward that C(f) is a proper subset of C(g), since the
latter is obviously non-abelian.
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For (ii), we assume that f~! = o fo for some anti-holomorphic involution and we want to
show that all elements in C(f) are reversible by o. (Nakai [13] showed that, when dj # 0,
each element of C(f) is reversible by o.) In general, we take h € é(f) Since f~! =ofo
and h™'fh = f = oh™ ' f'ho, then choh™' € C(f), i.e. hoho € C(f). Write hoho = f/.
Using h? = f*/¢, we get f@/? =1d, i.e., | = 0.

For (iii), we assume that f = hfh™' and of = fo. Then h~'cho is a centralizer of f,
and hence hoho € C(f). Assume now that df # 0 and h = f*¥/¢. We have f* = (o f*/d0)4.
Since C(f) is abelian, then f*? = g f¥/dg, O

We have

Lemma 3.2. Let f € A, withd = d; # 0, and let v be a primitive g-th oot of unity for
q=|C(f)/C(f)|. Then there is a unique 7, € C(f) with

i=f7, 70)=v, 0<¢ <q

v

Moreover, é(f) consists of TF fU/? with | € Z and 0 < k < ¢, and qf, q} are holomorphic
mvariants.

Proof. Since {v7: j =0,...,q—1} is the unique subgroup of R, of order g, there is 7y € é(f)
such that 7(0) = v. We have 7§ = f/4 € C(f). Write | = ug + ¢ with 0 < ¢ < ¢q. Set
7, = 70f %% Then we have 7/,(0) = v and 7¢ = f9/¢. Assume now that 7; also satisfies
78 = f4/4 for some 0 < ¢” < q and 7(0) = v. Since 7, and 7, commute and have the same
linear part, then (7, '7,)? = f(@~49/4 On the other hand 7, '7, = f¥¢ for some s € Z.
Hence sq = ¢’ — ¢”, which implies that ¢ = ¢” and s =0, i.e., 71 = 7,,.
Finally, assume f, f € A, and f = g~'fg for some holomorphic g. Then
C(f)={g"hg: heC(f)}. C(f)={g 'hg: heC(f)}.

In particular, ¢(f) = q(f). Assume now that 7,(0) = v and 7,/ = el Put 7, = g '1g.
Then we still have 7(0) = v and 79 = g~ 'f9/?g = f9/?. By the uniqueness assertion
proved above, we know that q} = q}. d

Conversely, we have the following realization

Proposition 3.3. Let p,q,d be positive integers such that q divides p. Let ¢ be an integer
satisfying 0 < ¢' < q, and let v be a primitive q-th root of unity. There exist f € A5 and
T, € é(f) such that é(f)/C(f) is isomorphic to the subgroup of R, of order q and 74 = f7/1
with 7,(0) = v.

Proof. Put ¢* = p/q. Then v = p9® with (¢,s) = 1, where (g, s) denotes the greatest
common divisor of ¢, s. Define

®;(§)=¢ Jj#1 mod2g",
Oi(&) =&+ e Dy =Lig® L i, 1<1<qg—1.
qd

qd
The above is well-defined, since sq*l mod 2p are distinct for 0 <1 < ¢. Let f € A7 be a
realization of the above ®. Since

(I)j - L_q_/(I)j+25q*Lq_/,
qd qd



17

Jj+2sq

also have 7¢ = /4 and 74 ¢ C(f) for 0 < j < g. On the other hand, if & is in C(f) with
h'(0) = p!, Theorem 2.5 says that ®; = Lo, ®jiaL_c for some ¢; € C. It it clear that ¢*

divides I. This shows that C(f)/C(f) is realized as the subgroup of R, of order g. O
Theorem 3.4. Let f € A, withd = d; # 0 and q = }é(f)/C(f)‘ Let 79 = f97% with

/

7/(0) = v a primitive q-th root of unity and 0 < ¢' < q. We have

i) There exists T such that 7% = wf'? for 6 = (¢, q), and é(f) = <7, fYi>=
<w>Q<T>, for some w of order 6 (here <x,y> denotes the subgroup generated by
x and y). In particular, 6; = (q,q') depends only on f. Moreover 74 = /¢ holds
if and only if 7 = wiT for some 1 < j < 4.

it) There exists a holomorphic mapping g, tangent to the identity, such that f*(z) =
(g7 fg( /)% € Apjs;r Qg = qr/0, 0p« = 1, and dy = dg-. Moreover, the holo-
morphic equivalence class of f* depends only on that of f.

ii) Conversely, if k is a positive integer and h € A, with d,, # 0 and 6, = 1, the
map f(z) = Y/h(zF) = 2+ O(|z|*) satisfies 6y = k. Moreover, the holomorphic
equivalence class of f depends on that of h.

Theorem 2.5 implies that 7, = AL, . Ly A; satisfies 7, f7, 1 = f, 7,(0) = p*7 = v. We
qd

Proof. Lemma 3.1 says that é(f) is generated by 7, and f1/<.

To prove i) we first look for an element of finite order in C(f). Since § = (¢,¢') then
q = dn and ¢’ = md with (m,n) = 1. Hence we have A\gn + pgm = 1 for some A\ and py.
Notice that we have (ug,n) = 1. Next we want to find A, such that An + um = 1 and
(g, ) = 1. Take p = po + jn and A = \g — jm, where j is the largest divisor of ¢ that
is prime to po. Then (p,q) = 1. For if k is prime and k|(u, q). We have two cases: k|uo
or (k, o) = 1. The former implies that (k,j) = 1, and hence k|n. Since (uo,n) = 1, then
k = £1. For the latter we have k|j, and hence k|ug also. This shows that £ = £1. Now
define w = 77 f~"/4 and note that w® = 770 f~m/d = fl@'=md)/d — 1 and that w'(0) is a
primitive d-th root of unity.

Since C (f) is a finitely generated abelian group it is a direct product of cyclic groups.
We want to find such a decomposition. To that end we define 7 = 7/ ¥ (with (u, q) = 1).
Then C(f) is still generated by 7 and . Note that 77w = f¥? and that 7w = 7,,.
This shows that C (f) is generated by 7 and w. Now 7 must have infinite order or else
C(f) would have finite order. From this it follows that <w>N<7>= {1}. So we see that
C(f) = <w>®<7>. We have achieved 7 = w# f/4. Using (11, q) = 1 again, we replace w
with w” and keep 7. We get all desired properties.

Note that 7 = f@r+20/d — f3/d Tet 7 satisfy 79 = f9/? also. Since (77'7)¢ = Id then
T =wiT.

To prove ii) we choose a holomorphic mapping g tangent to the identity such that
g 'wg(2) = c12, with ¢; a primitive §-th root of unity. Still denote g~'7¢, g 'wg and g~'fg
by 7,w, f, respectively. Now f*(z) = [f(¢/2)]° = 2+ O(|z]*) € As.

Assume that h is a centralizer of f*. Let P; ' be the multi-valued inverse of Ps: z — 2°.
Let h be a single-valued branch of P, hPs with 2/(0) a d-th root of 7/(0). Then

hf = Py hPsf = Pyihf*Ps = Py f*hPs = fh.
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(In the above, all quantities, except two ends, are equal as multiple-valued functions, and
the two ends are equal as single-valued branches.) Consequently, h is a centralizer of f
In particular, all roots [h/(0)]5 have the form /7, which implies that #/(0)#/% = 1 and
that C(f*)/C(f*) has order at most ¢/8. On the other hand 7 and w commute and Py P;
has a single-valued branch 7*. Now f*7* = P5f’7'P5_1 = P(ngPé_1 = 7*f*. Hence 7* is
a centralizer of f*. Also, 7%(0) is a primitive (¢/8)-th root of unity. So C(f*)/C(f*) is
of order ¢/§. To verify 6(f*) = 1 we take a periodic centralizer h of f* with period k.
As shown above single-valued branches of h = P; 'hPs are centralizers of f. Also W is a
single-valued branch of PglhkP‘; = P(;IP(;. Hence all h are periodic centralizer of f. Hence

h = w® for some s, which implies that A = Id.
To show d;y = dy«, take f* € C(f). Since C(f) is abelian, then wf* = f'w. Thus
fi(2) = [f4(¥/2)]° = z + O(]z]?) is holomorphic for all f* € C(f). We have
fiff = PBsff Pyt = [ 17
Thus (fl*/df)df = fi = f*, which implies that ds = d;.
To show that the holomorphic equivalence class of f* depends only on that of f, we

assume that §~'f§ commutes with w also and let f* = Psg~1fgP;'. Put fi = g~'fg. We

have

1 1

99hg g =0 fg=wg fowT =wg Tl ghgT gw T
Hence g 'gwg—'g is a periodic centralizer of fi; consequently it is w. Thus ¢~'¢ and w
commute. Let g; be a single-valued branch of Psg~! ngl. We now have

afgrt =Py 'GP BT 9Py = Prg T fgPyt = S
For the proof of iii), let g(2) = €>™/*2. Then g is a centralizer of f and d; is a multiple of
k. Let g € C(f) be of period d;. Since g, § commute then §*(z) = (§(/z))" is holomorphic.
Now g*h = hg* and §* is periodic. Thus §g* = Id. In particular, §'(0)¥ = 1. This shows
that 5f = k.

If h = ghg™" and f(2) = {/h(2%) = z + O(|2]?), we put g1(2) = &/g(z*). Then
g1fgit = P gPuf Py gPs = P ghg ' P = f.
Therefore, f, f are holomorphically equivalent. [

Theorem 3.4 provides a decomposition via 7 and w, which are in general not uniquely
determined by the relations

(33) é(f) = <7, fl/d>: <T > Q<w>, w= 741/(5f—1/d‘

In fact, if 7, satisfies 7{ = f%/¢, and if 7{(0) is a primitive ¢-th root of unity, then 71, in
place of 7 (and w; = 799 f=1/4 in place of w), satisfies (3.3) also, and vice versa. Therefore,
when d; = 1, the 7 in Theorem 3.4 is uniquely determined by the condition that 79 = f 1/d,
In general we decide 7 to be the map satisfying (3.3), for which 7/(0) = pP%/? has the
smallest possible integer gy > 0 so that (go,q) = 1 and

(3.4) T4 = o/,

We now have
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Proposition 3.5. Let ;i be defined by (2.2). Let f € A, with dy = d and q; = q, and let
Qo; = qo be the smallest positive integer such that T = 7; with 7'(0) = pPo/a satisfy (3.4).
Put wy = 790 f=19 Then (3.3) holds. Moreover, if f = gfg™", then ;= g779” ", wi =
gwig~"s 4f = q5, and qof = qoy-

Proof. We already see the existence of 7,w, g, qo for the given f. Assume that f= qgf g_l.
Then f,0 = gwg™',7 = grg~" satisfies (3.3). We also have 7/(0) = pPo/a. Hence qo(f) <

qo(f); analogously, qo(f) < qo(f). We get qo(f) = qo(f)- O

Let d,p, q,d be positive integers with J|¢ and ¢|p. Let gy be an integer with 0 < ¢o < ¢
and (qo,q) = 1 such that go + j¢/d is not prime to ¢ when 0 < gy + jq/ < qo-

Let Ay 40,64 be the set of functions f € A, with (dy, ¢f,qy,95) = (d,q, qo,9). We shall
now describe a moduli space for A, 4 54,4, and we shall see that the latter is non-empty.

Let My, 45404 be the set of functions ® € M,, with (ds, de, ¢s, 9s) = (d,0, ¢, qo), Where
go is the largest integer ¢ satisfying
(3.5) Qj = Le; Pjropigl—c;s  Ciyap = ¢,
dg is the largest 0 satisfying

5
(3.6) ®; = Loy ®iiappslcys Y Crokpss = 05 Cruzp = 5,
k=1

and gop = qo is the smallest positive integer that is prime to g and satisfies

q
(3.7) O =L o D iagpsgle, D kg =0/d, gy =0},

k=1
where (d,q,0) = (dg,qe,05). We say that &, & € M, 5404 are equivalent, if &, =
Le, ., ®jionl ., for some k € Z and ¢; = ¢jy9, € C.
Theorem 3.6. Let p,q, and 0 be positive integers with §|q and q|p, and let gy > 0 be an
integer prime to q such that qo + jq/6 € [0,q) for j € Z is not prime to q. There is a
one-to-one correspondence between holomorphic equivalence classes of A, 45404 and ones
of M, q.6.40.d for each positive integer d. Moreover, the latter is non-empty.

Proof. Assume that ®; = ®;; = Aj+1Aj_1. If g satisfies (3.5), then g = A;:Qp/qL_chj,

with g € (f(f) and ¢'(0) = uP/9, is well-defined. Thus gs = g;. Note that if J satisfies
(3.6), then w = A L_.;A;j is well-defined, w? = Id, and w commutes with f. Thus

j+2p/o
dp = 5. Also if g satisfies (3.7), then 7 = Aj.’j2pq0/qLC;Aj is well-defined, 79 = f%¢ and
7(0) = pP%/% is a primitive g-th root of unity. Thus goe = qo I3
To show that M, ;54,4 1S non-empty, we put
(I)1+2jqop/q = Lﬁ(blL,ﬁa J=1...,q,
qd qd
D1() =co+ &+ e D=+ j#1 mod 2p/q.

Then @; = L_5/(qa)®j+2pg0/qLi5/(qa) for all j. To show that g = ¢, we first assume that
(38) (I)j = L0j+1q)j+2p/sL—c]-7 Cj+2p = Cj
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for some positive integer s. Then p/s = jpgo/q mod p, which implies that s < ¢. Next,
choose integers a, b so that ago +bg = 1. Then ®; = L_,5/(q0)®Pj+2p/qLias/(qa)- Thus go = q.
To show that ¢ = ¢, we first note that ®; = L_,/q®;19p/6Laja = Pjiop/s. Assume now
that (3.8) holds with Y77 | ¢jyorps = 0. Obviously ¢; = -+ = ¢, = 0. We know that
¢ divides s and s divides ¢. Thus ®; = L_45/(sa0)P142p/sLas/(sqy- Now (3.8) implies that s
divides ad. Since (a,d) = 1, then s divides §. Thus dp = 0. By the definition we know
that there is 7 satisfying 7¢ = f%/¢, for which 7/(0) = pP%/4. Since no gy + jq/6 is both in
[0,qo) and prime to g, this shows that goe = qo- O

We now turn to the (composition) roots of f.

Theorem 3.7. Let f € A, withd =d; # 0. Let q,6, and w be as in Proposition 3.5. Let r
be the largest factor of dq/é with (r,6)|d. There exists g € A, such that g" = f. Moreover,
ht = f for some integer t, if and only if t divides r and h = wig"/t for some j with &
dividing jt.

Proof. Now suppose that ht = f. Write h = 7%"°, where 7, w are as in Theorem 3.4 i).
(The w before it is replaced by a suitable w* with (k,d) = 1.) Recall from the proof of
Theorem 3.4 i) we have f1/? = 77w for ¢ = nd, ¢ = md and An + um = 1. Thus we get
that ta = dn and tb = —dp + ¢, i.e., t|dn and (t,0)|du. Since d = Adn + mdu, we know
that (¢,0)|d. Conversely, if ta = dn and d = —tb' + ¢/, we put b = pb’ and ¢ = puc’. Then
(Tawb) fw“d du+cd _ f

Now consider all ¢ satisfying t|dn and (¢, 0)|d (by definition r is the largest such t). we first
need to show that ¢|r. To this end suppose that ¢;|dn and (t;,6)|dp for j = 1,2. Let t3 be
the least common multiple of ¢; and ¢5. A simple Cornputation via the prime factorization
shows that (t3,0)|d and t3|dn. Therefore, r is in fact the lest common multiple of all such
L.

Take g such that g" = f. Return to equation h = f. We know from above that r = tt;
and that (¢'')! = ht = f. Since ¢g'* and h commute we get (h~1g!)t =1d, i.e. h~1g"t = w/.
Therefore §|jt. O

We now describe the moduli space for holomorphic equivalence classes of holomorphic
mappings f(z) with f’(0) a root of unity. Of course, the only interesting maps are the
non-periodic ones. For coprime integers r and s with 0 < r < s, let A, s be the set of
holomorphic mappings

f(2) =52+ 0(2), feA,.

By Lemma 3.1, if A, ,  is non-empty then s divides p.

