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Abstract

Compositional and Hierarchical Techniques for the Formal Verification of Real-Time

Systems
by

Serdar Tagiran

Doctor of Philosophy in Engineering - Electrical Engineering and Computer Sciences
University of California at Berkeley

Professor Robert K. Brayton, Chair

The focus of this dissertation is the formal verification of real-time systems: systems with
discrete control structures operating over a continuous time domain. Validation of func-
tionality and timing constitutes a major portion of any electronic system design effort. The
prevalent approach based on software simulation is no longer satisfactory, not only because
it does not provide formal assurance, but also because it requires an inordinate amount of
computational and human resources. The scale of modern electronic systems make formal
verification techniques indispensable.

Algorithmic verification techniques suffer from “compositional complexity”: the
fact that the size of a system’s state-space grows exponentially in the number and sizes of
its components. For real-time systems, this difficulty is compounded by the representation
of the timing information. Recent research has produced formal verification algorithms
with significantly improved performance; however, system sizes multiply every few years,
and it is unlikely that these algorithms will be made exponentially more efficient over
time. To counter the computational complexity of verifying real-time systems, a scheme
for decomposing the problem is required. Toward this end, we develop a compositional and
hierarchical verification methodology.

As our modeling formalism, we use a variant of timed automata and languages. We
explore several notions of refinement for real-time systems, present complexity results and
algorithms. An assume-guarantee style verification rule is proposed for dividing the hierar-

chical verification task into subtasks, each one corresponding to one module in the system.



The soundness of this rule used in conjunction with the refinement preorders is proven. The
algorithms developed were implemented on the CospAN and MoOcCHA verification platforms.

We demonstrate the efficacy of our framework on two practical circuit designs: the
Seitz queue and the STARI communication chip. We also specialize our techniques to the
delay modeling and computation problem for combinational circuits. Modified modeling
assumptions brought about by shrinking circuit feature sizes has revived interest in this
problem. We report results that improve on previous timed-automaton-based methods

significantly.

Professor Robert K. Brayton
Dissertation Committee Chair
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Chapter 1

Introduction

1.1 Formal Verification

The rapid advance of technology has allowed the realization of ever more ambitious
design goals in the form of integrated systems. Most notably, the electronics industry and
research community have made, and are making, a concerted effort to double the size of what
is considered a single system every few years. This has brought about significant challenges
for developers of tools for electronic systems design. Even more formidable is the task faced
by verification engineers and verification tool designers. The validation of a design, even
today, takes as much computing and human resources as the actual implementation of the
design.

A typical design process involves several iterations of the following cycle: First the
design intent is specified in some form, and then designers build an “implementation” of this
specification. The implementation process typically consists of expressing the design intent
at a more refined level, making more concrete what may be left unspecified initially. This
refined description then serves as the specification for the next iteration of the design cycle.
Within this process, two sorts of verification problems arise: implementation verification,
and design verification. Implementation verification is the process of ensuring that the
implementation built by the designers is consistent with its specification. This is often
achieved by showing that the implementation is equivalent to or is a refinement of the
system specification. Design verification, by contrast, involves the validation of the initial
specification, that is, increasing confidence that a system implemented according to the
specification will behave as desired. Since there is no correct “golden” specification to start

from, the design verification problem can not be solved by equivalence checking tools. It
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is the more challenging of the two verification problems, and formalizing it is often more
difficult.

The prevalent approach to design verification is software simulation. By simulating the
response of the system to a set of stimuli, designers exercise the design in various ways in
order to uncover undesired behavior that the system may exhibit. Simulation has intuitive
appeal, and is valuable in discovering simple errors quickly and building familiarity with the
design. However, as a verification paradigm, it is becoming increasingly unsatisfactory. The
amount of simulation required for recent microprocessors has proved prohibitively costly.
Moreover, simulation using commercial tools yields no more information than the waveforms
observed at selected circuit nodes. Even after a large number of simulation runs, there is
no formal measure of how large a portion of the system’s behavior is “covered”. It seems
infeasible to build the even larger integrated systems of the future in a reasonable time

without resorting to more mathematical, formal techniques.

1.2 Computer-Aided Formal Verification

Formal design verification is the process of proving within a mathematical framework
either that a system satisfies a property, or that all of the possible behaviors of a system
are consistent with a specification. The system and its specification are described using
(possibly different) formal languages. A formal semantics ascribes meanings to these de-
scriptions and also defines formally what it means for the system to satisfy the specification
(the satisfaction relation). A mechanism for checking this relation is the last component of
a formal verification framework. The work presented in this dissertation falls into the cate-
gory of algorithmic techniques for computer-aided formal verification. This is in contrast to
theorem proving techniques (see [Gup91] for a review), which provide computer assistance
for manually proving the satisfaction relation.

In most algorithmic formal verification techniques, the semantic model for the system is
some form of a state-transition graph which consists of a state-space, i.e., the set of possible
configurations that the system can be at a given point in time, and a transition relation
describing the evolution of the system over time or in response to input stimuli. A variety of
languages exist for specifying systems. For specifying digital hardware, VHDL and Verilog
are the most popular choices. A plethora of computer programming languages exist for

specifying software systems. It is more convenient specify certain systems, such as digital
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circuits described at the register transfer level, or digital signal processing systems described
as block diagrams, using graphical interfaces. Many system description languages do not
have a uniquely defined formal semantics, but are interpreted by the tools that operate on
them as state-transition systems according to some concurrency model. Roughly speaking,
the concurrency model specifies which variables define the state-space and how they are
updated over time. Many tools convert the system description to an internal format that
more closely reflects the concurrency model. BLIF-MV [BCH191], the intermediate format
for HSIS [ABB194] and VIS [BHSV'96] and S/R, the intermediate format for COSPAN
[HHK96] are some examples. A majority of these intermediate formats resemble automata,
and the verification methods used on them are based on automata theory [HU79]. Other
formalisms, such as Petri net based ones [Rei85] and process algebra based ones (Calculus
of communicating systems (CCS) [Mil80] and communicating sequential processes (CSP)
[Hoa78] being the most prominent ones) are geared towards more specialized uses such as
communications protocols, asynchronous circuits and data-flow networks.

A key feature of system specification languages and the underlying concurrency models
is modularity. Systems are described in the form of coordinating components, each of them
realizing a part of the functionality. This is an essential feature for complexity management,
and ease of design. It is common practice to carry out large designs by first dividing them
into smaller and less complex ones.

An even wider spectrum of formalisms exist for expressing specifications. They can be
broadly divided into two categories: logic-based, and automaton-based specifications. In
the logic-based approach, first introduced by [Pnu77], properties are stated as formulae in a
temporal logic (See [Eme90] for a review). Popular choices are linear temporal logic (LTL)
[Pnu77, OL82] and computational tree logic (CTL) [BMP81, EC82]. Then, it is checked if
the system satisfies the formula. Model checking methods, pioneered by [CES86], [LP85],
[GW91], and [BCM™92] among others, have been successful in practice and have been
integrated into many verification tools, SMV [McM93], HSIS [ABB*94] and VIS [BHSV*96]
to name a few. By exploring the state-space of the design, model checkers determine if the
system is a “model” of the formula, i.e., whether in all behaviors of the system, the property
is satisfied.