For a positive integer s, we know that f* € A, if f € A,; also if f = f5 € A, and
£1(0) = f4(0) then f; = f,, since f; are in C(ff) and C(f;) is abelian. Therefore, the
mapping g — ¢° yields a one-to-one correspondence between the holomorphic equivalence
classes of A, and ones of f € A, with f = ¢* and ¢/(0) = *™5.
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Fix positive integers s and p with s dividing p, and fix an integer r with 0 < r < s and
(r,s) = 1. Let M,,, s be the set of & € M, satisfying

(3.9) ®; = Lo, Bjyognjsbc, j=1,...2p,
(3.10) > Cisaprss = —1,
=1

where ¢ = 1 for p = 0,1 mod 4, and ¢ = —1 otherwise. We say that P.D e M, s are
equivalent, if

¢, =1L
for some k € Z and ¢; € C.

c]'+1q)j+2kL—Cj) j - ]-7 s )2p

Theorem 3.8. Let 1, s be integers with (r,s) =1, 0 < r < s, and let p be a positive integer
divisible by s. There is a one-to-one correspondence between the holomorphic equivalence
classes of mappings in A,, s and ones in My, ;.

Proof. We have already seen that for g € A,,, the holomorphic equivalence class of g
depends only on that of g°. For each g € A, , s, we choose a linear transformation h such
that f = h™lg°h € Aj. Denote by A7, . the set of all such h~tgh as g varies in A, .
Then g — ®ys is a map from A7, into M,, .5, which is well-defined up to the equivalence
relations.

Put k = pr/s. Let A;,€; be a canonical collection of f = ¢° with g € A .
g commutes with f, and ¢’(0) = pu*, Theorem 2.5 says that A; o9 = L_.,A; for some
constants ¢;, which yields (3.9). From f = A]-_IFAj = ¢° we obtain (3.10). Therefore, ®:
is actually in M, , .

Conversely, if @ satisfies (3.9), Theorem 2.5 says that Aj_i2€kL_chj = g extends to a

holomorphic map with ¢'(0) = u* = >/, Now (3.10) implies that ¢* = f. O

Since

We conclude the section with the following.

Proof of Theorem 1.4. Let f € A, with d; # 0.

For (i), assume that H(z) = ¢z + O(|z]?) is an anti-holomorphic map satisfying f~! =
HfH~'. We need to show that H? = Id. One has H?(z) = z+O(|z|?). So H? = f!/4. Now
= (fY)=H*=(Hf/ H 1) = fl. Hence [ =0, i.e., H> = Id. By Lemma 3.1, we
know that HgH ' = g~ for all g € C(f).

For (ii), we assume that o1 f = fo; and o7 is an anti-holomorphic involution. Let w be a
generator of periodic elements in ¢ (f). Then owo and w™! are in C (f). So they commute.
Since owo and w™! have the same linear part, then they are the same.

Assume now that there are two germs of real analytic curves ; with f(v;) = 7;. Let o;
be the anti-holomorphic involution generated by 7; through the Schwarz reflection. Then
o; = fo;f~'. Thus g = 0109 € (f(f) and ¢g¢ = fY4 for ¢ = q;. Now ! = o1g%0, =
(o1fo1)! = f'. Hence f? = 1, which implies that [ = 0 since d; # 0. Now g = w’.
This shows that there are exactly ¢ anti-holomorphic involutions that are preserved by
f, i.e, that there are exactly § germs of real analytic curves at the origin invariant under
f. Next, we need to show that oyw'/? = (w'/?)7lg; for square roots of w. It suffices
to find a holomorphic change of coordinates so that w and 7, are linear. In suitable
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holomorphic coordinates, 01(z) = ¢z. Then w and its linear part Dw are reversed by o;.
Take g = Zizl(Dw)*l ow. Then gw = Dwg, and 019 = goy. Finally we know that
01w = w9/25,wI/2. This shows that the fixed point of &; is given by w™/2v,.

For (iii), we assume for the sake of contradiction that f and f = gfg~! are both real
valued real analytic functions on R, and that ¢’(0) € R and R = ¢~'(R) # R. Then both
R and R, as germs at the origin, are invariant under f. On the other hand, R and R are
tangent at the origin, which contradicts to (ii).

For (iv), we know gojg~' = o;. Thus g € C(f) for f = oy05, where o, are anti-
holomorphic involutions generated by ~;. Lemma 3.1 says that ¢g=' = 0,go; also. Hence
g*> = Id. When g # Id, this means that d; is even. Conversely, when & is even, let w

be a generator for periodic centralizers of f. Then w?®/? preserves both o; and hence both
Vi O

4. PAIRS OF SMOOTH REAL ANALYTIC CURVES

In this section we shall give a complete classification for pairs of smooth real analytic
curves intersecting at an angle that is a rational multiple of m. We shall first consider the
case that two curves intersects tangentially and treat the general case later. (Recall that
all real analytic curves in this paper are smooth.)

By the Schwarz reflection, a smooth real analytic curve determines a unique anti-holo-
morphic involution locally, and vice versa. Also, all smooth real analytic curves are locally
holomorphically equivalent. Given a pair of smooth real analytic curves (71, y2) intersecting
at the origin, let o1, o9 be the anti-holomorphic involutions generated by 71, 72, respectively.
Put f = g105. We choose local holomorphic coordinates such that v, is the y-axis, so oy
becomes o: z — —Z%. Under the new coordinates, f is reversible by o, i.e., f~! = ofo.
Conversely each holomorphic map reversible by ¢ is the composition of anti-holomorphic
involutions ¢ and of. Thus, classifying the pairs of real analytic curves is equivalent
to classifying holomorphic maps reversible by ¢ under biholomorphic maps ¢ satisfying
go = og.

Nakai [13] considered the classification of compositions f = o105 under biholomorphic
maps g without the restriction go = o0g. We shall return to this classification in next
section.

Denote by A, , be the set of holomorphic maps f € A, satisfying

flt=0cofoo, o(2)=—-%
Let A,,/ <~ be holomorphic equivalence classes of A,, under holomorphic changes of

coordinates that preserve o. For f € A, ,, write f(2) = 2z + c2P™' 4+ O(|2|P*?) with ¢ # 0.
Then

ofo(z) =z +e(=1)PPT + O(|zP™?), f1=z—cP +O(|2]PT?).

(4.1) (c/lel)* = (=1)7*%.
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Put g(z) = (—=1)?¢/|c|z. Then gog~! = o, while f = gfg '(2) = z + ug2"*' + O(|z[P*?)

with
s J1 podd,
Ho = +7 otherwise.

When p > 0 is even, let AJ be the set of above f with 1§ = —po. For a positive integer
p, let A5, be the set of above f with g = po. Thus A,/ = Ar /<~ when p is odd.
When p is even, A,/ ~ is the disjoint union of A/ < and A/ <. To see that, we
assume that f € A%, and g commutes with 0. Then g(z) = ¢z + O(|2|*) with ¢ € R. Then
9 f9(2) = 2 + poc? 2P 4 O(|2|P*?) is not in A, for ¢ > 0.

We shall identify A~ with A by mapping f to f ~1 when p is even.

Lemma 4.1. For each f € A, there exists a canonical collection Q;, A; such that Aj is
conformal on Q| Jo(Qap_jt1), and Agy_j11 = 0Ajo on Qgp_j11. Moreover, for any e > 0,

U{AJI(R(E)) UoA; (R(e))}

is a punctured neighborhood of the origin, and is contained in any given neighborhood of
the origin when € is sufficiently small.

Proof. Let Q;, A; be a canonical collection of f. From f = AgjﬂrlFAng and f1 =
Afl

-1
2p—2jF Azpfgj, we have

f= O—Az_p172jO—F_1O—A2p_2j0—, on o(op—2;),
[ =045, 0F0 Ay 0, on o(Qy)p1).

One readily sees that (2, ;1) = Q}, 049, j 110 = A’ are a canonical collection of f also.
By the uniqueness of the canonical collection, there exists a canonical collection Q;’ ,A;’
such that A;’ = Ajfor1 <j <pand A’Q’pﬂgrl = 0Ajo on Q’Q’pﬂgrl for 1 < j < p. Since
Agp_ji1 = Ley, ;0450 for 1 < j <p, then U?Zl{Agl(R(e)) UoA; ' (R(e))} remains to be

a punctured neighborhood. O

Let f € A;,, and let €;, A; be a canonical collection of f satisfying li-v. Based on
Lemma 4.1, we shall always choose A, ;11 = 0Ajo for j = 1,...,p, unless specifying
otherwise. Of course, A;,..., Ay, (together with some domains €2;) satisfy li-iv. Now
define ®;; = Aj+1Aj_1, SO CIDJTépfj = 0P ;0. Note that @ ; are well-defined up to the form
L0j+1 CI)f,jLCj with Cop—j+1 = —Ej.

Let M, , be the set of & € M, satisfying <I>2_p17j =o0®,0,j =1...,2p. Denote X din
M, if & = L, Py jionLe, with cg,_j 11 = —¢; for k = 0 or p/2 (the latter occurs only for
p even).

We now restate Theorem 1.1 as follows.

Cj+1

Theorem 4.2. Let f, f € A - If f = g~ fg for some holomorphic mapping g commuting
with o, there exist ¢; = —Cyp—j11 € C such that one of the following holds
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(4.2) Pii=Le Prile, j=1,...,2p;

Cj+1
i1) ¢'(0) = —1, p is even, and

(4.3) ®; . =Le, ®pjupl_c;, j=1,...,2p.

Conversely, if (4.2) holds, then f =g fg for some g with go = og and ¢'(0) = 1; if (4.3)
holds then f = g~ fg for some g with go = og and ¢'(0) = —1. For each ® € M,,,, there
exists f € Ay, , with @5 ;= ®; for all j.

Proof. Let f, f € A . Assume that f =g 'fg with go = 6g. Then ¢’(0) = 1 if p is odd,
and ¢’(0) = 1 or —1 when p is even.

We first consider the case ¢’(0) = 1. Let Q;, A; be a canonical collection of f with
Agypjy1 = 0Ajo. Then A} = Ajg and ¢g~'(£2;) are a canonical collection of f. Thus,

A, Ao Ao, ... 0 Alo, together with some domains (2}, form a canonical collection
of f. Of course we have A;-HA;-_l = AHlA;l for j =1,...,p—1. From og = go,
we get the remaining identities A;-HA]._1 = Aj+1Aj_1 for j = p,...,2p. In other words,
q)fj = LCj-H q)fJ‘L—cj with Cop—j+1 = —Ej.

Next, consider the case that ¢’(0) = —1 and p is even. Again, let 2;, A; be a canonical
collection of f. Now € = g~(Q;,) and A} = A;,,g are a canonical collection of f. Thus
Al Ao ALo, ... 0 Alo, together with some domains 7, form a canonical collection

of f. From go = og, we see that ;. = @y ;,), for j=1,...,2p.

Next, assume that <I>f7j = L¢Py L, with cop ;11 =C;. Recall that <I>f7j = Ajﬂflj_l,
Qi = Aj+1Aj_1 with Agp_j+1 = O’AjO' and Ay,_j11 = 0Ajo. Replacing Aj with L_ijlj,
we may assume that Aj+1jéi;1 = Aj+1Aj_1. As in the proof of Theorem 2.5, we know that
g = A;lflj (j =1,...,2p) extends to a holomorphic mapping defined near the origin and
f=g"fg. Also ogo = 0 A7 A0 = A;plfbp = g on g N Agplflgp(QQP), and hence in a
neighborhood of the origin.

Assume now that p is even, and that ®;, = L., ®f i p L., with cppj11 = —¢;. Again,
we may assume that all ¢; = 0. Let g = Aj_jpflj. Then g extends to a biholomorphic
mapping defined near the origin. We have f = g~!fg. Also ogo = aAl’ipflla = A;lflzp =
g on Qo N AT (Agy(Qyp)). Therefore, go = og.

Given ® € M,,, we need to find f € Aj , such that Aj+1A]-_1 = ®;, where A; =
0Agy_ji10,7 =1,...,2p, together with some domains {2y, . .., {1y, are a canonical collection
of f. By Theorem 2.5, there exists f € Aj; such that ®; = AjHAj_l = &y, where A;, Q;
form a canonical collection of f (here Ay, ;11 = 0Ajo does not necessarily hold). Since

_1 f— . . _1 f— . _1 .
®,, ;= 0®j0, we have 0 Aj 1 A; 0 = Ay, jA;, ;. on some half-plane II, ;(p1). Hence,
Ayl oA =AYl oA
2p—j+1% 44 T Fop—jY L+
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holds on

AJ'_I(HPJ(M» 2 Aj_l(Hp,j(pl)) N Ag+1( pJ(PI))
= A7 (=17 R(p1) N A7 (1Y R(pr)).-

Put w; = Aj_l((—l)jflR(pl)). We know that w; Nwy, = 0 for k # j — 1,7 +1 mod 2p.
Hence, 6 = Agpl_j +104; is well-defined on Uw;. By removable singularities, ¢ extends to
an anti-holomorphic mapping defined near the origin. On w; we have 62 = Id. Hence, & is

an anti-holomorphic involution.
Note that

6f6=GA'FA 6 = A, aFaAzp L
Put 6(z) = ¢z + O(|z]?). Hence |c| = 1. We have
f(2) = 24 po" ™+ O(|2P*2),  f7H(2) = 2 — po2P* + (J272),
6f6 =z + e 2" 4+ O(|z[P2).

By the choice of pg, we have g = (—1)PT!7,; consequently, c= —pk and 6(yy) = pFy, for
some 0 < k < p. One the other hand, 6 = Ay, Yo A; implies that (y. ) is contained in Qo
Therefore, k = 0 by Iii).

Since 6(z) — o(z) = O(]z[*), then g( ) = (z +06(2)) = z + O(|2]?). Now g is biholo-
morphic, and g6 = og. Thus o fo = f~* for f =gfg~"'. We now have ®; ; = AJHA and

q)];;p_j = 0®; 0. Since f=gfgtand g '(0) = 1, Theorem 2.5 says ®;, = L, ®;L
Using 0®;0 = (I>2_p1_j, we get
1
Lcj+lq)jL_Cj - q)f,j - LC?I) Jq)2p JL_C2p 17 = L_C2p J(bjLEZPﬂ'JrI'

Thus ¢ = ¢; + €941 for all j and L_o®;L, = ®;. In particular, ¢ = 1 Re(q + - cgp).
When dg = 0, we put A’ = Lfcﬁ%flj for j =1,...,2p. Clearly, A;HA Pl = &,. Now
Cj— 5 = —Copjy1+ C/ implies that ocAjo = fl’Qp i1 T ¢ —5 = Ay, ;4 which gives us
the desired reahzatlon When d = dg = dg, # 0, then ¢ = k , k € Z. When £k is even,
Al = A ¢ + 5 gives us the realization as above. Assume now that k£ = 2/ + 1. Put
A; = L_c]_+éA for j=1,...,pand A} = 7cj+%A] for j=p+1,...,2p. Then we have

Cl

(4 4) O-AIU_A/Qp ]—i—l; A;—‘,—IA _1:¢j7 j%p’2p7
' A A = iy, ATAL = L1y,
Take & = fao. Then & is an anti-holomorphic involution with 5(z) = =z + O(|z[%). Put

h = 1(Id+0G), so hé = oh. Put f* = hfh~'. Then f*~! = of*o. Put A} = A}h™! =
o0Aj, ;0 for j =1,...,p. Obviously, A}‘HA’“1 A;HA/ '=®,forj=1,...,p— 1.
Now rewrite ha = oh as
hloh=6=A"LiAjo.
We have
A

p+1

Ayt =0 AhT I oh AT = oL Ao A = @

-
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For j =p+1,...,2p, we obtain @4« ; = 0P 9, j110 = 0Py,_j 110 = P;, which gives us
the desired realization. Il

Remark 4.3. We shall see from Theorem 5.1 below that f and f* appeared in the above
proof are o-equivalent, if and only if f/¢ admits a square root.

We shall now give a complete classification of pairs of real analytic curves which form
an angle that is a rational multiple of 7.

Let r,s be coprime with 0 < r < s. Let P,, s be the set of pairs of real analytic curves
v = (71,72) satisfying the following: f(2) = m72(2) = e*™/*2 + O(|z|?), where 7,7, are
the anti-holomorphic reflections generated by 7, and 72, respectively; f* is in A,. Notice
that when the latter does not hold for all p > 0, f is periodic. Then v is holomorphically
equivalent to a pair of real lines, which follows from the following

Proposition 4.4. Let f be a periodic holomorphic map which is reversible by o. Then f
15 linearizable by some holomorphic g commuting with o.

Proof. Let Df be the linear part of f. Then Df is also reversible by o. Take g
S (Df)™"o f* assuming f* =1Id. Then go = og and (Df)og = gf.

0l

Denote by M, , ;, the set of & € M,,,  such that o®,0 = ®§p1_j. We say that ®, & €
M, s 0 are equivalent, if there exist constants ¢; € C and & € Z such that

<I>j = LCj+1@j+2kL—Cj7 Cop—j+1 = _Ej7 Jg=1....2p,

where k = 0 or k = p/2 (and p is even). The set of equivalence classes of M,,, ; is denoted

by Mp,T,S,O'/rgJ‘
We have

Theorem 4.5. Let r,s be coprime integers with 0 < r < s, and let p be a positive integer
divisible by s. When p is odd there exists a one-to-one correspondence between the set of
holomorphic equivalence classes of pairs of real analytic curves in P,,, and My,.qq/ ~;
when p is even there is a one-to-one correspondence between the set of holomorphic equiv-
alence classes of Pprs and the disjoint union Mpms,g/fz UMp,r’,s,a/’g“; where v’ = s —r
when r >0, or v’ =0 when r = 0.

Proof. Given a pair of real analytic curves v = (71, v2) € P, We choose local coordinates
such that 7, is the y-axis. Let o; be the anti-holomorphic involutions generated by ~;
respectively, and put h = o105. Next we use a linear transformation which commutes with
o(= o1) to transforms h into f, such that f, € A5 _ when pis odd, or f, € A5 _ or
[t e A, when pis even.

We first assume that p is odd. Then ®, = @fi € Myp,so. It is also clear that the
equivalence class of ®, in M, , depends only on that of ~.

Conversely, if ., @5 are equivalent in M,,,, then f2 =g fjg_1 for some holomorphic g

commuting with ¢. Thus f% = gf,9~"; consequently, g sends the pair 7 into the pair 7.

For the realization, we take ® € M,,,;,. Then ® = &, for some g € A,, and g = f*
for f € A,, s Since g is reversible by o we have (o fc)® = f~*. Since o fo, f~! have the
same linear part, then f~! = o fo and hence f is in Aprso
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Assume now that p is even. Let P, be the set of v € P, s such that f7 isin Aj. Let

p,7,S
Pors = Pors \ Py,s Then Py, ./~ is the disjoint union of P}, ./~ and P, . /~. Asin

p,r,s

the case that p is odd, we can verify that the former is identified with M, s,/ < and the
latter is M, .0/ ~. g

,Ty8 "

5. CLASSIFICATION OF REVERSIBLE MAPS

In this section we first turn to o-equivalence classification for o-reversible holomorphic
maps ¢ that are holomorphically equivalent to a given f € A,,. An example of such
maps g is f*, appeared in the realization part of the proof of Theorem 4.2. In general, for
f € Ay, define

o Ay={feA,: f=gfg'}

¢ A? = {Jf € Ao Jf =9fg " ¢'(0) = £1}.

e Ai={fcA,: f=9fg " g(0) =1}

o F A f, f A f f~f, if f = hfh~! for some biholomorphism h = cho satisfying
R'(0) = 1,£1, and A/(0) # 0, respectively. (In the above notations g are holomor-
phic.)

The main purpose of this section is to identify Af/iﬂ7 Af/rj\EJ, and A/~ and their group
structures. In this section we shall also classify reversible holomorphic maps and show the
existence of non-reversible holomorphic maps.

We shall need the following notation. Given two biholomorphisms f and v with |/(0)| =
1, we put

1

(5.1) fo=gfg", g= m(ld +/(0)ovo).

Note that Lemma 4.1 says that if v € C (f), then vo is an anti-holomorphic involution, and

hence gvog™ = 0. Put f* = fri/a, when dy # 0.
We start with

Theorem 5.1. Let f € A, , withd; # 0. The map R: g — g 'ogo sends {g: gfg~' € A}
onto é(f), and induces a one-to-one correspondence between As/~ and the quotient group
C(f)/C3(f) = <>/<71%> @ <w>/<w?>. Moreover, f* = gfg~" for some holomorphic
g = ogo, if and only if f*¢ admits a square root (i.e., T/, gwen by Theorem 3.7, is
even,).

1 1

Proof. Let g be a biholomorphism. Note that ogfg~'c = ogof 'og 'o. Thus gfg~
remains reversible by ¢ if and only if v = g logo is a centralizer of f~!. Conversely, if v
is a centralizer of f, then v~! = gvo, by Lemma 3.1(ii). Hence vo is an anti-holomorphic
involution, and vo = g~ 'og for some g. Now gfg~! is still reversible by o as we just proved.
This shows that the map R, defined by g — ¢ 'ogo, sends

G={g9:9fg " € A,,,g holomorphic}
onto C(f).
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Next we need to show that for v; = g]-’lagja e C(f) and fi = gjfgj’l, the identity
kfik™' = f, holds for some k = oko, if and only if vv;' € C2(f). (In particular, the

o-equivalence class of gfg~!, when g~'og = vo, depends only on v € é(f), i.e., on that of

)
We first assume that kf k= = f, with ko = ok. Then ¢ = g, kg, and f commute.
Now

92091 =k = 0gapg; 0 = 0gaop Tl ogr o = gavap~toriagy
By Lemma 3.1(ii) we have o0 = vy . Hence ¢? = vy 'vy. Conversely, assume that p? =
vi t, for some ¢ € C(f). Put k = gog; ', Then kfik™' = f, and cko = govnopriog;t =

gavap” vy g = k.
Since C(f) = <7> ® <w>, then

C(f)/CP(f) = <m>/<7?> ® <w>/<w?>.

By definition f* = fi/a. Hence f* and f are equivalent by some holomorphic k com-
muting with o, if and only if f/4 € C2(f). O

Theorem 5.2. Let f be in A,, with dy # 0. Then the map R: g — g 'ogo induces
one-to-to correspondence between A}/ ~ and the quotient group C(f)/C*(f), and between

Af/r% and the quotient group C(f)/C2(f) N C(f). The latter equals {1} when fY¢ admits
a square root, and equals C(f)/C*(f) otherwise.

Proof. We need to modify the proof of Theorem 5.1. We already know that f = gfg
remains reversible by o if and only if g"'ogo = v € C (f). Notice that v is actually in C(f)
when ¢'(0) = £1. Therefore, the map R sends both AJT and A%} onto C(f).

For f; = gjfgj_1 € A} and v; = gj_lagja, we have kfik~! = f, for some k = oko, if and
only if 17 vy = ? for some ¢ € C(f) (and ¢ = g5 'kgy). Thus fi, fo € A% are equivalent
by some k = cko with &’(0) = 1 if and only if v 'vy € C?(f). The latter is a subgroup of
C(f). Thus A}Z/A*J is identified with the quotient group C(f)/C?(f).

Analogously, A}t / = is identified the quotient of C(f) by the subgroup C(f) ﬂé2( f). Note
that C(f) NC2(f) = C2(f), unless /4 € C2(f). O

Remark. (a) Let f € A, with df # 0. Then f!/¢ admits a square root, if and only if ¢
is even and ¢ is odd.

To see this, assume that f'/¢ = g2. Then ¢/(0) = —1, and 2d divides dg/é by Theorem 3.7.
The latter implies that ¢ is even. Also 6 is odd; otherwise w®?g would be a square root of
fY4in C(f). Conversely, if ¢ is even and § is odd, then ¢ = /4 yields (f~ 5@ g3)% = f1/4,

(b) In [13] Nakai introduced an associativity relation between pairs of real analytic curves
of tangential intersection as follows: If v and 7 be two pair of real analytic curves with
tangential intersection, and if f = 0y09 and f = 7,02 are the composition of the pairs
of anti-holomorphic involutions, then 4 and v are associated if gfg~' = f or f* and
goi1g~! = &1 for some holomorphic mapping g (assuming d; # 0). Nakai proved that
f and f* are not equivalent by holomorphic mappings preserving ¢; when p is odd, and
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Theorem 5.1 above gives a more complete answer. Namely, f and f* are equivalent by
holomorphic mappings commuting with o1, if and only if f%/¢ admits a square root.

Theorem 5.3. Let f be a reversible map in A, with dy # 0. Let R(g) = (g~ ogo, ¢'(0))
and N(z) = —z. Then R induces a one-to-one correspondence between A]jf/ ~ and the
quotient group of C(f) ® Zsy given by

{f,f*,NfN,Nf*N}:C(f)/cz(f)®Z2, quda
{f,f*y=C(f)/C*(f)® {1}, q even and  even,
{fANfN}={f, "}

=C(f) ® Zy/<(fY% —1)>, q even and  odd.

Proof. We already know that for each v € C(f) there is g such that g~'ogoc = v and
g(0) =1. Put f = gfg ! € AjE Note that Ngfg~ N is also reversible by o. Thus R
maps {g: gfg ' € A g'(0) = j:l} onto C(f)®Zy. Let f; = gjfgj ,J = 1,2 be reversible
by o with g;(0) = :l:l, and let v; = g 'ogjo. Assume that kfik~! = f, for some k = ko
with &(0) = 1. As in the proof of Theorem 5.2, we still have ¢ = g5 'kg; is in C(f) and
vilvy = % Note that &'(0) = 1, if and only if ¢’(0) = ¢4(0)"'¢}(0). Thus R induces a
one-to-one and onto map between Ajf/ ~ and (C(f) ® Z?)/ ~, where (v1,51) ~ (14, 53),
if and only if (11, s1) (v, $2) is in the subgroup {(¢2,¢'(0)): ¢ € C2(f) N C(f)}. Thus
(C(f) ® Z*)/ ~ is indeed a quotient group of C(f) ® Z>.

We first consider the case that C(f) N C3(f) = C(f), i.e., that ¢ is even and ¢ is odd.
Given (11, 51) ~ (12, 52) there is ¢ € C(f) with v v, = 2. In fact o is unique, since ¢ is
odd. Therefore, we always have that (v, s9) ~ (1, s1) or (v, S9) ~ (v1, —s1) and (vq, $1) #
(v1,—$1). In other words, either f;, fa, or N fi N, fy are equivalent in Ajjf/ ~, while f1, N fiN
are never equivalent in Ajf/ ~. Therefore, Ajf/fi: {f,NfN} =C(f) ® Z*/<(f* ~1)>
is isomorphic to Zy. Since (fY/¢,1) is not in <(f/4, —1)>, we also know that f* is not
equivalent to f in A}jf /X

Next we consider the case that C2(f) N C(f) = C2(f). There are only two cases: either
q is odd, or both ¢,0 are even. For the former case, we know that ¢ is odd. Hence,

{(¢% ¢ (0): ¢ € CH()NC(f)} = CA(f)@{1}, and AT/ ~= C(f)®Zs/(CX(f) @ {1}) = Zy®
Zo. When g and § are even, we have {(¢2,¢'(0)): ¢? € C2(f)NC(f)} = <(f¥* 1), (1,-1)>
and A7 /~=C(f)/C*(f) @ {1} = Z,. O
Proposition 5.4. Let f € A,, with dy # 0. Let f, = gfg™" for oo = g 'og, where
g is defined by (5.1). Then for each 1 € C(f), we have (fo)gwg—r = h™ ' foyh for some

holomorphic map h = cho. In particular, (f*)* is equivalent to f by some holomorphic

h=ocho.

Proof. Notice that C(f,) = gC(f)g~". Hence (fo)gug—1 is well-defined for all ¢ € C(f). We
have

AJ%/:';:

fo=gfg", ¢o=glog,
(fso)gwg*1 = k:gfg_lk:_l, 9¢9_10 = k7 ok.
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Since (f,)gpg-1 € Ay, then Theorem 5.1 says that it equals h~' f,h for some centralizer v
of f; in fact, we can take v = (gk) logko = g logo = V.
Now (f*)* is o-equivalent to ff2/4, and the later is o-equivalent to f by Theorem 5.1. [

Theorem 5.5. Let f € A% with dy # 0. The map R: g — g 'ogo sends {g: gfg" €
A} onto a subgroup K Ofé(f) Moreover R induces a one-to-one correspondence between
Ay N A; [/~ and the quotient group K/K N C%(f), and

C(f)/C*(f), p odd, or p/q even
{/}. p/q odd, q/d even, and 0 odd,

{fi fo}, p/q odd, q/§ even, and § even,
{f, frohs p/q odd, q/d odd, and § even.

Af N .A;U/N:

Proof. Recall that A, consists of f = o f 1o of the form 2 — 2+ poz"*! + O(|2[P*2), with
po being given by (2.1). Then Ay N A | consists of maps f=gfg ! with

(5.2) v=glogoeC(f), ¢ (0P =1.

Let G ={g: gfg ' € AN A;’U} and K = R(G). We need to show that K is a subgroup
of é(f) Take g; € G and put v; = gj_lagja. Then v3 = v114 is still reversible by o. Hence
there is g3 such that gsv11509; " = 0. We may also take g satisfying g4(0) = ¢}(0)g5(0),
since 4(0) = ¢,(0)72g5(0)72. Then g3fg;* is reversible by o and g4(0)? = 1, which implies
that g3 € G. Obviously, we have R(g3) = R(g1)R(g2), from which we conclude that K is
a subgroup. Again we know that for g1, g, € G, kg1 fg; k™" = g2f gy ' for some k = oko,
if and orAﬂy if v7'vy = ¢? (and gog; ' = k). Thus A; N A,/ ~ is the quotient group
K/KNC(f).

We need to find K.

Write v = 7%0°. Since 7/(0) = pP%/? and '(0) = pP%/% the derivatives of (5.2) at
the origin yield apqo/q + bpgo/d = 21 + jp. Conversely, if a,b satisfy the identity, then
V' (0) = . Hence hvoh™! = o for some h with 1/(0)? = P! = 1. Therefore,

{(a,b): gfg~t € AN A

y o T'wo =g~ ag, [¢'(0)) = 1}

is precisely the set of (a,b) € Z?* such that (2, p) divides (a + bg/d)pqo/q. Denote by I the
set of all such (a,b). Obviously, when p is odd or p/q is even, I = Z?, ie., K = (f(f), and
K/KNC(f) = C(f)/C*(f)-

Next, we assume that p is even and p/q is odd. Since (go,q) = 1 then ¢y is odd;
consequently, [ is the set of (a,b) such that a + bg/d is even. When ¢/d is even, [ =
{(a,b)|a € 2Z}, ie., K = <7%,w>. When ¢/§ is odd, I = {(a,b): a + b € 27}, i.e.,
K = <7% 1w,w?>.

Finally, we compute K/K N 62( f). The case that p/q is odd and ¢/¢ is even is further
divided into two cases: 4 is odd, which implies that K/K NC2(f) = {f}; 6 is even, which
implies that K/K NC2(f) = {f, fo}. When p is even, and p/q, ¢/é are odd (and hence § is
even), we have K/K NC(f) = {f, frs}. O
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Let A} be the set of f € A, such that f is reversible by some anti-holomorphic involution.
We shall identify the moduli space for the equivalence classes of A} under holomorphic
maps, i.e. the moduli space for equivalence classes of A, , under holomorphic maps (without
preserving o). As we mentioned in the introduction, the classification of A, , for p =1
under holomorphic maps was studied by Nakai [13].

Put A = {f"": f e A} for p even, and put A5 = 0 for p odd. We start with the
following

Lemma 5.6. Let f € A5, and &y € M,,,. Then g lfg=rfe¢ A, for some holomorphic
map g, if and only if

(53> q)f—1,j = LCJ_HPCI)f 2k— ]+1pL—C]'7 p(§> - gv j - ]-7 s 72p
for some k € Z and ¢; € C, in which case ¢'(0) = \/ﬁzk“ with /pu being given by (2.2).