In automaton-based approaches, the same formalism is used for describing both the
systems and the specifications. The specification is a more abstract and smaller state-

transition system. It is then desired to show that all behaviors of the system are part
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of the specification also. This is often achieved by showing an “implementation relation”
between the system and its specification such as language containment [Tho81], simulation
[DHWTI1] or a homomorphism [Kur94]. This paradigm has two advantages: First, most of
the time, it is more convenient to express specifications in the same language as the system
itself. Second, the same algorithms can be used for implementation verification also, because
one can view the specification and the implementation as descriptions of the same design
at two different levels of detail. The verification tools HSIS [ABBT94, Tas95, THB95]
and COSPAN [HHK96] support specifications described as automata and implementation
verification using them. All of these approaches work by exploring the state-spaces of the
system in conjunction with that of the specification and determining whether all behaviors
in the system’s state-space can be matched by the specification’s state-space.

By explicitly exploring or mathematically reasoning about all possible behaviors of the
system, algorithmic techniques are able to either guarantee the correctness of properties and
specifications, or produce error traces: counterexamples along with input stimuli, which in-
dicate how it is possible for the system to violate a specification. When it is possible to
perform algorithmic formal verification of a system, it is invaluable both for debugging and
for ensuring properties. The use of implicit representations (such as the binary decision
diagrams of [Bry86]) for sets of states and transitions, and symbolic techniques for graph
exploration ([TSLT90], [BCM*92], [DH93], [McM93] among many others) enabled a major
leap in the sizes of the systems that could be analyzed [McM93, BCM™92]. The size of
an implicit representation is not proportional to the size of the set it represents, and thus,
exploration of very large state-spaces was possible. The initial success of verification tools
developed at universities, combined with the intensified need for formal tools, has fueled
industrial interest in formal verification. Internal tools have been developed (by Motorola,
IBM, and Intel, to name a few) and commercial tools (such as Lucent Technologies’ For-
malCheck, IBM’s RuleBase, Chrysalis” Design INSIGHT) have started appearing on the

market.

1.3 Verification of Timing Properties

Most of the earlier work on algorithmic formal verification focused on verifying the
Boolean functionality of synchronous digital designs or computer software. System models

were either completely synchronous (hardware) or completely asynchronous (asynchronous
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hardware and software). Time factored into specifications only as a qualitative notion;
properties asserted that certain conditions always or eventually hold. While qualitative
modeling of time facilitates efficient verification of certain “sanity properties”! , it is not
a satisfactory means of validating the correctness and performance of many systems which
depend crucially on timing. Combinational circuits must meet the clock speed requirements;
embedded controllers must be able to perform routine tasks and respond to interrupts
within a given bound; asynchronous interfaces must ensure correct communication over
channels with varying delays; to verify properties about the performance of a computer the
response time of each subsystem must be modeled accurately. This requires a quantitative
notion of time to be incorporated both into the system models and into the specification
formalism. Among several frameworks that attempt this [Ram74, CR83, LA90, Ost90], the
timed automata framework pioneered by [AD94] has proved to be the most natural and
operational way of incorporating quantitative time into state transition structures. Timed
automata have, over time, become the canonical representation for real-time systems, and
several timing verification tools ( CospaN [AK96], Kronos [DOY94], UppaaL [LPY95],
and MocHA [AHM™198]), including the algorithms that will be presented in this dissertation,
have taken this formalism as their basis.

Timed automata model time as a real-valued (IR) quantity. This facilitates more precise
modeling of analog or asynchronous systems as well as systems with components that run on
different clocks. If time is modeled as a discrete-valued quantity, a time unit must be chosen
in advance for each system. When two systems are connected to form a larger system, the
automata modeling them need to be composed. For this composition to be well-defined,
the two automata must have the same time unit. If not, one of them needs to be modified
in order to express the same behavior using a different time unit [Alu91]. Because of this,
if a discrete time domain is used, the semantics of a timed automaton can not be defined
independently of the other systems that it will be used in conjunction with. Therefore, from
a formal analysis point of view, it is more desirable to operate on the real time domain. One
possible drawback of using IR as the time domain is added complexity. However, with proper
analysis techniques ([ATKY92], [HMP92], [GPV94], [ABHT97], [TKY198]), the dense time
domain does not increase the complexity of analysis unless the added expressiveness is

indeed necessary. With IR as the time domain, timed automata make convenient and

'Such as “the system eventually responds to a request”.
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efficient models for heterogeneous systems, e.g., systems with independently-clocked digital
components, or digital systems interfacing with a continuous-time environment. This is
what is referred to by the term “real-time system”.

All specification formalisms and verification frameworks mentioned in the previous sec-
tions have their “timed” counterparts. However, the density of the time domain makes the
underlying theory significantly more involved and furthermore requires specialized verifica-
tion methods [Alu91, Eme92]. Some existing methods are outlined in Chapter 2. The focus

of this thesis is the algorithmic formal verification of real-time systems.

1.4 The Complexity Problem

The major obstacle in the way of practical applicability of algorithmic formal verifi-
cation is the size of the representation of the state-space of the system. The size of this
state-space is roughly exponential in the number of state variables. This number is dou-
bled every few years, and, as a result, the sizes of the state-spaces to be analyzed increases
super-exponentially over time. This problem, notoriously known as “state space explosion”
has been at the center of most research on formal verification. Implicit representations and
symbolic techniques for state-space traversal have been researched intensely, and there has
been considerable improvement in their capacities. Partial-order reduction methods have
also brought about significant improvements [GW90, GW91, Rok93, BM98]. Nevertheless,
excepting certain designs with particular structures, at best, systems with several hundred
state variables can be handled in their entirety. This falls very short of the sizes of current
integrated circuit designs: modern microprocessors can have tens of thousands of memory
elements. The problem is exacerbated for real-time systems because timing information
compounds the state-space.

Super-exponential improvements in the performance of verification tools are unlikely.
This leaves abstraction- and decomposition-based techniques as the only ones with prospects
for future applicability. The fact that these techniques parallel the way humans cope with
the information associated with a large design lends further promise.

In the hierarchical verification paradigm, a system is described at several different
levels of detail. The goal is to verify properties using the most abstract, therefore smallest
description. The hierarchy of descriptions may have come about either because the design

process is carried out in a top-down fashion through a series of refinements or because the
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implementation level description is too complex for automatic verification algorithms and
simpler, more abstract models have been constructed for validation purposes. If for each
pair of adjacent levels the more refined one is a correct implementation of the more abstract
one, the properties proved are satisfied by the actual implementation of the system?.