Proof. Choose a canonical collection Aj, 2, for f with Ag,_;11 = 0dA ;0. Choose Q,...,€y,
so small that ¢g7': Q; — ¢7'Q; are well-defined. Since f and f~! are in A, we get

g0 = —1, ie., ¢'(0) = \/E%H. Put Q) = 097 Qopyo; and A} = pAgpis_jgo. Then
A gends Q2 onto Q; = pA;(£). Note that €, , N = ag‘l(ng,ﬂg N ng,jfl) contains
VIys. Since pF = Fp, Agji1f = FAgji, Asjf = F71Ay;, and ofo~! = f~!, one sees
that O, A’ form a canonical collection for f -1 Ay, A simple computation shows that

G = Lo AL AT L o = Lo p®h oL o,

which yields (5.3). Assume now that (5.3) holds. For ®;;, = Aj+1Aj_1 and ®s1; =
Aj_l’_lA;l, rewrite (5.3) as

1 ~
A2k+1 ]pL—Cy-HAJ-f-lO =g= A2k+2 JPL_CJ.A]‘O'.

Then g extgnds to a biholomorphic map defined near the origin. One readily verifies that
gflfg = af* o = f. Obviously, g(y) is contained in Qo1 N Qoxr2. Since g transforms
fe A to fe A, then g'(0) = \/ﬁzlﬂ. Now one sees that £k =1 mod 2p. O

.07
Proposition 5.7. Let p be even. Then f € A}, is holomorphic equivalent to some element
in A5, if and only if &y € M, , satisfies

P,
(54) (I)ﬁj == Lc]-+1(1)f,j+4k+2L—c]-; j = 1, ey 2p
for some k € Z and c; € C.

Proof. The proposition holds for d; = 0. We assume dy # 0.
Assume that (5.3) holds. Then
—1 -1
LC2k+j+2pq)f,fij_C2k+j+1 = q)f— 1j42k+1 o® Fl—j—2k— 19
_L—C 2k—j— 1p(I)f —4k—j5— ZpLC 2k—j

from which (5.4) follows.
Assume now that (5.4) holds. We first notice that we may replace ®;; with L, , ®s;L_,
such that the resulted ®;; = & + > pe ¢;re*™* satisfies ¢19 = - -+ = c950. We still have
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(5.4), in which we now have ¢; = -+ - = ¢9, = ¢. We know that L,. commutes with all ® ;.
Hence c is real. Put ®g_j41 = Lgpq);}pL_g. Then @ is in M,, ,, since

Ué%—j—i—la = Lfc/2pq>f,—ijc/2

= Lejop®s,jranraplocip = Py .
O

Let M be the disjoint union M;a UM,,, where M = M,, when p is even and

M, , = 0 when p is odd, and M, = M,,. We say that ®, P e M are equivalent, if
there are k € Z and ¢; € C satisfying either éj = L¢; ®@jropLc; when @, ® both are in
M, orin My, or &5 = Lo, p®5 . pL_, otherwise.

Define

p— p?o-’
f

bpreM,,, feA.

p7U7

) {cpfe/w e,

We have

Theorem 5.8. There is a one-to-one correspondence between the holomorphic equivalence
classes of reversible maps A} and ones of M.

Proof. For f € A} with o1fo; = f~1 for some anti-holomorphic involution oy, choose a
biholomorphism ¢ such that f; = gfg~ ' € A, UA, and go1g~t = 0. Define ¢, = P

Assume now that f = hfh~* and 6,61 = f! for some anti-holomorphic involution ;.
Let §go1g ' =cand fi=gfg '€ A, UA . Then ;= <I>’J}l.

We need to show that moduli functions ®; and @ are equivalent. We have h fi = fl

for h = ghg~'. There are two cases: if fi, fi both are in A, or in A, then, say
for the former, <I>f1 = L, Ppy jronl—, for some k € Z and ¢; € C; if f; € A;}U and

fi € A, or fi € Ay and fi e A ., then Lemma 5.6 says that, say for the former,
@fl—ld = L¢,, Pror—jy1L_c; for some k € Z and ¢; € C.

Conversely, if f, f are in A}, and if &y and ¢ j are equivalent, then Theorem 2.5 and

Cj+1

Lemma 5.6 imply that f, f are holomorphically equivalent. The realization follows from
Theorem 4.2. O

In this section and preceding one, we have seen mappings in A, that are reversible either
by o (a fixed anti-holomorphic involution), or by some anti-holomorphic involution, and
their classifications. By Theorem 1.4, we also know that when dy # 0, f is reversible by
some anti-holomorphic map H, then H is actually an involution.

Next we want to show the existence of f € A that is reversible by some formal anti-
holomorphic involution but not by any convergent holomorphic involution.

Proof of Theorem 1.5. We first describe the set of f € A, that are reversible by some anti-
holomorphic map. Let H(z) = ¢z + O(|z|?) be an anti-holomorphic map so that f~! =
HfH™'. Write f(2) = 2+ fpu12P™ + O(|2])P™2. Then HfH '(z) = 2 + mocc P~ 12PH +
O(|z|P*2). Thus ¢ = —po/fig = (—1)?, i.e., c = —pF. Let A;, Q; be a canonical collection of
f. Then HSQ; contains H(\/i'y;) = /A7 C Qap—j N Qop—j1. Thus Ay =0 A;H!
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'and ;41 form another canonical collection of f; consequently, Agg—jy1 = Le, o A;H ™,
ie.,

-1
(5.5) @mk_j = Le;,,0Ppj0L_,.

Thus @;;k_j = LC]'Jrl*EQk,j(bQ_kl_jLEQk,j+1*C]' and ¢; — Cop—j11 = [/d. Consequently, | = 0
and H = Az_kl_j HLcjaAj is an involution. (Notice that this give another proof via moduli

functions for Theorem 1.4 i.)
Conversely, if ®; satisfies (5.5), then H = A" jr1Le;0A; defines an anti-holomorphic

map satisfying f~! = HfH!.
Now take
01§ =&+ at e, aeR, B0,
Q;=¢+a, j#1 mod (2p).
Since (8 # 0, then &' # £ —a+~e®?™ for any . Thus (5.5) does not hold. Let f € A% be
a realization of ®. By [9], we know that f(z) = v!'(2) + O(|z|***?) where v'(2) is the time-

one map of v = g‘f;j, % with A € R. Since f is formally equivalent to v' and 7,0 = —v,
then f is reversible by some formal anti-holomorphic involution. O

6. REAL ANALYTIC MAPS ON R

Denote by R, be the set of real analytic maps on R of the form
f(x) =2+ foaa®™ + O(|z[P™?),  fo1 #0.

Let R,/ ~ be real analytic equivalence classes of A, under real analytic changes of coor-
dinates on R. For each f € R, there is a R-linear map g such that f = g1 fg satisfies
pr =1 for p odd and fp+1 = +1 for p even.

To apply results of section two, we shall introduce new C-linear coordinates such that
all real analytic maps become elements in A5, which leads us to a new anti-holomorphic
involution ¢y which might be different from p.

When p is odd, let I; », be the set of holomorphic maps f € A with fo, = o1 f with
o1(z) = Z. Denote fR fif f=gfg " for some biholomorphic map g with go; = o1g.
When p is even, for each f € R, with f,;1 = 1, we see that f' = R;}i/@p) J Rerisap) is in Aj
and satisfies fo, = oy f for o1(2) = e™/?Z. In general, for f € R,,, we have

(6.1) R\ o [ Remivon (2) = 2 + a2’ + O(|2[P*?), a €R.
Let Z7, be the set of f € Ay with fo, = o1f. Let Z,, be the set of f € A, with

fte Ay and fo, = oy f. Thus R,/ ~= I;Ul/%, when p is odd. When p is even, R,/ ~
is the disjoint union of Zf, /~ and Z_, /~. Note that we can identify Z, with Z by
mapping f to f~!, when p is even.
Lemma 6.1. Let p(z) =Z. Let

(p+1)/2 p odd,
(6.2) m=1<p/24+1 p=2 mod 4,

p/2 p=0 mod 4.
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For each f € T pal, there exists a canonical collection €1, A; such that A; is conformal on
Q; Uo1(Qam—j), and Agp—j = pAjor on Qo Moreover f07’ any € > 0,

U{A2j+1 UUAzj (L(€))}

1s a punctured neighborhood of the origin, and is contained in any given neighborhood of
the origin when € is sufficiently small.

Proof. Let Q;, A; be a canonical collection of f satisfying li-v. One readily sees that for
some m

01(Q2m—j) = Q;, ,OAQm—]Ul = Al J=1...,2p

T
are a canonical collection of f also. By the uniqueness of the canonical collection, there
exists a canonical collection A7, Q07 C Q; N QY such that A7 = Ajlor and A} = A 4 ¢; for
1 <j <2p. Thus pAy,_jo1 = A +c;j. From p? =1d and 01 Id, we get ¢; = —Copp—j. In
particular, ¢,, and ¢,,+, are pure imaginary. Put A = 4j, Ao _j = pAjoy for j #m,m+p
mod 2p, and A =Aj+c¢j/2for j =m,p+m. Then AJ, Q)7 are a canonical collection of f,
satisfying pA o1 = Ao —

To find m, we start with 01Q] = Qg 1. If 01(2) = Z (and p is odd), then o1(y,) =
ViIFy, C sz—1, which implies that 2m — 1 = p mod 2p. We take m = (p + 1)/2.
Recall that /u = e ™/P for p = 2 mod 4 and VI = e™/P for p = 0 mod 4. When

o1() = e 7% (and p is even), o1(ys) = —c "y, = Iy C Qoo for p = 2
mod 4, and o1 (yy) = \/ﬁp_1y+ C Q9,1 for p =0 mod 4. Therefore, p+1 = 2m — 1 when
p=2 mod 4, and p =m when p =0 mod 4. U

Let f € Zf, , and let ©;, A; be a canonical collection of f satisfying Ii-v. Based on

Lemma 6.1, we shall always choose A; satisfying As,,—; = pAjoy for j =1,...,2p, unless
specifying otherwise. In particular, if A},€Y; are another canonical collection, there is a
canonical collection A7, Q7 such that on Q” C QN AT = Aj and A} = Aj + ¢; with
¢j = Com—;. Now define ®f; = AJHA , SO <I>f2m _j-1 = pPyjp. Note that Py ; are
well-defined up to the form L., ®;;L ., with ¢y, ; =¢;.

Let NV, be the set of ® € M, satisfying Dyt _j—1 =p®ip,5 =1...,2p, for m given by
Lemma 6.1. Note that

2m—1—
o1 ==/ Z.
We now have

Theorem 6.2. Let f, f € T o If f = g~ fg for some holomorphic mapping g commuting
with o1, there exist ¢; = Cay,—; € C such that one of the following holds

i) ¢'(0) =1 and

(6.3) ®j;= Loy L, j=1,....2p;

Cj+1
it) ¢'(0) = —1, p is even, and
(6.4) B = Loy ®riipl ey j=1,...,2p.
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Conversely, if (6.3) holds, then f =g 'fg for some g with goy = 019 and ¢'(0) = 1; if
(6.4) holds then f = g~ 'fg for some g with goy = 019 and ¢’(0) = —1. For each ® € N, ,,,
there exists f € L~ with ®¢; = ®; for all j.

pUl

Proof. Let f,f € T .- Assume that f =g 'fg with goy = 01g. Then g(0) =1if pis
odd, and ¢’(0) = 1 or —1 when p is even.

Let €;, A; be a canonical collection of f with Ay,_; = pAjoi, and let Qj,flj be a
canonical collection of f with flgm,j = pfljal

We first consider the case ¢’(0) = 1. Then A} = A;g and g~'(Q;) are a canonical

collection of f (satisfying A! = pAjoy). Thus, A}, together with some domains Q) C

2m
Qj Ng~*(€;), form a canonical céllection of f, and hence flj = Ajg+c; for some ¢; = Cop—j.
In other words, CIDJ;J = L¢,,,Pp L, with copj =7;.

Next, consider the case that ¢’(0) = —1 and p is even. Now Q) = ¢g~'(Q;4,) and
A’ = Ajypg are a canonical collection of f. Thus A’ together with some domains € C
QN g (Q4p), form a canonical collection of f, and A; = A;,,g + ¢; for some ¢; = Capy, ;.
We have @7, = L, ®pjipL; for j=1,...,2p.

Next, assume that (I)Jz] = LCJHQ)ML,CJ with ¢o;—; = ¢;. Recall that <I> = AJHA

= A]HA with AQm _j = ,oA 01 and Ay, ; = pAjo. Replacing A Wlth L. A , wWe
may assume that A]HA = AJHA . We know that g = A; A (j=1,...,2p) extends to
a holomorphic mapping defined near the origin and f=g! f g. Also o190y = 01 AT Aoy =
Al 1A2m L =g on Qo1 N Al 1A2m 1(ng 1), and hence in a neighborhood of the

origin.
Assume now that p is even, and that Qri=Le Prjrpl—e; with copj =75 Again, we

A Then g extends to a biholomorphic mapping
AQm 1=

may assume that all ¢; = 0. Let g = A]er

defined near the origin. We have f = ¢~ fg. Also 1901 = (TAH_pAlgl Ayl p1
gon Qopq N AL . 1(A2m_1(§22m_1)). Therefore, goy, = 01g.

Given ® € N,,,, we need to find f € I, such that A; A" = &;, where A; =
pAom—jo1,j =1,...,2p, together with some domains €2y, ..., €y,, are a canonical collection
of f. By Theorem 2.5, there exists f € A; such that &; = Aj+1Aj_1 = ®;;, where
Aj,Q; form a canonical collection of f. Since q);nllfjfl = p®;p, we have ijHAj_l =
Agpj 1A p on some half-plane I, ;(p1). Hence,

AQTiL ]pA A2m —j— 1pA]+1

2m—j

holds on

AJ'_I(H:DJ(M)) ) A‘_l( pi(p1)) N A]H( 1L, ;(p1))
= A7 (=1 R(p1)) N A7 ((=1) R(pr)).
Put w; = A7'((=1)"'R(p1)). We know that w; Nw, = 0 for k # j —1,j + 1. Hence,
01 = A;nll_ijj is well-defined on Uw;. By removable singularities, o, extends to an anti-

holomorphic mapping defined near the origin. On w; we have 67 = Id. Hence, 6, is an
anti-holomorphic involution.



36

Note that
&1f(31 = [71A1_1FA161 = AQ_n}LflprA2m—1 = f
Put 61(z) = ¢z + O(|2]?). We have
f(2) = 2+ po2 + O(|2]7*2),
61 f61 = 2+ e 2P 4+ O(J2]PH?).
By the choice of 1o, we have pg = (—1)P*'1,; consequently, ¢ = —p*+1/2 for some 0 < k < p
and 61(yy) = pu*/%y,. One the other hand, 6, = A, ,pA; implies that &;(y,) is

contained in Qs,, 1. Therefore, kK = m — 1 by Iii) and hence 61(2) = o1(2) + O(]z|?).
Now g(z) = L(z + 0161(2)) = z + O(|z]?) is blholomorphlc and go; = o19. Thus

o1for = f for f = gfg~'. We now have Q= A]HA and <I> 1 1 = = p®;,p. Since
f=gfg " and ¢'(0) = 1, Theorem 2.5 says P, = Lcj+1q)jL,Cj. Using p®ip = @2’“11_]._1,
we get

1
C2m—1— ](I)Zm 1— j

Lo,y ;L ., = ;= pL

Cj+1

LfCZm ]p_ Lc2m 1— j(p Li

Com—j*

Thus ¢ = ¢; — Cap—; for all j and L_oP; L. = <I>j. In particular, ¢’ = ; Im(cl + - cgp)

is pure imaginary. When dq;. = 0, we put Ay =1 uZL for j = 1,.. 2p Clearly,
A;HA =®;. Now¢; — § = —Com—j + 5 1mp11es that pA' o1 = A’zm_j —Ci—5 =45,
which gives us the desired reahzatlon When d=ds = ds ; 7é 0, then ¢ =0, i.e. c] = Com—j-
So @ is already the desired realization. U

In contrast to Theorem 1.4 ii, we shall prove the following

Theorem 6.3. There exists f € A that admits no invariant smooth real analytic curve,
while it admits invariant formal smooth curves.

Proof. Let g be in A5, Assume that H is an anti-holomorphic involution satisfying Hg =
gH. Then H(z) = —p™ ™z 4 (]z|?), where m is given by (6.2). Let A;,Q; be a canonical
collection of g. Then A}, o ; = pA;H ™" and Q01— are a canonical collection of g
also. Thus Agy,tok—j = L .ijHfl, and copiok—; = ¢; since H* = Id. Thus

(6.5) ®y omiai—jo1 = LejnPPgiPLc;y  Comion—j =T

Conversely, if ®, satisfies the above, then H = A, !

2m+2k—j
involution and H g=gH. Let f be a realization of

={+e?E @ =¢ j=2,...,2p.
Since @' # & + a + be?™¢ | then (6.5) does not hold for any k and c;, which means that
there is no anti-holomorphic H satisfying Hf = fH.

By a result of II'yashenko [9], f is formally equivalent to f(z) = z + 2P, It admits
formal smooth curves. U

Proof of Oorollary 1.6. Assume that f, f € A, with d; # 0 are real valued on R. Assume
that f = gfg~. We need to show that ¢ is real when p = 1 and or f3f3 > 0 when p = 2.
The case p = 1 follow from Theorem 1.4 iii. When p = 2 and f3 f3 > 0, we know that
g'(0)? = f3/f3. Thus ¢’(0) is real; consequently g is real. O

.pA; defines an anti-holomorphic
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Proof of Theorem 1.7. Assume that p > 3. We need to find f, f € A, which are real on R,

such that f, f are equivalent under a forma real map and a holomorphic map. But they
are not equivalent under any real analytic maps of R.
Recall from Theorem 6.2 that if  satisfies

Pom—1-j = pPjp

then there is a realization f for ® satisfying f = o1 fo;.
Write p = 2%p" with p’ odd. Put k = 25. Define

p®27'n11—4kj_2p = ®1+4kj = (I)1 — é’ + 66127ri§7

Then p®;p = (52_7}%17;‘ for all 5. Let <:Dj = ®;,9;. Then p(fjp = p®jonp = q);nll_l_j_% =

Dory—1—j_ar = Poym—1-j. Thus there is fe Iy, such that @7 = ®. Obviously, f = ¢ 'fg
for some holomorphic g with ¢/(0) = u*.

Assume now that there is a biholomorphism ¢ commuting with oy such that gfg~* = f.
By Theorem 6.2, there are two cases. The first case is CiDj = L¢; ;L _.;, which contradicts
to that ®;,9; is a polynomial in &, while ®; is not. The second case says that p is even
and @114, = Le,, ,, Pryokipl—c, ., Which is a contradiction since 2k +p = (2 + p')k # 45k
mod 2kp’ and 1+ 2k + p # 2m — 4kj — 2 mod 2p since p is even. )

Since f = g~' fgand ¢'(0) = p¥. Weknow that f,11 = fi. Since fopy1/f211 = fopr1/ i1
then there exists a unique formal holomorphic map h with coefficients hy = 1 and h,1 =0
so that f = h~'fh. Since oy commutes with both f and f, then f = o1h ‘o1 fo1hoi. By
the uniqueness of h, we obtain h = og1ho;. This shows that f and f are equivalent under
a formal transformation commuting with o;. U

Proof of Theorem 1.8. Assume that f have two invariant smooth real analytic curves 7,
that are tangent at the origin of C. Let o; be the corresponding anti-holomorphic involu-
tions generated by 7;. Without loss of generality, we may assume that f preserves the real
axis, i.e. that fp = pf for p(z) = Z. We need to identify f and their invariant curves.

Note that o100 = h € A,, and f is a centralizer of h. In particular f'(0) = p/. Hence
f/(0) = 1 when p is odd and f’(0) = =1 when p is even.

Consider the case that dj # 0 first. By Lemma 3.1, we know that o fo; = f~!. Since
f commutes with o;. We get f> = Id. Then g(z) = (2 — f(z))/2 commutes with p and
transforms f into I(z) = —z. Let 7 be a smooth real analytic curve invariant by I. We
know that v is given by y = A(x), or by z = B(y), where A, B are real-valued analytic
functions defined near the origin of R satisfying A(0) = B(0) = 0 = B’(0). It is easy to
see that A and B are odd. We obtain case i).

Assume now that d, = 0 and that f? # Id. Consider the case that f/(0) = 1 first.
Then f € A, and df = 0. There exists a real analytic change of coordinates so that f

epzPt1

1+Az2P0

when p is even. Since v! \ = pv! \p = v! , then (3.2) implies that X is real. Let v
) 7 D>

becomes the time-one map of v, =

where €, = 1 when p is odd and ¢, = 1

be preserved by f and H be the corresponding anti-holomorphic involution. Then Hp
is a centralizer of f, and hence H(z) = /ﬂvﬁpA(E) for some integer j. Using (3.2) and

A € R, we get H? = f* which implies that ¢ € iR. Conversely, for ¢t € iR we have
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friv Ep,)\p = fpu*jve_;)\ = puv  f = ,uJUE apf. So H and f commute. We obtain case
ii).

Consider now the case that f(0) = —1 (and hence p is even). By Theorem 6.2, there is
a real analytic change of coordinates so that f? = vslm ,. Since f is a centralizer of f2, then

€p,

f= Ivelp/’?)\. Since p and I f commute, then (3.2) says that \ is real. Assume now that H
is an anti-holomorphic involution commuting with f. Then H commutes with f2, and we
get H = 1/ vﬁm 4o with t € iR. Conversely, such H commutes with f. We obtain case iii).
For iv), assume that g is biholomorphic and g~!fg is real on the real axis. Then g(R)
is invariant under f. In case i), we know that g(R) is a reparameterization of some
(Id4+iA)(R) or (ild+B)(R), which means that ¢ = h+IdAoh or g = ih + B o h.
For case ii), the fixed points of H(z) = p/v! (%) (with t € iR and A € R) are UZ?A(WMR).

Thus g(z) = UE/QA(W/zh(z)). The case iii) we get g(z) = v€ A(,LLJ/Qh( ). O

7. INVARIANT ABELIAN SUBGROUPS OF GERMS OF HOLOMORPHIC MAPS

Let A be the set of biholomorphic maps f with f’(0) a root of unity. Let Ag be the set
of biholomorphic maps f which are tangent to the identity. Let F, F be two subgroups
of A. We say that F,F are holomorphically equivalent, denoting F ~F, if there is a
biholomorphic map ¢ such that g 1Fg ={g'fg: feF}= F'; when ¢ is tangent to the
identity additionally, we denote F' ~ F. Denote by F, be the set of abelian subgroups
F of A such that F'N A, is non-empty. Let F,/~ be the set of holomorphic equivalence
classes of abelian subgroups of A, and let F,,/ ~ be the set of equivalence classes of abelian
subgroups of A under holomorphic maps that are tangent to the identity.

Theorem 1.3 in [7] describes a moduli space for the generators 7, f of groups F' in F,
with 78 = f* and 7/(0) = €2™/%, where s = |F//F N Ap|. One can see that that moduli space
is also a moduli space for the classification of groups in F,, if k is subject to 0 < k < s.

The main purpose of this section is to describe a moduli space for F' € F,, in terms of
its generator F'N Ay and other discrete invariants of the group.

For each F' € F,, one first notices that F' N Ay is an infinite cyclic subgroup generated
by some f € A, (f~! is the other generator), and that F' is a subgroup of ¢ (f). Therefore,
dp = dy is well-defined. The classification for F' € F, with d; = 0 is already given by [7].
Recall that F' is holomorphically equivalent to one of

Fup = <R p/u> Q@ <vy>, ulp, 2N€C, teC,

_ pozPtt 9
where vf is the flow of vy = TP 9s

We shall now consider F' € F,, with dp # 0.

Lemma 7.1. Fiz f € A,. Let F € F, with F N Ay = <f>. Assume that dy # 0. Then
s =|F/F N Al satisfies

slag, (s, dy)|oy.
Conversely, if s is a positive integer satisfying the above condition, there are exact (s, dy)
groups F;(f) = F € F, with FN Ay = <f> and s = |F/F N Ay|. Moreover, if g is
biholomorphic, then gF,.(f)g™" = Fsu(gfg™").
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Proof. Let s be the order of F//(FFNC(f)). We first need to show that s divides ¢ = ¢;.
(Put d =dy,6 = 65.) To that end note that the map h — hC(f) is a homomorphism from
F into C(f)/C(f) and the latter is isomorphic to R,, which induces an monomorphism
from F/(FNC(f)) into R, by differentiation at the origin. Hence s divides ¢. Let 7 be
the unique element in C(f) given by (3.3) for which 7/(0) has the smallest non-negative
argument. Since there is a unique subgroup of R, having order s, there exists a unique
m =195 f¥d ¢ P with 0 < d < d. Sor{ = f% From 7y = f*¥ and 79 = f%¢ we get
0+ sd = s'd. Thus (s,d) divides .

To find all such groups F', we start with § = s'd — sd’ = s{d — sdj, with 0 < dj, < d/(d, s).

Consequently, there is a unique 0 < u < (d, s) such that d' = d’ L‘é), i.e, such that

E+L
= 7-q/Sf 479 ¢ F. Therefore,

(7.1) st—<7q/8fd @9, f>, j=0,...,(ds) —

are all distinct groups.
Let f gfg~t. By Proposition 3.5, we know that 7 = grg~!. Thus g<T‘1/8f  f>g7t
<7"1/Sf , f>; in particular, gF,.(f)g~" = Fyu(f). O

Proposition 7.2. Let f € A, with df # 0. (d,s) is the number of equivalence classes in
F; ;(f) under holomorphic mappings tangent to the identity. The number of the equivalence
classes under general biholomorphic mappings is (d,s) if f and f=* are not equivalent, or
1+ [(d,s)/2]. When the latter occurs there exists an involution k of {0,1,...,(d,s) — 1},

depending only on §,s and d, so that Fi j(f) is equivalent to F,5(f), if and only if 3 = k(j).

Proof. Assume that gFy,.(f)g™" = Fy,(f). Then gfg~' = f or f~'. For the former we
have m = n. In particular the first assertion holds. Assume now that gfg~! = f~!. Then
9Fm(f)gt = Fyp(f). By Lemma 9.1 below, we know that ¢ = § and grg~! = 7f~2/<,
Thus

GFm(f)g~t = <7 f T wa s >
This implies that —7—(2!”—8)—% = %0%—% mod 1. Equivalently, m’ = —m—%f’s)—%
mod (d,s) = —m — 2s{(d,s)/s mod (d,s). This shows that m — m’ is a non-trivial

involution when (d,s) > 1. Write (d,s) = ad + #s. Then s, = ad/(d,s) mod s/(d, s);
consequently sy(d, s)/s = ad/s mod 1 =k € Z. We get m' = —m — 2k mod (d,s). One
readily sees that m — m/ is an involution on 0, 1, ..., (d, s) — 1, which has exactly one fixed
point when (d, s) is odd and exactly two fixed points when (d, s) is even. In other words,
the number of equivalence classes among Fj ;(f) is 1 + ((d,s) — 1)/2 when (d, s) is odd,
and 2 + ((d, s) —2)/2 when (d, s) is even. O

In the next three theorems, we describe moduli spaces for groups F' in F,. We shall also
separate the moduli spaces into two parts. One part involves some obvious invariants of
F, and the other is determined by subgroups F' N A,.

To be proved later, some obvious invariants of F' € A,, under mappings tangent to
the identity, are p,q,d,s,d and a € C* with arga € [0,7), where a is determined by
FNA,=<f>and by f(2) =z+azl"' +O(p+2), s=|F/FNAl d=dys, ¢=qs, and
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7777777777

classes under holomorphic mappings tangent to the identity.
Define
/ rasd = 1P EM,:dy =d, 66 = 0,90 = q}.
Given ®,® € M;7q75,d, we denote ® < @, if CiDj =L
M sl < be the set of equivalence classes.

®;L_.; for some ¢; € C. Let

Ci+1

Theorem 7.3. Let p,q,0,d, s be positive integers, and let a € C* with arga € [0, 7). As-
sume that q|p, s|q and (d, s)|6. There is a one-to-one correspondence between F 4 5.d.0.a/ ~
and (s,d) copies of M;qﬁ,d/i.

Proof. For F' € F = F,, take f, € FNA,. Since F' is abelian, then F'N A is a subgroup of
C(fo) and FN Ay = FNC(fo). The latter is an infinite cyclic group, if ds, # 0. Now F'N.Ay
has a unique generator f(z) = z + f,112P™ + O(|2|P*?) with arg f,1 € [0, 7). (Note that
f~! is the other generator and f, ;1 = a is a holomorphic invariant for the equivalence class
of F'in F,/~.) Let s = s and u = up be the unique integers such that F' = F,,,(f),
where 7 satisfies 79 = f%/? so that 7/(0) is a primitive ¢-th root of the smallest non-negative
argument.

Choose Ry with arg A € [0,27/p) such that f; = R}'fR\ € A}, and define &p = @y,

Let F,F € F, with FN A, = <f> and FN A, = <f>, and arg f,,1,arg f,.1 € [0,7).
Assume that gFg~' = F and ¢'(0) = 1. It is clear that sp = |[F/(F N.A})| = sz, which
is denoted by s, and that gfg~' = f. Now Lemma 7.1 and ¢~ 'Fg = F imply that
Foull)=9Fg™" = gFsalg™ f9)g" = Fsa(f). Hence i = u,

From gfg~' = f, we see that f,11 = f,+1. There is a unique R, with arg A € [0, 27/p)
such that f; = R,\]‘R;\1 and f; = R,\g’lng;\1 are in Aj. Thus for g, = R,\gR;1 we see
that ® :~<I>§,1_1f1g1 is equivalent to ®; = ®;.

Let F,F' € F, be two abelian subgroups such that ®» and ®; are equivalent. More
specifically, ap = ap = a, sp = s = s, and ®y, ; = Lej @ L, for some constants c; so
that f; = §~'f1g for some § tangent to the identity, where f; = R ' fR,, fi = R;'fR, are
in A5 with f(2) = 2z + a2P*" + O(|2["*?), f(2) = 2+ azPt + O(|2|P*?) generating F' N Ay
and F N Ay, respectively. We have f = g1 fg for ¢ = R,gR;'. By definition we have
F = Fou(f) and F = F, ,(f). Now Lemma 7.1 says that F' = g~'Fg, which shows that F
and F are equivalent.

For the realization, we assume that ¢ € M;7q757d. Take f € A, with f(2) = z + azP™ +
O(|z|P*2) such that D1y, ; = ©; for some A with arg A € [0,27/p). Since s|q and (d, $)|9,

then Fy,(f) is a realization. O
Let /\;l;,’q@d and /\;l;;qy(;’d be the set of & € M, satisfy do = d, go = ¢, ¢ = J and satisty
(I)j+2k 7é Lc]-+1 R—lq)j—f—lR—chJ- (j = 1, 2, e Qp) for all ¢y, k and q)j+2k = Lcj+1R_1q)j+1R_1Lcj

(7 =1,2,...,2p) for some c¢;, k, respectively. If ®,d are both in M, 5.4 OF in Mg,q@d,

we denote @ ~ d, if <i>j = L¢  PjropL; for some k € Z and for all j or (i)j+2k =

Cj+1

Lo Ra®jiR L. Let F) 54, be the set of I’ € F, such that |[F/FNA,| = s,

Cj+1
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qr =¢q,0p =0,df =dfor FNA, = <f>, and such that f and f~! are not holomorphically
equivalent. Define 7} 5, analogously, but f, f~! are now holomorphically equivalent. Let
F) asas/~and F 5o / the sets of holomorphic equivalence classes.

Theorem 7.4. There is a one-to-one correspondence between F) s, ./~ and (s,d) copies
Of Mp q,9, d/N'

Proof. For F' € F,, let f be the generator of F' N Ay with arg f,+1 € [0,7) for f(z) =
2+ fp12PTH + O(]z[P™). We choose A such that f; = R)\fR/(l € A;. Define &p = &y, .

Then the equivalence class of ®p in M;7q7é7d/ ~ is well-defined. Define s = |F//F N Ay.
To define up = u, we first choose an element f. € A5 for each equivalence class of A,.

Here two elements f, f € A, are equivalent, if f is equivalent to f, or f~!. For each
representative f,, let 74, be the unique element such that 7']?* = ff/ 4 and T}*(O) has the
smallest non-negative argument. Now let f, be the representative of two generators of
F N A, Then F is equivalent to Fy, -, (f.). Define u = up. Since f. and fo1 are not
equlvalent Proposition 7.2 says that u depends only on the equivalence class of F.
Assume that F = gFg'. Let f be the generator of F with arg fp+1 € [0,7). There
are two cases: either gfg~' = f or gfg L — =1 We need to show that CDf and @ are
equivalent, which is obvious when gfg~ f Assume now that gfg~ f 1. We have
fi= R,\fR)\ € A;. Then fo = R\/—f1 i isin Aj. Write @ ;= A]HA , where A;,

together with 2;, form a canonical collectlon of f1. We have

RffflR‘l = RfAEleleRflA%Rx_Fl

on Rngj Now fljﬂ = R_1A,; R and QJH R\fQ form a canomcal collection for f2,

from which we get @7 .., = R,1<I>fl7jR,1. Returning to R\/ﬁgfg \/ﬁ = f,, we see that
@pj and B_1®p ;4 Ry have the same equivalence class in /\/lp / ~.