While performing hierarchical verification, we must avoid constructing monolithic rep-
resentations for the state-spaces of refined descriptions. Doing otherwise would defeat the
purpose of hierarchical verification. The goal in compositional verification is to decompose
the problem of verifying refinement into subproblems in order to achieve this. The form
of the decomposition often follows the physical or logical structure of the system. The
refinement proofs for the individual modules put together imply correct refinement for the
entire system, and property verification can then be performed in the manner described in
the preceding paragraph.

The main contributions presented in this dissertation are theory and tools for, and

experiments with hierarchical and compositional verification of real-time systems.

1.5 Outline of The Dissertation

The mathematical model used in this dissertation to represent real-time systems is a
variant of timed automata model of Alur and Dill [AD94]. Timed automata can be viewed
as finite automata augmented with real-valued stopwatch variables, called clocks. Clocks
are used to keep track of the time that elapses between events. This degree of abstraction in
modeling is especially useful if the essential characteristics of the continuous behavior of the
system can be captured by constraints on the time elapsed between distinct states. Timed
automata and our modeling and verification formalism based on them are introduced in
Chapter 2.

As indicated earlier, formal verification with timed automata is in practice much more
complex than verification with finite automata. Iterative techniques [AIKY92, LB93,
Bal95b] verify properties of timed automata by disregarding the timing information at
first and then gradually bringing in timing constraints as needed. Chapter 3 presents our
work on improving iterative techniques for timing verification. While we found that this

abstraction technique is helpful if much of the timing information in the system description

2Clearly, for this to hold, the “implementation relation” must preserve the properties expressible in the
specification formalism.
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is redundant, in general this form of complexity relief is not sufficient for handling systems
with large control structures.

Chapters 4 and 5 address in greater depth the issues of abstraction and complexity man-
agement for real-time systems. In Chapter 4 we investigate several notions of abstraction
for real-time systems. We prove that checking whether one timed automaton “simulates”
another is decidable, and present an algorithm for performing this check. This algorithm
can be computationally expensive, so, as a more efficient alternative, we study homomor-
phisms. Here, a mapping between the discrete control structures of two timed systems is
given, and one checks whether, under this mapping, the timed behavior of one automaton
conforms to that of the other. We present an algorithm for performing this check.

Chapter 5 presents our research on modular verification of abstractions. While proving
that the abstract model for a component is correct, typically, assumptions need to be made
about the environment that it operates in. Assume-guarantee style reasoning is a way of
making a (possibly circular) set of assumptions about the environment of each component
and discharging them in a sound manner. In Chapter 5, we develop a theory for assume-
guarantee style reasoning using timed automata, and demonstrate their use on a small
asynchronous circuit.

Chapter 6 is dedicated to the verification of STARI, a high-bandwidth communication
chip, using the techniques presented in Chapters 4 and 5. STARI has now become a
benchmark for timing verification techniques. The code describing the verification of STARI
is provided in the Appendix.

While verification of real-time behavior has been an intensely studied topic in recent
years, current practice continues to be to design systems so that the logical functionality is
correct regardless of timing. For high-speed combinational circuits, however, over-designing
for all worst-case circuit effects is not feasible. With deep sub-micron effects such as cross-
talk and coupling, and with new circuit design styles, the timing and the logical behavior
of a circuit have become very tightly coupled. In Chapter 7, we propose the use of timed
automata for modeling and analyzing deep sub-micron combinational circuits. Verification
with timed automata is currently restricted to small systems, but the structure of the delay
computation problem lends itself to novel approaches. This, to the best of our knowledge,
is the first mainstream application of timed-automaton-based techniques.

Chapter 8 concludes the dissertation and indicates future research directions.



Chapter 2

Timed Automata

When modeling digital real-time systems, the primary concern regarding the continuous
dynamics of the system is the time elapsed between distinct events. Thus, it is appropriate
for a mathematical model of such a system to have a discrete control structure with discrete
valued inputs and outputs, and a mechanism to express timing constraints. This is achieved
most conveniently and efliciently by augmenting finite automata with real-valued stopwatch
variables. In the timed automaton model, these variables, called clocks, are used to measure
and express constraints on the time elapsed between selected transitions. Timed automata
have been introduced by Alur and Dill [AD94] and have been used widely afterwards.
The timed automaton formalism is a natural extension of the finite automaton model to
the continuous time domain and, as argued in [AD94]!, is at least as expressive as other
formalisms for modeling real-time systems. The model used in this dissertation is a variant

of timed automata, and is presented in the following sections.

2.1 Notation

Let X be a finite set of real-valued variables. An X-valuation ® assigns a nonnegative
real value ®(z) to each variable 2 € X. Let ® be an X-valuation. For a real number
d > 0, &+ 0 denotes the X-valuation that assigns the value ®(z) 4+ § to each variable z,
and 0 denotes the X-valuation that assigns the value 0 to all € X. For a subset R C X,
®[R := 0] denotes the X-valuation that assigns the value 0 to each # € R and the value

®(z) to each 2 ¢ R. An X-predicate ¢ is a positive Boolean combination of constraints of

! An overview of other models for real-time systems can be found in the same article
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the form z o k, where k is a nonnegative integer constant, x € X is a variable, and ¢ is one
of the binary comparison relations: <, >, =. We write ® = ¢ if the valuation ¢ satisfies
the formula . Note that the set of X-valuations satisfying the X-predicate ¢ is closed.
Let P be a finite set of variables, each ranging over a finite type. A P-valuation f is
an assignment of values to variables in P. For a P-valuation f and a subset @ C P, £(Q)
denotes the (Q-valuation obtained by the restriction of f to the variables in (). This is called
the projection of f onto Q. A P-event ~ is a pair (f,f’) consisting of P-valuations, f and f’
denoting the old and the new values of the variables in P. The projection of the event «
onto a set of variables ) C P is given by (f(Q),f'(Q)). A P-predicate x specifies a subset
of P-events. While writing P-predicates as formulas, we use primed variables to refer to the
updated values. For instance, the P-predicate p’ # p is satisfied by set of all P-events (f, f)
such that f'(p) # f(p). We use stutter(P) as an abbreviation for the predicate A,ep p' = p.

2.2 Finite Automata and Languages

A finite automaton A is a tuple (S, S0, 0, I, a, p, EY), where

e S is the finite (nonempty) set of locations.

So C S is the nonempty set of initial locations.

O is the finite set of output variables, each ranging over a finite type. An output of

A is a O-valuation.

I is the finite set of input variables, each ranging over a finite type. It is required
that I and O are disjoint. I U O is called the support of the automaton. An input
of A is an I-valuation, an input-event is an I-event, and an input-predicate is a I-
predicate. An observation of A is a (I UO)-valuation, and an observation-event of A

is a (I UO)-event.

 is the output function that assigns the output p(s) to each location s € S.

e [ is the finite set of edges. Each edge e is a tuple (s, ¢, \) consisting of the source

location s, the target location ¢, and the input-predicate y.