Conversely, let F' = hFy -, (f.)h™" and F' = hF, 5. (f.)h. Let F N A, = <f> and
Fn A, = <f> with arg fpt1,arg fpﬂ € [0,m). We ﬁrst consider the case that ®y, ; and
®; ; are equivalent. This implies that f = gf g~ !. By the choice of f,, we get f. = f.
and ghf.htg~ = hf.h! or ﬁf*ﬁ_l The latter does not occur since f* and f*~! are not
equivalent. Wlthﬁ =u,weget gFg~" = ghF, ., (f)h g7 = thuT (f*)h ' = F. Next
we assume that ®p; and R_1 Pz ;. R are equivalent in M,/ ~, that is that fl=gfg

as seen above. In this case, we still have f. = f. and ghf.h'¢~t = hf.h™t. So F and F
are equivalent.

The realization is already proved in Theorem 7.3. Finally the set of equivalence classes
is identified with (s, d) copies of ./\/lqu/N, since Fy - (fe) = < Jf/sf*{)/dﬂ/(s’d), >, dj
depends only on s,d,d, and u =0,1,...,(s,d) — 1. O

Theorem 7.5. Let p,q,6,d, s are positive integers with s|q|p and (s, d)|(5 There is a one-
to-one correspondence between F 54/~ and 1+ [(s,d)/2] copies of/\/l asdl ™~

Proof. We briefly modify the proof of the previous theorem. For F' € F s, and FNA, =

< f> the construction of ® € M . is the same as above. We also let up = u be given

P,4,6,
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by F' = hFsyu,, (fi)h~'. This time, u is not an invariant of F. Instead, if F, F are
equivalent then uz = up or k(up) for an involution x of {0,1,...,(d,s) — 1}, described
in Proposition 7.2. More precisely, let F' = hFy,,, (f)h™", F = ﬁFS,a,Tf*(f*)ifl, and
gFg~! = F. Then f. = f. and hlghf,h'g'h = f, or f7'. Thus @& = u or @ = k(u).
Conversely, let F,F' € F] 5, such that the corresponding @y and ¢ are equiv-
alent and uz = up or k(up). Hence gfg™' = f or f~', F = hEFgur, (fo)h™ and
F = th,ﬁ,Tf.*(f*)h_l imply that f, = f.. We have either h=ghf.,h"'¢g"'h = f, or
f1. From the former, we see that ﬁ_lgthWf* (f)h g 'h = Fy oy, (fi), which is also
equivalent to Fs,n(u),rf*(f*) . So F and F are equivalent. From the latter, we see that
iflgth’qu* (fOh™ g~ h = Fs,unyzl(f;l) = Fouqr, (f<). Again, F' and F' are equivalent.
Finally the set of equivalence classes is identified with 1+ [(s, d)/2] copies of /\;lg’q@d /~,
since k depends only on 4, s, d. O

Proposition 7.6. Let f € A, with dy # 0. Assume that C(f) = <7, fV4> and 79/° =
wfld. Then for any 7 = Tw® with 7(0) a primitive q-th root of 1, we have Fy;,(f) =
F,5:(f) where j = (14 aq/0)j + aaq/s mod (d,s) and (d,s) = ad + fs.

s

Proof. Assume that Fy;.(f) = F,;:(f). We have 7 = pitead f=eld and F 5 (f) =

N s a $,7,7
<ra/s(taaf) pho/drifids)=ae/ted) | f>  Thus j = (d, s)(aq/(ds)—dy/d)+(1+aq/d)(dy(d, s) /d+
j) mod (d,5) = (1+ag/8)j + (dy(d )/d + (d, $)5/(ds))ga/6 mod (d, s) = (1+aq/d)j +
acg/s mod (d, s), where the last identity is computed as in the proof of Proposition 7.2.

]

Note that if 7y, 7 satisfy (3.3), then (7.1) defines two sets {F} ;- (f)} and {F ;. (f)},
with one being a permutation of another. There is a permutation j — j~ so that F; ;(f) =
F,;-(f7"), where the latter is defined in terms of 7;-1 whose derivative 7;-1(0) is of the

smallest non-negative argument. We now compute the permutation 7 — j7~, without
requiring 74(0) and 7;_,(0) have the smallest non-negative arguments. Let 7. = 7y, satisfy

(7.2) C(f) = <, fV>= <1, > @<w,>, 790 =w, e

so that 7,(0) = u?%/? has the smallest absolute value |G|. If there are two such elements,
denote by 77 the one of derivative p?14/¢, and the other by 7_. Put w, = T_'i/‘sf_l/d and

W = 7_11/5f—1/d

Proposition 7.7. Let f € A, with dy # 0. Then

(1) T is unique, if and only if ¢ # & or 26.

6

(ii) If ¢ =0 or 20, then T_ = T_,:lf‘%d.

(¢19) If g =0 or 26, then Fyj;, . (f) =Fsj - (f) forjy =7j-=0o0rj_=(d,s)—j;.
Proof. Let 7, with 7/(0) = pP%/ satisfy (7.2). We have !’ (0) = p??/%. If 7, is not unique,
there is a € Z so that (r1w?)'(0) = 77.(0) = 7, (0)~'. We get 2¢/q+ ag/d = k; equivalently,
20G4/q + ag = k. Since § is prime to g, then ¢ divides 2. Conversely, if ¢ divides 26, then
(72w 2/9Y(0) = 7/.(0)~1. This shows that 7_ = 7w, "/ = TJ:lfz_g.
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Assume now that ¢ divides 2. We have T = T’lfg_fl. Write (d, s) = ad + $s. We get

0= d+ (56)5 and df, = % mod . Hence —26(;3’5) 2dg ;d S) 2504 mod 1 is an
integer since s|q and ¢|2s. We get
d! j
Frgins(f) = <r00 po i o o o g8t s = By, (f),
which implies that j_ = —j, mod (d, s). O

Corollary 7.8. If f € A, with df # 0, then T7p-1, = Tp. for q # 0 or 20. If ¢ =9 or 20,
then Tp-14 —Tfl and Tf-1_ Tf+

Let 0(z) = —%. Let F be an abelian subgroup of Ay. We say that F' is o-invariant, if
ofo € F for all f € F. Since 0? = Id, then cFo C F if and only if c Fo = F. Denote by
Fp.o be the set of F' € F, such that oF'oc = F. We are interested in classifying [’ under a
single change of holomorphic coordinates that preserves o.

Proposition 7.9. Let f € A, and let 7 = 7p,w = wy,q = q5,d = dy be as in Proposi-
tion 3.5. Assume that dy # 0. If oFo = F with F N Ay = <f># {1}, exact one of the
following (three) cases occurs:
a) ofoc = f1.
b) oftio = f1 gwo = w! and
i) oto =77 Y g =26; or
i) oto =124 ¢ =6.
Moreover, if o fo = f=1, all Fy,,(f) belongs to F, »; if o fo = f, the total number of Fj,(f)
that are o-invariant is two when s|§ and (d, s) is even, and is one when s|6 and (d, s) is odd
(and F = <7"1/5f_%,f>), or when s [6 and s divides 6 —sd/2 (and F = <Tq/sf%_£,f>),

and 1s zero otherwise.

Proof. Let f be a generator of F'N Ay. Since o fo remains a generator, then ofo = f or
ofo! = f~1. Since f is not an involution, then two cases cannot occur simultaneously.
For the latter we already know by Lemma 3.1 that o reverses each element of C (f). In
particular all Fy,(f) are o-invariant.

Assume now that o and f commute We have oC(f)o = C(f). In the proof of Theo-
rem 1.4, we proved that cwo = w™". Since C(f) = <71, fV/4> we can write ToTo = f/°.
Raising both side to g-th power yields 20 = ql. We have either ¢ = 20 with [ =1, or ¢ =0
with [ = 2. For the former, we get 070 = 7= f/¢. For the latter, we get oro = 7~ f%/4.
By Proposition 7.9 we know that F = <75 f/4 f> with 0 < d’ < d. Now 0Fo = F, if
and only if

(7.3) ol g fd — (pals pifdya po

Looking at the linear parts of both sides we see that a = —1. When [ = 1 (and ¢ = 20),
(7.3) holds if and only if d divides q/s + 2d’, i.e,

(7.4) dj2(d +5/s).

When [ = 2 (and ¢ = ), then (7.3) holds if and only if d divides 2q/s 4+ 2d’ = 26/s + 2d’,
i.e., (7.4) holds. Recall that d' = df,+ jd/(d, s) for some 0 < j < (d, s) and for some dj, and
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s, satisfy § = s(d — df;s. Consequently, the number of groups F,,(f) is 0 when d does not
divides any 2d’' + 2§/s, 1 when d divides some 2d’ + 20/s and (d, s) is odd, and 2 when d
divides some 2d' + 2§/s and (d, s) is even.

Consider the case s divides ¢ first. For d' = —d/s and s’ = 0, d divides 2d’ 4 24 /s.

Consider now that s does not divide . Since s divides ¢ and the latter is 0 or 29, then
s is even, ¢ = 20 and ¢/s is odd. Assume now that d divides some 2d’ + 2§/s = 2d' + q/s
(with 6 = s'd — d's), then d is odd. In particular, (d, s) is odd.

Finally, note that d divides some 2(d’ + d/s) = 2ds'/s, if and only if s divides some 25’
for 6 = s'd — d's. Furthermore, we may also assume that 0 < s’ < s. Thus, we have either
s =0 or s = 2s. The case s’ = 0 occurs, if and only if s divides §. The case s = 2¢'
occurs, if and only if g — g is an integer. O

Let 01(2) = —/f"™ 'z with m being given by (6.2). Recall that A}, ,,, modulo a suitable
equivalence relation, is the moduli space for the classification of holomorphic maps f € A
commuting with o; under changes of coordinates that preserve ;. Define

M;U = {(a,s,u,®): ® € M,,,ds #0,a >0,
slqe, (s,ds)|0e, 0 <u < (d,s)}
|_|{(a, s,u,®): ® € N, p,,ds # 0,a > 0,

d
S’q‘1>7 (Svd‘l’)ld‘bau = U, OT U = Ug + ( ’28) € Z}7

in which vy is the smallest integer g in [0, (d, s)) such that Fj ,,(f) € F,,. Proposition 7.9
says that v exists if and only if s divides some 25’ for 0 = s'd —d's, and that F , (42 18
in F,, if and only if s|¢ and (d, s) is even. Given (a, 3, u, P), (a,s,u, ) € M;, we denote
(a,5,1,®) ~ (a,s,u,®), if (&, 5,1) = (a, s,u) and if &, ® are in M, » and fi>j =L, ®,L_,
for all j and some ¢; = —Cop_j11 € C, or if @, ® are in N, ., and Ci>j =L, ®;L_, for all
J and some c¢; = Cap,—; € C.

Cj+1

Theorem 7.10. There is a one-to-one correspondences between {F € Fpo: dp # 0}/ ~
and ./\;l;g /<.

Proof. For F' € F, , with dp # 0, we need to define a, s, v and ¢ for F'. We take a generator
fo of FN' Ag. By Proposition 7.9, there are two cases: either o fyo = fi', or o foo = fo.
Note that exact one case occurs, since fy is not an involution.

Let sg be the order of F/F N Ay. We now define @ and ap. We first consider the case
that f is reversible by o. By (4.1), F N Ay has a unique generator f(z) = z + apozP™ +
O(|z[P*?) with @ > 0, and we assign ar = a. Choose a unique Ry with A > 0 such that
fi = R;lfR,\ € A;,o, and define ®p = ¢, € M, ,. When f; and o0 commutes, we first
choose a linear map R),, dependent of p and p only, such that R)\OO'R;OI = o0;. Now,
by (6.1), choose a generator f of F'N Ag such that Ry, fR, ' (2) = z + apoz?t' + O(]z[P*2)
with a > 0. Define ar = a and choose A > 0 such that f; = R)\,\OfR;/\lO € I;,al' Define
Op =Dy €N, ,,. Let u be the unique integer such that F = Fy,(f).

We need to show that a, ®, s, v depend only on the equivalence class of FNAg in F,,/ ~.
Assume that F = g~'Fg with ¢/(0) = 1 and go = og. Let fi = R, fR; " be as above (v = A
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or AgA). Then fi = R,gfg 'R;' is in As,orin Zf . and f =g fg is a generator of
F. Since go = og, we have either f and f are reversible by o, or f and f commute with
o. This shows that ap = ap. Put § = R,gR,'. We see that @z = ®5p,5-1 is equivalent
to ®;, = ®p in M,,/ ~ or in N,,,/ ~, since R,g 'R, is tangent to the identity and
commutes with ¢ or with o;. By a similar argument in Theorem 7.3, we obtain sy = s
and up = up.

Let F.F € Fpo be two abelian subgroups such that ar = ap = a,sp = s = s,
and up = up = u, while ®x and ®; are equivalent in M, ,/ ~ or in N,,,/ ~. Let
f(2) = 2z + apz’t + O(|z|P*2) and f(2) = 2 4 apez?*' + O(|z|P™2) be the generators of
FN A and F'N A, respectively. There exists v dependent of a only such that f; = R, f R;!
and fi = R, f R;! are both in A or in I;f s+ Since @p and @ are equivalent, there exists a
biholomorphic map §, satisfying §'(0) = 1 and § = o§o or § = o1§oy, such that §f157 = f1.
Put g = R;'GR,. Then f = g~'fg. By definition, we have F = F, ,(f) and F = F..(f).
By Lemma 7.1, we get F' = g~ Fg, which shows that F and F are equivalent.

For the realization, we assume that (a,s,u,®) € M; Take fi in Aj or in Zf, such

p,o1
that @4, ; = ®;. Put f = R, ' fiR,, where v is determined by a as above. Now F,(f) is a
realization. O
Define

/\;lp,[, = {(s,u, ®): (1,s,u,P) € M;U}.
Given (3,1, ®), (s,u, ®) € ./\;lp,o, we denote (3,1, ®) ~ (s,u, ®), if one the following occurs:
i) (5,2) = (s,u), and & ~ & in M,/ ~, i.e.
(7.5) =L,
hold with ¢; = —€,—j11 and with k =0 or k = p/2 € Z.
= (s,u), ® ~ ® in N,,,/~, ie. (7.5) hold with ¢; = €,—; and k = 0 or

q)j-l-Qk:L—Cja j = 1772p

i) (3,4) = (s,u”), pis odd, and & ~ R_;®'R_; in Mo/~ e

(7.6) ®; =L, R.® R L., j=1,...2p
hold with ¢; = —€y,—j41, where ®; = ®;,,,. (Recall that F .-, (f) = Fsﬂ,,Tf_1 (f ),
with both 7y, 7p-1 have smallest non-negative arguments for 7;(0) and 7;_,(0).)
iv) (3,4) = (s,u”), pis odd, and ® ~ R, ®R_; in N,,,/ ~, i.e. (7.6) hold with
¢j = Comj-
Theorem 7.11. There is a one-to-one correspondences between {F' € Fpq: dp # 0}/~
and My, /~.

Proof. We need to modify the proof of Theorem 7.10.

For F' € F,,, we need to define s,u and ® for F. As before we take a generator f; of
F N Ay. By Proposition 7.9, there are two cases: either o foo = f; ', or o foo = fo.

The definitions of sp, ®r and up are the same as in Theorem 7.10.

We need to show that @, s, u depend only on the equivalence class of F'N Ay in F, ,/~.
Assume that F' = g~'Fg with go = 0g. Let fy = R,fR;", fi = Ry fR;* be as in the proof
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of Theorem 7.10 (v = X and A\gA, or 7 = X and 7 = A\, and A, A > 0). Put §j = R,gR;".
We have

i) fi, fi = g f1g are in A, and go = 0g; or

i) fi, fi = §—1f1§ are in I;Ul and go; = 01g; or

111) fi,f arein A . f1 =g 'f1g, and go = og; or

iv) fi, fi are in ., f1 = g 'fig and jo, = 013.

For (i) or (ii), we see immediately that @z = ®5-15,5 ~ @y = Ppin M,/ ~orin Ny g,/ ~.
Consider case (iii). Since fy, f; € Aj and g commutes with o, then §'(0) is real. Thus
3'(0) = —1 and p is odd. Put h = gR_,. Then ho = oh and fo = R_f{'R_y = h™' f1h.
Consequently, ®; and @y, are equivalent in M, / ~. We need to compute the former.
Write fl = A;jLIFAng. Then

R_l‘]gl_lR_l = R—IUAQ_jl.leA%—i-IO-R—I = R_lA:5jR_1FR_1A_2jR_1.

Set flj = R_1Aj;,R_4. Then P = R_1<I>’f~1R_1. Therefore, <I>’f~1 and R_1®y R_, are

equivalent in M,,,/~. Consider case (iv). Again we know that §'(0) = —1 and p is odd.
Put h = gR_,. Then hoy = oyh and fo = R_1f{ 'R_y = h™'fih. Consequently, 5, and

®;, are equivalent in N, ,, /~. To compute the former, write f; = Ay i1 FAsji1. Then
R_lflR_l = R_lUlA;jl_f_lFAgj_HO'lR_l =R_ 1A R_ 1FR 1Ap QJR_

Set flj = R_1AjipR1. Then ¢; = R,1<I>’f~1R,1. Therefore, q)/f] and R_1®y R_, are
equivalent in N, ,, / ~.

Still assume that F' = g~'Fg with go = og. Return to cases (i) and (ii). We also have
sp = |F/(FNAG)| = sp. To show that up = up, we may assume that f=Ff(sog=1Id).
From F = F we know that F and F have the same u value. For cases (iii) and (iv), we
may assume that generators f = f~!, which gives us Up = Up.

Let F.F € F,o be two abelian subgroups such that (sp,up, ®r) and (sz, up, Pp) are
equivalent according to (i)-(iv) above. There exist v, 7 such that f; = R, fR;" and f; =
R; fRD are both in Aj or in Il‘f »» Where f, f generate F'N Ao and F' N Ay, respectively.
For (i) and (ii), there exists a biholomorphic map g, satisfying § = ogo or § = 01goy, such
that §f1g7" = f1. Put g = R;'GRy, F* = gFg~' and f* = gfg~'. By Lemma 7.1 we get
For (iii) and (iv), we find g, satisfying § = 0go or § = 01goy, such that Gl = fi'. Now
F= FSp,up(f) = :FsF,u;(gilfilg) =g 'Fg.

The realization is given by Theorem 7.10. U

p—2j

8. PAIRS OF HOLOMORPHIC INVOLUTIONS

In this section we shall classify pairs of holomorphic involutions, and abelian groups in
J, invariant under a holomorphic involution.

Let I, 15 be a pair of holomorphic involutions such that none of I, I; and I;I5 is the
identity. We want to classify the pairs under a change of holomorphic coordinates. We
shall always normalize I, as I: z — —z. Put f = I;I,. Notice that f~* = IfI. We shall
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see that f is in some A, for which p is odd. Thus, when p is odd, let Z, be the set of f € A,
satisfying I fI = f~!, and let I, =1,NA;. We need to classify 7, under biholomorphisms
g commuting with 7.

Let us first look at the formal normal form of f € Z,,. Assume that f~* = I fI. We have
If1(z) =2+ (—1)Pfpr12P™ + O(]2|P™2) and f71(2) = 2 — fpe12P2™ + O(|2|PT?). Thus p is
odd. We also know that there is a unique polynomial g(z) of degree less than p+1 such that
gfg7t = 2+ 2P+ 2P+ O(|2]272). Now gfg () = 2 + 2P 4+ V2% + O(|2|#72)
for g = Igl. The uniqueness of g also implies that gl = g. Assume that f(z) =
2+ 2P X H 4+ O(]2242). From f~! = I fI, a simple computation shows that A = 2+,
Now let g be the unique formal map with g,; = 0 such that gfg~' is the time-one map
vy of z”“%. Since both f and v;' = Iv,I are reversible by I, the uniqueness of g implies
that gl = g. One also sees that ¢ is the unique map commuting with I and transforming
f into vy.

Let Z,,/~ be holomorphic equivalence classes of Z, under biholomorphisms ¢ that com-
mute with 1. Let Z/ ~ be holomorphic equivalence classes of 7, under g satisfying gI = Ig
and ¢'(0) = 1.

As Lemma 4.1, we have

Lemma 8.1. Let p > 0 be odd. For each f € I, there exists a canonical collection ;, A;
such that A; is conformal on Q;\JIQ4;, and A, = TA; L on Q. ;. Moreover, for any
e> 0,

U{AJI(R(E)) U TA;(R(e)}

is a punctured neighborhood of the origin, and is contained in any given neighborhood of
the origin when € is sufficiently small.

For f € I, let €, A; be a canonical collection of f satisfying Ii-v. Based on Lemma 8.1,
we choose Ay ; = IA;I for 5 = 1,...,p, when p is odd. Now define ®;; = AjHAj’l,
so ®,,; = IPs;I. Note that ®;; are well-defined up to the form L.,  ®;;L_., with
Cp—l—j = —Cj.

For p odd, let NV, be the set of ® € M,, satisfying ®,,; = I®;I,j = 1...,2p. Denote
D ~ d, if éj = L¢j  Pjionl_c; for some k € Z and ¢; = —c¢j4,,, and denote oL ®, if the
additional condition £ = 0 holds.

We have

Cjt1

Theorem 8.2. Let p > 0 be odd. Let f,f € 7. If f = g7'fg for some holomorphic
mapping g commuting with I, there exist k € Z and ¢; = —c,y; € C such that ¢'(0) = p*

(81) q)f,j = L0j+1¢)f,j+2kL—cJ-> j = 1, ce ,2]9.

Conversely, if (8.1) holds, then f = g~ fg for some g with gI = Ig and ¢'(0) = u*. For
each ® € N,,, there exists f € L with ®y; = ®; for all j.

Proof. Let f, f € T¢. Assume that f = g~!fg with g = Ig. Then ¢'(0) = *.
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Let €2, A; be a canonical collection of f with A,,; = IA;I. Then A, = Aj 99 and
Q) = g7 (Q12¢) are a canonical collection of f. Thus, ®r; = Lej Prjronl—c; with
Cptj = —C-

Next, assume that (IDJ;J LCJ+1<I>fJ+2kL_CJ with ¢,4; = —c;. Recall that <1>f] = AJHA

= AJHA with Ap+] = ]A I and A,;; = IA;I. Replacing A with L_, AJ, we get
fl +1/~1_ = A]+2k+1Aj+2k As in the proof of Theorem 2.5, we know that g = A]kal (j =
1,...,2p) extends to a holomorphic mapping defined near the origin, f = g 'fg and
g (0) = u*. Also Igl = g in a neighborhood of the origin.

Given ® € N, we need to find f € Z such that AjHAj’l = ®;, where A; =TA,;1,j =
1,...,2p, together with some domains €2y, ...,€,, are a canonical collection of f. By
Theorem 2.5, there exists f € A7 such that ®; = Aj+1Aj_1 = 4 ;, where A;,Q; form a
canonical collection of f (A,+; = IA;I does not necessarily hold). Since ®,,; = 19,1,
we have IAjHAj_lI = AP+j+1A;ij on some half-plane II,, ;1 ,(p1). Now I = ApﬂIA is
well-defined and extends to a holomorphic involution defined near the origin.

Note that

Ifl =TAT'FA T = AJLIFIA,, = [~
Since [ is not an identity, we get 1(z) = —z 4+ O(]z]?).

Put g(z) = (z + II(z )) = 2z + O(|z]?). Now g is biholomorphic, and g/ = Ig. Thus
IfI = f~'for f = gfg~*. We now have P, = fljﬂflj_ and &7 . = I®;.I. Since
f=gfg " and ¢’(0) = 1, Theorem 2.5 says ;.= Le , ®;L ;. Using IO;] = D5, we
get

Cj+1

Loy ®L_,, = ®;, = IL
Thus ¢ = ¢j + ¢py; for all j and L_o®;Ls = ®;. When dp = 0, we put A} = L_ o A

¢it+5
forj=1,... 2p Clearly, A%, A; 1 = ®;. Now ¢; — % = —Cpyj + c—/ implies that TA}T =
Aptj + C] 5 =4

Cj+1 eprin Potilocy;d = Loy ®ile, ;-

which gives us the desired reahzatlon When d=ds = dg, 7é 0,

P+
then ¢ = k: € Z. When k is even, A = A 5 gives us the realization as above.
Assume now that k = 20+ 1. Put A} = 7Cj+éA forj 1,...,pand A} _L_Cj+H-TlA] for
j=p+1,...,2p. Then we have
TALT = A;ﬂ; AL LAT =D G #p,2p;

(8.2)

Ay Ay = La®,,  ALALN = L_1®y,

Take z = fa I. Then Iisa holomorphic involution with I(z) = =2+ O(|z]%). Put h =
s(Id+I1), so hI = Ih. Put f* = hfh~'. Then f*_1 = If*I. Put A5 = Ajh™! = TA;

for j =1,...,p. Obviously, A% A7~ A;HA =¢;forj=1,...,p— 1. Now rev&zf);rljte
hl =1Ih as
h'h=1=A7"LiAjl
We have
Ar AT = TATWTTRAT = ]L%AQIA;;l —d,.
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For j = p+1,...,2p, we obtain @ ; = [P,y ;] = I®, ;] = ®;, which gives us the
desired realization. O

Remark. Theorem 8.2 is due to Voronin [20], when p = 1. One should also compare
the above argument with Voronin’s proof. Notice that the f and f* that appeared in the
above proof are not equivalent by any biholomorphism commuting with I. Otherwise, f/¢
admits a square root, which is impossible since p and hence ¢ is odd. (The proof of the
last assertion of Theorem 5.1 is valid when vy, 15 and o are replaced with f/¢ Id and I,
respectively.)

Next we shall classify subgroups in F, that are invariant under /. For this purpose we
need to study maps in 4, that commute with 7, i.e. the odd maps. In fact, we shall consider
a more general linear periodic map R other than the involution I. For a positive integer k,
let Z,, be the set in A, commuting with R, and let AV, be the set of ® € M, satisfying
Dopq; = ®;. Put I;’k =1, N A;;. Define 7,/ ~ to be the set of holomorphic equivalence
classes under maps g commuting with R x, and Z / ~ the set of equivalence classes under
g satisfying the additional condition ¢'(0) = 1. Denote & ~ @, if &; = Lej ®@jal_; for
some [ € Z and ¢; = ¢j19k, and denote dL P ifl=0 additionally. Let /\/;)Vk/w,/\/;,,k/ft
be the corresponding sets of equivalence classes.

We have

Lemma 8.3. Let k be a positive integer, and let R = pu*. Let f, f =2+ 0(2) be formal
power series commuting with R, and let g be a formal transformation such that gfgt=".
If f is not the identity, then g and R commute. If ®,® € M, satisfy ®jiop = ®; and

q)j+2k = q)j, and Zf q)j = LCj+1 (I)j+2lL—cj7 then Cj = Cj42k-

Proof. Since R and f commute, then f and gRg™" also commute. Since f(z) = z+ O(2) is
formally equivalent to v, 1, the group of formal centralizers of f is abelian. Thus R~ 'gRg™"
is periodic and tangent to the identity, and hence it is the identity.

For the second part, one readily sees that ®;.0 = L ¢, 1c;p1,0.Pjra1le;—c; - Thus
¢ = cja — ¢; are independent of j. Now 2pc’ =0, i.e., ¢; = ¢jiok- OJ

Theorem 8.4. Let k be a positive integer. There is a one-to-one correspondence between
I;,k/ri and N1/ ~. There is a one-to-one correspondence between L./~ and Ny /~.

Proof. Assume that f is in Z),. Let Aj;,{; be a canonical collection of f. Then A} =
AH%RM,Q; = R;lejﬁk form a canonical collection also. Thus we may assume that
Ajyor = AjR, -« for all j. Consequently, we get a moduli function ®;; = AjHA;l such
that ®; 9, = @;.

Conversely, assume that ® € M), satisfies ®;,5, = ®;. Take a canonical collection A;, £2;
for some f € Aj with Aj+1Aj_1 = ®,. Then R= Aj_j%Aj is a holomorphic map satisfying
RfR = f. Now we see that R'(0) = p*. Choose a holomorphic map g, tangent to the
identity, such that gRg™ = R,k Put f=gfgt. Now let A’ be a canonical collection of
f satisfying A’ = AR, . Then A} AT = L. ®;L_, with ¢; = ¢j o

The remaining assertions in the theorem follow from Theorem 2.5 and Lemma 8.3. [
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We say that F is I-invariant, if IfI € F for all f € F. Since I? = Id, then IFI C F
if and only if IF'] = F. Denote by F,; be the set of F' € F, such that IF'I = F. We are

interested in classifying F' under a single change of holomorphic coordinates that preserves
I.

Proposition 8.5. Let f € Ay, and let 7 = 75,w = wy,q = qy,d = dy be as in Proposi-
tion 3.5. Assume that dy # 0.
a) Assume that f =1fI. Then p is even and each F,(f) belongs to F, .
b) Assume that IfI = f~'. Then p is odd, ITI = 7f~%/* and Iwl = w. There is
a group in Fs,(f) invariant by I, if and only if ¢ = 0, s divides q, in which case
<195 f=3a, f> is the unique group in Fs,(f) invariant under I.

Proof. Let f be a generator of FF'N Ay. Since I fI remains a generator, then I fI = f or
IfI = f~1. For the former we already know by Lemma 3.1 that I commutes with each
element of C(f). In particular all F,,(f) are I-invariant.

Assume now that I reverses f. We have Ié(f)[ = é(f) For if gfg~! = f, then
Igl € é(f) and if ¢ is additionally periodic then Igl = ¢g. Since é(f) = <7, fY/?> we can
write 771171 = fY¢. Raising both sides to g-th power yields —26 = ¢l. Since ¢ divides p
and p is odd, we get ¢ = 0 with [ = —2.

Assume now that F' = <795 f¢/4_f> is invariant by I. Then we have

dl

Tq/sf_Q%_7 _ ]Tq/Sfd'/dI _ 7_q/s']cd'/dfl
for some [ € Z. Thus d divides 2(% +d'), i.e., s divides 25". Since s, dividing ¢ = ¢, is odd,

then s divides s'. Since s’ = g, —l—jﬁ with 0 < j < (d,s) and s’ = lﬁ, then s’ is unique.

Conversely, if all the conditions are satisfied, then <79/°f~9/(4)_f> is [-invariant. U

For p even, define

./\A/;k: {(a,57u,@): (I)ENp7p/27dCI>$£07arga‘€ [0771—)7
S’qcp,o S u < (d7 S)}7
and define (a, 3, @, ®) ~ (a,s,u, ®), if (@, 5, @) = (a,s,u) and if (i)j =1L

Cj = Cj4p e C.
For p odd, define

NF = {(a,s,®): arga € [0,7),® € N}, do # 0, ¢s = da, s|qa },

p

¢j 1 @i L ¢, for some

and define (a,3,®) ~ (a,s,®), if (a,5) = (a,s) and &; = L
—Cj4p e C.
Let F, 1/~ be the set of holomorphic equivalence classes of F' € F,; under holomorphic

;1 @jL_c, for some c; =

maps g satisfying g/ = Ig, and let F, ;/ ~ be the set of holomorphic equivalence classes of

F € F, under g satisfying the additional condition ¢'(0) = 1.

Theorem 8.6. There is a one-to-one correspondences between {F € F,r: dp # 0}/ ~ and

NiJ~.
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Proof. We shall first find a one-to-one correspondence between F, 1/~ and /\7; /.

For F' € F, 1, we need to define a,s and ® for F'. We take a generator f, of F'N A.
Proposition 8.5 says that I foI = fy with p even, or I foI = f; ' with p odd.

Let sp be the order of F'//F N Ag. We now define ap and ®p. There is a unique generator
f(2) = z+apezP + O(|z[PT2) with 0 < arga < 7, and we assign ar = a. Choose a unique
R, with A > 0 such that f; = R;lfR,\ SVAS and define ®p = ¢4, € N,. When p is even,
let u be the unique integer such that F' = F;,(f). The rest of proof is similar to that of
Theorem 7.10. U

For p even, define
N, = {(s,u,®): (1, su@)e./\Af;}.