An (untimed) event sequence ¥ = ~o,71, ..., Vk—1 is a finite sequence of observation

events v; = (f;,f/) such that f;;; = £/ for 0 <7 < k — 1. The projection of 7 onto a set
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of variables @) is obtained by replacing v; by (&;,£(Q),£/(Q)) for all i. A run of the finite
automaton A on an event sequence 7 is a sequence of locations sg, s, Sg, ..., S such that
Sg n s1 REY S9 noE s in A. Such a run is said to be initialized if sy is an initial
location. A location s is said to be reachable if there exists an initialized run leading to s.
The event sequence 7 is called a trace of A if there exists an initialized run in A on 7. The
(untimed) language of an automaton A, denoted L£(A), is the set of traces of A.

The finite automaton A is comparable to B iff OF C O4 and IP C I#4. Let A be
comparable to B. A is said to implement B iff L(A)(IP UOP) C L(B), where L(A)(IP U
OP) denotes the projection of the language of A onto the input and output variables of
A.stateThis relation is also referred to as language inclusion. A and B are said to be

language equivalent (denoted A =; B iff L(A) = L(B).

Composition (Product) of Finite Automata

The operator for building coordinating systems from their components is parallel com-
position. Consider two finite automata A = (S4,Sg 04 14 u4, E4Y and B = (SB, Sf -
OB, IB B, EPB). The two automata A and B are composable iff their output variables O4
and OP are disjoint. For two such composable finite automata, their parallel composition

A || B is the automaton with the following components:

e The set S of locations is given by S4 x SB.

o The set Sy of initial locations is S§' x SZ.

e The set O of output variables is given by O4 U OP.

e The set I of input variables is (14U I8)\ O.

e For every s € S4 and t € SP, the output u((s,t)) equals u?(s) U uP(t).

e For every edge e = (4,14 x4) in F4 and P = (sB,tP P) in BB, the set F
contains the edge e4l1F = ((s4,sB), (t4,tB), xAIB), where the I-event (f,f’) is in
YAIB A (FUpB (sB), FupP (tB)) = x* and (FUp? (s2), Fup? (t1)) = xP. The edges

A||B

e and eP are the projections of e onto A and B respectively.

A || B is also referred to as the (synchronous) product of A and B. The parallel composition

operator is commutative and associative with respect to language equivalence:

Proposition 2.2.1 A|| B2 B|| A, and A|| (B||C) =L (A]| B)| C.
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2.3 Timed Automata

A timed automaton A is a tuple (S, Sy, 0,1, X, a, pu, EY), where

S is the finite (nonempty) set of locations.
e Sy C S is the nonempty set of initial locations.
e X is the finite set of real-valued variables, called clocks.

e (O is the finite set of output variables, each ranging over a finite type. An output of

A is a O-valuation.

e [ is the finite set of input variables, each ranging over a finite type. It is required that
I and O are disjoint. I U O is referred to as the support of A. An input of A is an
I-valuation, an input-event is an I-event, and an input-predicate is a I-predicate. An

observation of Ais a (IUO)-valuation, and an observation-event of Ais a (/UO)-event.
e « is the invariant function that assigns the X-predicate a(s) to each location s € S.
e 4 is the output function that assigns the output p(s) to each location s € S.

e [ is the finite set of edges. Each edge e is a tuple (s,t, ¢, x, R) consisting of the
source location s, the target location ¢, the X-predicate ¢, the input-predicate Y,
and the set R C X of clocks to be reset. It is required that (1) £ contains the
edge (s, s, true, stutter(I), ) for each location s, and (2) for given source and target

locations, there is at most one edge between them?.

2.4 Semantics of Timed Automata

2.4.1 States and Transitions

A state o of a timed automaton A is a pair (s, ®) containing the location s € S and
the X-valuation ® = a(s). The set of all states is denoted ¥ 4. The state (s, ®) is initial if
s € Sy and ®(z) =0 forall z € X.

2This restriction simplifies the presentation of iterative abstraction methods and compositional proof
rules, which will be described in Chapters 3-5.
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Delay S [dmiru dmam]

) o ]m’tiaﬂ%
i >
dmin S & S dmax dmin S .T) S dmaz

Figure 2.1: The timed automaton corresponding to an inertial delay buffer with non-
deterministic delay between d,,;, and d,,.,. The self loops on locations corresponding
to the stuttering edges have not been shown.

Consider a state 0 = (s, ®) of the timed automaton A and a positive time increment
5. The automaton A can wait for ¢ in state o, written wait(o, ), iff for all 0 < &' < 4,
(®+9") = as). A timed event v of the timed automaton A is a tuple (8, f, ') consisting of
a positive real-valued increment § and the observation-event (f,f’). Such an event means
that the automaton can wait for the time period § and then update its output variables
from £(O) to £'(O) while its environment is updating the input variables from f(I) to £'(1).
The set of all timed events of A is denoted I'4. The projection of a timed event + onto
Q C I U O is given by (6,f(Q), f(Q)).

The timed automaton A defines a labeled transition system over the state-space X4
with the labels I'4. For states ¢ = (s,®) and 7 = (¢,0) in X4, and a timed event v =
(6,F,") in T4, define ¢ 5 7 iff £(O) = u(s), £(0) = p(t), wait(s,5), and there exists an
edge (s,t,p,x, R) such that (®+¢) E ¢, (£,f) E x, and © = (® 4 )[R := 0]. We write

Y. v
o — if o — 7 for some 7.

Proposition 2.4.1 (Closure under stuttering) For v = (0,f,f"), if o 2 7 then for
every 0 < & < 8, there exists o' with ¢ 5 o' and o' 5 7 where v = (&', f,f) and
' =(6= & 1 1),

Example 2.4.2 Figure 2.1 depicts a timed automaton representing an inertial delay buffer
with non-deterministic delay between d,,;;, and d,,,;. The buffer is part of a combinational
digital circuit, and has a Boolean input and output. According to the inertial delay model,
an input pulse must have duration at least d,,;, to be reflected at the output, and any

input pulse of duration more than d,,,, has to create a corresponding pulse at the output.
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Suppose that the buffer starts at location [y representing the case where the input and
output of the buffer are both 1 at power-up. When the input ¢ goes low, the automaton
responds by moving to [; and resetting clock @. a records the time that elapsed since ¢
went low. In [y the output o is still high, but a change is pending. The automaton can
move to [3 when z is between d;;, and d,4; and at [3 the output goes low. The use of
x as a guard on the transition to I3 ensures that the output follows the input within time
[dimin, dmaz]. If the input goes high again before the automaton moves to I3, the automaton
may move back to lg. This represents the case when an input pulse lasting between d,,;,
and d,, ., gets dropped by the buffer, i.e., it is not reflected at the output. If ¢ goes high
while @ < d,,;;,, the automaton moves to [y, which models the fact that pulses lasting less

than this minimum length are always dropped. [ |

Observe that, in our model of timed automata, an automaton spends non-zero time in
each location and transitions are instantaneous. The enabling condition on a transition can
refer to the old (unprimed) as well as the new (primed) values of the inputs; this makes the

use of transient (zero-time) states unnecessary.