Given (3,u, ®), (s,u, ®) € N,, we denote (3,1, ®) ~ (s,u, ®), if (5,4) = (s,u), and &; =
Le,  ®jronl_; with ¢; = ¢jy,, or if (s u) (s,u™), and ®; = L.,  R_ 1(I>j+2k+1R_1L_cj

with ¢; = ¢j4,. (Recall that F,(f) = Feu- (f1) and &y = <I>.) When p is odd, define
N, = {(s,CI)): (1,5,®) /\7*}

Given (5, ®), (5,®) € N,, we denote (3, ®) ~ (s,®), if § = 5, and d; = = Le; , ®jron L, for

all jor ©; = L, R_1®j. 01 R1 L, for all j with ¢; = —¢jy,.

Cj+1
Analogous to Theorem 7.11, we have

Theorem 8.7. There is a one-to-one correspondences between {F € F,: dp # 0}/~ and

N, /~.

9. EXCEPTIONAL NON-ABELIAN SUBGROUPS OF CERVEAU AND MOUSSU

Recall that Ay is the group of germs of local biholomorphic mappings of C fixing the
origin. Denote by Af C Ay the subgroup consisting of mappings that are tangent to the
identity.

According to Cerveau and Moussu [4], a non-abelian subgroup G C Ay is exceptional, if
G N A§ is generated by some h # Id. A theorem of Cerveau and Moussu [4] says that if
G,G C Ay are two non-exceptional subgroups and g is a formal holomorphic map satisfying
gGg ' ={gfg ' f € G} = G, then g is actually convergent. They also studied relations
among the classification of exceptional non-abelian subgroups, mappings in A, that are
reversible by a periodic maps, and the Ecalle-Voronin theory. The main purpose of this
section is to make the results of Cerveau and Moussu [4] on exceptional non-abelian groups
more precise; in particular, we shall determine when the classification of the exceptional
non-abelian groups G is equivalent to that of a generator of G N Ag.

By Cerveau and Moussu [4], we know that each exceptional non-abelian subgroup G C Ay
is generated by two elements, wy and hg, where hy = wohy, lwo_ lisin A, wy is periodic, and
w((0) = /p™ with m > 0 odd. One can find g so that wy(z) = gwog™'(2) = /it 2. Then
gGg™! = <wy, hy> for hy = ghog™'. We have m = mymy with m; = (m,p). Since m is
odd, then w;(0) and \/u™" are both primitive %—th roots of unity. Put w(z) = /™" z. We
have <w;> = <w>, and whw™! = h™! too. By a linear transformation, one may assume
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that A is in AJ. From now on we assume that the non-abelian exceptional subgroups have
the form

(9.1) G=<wh> whlwl=he A, w(z) =+/pu"z, mlp,m>0.

We first remark that w is an invariant. If g<w,h>g~! = <@, h>, then ghg™t = h, or h™L.
Note that 2p/m is the order of the quotient group <w, h>/<h> = <w>. Thus @ = w (but
gwg~ ! # & in general).

Lemma 9.1. Let w be holomorphic and h € A, with d = dj, # 0. If h™! = whw™!, then
we have (a) w is periodic, and w'(0) = /™ with mg is odd. (b) wrw™' = 71h=2/¢, p/§my,
and ¢ = 6. (¢) The square root w,ll/2 = \/ﬁp/éz + O(2) reverses h and satisfies (w,ll/Q)k =w
for k=my/(p/9d).

Proof. Since w reverses h then w?® = h*/¢ and h=/¢ = wh*/ 4w~ = ww?w=" = h*/?. Hence
k = 0 and w is periodic. Using whw™' = h™!, we see from the coefficients of zP*! that
w'(0)? = —1. So w'(0) = /™ for some odd my > 0. Since w is periodic and w? commutes
with h, w? = wy and w? = 1. Hence p/d divides mg. Since myg is odd, we conclude
g = 0. Since w reverses h, then wrw™ commutes with h. So wrw™' = ThY¢ Raising
both sides to g-th power, we get h=%/¢ = po/d+d/d  Thus | = —26/q = —2. Let wy, be
the generator of periodic elements of C(h) satisfying w (0) = p?/%. Write my = kp/d and
Wy = ww;(k_lm. Then w; reverses h. Since wwpw™! commutes with h, wwpw™' = w;,. Now
(w?)(0) = P/ = W} (0), w? is periodic and commutes with h. Thus w? = wy,. O

Proposition 9.2. Let w(z) = /"2 with m > 0 and m|p. Assume that h,h € A, with
dy, # 0 are reversible by w. (a) There is a holomorphic g satisfying g<w, h>g™' = <w, h>,
if and only if there is a holomorphic g, satisfying gihg; ' = h, and Gwgyt =w or wh. (b)
There is a holomorphic g so that guhg™ = w and ghg=' = h, if and only if d, is even.

Proof. For (a), the existence of g; implies g;<w, h>g;! = <w, h> trivially. Assume now
that g<w,h>¢g ' = <w, h>. We have gwg~! = w*h’. Looking at the linear parts, we see
that gwg™' = wh?. We also have ghg™' = h, or h~'. When the latter occurs, replacing g by
wg, we may assume that ghg™' = h. Put ¢; = h?/2g when b is even, and put ¢; = h*=D/2g
when b is odd. We obtain g;hg; ' = h and qlwgyt = w, or wh.

For (b), when dj, is even, h'/?whh™'/? = w and h'/?hh~/2 = h. Assume now that there
is g satisfying ghg™' = h and gwhg™' = w. The former implies that ¢ = 72h*/¢. By
Lemma 9.1, we have wrw ™' = 7h~2/?. Now w'gwhg™' = 1 implies that h—2¢/d=2k/d+1 — 1
which holds for some choice of a, k, if and only if d is even. Il

Remark. Obviously, <wh, h> = <w, h>, (wh)? = w? (so wh is periodic) and wh reverses
h. Proposition 9.2 concludes that classifying exceptional non-abelian groups <w, h> with
h € A, agrees with classifying h = wh™'w™! € A, under local biholomorphic mappings
preserving w, if and only if dj, is even. This clarifies a remark of Cerveau and Moussu [4].

Proposition 9.3. Let w(z) = \/u™z with m|p. Assume that h, he A, are reversible by w.
Let w,ﬁﬂ and w;b/Q have the linear parts \/ﬁp/éhz and \/ﬁp/‘sﬁz, respectively. If gwg™t = w and
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1/2 1

ghg™' = h, then gw,' g7 = cw : zf gwg™' = wh and ghg™!

= h, then gcu,ll/Qg_1 = w%ﬂh.

The converse is also true, z'fghg L= h, (w ,11/2)”C = (w%/z)k =w form =kp/d and § = 6.

Proof. Assume that ¢ satisfies gwg™' = w and ghg™! = h. Then (gwl/ g Ok = (w%ﬂ) ,

where m = kp/d and § = ¢, = 0;. Note that both gw,lfg_l and wﬁﬂ reverse h, by
Lemma 9.1. Thus gw}lﬂg*1 = w%ﬂhl/d. Raising both sides to k-th power and noting that k

is odd, we get gwg—t = wh!/?. Thus [ = 0, which shows that gcu,llﬂg_1 h ?. Conversely,

start with gu),11/2g_1 = will/Z and ghg™* = h. Raising the former to k-th power, we get
gwg~t = w for (w}ll/z)k = (w%ﬂ)k = w.

Assume now that gwg™! = wh and ghg™! = h. Again gw,/’g~' = 1/251/4 Raising
both sides to k-th power, we get [/d = 1, i.e., gw}lb/Qg_ = w~/ h. Conversely, assume

that gu},llmg’1 = w%ﬁﬁ and ghg™' = h. Rasing the former to the k-th power, we get
qwg™! = wh. O
Recall that each exceptional non-abelian group is equivalent to a group <w,h>. By

Proposition 9.3, two groups <w,h> and <w, h> are equivalent, if and only if <wh/ 2 h>
and <w~/ ,h> are equivalent. By another change of coordinates, one may assume that

w,ll/ 2( ) = \/ﬁp/ ®2. This shows that the set of equivalence classes of exceptional non-abelian
groups G with GNAf C A, is identified with a positive odd integer m|p (2p/m is the order
of G/G N (A,)) together with the set of equivalence classes of

<w? >, h=w*h P e A WP (2) = i’z

Fix positive integers 4, p satisfying d|p, and fix a positive integer d. Let M 54 be the set
of ® € M,, dp = d, satisfying

O =&+ jne =I5l j=1,...,p/6,

E>1
q)j+2p/5 = q)]7 j = 17 s 72p7 q)j’+2p/5’ 7é (I)j/’

for any ¢’ > ¢ and for some j' dependent of §’. Note that M 5 ; is non-empty; for instance,
| =&+ ea?/d = 1§, 5T and @5 = € for j # 1+ Ip/§ form an element in M s 4

Given @, € M 54, We say that @, ® are equivalent, and denote ® ~ @, if there is k so
that

&)j+2k:q)j7 ]:]—a72p
or if there is k so that
Djiop =L 19®;L1js, j=1,...2p, dg odd.
Let &, 5.4m be the set of non-abelian groups of the form

G=<wh> hed, w(z)=/u"(2), whw ™t =h"t, dy, =d, 6, =6, mlp.
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Denote by &,s54m/ ~ the equivalence classes of the groups under local biholomorphic
transformations.

Theorem 9.4. Fix positive integers m,p,d satisfying m|p, p/d|m and let d be a positive
integer. If m is odd, then &,5qm 1s non-empty and there is a one-to-one correspondence
between Ep5am/ ~ and M 5,/ ~.

Proof. Fix m. Let G € & = &,54m- We already know that G is equivalent to some
<Kk™/P h> with k(z) = wh () = \/_p/‘sz h € A5, and h™' = rhr. Let A}, Q; be a
canonical collection of h. Since k'hr~" = h(-1" and £/(0) = \/ﬁp/é then for each k, Aki;p/(s
I*Alk~% and Qkﬁ s = kFQ form a canonical collection for h. By the uniqueness of

canonical collections, there exists a canonical collection flj, Q; C 02‘5:192? so that flj =
LakAg‘? on Q; for k=1,...,2. Put
J

Aj= AL Ay =T'Abk™ j=1,2,...,p/0,1=1,2,...,26 — 1.

Clearly, Ajips = TA;x~* for j =1,...,(28 — 1)p/d. For (26 — 1)p/d < j < 2p, we have
Aj+p/§ = A]+p/5 2p = =1 Aj1+2p/5 21) = [_114;_(25_2)17/5& = [Aj/i_l. ObViOUSIy A;lLlAJ =
h. Write ®; = Aj 1 A = €+ 3,00 cine?™ . Then we have ®;,,/s = I®;1 for all j; in
particular ®;5,/5 = ®; for all j. Next we need to achieve ¢;o = 0 for all j, by replacing
Aj with A7 = Ly, A; for j = 1,2,...2p. Of course, we still need A;er/é = IA;H_l, which
is equivalent to bjy,/s = —b; for all j. Let cj, be the constant terms in the expansion
of ¢ = A;fHA;‘T_l. Then ¢}, = bj11 — bj + cjo. To achieve ¢, = 0 for j = 1,...,p/d,
taking the sum yields —2by = ¢j9 + - - - + ¢mo. Taking bj 1 =b; —c¢jo for j=1,...,p/0 —1
gives us ¢jg = -+ = ¢} 50 = 0. Put bjiy5 = (=1)'b; for I = 1,...,25 — 1. Then we have
q);—i-lp/&
we need only to show that ®;,4,/5 = ®; does not hold for some j if & > §. Otherwise, put
- 1
A]+2p/5’+1A A]+2p/5’+1
which contradicts o, = 0. 3
Assume now that G, G € & are equivalent. Then G and G are equivalent to </<¢m5/~ P h>
and <x™/P, h>, respectively. Proposition 9.3 says that there is g so that ghg™' = h and
grg~t = Kk or Kh. . .
Consider first that gkg™ = k. Put @, = ® and ® = ®;. We want to show that ®;, o =
®,. By Theorem 2.5, we have (I>j+2k =L

= IlCIDZ‘-[l; in particular ¢j, = 0 for all j. Having achieved cjo = 0 for ®; = AjHA;l,

Aji1 = g. Then g commutes with h, g** = 1 and ¢'(0) = ,up/5

®;L_,;. Obviously, a; = --- = ag, = a. We

aj4+1

also have ¢'(0) = p* anng = AJ+2kL A;. Recall that k = A J: /5IAj and kK = Ajjp/(;[flj.
Now 1 = r'grg™' = A7 L IL_ WA, = 0. Assume now that ghg™' = h and

gkg~' = kh. We want to show that <I>]+2k =L_ 1/2<I> Ly/>. We still have Do = La®;L_,,
= A7l LoAj. Now AT'LiA; = h = k7 lgrg™ = A7 ILIL_,A;, ie. a =—1/2. When

dh = d; is even, we conclude Do = (I> )

Assume now that ® = ®; and & = &, satisfy ®;,0r = ®;. We have Aj’lLlAj = h,

Iy A~ h, k = A]jp/(SIAj, and Kk = A]ip/glA- Put g = AJ+2kA-. Then ghg™' =

A;
fl wL1Ajor = h. Also grg™! = AJH,CIAH% _p/s = K. Assume now that <i>j+2k =
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L_ 1/2(1) L1/2 Put g = A]+2kL 1/2A Then ghg 1 = A
-1

grgt=A +2kL 1/2[L1/2Aj+2k )5 = kh.

For the reahzatlon we need to construct, for each ® € M, an h € A satisfying the
following: ®,; = ®;, khe™! = h™! for k(z) = /i"/°z + O(2). Then <x™/? h> € &',
is a realization for . We have hy € A} and a canonical collection flj, Qj of hy satisfying

A]HA = ®;. We have ®;,,,/s = I®;I. Thus A]+p/5+1f/~1j+1 = A]_+p/6

and satisfies k((0) = |/t P/% and nﬁp / ® = 1. We also have kohoky' = hy'. So k2 commutes
with hg. We want to show that k3 generates all periodic centralizers of hg. Assume that a
periodic wy(z) = pP/% 24+ O(2) commutes with hg and that 6|¢’. Then wohowy* = ho implies
that wg = A]i%/é,LajAj and @ o,/5 = Lo, P;L_,,. First wesee a; = -+ = ag, = a. Now
wl =1 implies that &a = 0. So a = 0 and ®;,9,,5 = ®;, which violates the definition of
M, if & > 6.

Next we choose ¢;(0) = 1 so that gikog~" = &, and so that hy = gihog; " is still in A
In particular, x? generates all periodic centralizers of h;. Let A%, € be a set of canonical

j+2kL 12l Ly pAjon = h. Also

]flj = Kg is periodic

aj+1

collection of h; satisfying A’
only have

ps = ]A;-lil_l, constructed above for the group <k, h;>. We

Oy ;= Loy BiL .

Since all constant terms in the expansions of ®,, ; and ®; are zeros, we get a; = --- =
as, = a. Applying I to both sides, we see that Ly, commutes With all ;. Thus 2a =1/d.
When [ is even, we get immediately &, ; = ®;. When a = 7 + 5=, We obtam

2d’
(I)h1,j == Liq)iji

2d

aj+1

Let go be holomorphic with ¢5(0) = 1 so that th}/dmggl = K, and so that h = gohig; " €
A5, Then h is reversible by x and % generates all periodic centralizers of h. Define A; =
L_ A’» - forj =1,...,2p. Then A_lLlA- = ggA'-_lLlA’-ggl = goh1gy ' = h, TAjr~! =

L 2 Aa+p/6’€g2 - L1 Aj h_l/d _1 = A3+p/57 and AJ-HA_ = L_ A;+1A, ', =

Jj+p/o L

<I>]. O

Fix positive integers m, p, d satisfying m|p, p/d|m and let d be a positive integer. Denote
by Fp sam the set of holomorphic functions f € A, satlsfymg h™! = whw™! for w(z) =
fmz. Denote h < h, if there is holomorphic g so that gwg™! = w and ghg™! = h. Denote

O LD, if <i>j+2k = ®; for all j and for some k.
Proposition 9.3 and the above proof imply the following

Theorem 9.5. Fix positive integers p,d,d, m with m odd, m|p and p/§|m. There is a
one-to-one correspondence between F s,/ ~ and M%) ~.
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