2.4.2 Timed Languages

A timed event sequence ¥ = ~g,7Y1, .., Vk—1 18 a finite sequence of timed events ~; =
(0;,f;, /) such that f;41 = £/ for 0 < ¢ < k — 1. The projection of ¥ onto @ is obtained
by projecting each timed event onto @), i.e., replacing each v; by (4;, f:(Q), f/(Q)) for all i.
For the timed event sequence 7, define Ag = 0 and A; = Z;;% 0; for 1 <7 < k. Each
such 7 uniquely defines a function F5 from the interval [0, Ay) to the observations given by
F5(t) = £ for t € [A;, Ajyq).

A run of A on a timed event sequence ¥ is a sequence of states og, 01, 09, ..., 0 such
that og n o1 REY o9 HEO e oy in A. Such a run is said to be initialized if oy is an initial
state. The timed event sequence 7 is called a trace of A if there exists an initialized run in

A on 7. The timed language of an automaton A, denoted L£(A), is the set of traces of A.

2.4.3 Language Inclusion

Consider two timed automata A = (S4, S5, 04, 14, X4, o?, yA, E4) and B = (S5 -
S(JJB,OB,IB,XB,QB,MB,EB>. The timed automaton A is comparable to B iff OB C 04
and 1P C I4. Let A be comparable to B. A is said to timed-implement B iff for every
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trace 74 of A, there exists ¥ in £(B) assigning the same values to the input and output
variables of B at all times, i.e., FWA(IB U OB) = Fop, where Iy denotes the observation
waveform as defined in Section 2.4.2. Timed implementation is denoted by A <y B and is
also referred to as the language inclusion relation. The two timed automata are said to be

timed equivalent, written A =y B, iff both A <y B and B < A.
Proposition 2.4.3 (Preorder) The relation <y, is reflexive and transitive.
Proposition 2.4.4 (Equivalence) The relation =1, is an equivalence relation.

A property P is a set of timed event sequences. The timed automaton A is said to
satisfy the property P if £L(A) C P. Often, P is described over a subset of the observation
variables 74 U OA. Let V¥ be the set of variables that P specifies the values of. Then,
A satisfies P if L(A)(VF) C P, where L£(A)(V7) consists of the projections of the timed
event sequences in P onto VF. Observe that, for a timed automaton B, if B <, A, then

all properties that are satisfied by A are also satisfied by B.

2.5 Operations on Timed Automata

2.5.1 Composition (Product)

The operator for building complex automata from simpler components is parallel com-
position. Consider two timed automata A = (S4 S8 04 14 XA o4 A F4) and B-
= (5B, 88,08 1P, XP oB 1P, EP). We assume that the clocks X# and X? are disjoint
3. The two timed automata A and B are composable iff their output variables O4 and OP
are disjoint. For two such composable timed automata, their parallel composition A || B is

the timed automaton with the following components:
e The set S of locations is given by S4 x SB.
e The set Sy of initial locations is S§' x SZ.
e The set O of output variables is given by O4 U OB,
e The set I of input variables is (14U I8)\ O.

e The set X of clock variables equals X4 U XB.

#This can be achieved by renaming some clocks
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e For every s € S4 and t € SB, the invariant «((s,t)) is given by the conjunction
a?(s) A aB(1).

e For every s € 54 and t € SB, the output pu((s,t)) equals p(s) U uB(2).

e For every edge e = (s4,t4, o, x4, RA) in B4 and P = (sB,t8 B B RPB)in EB,
the set F contains the edge eAllB = ((s4,s5), (14,15), oA AP AIB RAURB), where
the I-event (f, ') is in xAIB iff (F U uP(sB), £ U pP(tB)) £ xA and (FU p?(s*),f U
pt (M) = xP. The edges ¢ and P are the projections of ¢AllP onto A and B

respectively.

A || B is also referred to as the (synchronous) product of A and B.

Observe that the parallel composition operator is commutative and associative:

Proposition 2.5.1 A|| B2, B|| A, and A|| (B||C) =L (A]| B)| C.

2.5.2 Variable Hiding

Variable hiding, also called existential quantification, is useful when it is desired to
describe the behavior of a timed automaton over a subset of the input or output variables.
This is typically the case when a number of components are combined to form a larger
system, and the signals internal to the system are not observable from outside, or are not
of interest.

Consider a timed automaton A = (S4, 558, 04, 14, X4, o4, uA, E4). For an input
variable i € I, the automaton obtained by hiding ¢ is denoted by (3i) A and corresponds

to existentially quantifying the ¢ in all input-predicates on the edges. More precisely,
(Fi) A= (54, S5, 04, 14\ {i}, X4, o, 1t (30) EY)

where
(3i) B4 = {(s,t,, (30, 7) x, B) [(s,8, 0, x, B) € B4}

The existentially quantified predicate (37,4') x is formally defined as
(3, ) x = {(EEAN {), £\ () [(£.£) € v}

The hiding of an output variable 0 € O4 is achieved simply by restricting the output

function p to output variables other than o. Formally,

(30) A= (54,5501 \{o}, I, X4, 0, p (O \ {o}), B
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2.5.3 Untiming

Intuitively, the untiming operation corresponds to removing the timing information
and constraints, and interpreting a timed automaton as a finite automaton. Formally,
for a timed automaton A = (S4,55, 04 14, XA oA, ut, EA), Untime(A) is the finite

automaton (S4, 83, 04, 14, u4, EU””T”B(A)> where

EUntimel4d) — {51, ) ‘<s7 t,,x, R) € B4 for some ¢ and R}

2.6 Verification with Timed Automata

2.6.1 Safety Properties

A major portion of interesting properties to be proven about timed automata fall into
the safety properties category. Formally, a safety property is a language P such that if a
timed event sequence ¥ ¢ P, then all timed event sequences that are extensions 77 of 7
also lie outside P. Intuitively, once a safety property is violated at a certain point in time,
it is not possible for the system to satisfy the property later, no matter what behavior it
exhibits. A majority of interesting timing properties can be stated as safety properties, and
in this dissertation we restrict our attention to safety properties only.

A convenient way of verifying a safety property of a system described as a timed
automaton is to construct a monitor, also described as a timed automaton, which observes
the inputs and outputs of the system and moves to a distinguished (“bad”) location if
undesired behavior occurs. The verification problem then reduces to checking whether
in the composition of the system and the property automata it is possible for the monitor
automaton to enter the “bad” location. This is a particular case of the (location) reachability

problem, which is formally defined below.

Definition 2.6.1 (Reachability) An instance of the reachability problem consists of a
timed automaton A = (S4, 5S¢, 04, I, X4, a4, u4, EAY and a set of locations T C S4. T
is said to be reachable in A if there exists a trace v of A that leads to a state (s, ®) where
selT.

Example 2.6.2 Consider the train gate controller depicted in Figure 2.2 [Wu94, AIKY92].

This example consists of three automata representing a train, a gate and a controller. When
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Figure 2.2: Train gate controller example. o7, og and oc denote the output variables of
the train, the gate and the controller respectively. The input variables i1, ¢¢ and i¢c are
equal to og, oc, and or respectively.
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the train approaches the gate, the controller lowers the gate, and raises it after the train
has exited. The property to be verified is that the gate is always down when the train is
crossing the gate. This is achieved by creating a monitor that moves to location “BAD”
when the train’s output is in and the gate’s output is different from “down”. It must then
be verified that the product locations where the monitor is at location “BAD” are not

reachable because of timing constraints. [

2.6.2 Region Equivalence

Recall that a state of a timed automaton (s, ®) involves a real-valued assignment to
clock variables, ®. The set of states X4 is therefore a dense, uncountably infinite set. Alur
and Dill [AD90, Alu91, AD94] have shown that verification on this state space is tractable
by defining an equivalence relation that has a finite quotient, called region equivalence, on
this state space. Many interesting verification problems have then been converted (see, for
instance, [Alu91], [Eme92], [Cerans92], [TY96]) to computations on finite structures based
on the equivalence classes of this relation. All algorithms to be presented in this dissertation
employ some variant of this construction, and hence it is presented below.

Let A be a timed automaton and for each x € X let K, denote the largest integer
such that ¢ K, appears in an X-predicate on some edge of A. Also let I'r(z) =« — | 2],
the fractional part of . The region equivalence [AD94] relation is defined as follows: clock
valuations ® and © are equivalent iff for all 2 € X, either both ®(z) and ©(z) are larger
than K, or the following hold

o |d(2)] =(O(2)], and

e For all 2’ € X such that ®(2') < K., Fr(®(z)) > Fr(®(z))) iff Fr(©(z)) >
Fr(©(2")), and

o F'r(®d(z))=0< F'r(O(z)) =0.
We write (s, ®) = (t,0) iff s =¢ and ® and O are region equivalent.

Proposition 2.6.3 (Alur, Dill 1991) = is an equivalence relation. If ® and © belong to

the same equivalence class, then for all clock predicates ¢ occuring on the edges of A, ® = ¢

if and only if © = ¢.
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[@]4 denotes the equivalence class that & belongs to. The number of equivalence

clagses is exponential in the number of clocks, |X|, and the clock upper bounds K, for

z € X [ADY4].

2.6.3 The Region Automaton

The region automaton Region(A) of a timed automaton A is a finite automaton that en-
capsulates the location reachability information. For A = (S4, Sg', 04, 14, X4 o4 pu#, B4,

R = Regtion(A) is given as follows

The set of locations S™ = {(s, [®]4) |(s,®) € ¥4}

The set of initial locations S¥ = {(s¢,[0]4) ‘80 € Sg‘}

The input and output variables and the output function remain unchanged, i.e., I® =

I, 0% = 04, pR((s,[0]a)) = p(s).

o If for some timed event v, (s, ®) A (t,0) in A by taking an edge (s,t, ¢, x, R), then
((s,[®]4), (t,[O)4), x ) isin ER.

The soundness of the region automaton construction, as well as other properties that
make it useful for verification, are proved in [Alu91]. The following fact is the one we will

utilize in the rest of this dissertation.

Theorem 2.6.4 (Alur, 1991) A location s is reachable in A iff it is reachable in the region

automaton Region(A).

The verification tools ORBITS [Rok93], CospaN [AK96], KroNoOS [DOY94] and MocHA
[AHM™98] include timing verification algorithms based on the region construction. A BDD-
based symbolic traversal or a depth-first search based on explicit state enumeration of the

region automaton forms the core of these algorithms.

2.6.4 Difference Bound Matrices

The number of locations of the region automaton is exponential in the number of clocks
in the timed automaton, as well as the integers used in clock predicates [Alu91]. Often the

region automaton is quite large and it may not be feasible to explore a direct representation



CHAPTER 2. TIMED AUTOMATA 21

of the region automaton, even with improved BDD-based or explicit techniques [ABHT97].
This is often the case if the upper bounds on the timers are large integers. A number
of tools, including Cospan [AK96], KroNos [DOY94], and UppaaL [LPY95], incorporate
verification algorithms based on a particular symbolic representation, referred to as differ-
ence bound matriz. A difference bound matrix represents a convex union of regions in the
following way: Let zq,...,2, be the clocks of a timed automaton A and let us adopt the
convention that zg is always zero. A difference bound matrix D is an (n+41) X (n+1) matrix
with integer entries, where the entry at the ¢th row and the jth column, d; ; represents the
fact that z; — z; < d; ;. The set of constraints that the matrix D implies define a convex
region in IR™ which is a union of regions. Traversal algorithms then use difference bound
matrices as the data structure to represent a convex set of regions. While the the location
reachability problem of timed automata is PSPACE-complete, the difference bound matrix
representation may result in big efficiency gains if a large number of regions are equivalent
with respect to the computation being performed.

Known algorithms for solving the location reachability problem have an exponential
worst-case dependency on the number of clocks and the sizes of the constants appearing
in clock predicates. This remains true even if the constants are encoded in unary [Alu91].
In practice, this problem exhibits itself as a more severe dependency of verification com-
plexity on the timing constraints than the size of the control structure. Unless a system
has a special structure that makes it more amenable for analysis using a particular data
structure or algorithm, only tens of clocks can be handled simultaneously by state-of-the-
art methods [DOTY96, BLLT96, ABHT97, BM98]. If modeled in complete detail at the
implementation level, real-time systems encountered in practice often require many more
clocks. Therefore, to be able to benefit from the complete coverage offered by timed au-
tomaton based techniques, they must be applied to abstracted models of systems. The aim
of the techniques studied in this dissertation is to make the formal verification of practical

real-time systems viable through the use of abstractions and hierarchical techniques.
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Chapter 3

Iterative Abstraction Methods

Much of the time, not all of the timing information in a system description is neces-
sary for proving a given property. Because of the exponential dependency of verification
complexity on the number of clocks, it is desirable to include in a timed automaton only
the clocks and clock predicates relevant to the property at hand. Iterative techniques
[AIKY92, LB93, BSV95, Bal95b] achieve this by disregarding the timing information at
first and then gradually including timing constraints as needed. At each iteration, only
part of the timing information in the system is included in the system model, and thus,
these models can be viewed abstractions of the original system. In this chapter, we give an
overview of iterative abstraction methods and present our improvements to them.

Section 3.1 gives an overview of iterative verification methods. Sections 3.2 focuses
on iterative methods based on the “simple path property”: a structural property of timed
automata that makes iterative verification less complex. Sections 3.2.1 and 3.2.2 present
previous work, and Section 3.2.3 describes our method for exploiting the simple path prop-
erty. In Section 3.3 we propose a method for making more efficient use of the information
computed in each iteration of a timing verification algorithm. Section 3.4 presents our

conclusions and indicates future research directions.
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3.1 Timing Verification by Iteration

3.1.1 The Intuition

Let a real-time system be described by a timed automaton S = <SS, S5,0°,1°, X5 -
oes,,uS,ES> and suppose that a safety property P is expressed using a monitor M =-
(SM s oM M XM M M EM) a5 described in Section 2.6.1, such that M moves to
location s%d if the system S violates the safety property. Let Si,4e¢ denote the locations in
the product automaton P = S || M where P is violated, i.e., Stgrger = {<SS, s%d> ‘SS € SS}
We must determine whether Sy,,4¢¢ is reachable in P. The aim of the iterative approach to
timing verification is to achieve this using a small subset of the timing information in P.
Initially, we construct the finite automaton Untime(P) and check if Sigger is reachable in
this automaton. This can be performed using any verification tool that operates on finite
automata. If no location in Si,r4e¢ is reachable in Untime(P), then Sigp4er is clearly not
reachable in P. If Si,.4e¢ is reachable in Untime(P), then the verification tool returns
an error trace: an initialized run so, sy, s2,..., 5 ending in a location s; € Sigrger With
an (untimed) event sequence ¥ = g, 71,72, ... such that sg n s1 REY S9 HE O e Sk in
Untime(P). Using this information, we would like to see if it is possible to construct a timed
event sequence v = v¢, 71,74, ... that takes P through the same sequence of locations while
the input and output variables make the same sequence of transitions in 7% as they do in
7. Formally stated, each v! associates a duration with v;: if v; = (£;,f/) then o/ = (&, f;, f!)
for some §; € IRT and we require oy ﬁ o1 ﬁ Iop g %2—31 o where o; = (t;, ®;) for some
clock valuation ®;. Different iterative algorithms resolve the question of whether such an 7
exists using different methods. If ? exists, then this is proof that ¢ € Siq,ge¢ is reachable.
If not, then we would like to remove the run tq n tq REY ty HE N e ty from Untime(P),
since it does not correspond to a run in P. This is accomplished by composing Untime(P)
with a “constraining automaton” that observes its transitions. If we view Untime(P) as our
current abstraction for P, the constraining automaton in effect incorporates a portion of the
timing information in P into Untime(P) and thus refines it. Then, the procedure presented
up to now is repeated until either Syq, 4 becomes unreachable in the finite automaton or
a timed run leading to Siqrger is found. This style of verification will be presented more

formally in the upcoming sections.
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3.1.2 Preliminaries

Using iterative methods, it is sometimes possible to perform verification on a larger
class of timed automata than those defined in Section 2.3. In the rest of this chapter,
we will not place any restriction on the form of the clock predicates on the edges of a
timed automaton. We allow a clock predicate ¢ to be any formula that evaluates to a
Boolean value given a clock evaluation ®, i.e., ® = ¢ can be interpreted in any decidable
mathematical theory.

We proceed to define some terminology to aid in the presentation of the algorithms.

Definition 3.1.1 We will use the shorthand R(z;) for a clock x; being reset on an edge
or a transition. For a set of clocks x; , iy, ..., 2, Q(xi), %4y, ..., 2;,) denotes a condition
(a query) that depends on x;,, 2y, ..., z;, that must be satisfied for a transition to be taken

(Ti,, Tiy, ..., i, are said to be queried). A symbol is a reset or a query.

Example 3.1.2 We will use the train gate controller example of Section 2.6.1 for illustra-
tion in this chapter also. The example is repeated in Figure 3.1 for convenience. In the
automaton for the train, on the edge from location ouT to APP, clock z; is reset, i.e. R(z1).
On the edge from location APP to IN, zy is queried. Its value must satisfy 3 < z1 <5, i.e.,
Q(z1) = {3 < 21 < 5}. Note that the query corresponding to this edge is the conjunction
of the clock predicate on the edge taken and the invariant on the source location, since both

of these must be satisfied. []

Definition 3.1.3 For a timed automaton A, a sequence of locations m# = 8g, 81, ..., S, CON-
nected by edges is called a path in A. The path 7 is said to be traversable iff there exists
a timed event sequence vt such that og, 01,03, ...,0, is a run of A on ~t, where for all i,
o; = (s;, ®;) for some clock valuation ;.

An ordered sequence of distinct locations o = tg, tq, ..., 15 is said to be traversed by a
path © = sqg, 81, ..., Sp if 0 is a subsequence of 7, i.e., if it is possible to choose 0 < 15 < iy <

. < i < n such that 0 = s;,,5;,,...,5;,. The sequence o is said to be traversable if there

.-
exists a traversable path 7 that traverses o.

Train ouT APP APP
Example 3.1.4 In Figure 3.1, the path | Controller | = | raisE |, | ToLow | , | LOWER

Gate UP UP TODOWN
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Train Gate
oy # lower
o = u o, = lower m
or = out G—p@ oG = up
True z; <0 21 <5 x5 < 0 s <1
TODOWN
1< g <2

DOWN

;o .
0 = razsem
2 —0 S True

oy # raise

True

o # app
RAIS\E/%%‘% o = app m\ TOLOW

9+ 0

Controller

Figure 3.1: Train gate controller example.

IN

LOWER is not traversable, because in the first transition the clocks 1 and z5 are both

TODOWN
reset, and x9 = 1 for the second transition and z5 < 1 for the third transition imply that

less than 2 time units pass between the first and third transitions, whereas the condition

3 < x; <5 on the last transition contradicts this. []

Definition 3.1.5 Let 7 = s¢s183...8, be a path. The reset-query (RQ) sequence of

s the sequence © = 8y, 01, ..., 0, of resets and queries along © such that

e Fach 0; is a non-empty set of symbols,
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o Lach §; consists of the resets and queries on one edge (t;, — t;,+1) along m,
e For each transition with resets or queries on it, there is a corresponding 0;, and

e O preserves the order of m, i.e., if 0, and 5 correspond to transitions (t; — t; 41)

and (t;, — t;.41) respectively, then j. < j iff r < s.
0; < 0; denotes the fact that 8; corresponds to an earlier edge along = than §;.

For the path in the train example, the RQ sequence is © = 6y, 81,0, where 0y =
{R($1)7R($2)}7 01 = {$2 = 17R($5)} and 02 = {3 S [z} S 57$5 S 1}

Definition 3.1.6 e In an RQ sequence ©, a reset of R(x;) of a clock z; is said to be

effective iff it is the last reset of x; before a subsequent query involving ;.

o The effective RQ sequence of a path © is obtained from the R(Q) sequence of © by
removing the ineffective resets from the 8;’s, and then removing the empty 0;’s from

the sequence.

Let 7 be a path and © = 6, ..., 8, its effective RQ sequence. Let ¢; ; be the time elapsed
from the transitions corresponding to 6; to the one corresponding to §;. © implies two sets

of inequalities on the variables t; ;:

(i) Those associated with queries: Suppose that clocks z; , ..., z;, are queried on 6,,, and
let last(xz;, m) denote the latest effective reset of a; before 8,,. The clock valuation

that assigns to each x;; the value ¢,5(z; m),m must satisfy the query 8,,.
¥ ? ?

(ii) Those indicating the ordering of the #’s and the fact that at each location a non-zero

amount of time needs to be spent: ¢; ; > 0 iff 6; < §;.

Theorem 3.1.7 Let Ineq(w) denote the set of inequalities (i) and (ii) above. Suppose that
a path © is traversable in Untime(A). Then 7 is traversable in A iff it is possible to choose

ti;’s that satisfy Ineq(w).

If t; ; satisfying Ineq(r) exist, they are referred to as a consistent timing for = and 7 is said

to admit a consistent timing.
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Up = Untime(A), i & 0, S, Sarget
repeat

I'sReachable « Check_Reachable(Uy;, S,f;),,get)
if (IsReachable = FALSE )
Property passes, exit.

else '
7 < Obtain_Error I'race(U;, st )

target
IsTraversable < Check Traversable(r)

if (IsTraversable = TRUE )
Property fails.
return C'onstruct_Consistent_Timing(w) and exit.
else
C; « Construct_Constraining_Automaton(U;, 7)
U1 < (Ui || C3)
Starger & (56

Cy
targetXS )
1141

Figure 3.2: The structure of an iterative timing verification algorithm

3.1.3 A Generic Iterative Algorithm

Using the facts presented in the previous two sections, we lay out the structure of an
iterative timing verification algorithm in Figure 3.2. Check_Reachable(Ui,Sfi)r,get) checks
whether the set of locations S,fé),,get is reachable in the finite automaton U;. Any reachability
algorithm that operates on finite automata can be used to implement Check_Reachable().
Most finite automaton verification tools also provide the Obtain_Error_T'race() function.
The algorithms C'heck_T'raversable() and Construct_Consistent_T'tming() depend on the
types of inequalities in Ineg(m). For instance, if Ineq(w) consists of linear inequalities,
Check Traversable(r) must determine if this linear program has a feasible solution and, if
one exists, Construct_Consistent_Timing() constructs one. The Construct_Constraining_-
Automaton() procedure has the largest effect on the overall efficiency of the iterative algo-
rithm.

In the following section, we define a structural property on timed automata that makes

the C'heck_Reachable() routine more efficient and that enables Construct_C'onstraining_-

Automaton() to eliminate more paths from U; than 7 alone.
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/\ $1:1 $224 /\
NSl el e g <1/ N True J

Figure 3.3: A timed automaton that does not have the simple path property.

3.2 Iterative Verification and The Simple Path Property

3.2.1 The Simple Path Property

Definition 3.2.1 A path # = sg, 81, ..., S, 18 simple if 7 visits each location no more than
once, i.e., s; = s; implies 1 = j.
A cycle is a path © = sg, $1, ..., S, that starts and ends at the same location: s, = sg.

The cycle 7 is said to be simple if for non-zero v # j, s; # s;.

Definition 3.2.2 A timed automaton is said to have the simple path property (SPP)
if the following holds for every ordered sequence of distinct locations ¢ = tg,...,t,: 0 is

traversable by a path if and only if it is traversable by a simple path.

Example 3.2.3 The timed automaton in Figure 3.3' does not have the simple path prop-
erty: The path S1 — 52 — S3 is not traversable, because when the automaton moves to S2,
zo = 1 and x1 = 0, and the first time S2 is 1 = 1 and x5 = 2. Thus, the clock predicate
xq9 > 4 is not satisfied. But each time around the loop S2 — 5S4 — S2, 2 time units elapse.
Therefore, the path S1 — S2 — 84 — S2 — 5S4 — S2 — 53, which is obtained from the
initial path by inserting a cycle, is traversable. If the clock predicate x4 > 4 were removed,

then this automaton would have the SPP. [ ]

The SPP can be viewed as a restriction on the topology of the timed automaton and

where the timing constraints can be placed. This restriction makes it simpler to perform

'This example is modified from an example in [LB94a].
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iterative timing verification [LB94a] For automata with the SPP, the procedures Check_-
Reachable() and Obtain_Error_Trace() in the iterative algorithm of Section 3.1.3 need to
consider only simple paths that lead to Si4rge:. Note that, since there are only a finite
number of simple paths in an automaton, the problem of reachability for timed automata
possessing the SPP is decidable regardless of the form of the timing constraints. The only
requirement is that the set of inequalities Ineq(w) be decidable for all simple paths . For
instance, linear inequalities among multiple clocks can be allowed as clock predicates. This,
in general, is not true for timed automata[Alu91].

We now describe how the SPP can be taken advantage of while implementing Construct-

_Constraining_Automaton() in order to eliminate an untraversable path 7.

Definition 3.2.4 e A path @' is a cycle expansion of a path 7 if it is obtained by
replacing some locations t; along © by (possibly non-simple) cycles starting and ending

ont;.

e An RQ sequence © is said to dominate ©' iff © can be obtained from ©' through the

following sequence of transformations

Remove all symbols in ©' that are not in ©.

Remove some queries from ©'.

Remove all non-effective resets.

— Remove all empty 6.’s.

The sequence of transformations can be viewed as a subsequence of the projection of
©' on the resets and queries in ©, so that the ordering of these symbols implied by ©'

1s consistent with ©. The dominance relation is transitive.

e Let the effective RQ sequence of a path © be © and let ©' be obtained from 7 by cycle
expansion or removal, and let ©' be the effective RQ sequence of ©'. The RQ order of

7 is said to be preserved by this expansion or removal iff © dominates ©’.
In [LB94a] the following characterization for the SPP is given.

Theorem 3.2.5 (Lam, Brayton 1994) If the queries in a timed automaton can refer to
an arbitrary subset of the clocks, then the automaton has the SPP iff the RQ) order of each

stmple path is preserved under cycle expansion.
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Certain classes of timed automata restrict the clocks that the clock predicates can
depend on. For instance, the timed temporal structures of [KR97] allow predicates to
specify upper and lower bounds on one clock only. The purpose of the phrase “arbitrary
subset of the clocks” in the theorem statement is to rule out such classes of automata. To
see how it is possible for the RQ order of a simple path not to be preserved under cycle

expansion, consider to the following example.

Example 3.2.6 In the timed automaton of Example 3.2.3, the path 7y = S1 — S2 — S4
— S2 = 5S4 —» 52 — S3 is a cycle expansion of the simple path 75 = S1 — S2 — S3.
The RQ sequence for 7y is ©O; = {R(z1), R(22),z1 = 1}, {R(21),21 = 1}, {R(21),21 =
1}, {R(z1), 21 = 1}, {R(z1),z1 = 1}, {R(21),21 < 1,22 > 4} and the RQ sequence for
7o is given by Oz = {R(x1), R(z2),21 = 1}, {R(z1),21 < 1,22 > 4}. For ©; the effective
reset for the query 1 > 1 on the last transition is on the same transition where x5 is reset,
which is not the case for ©;. Therefore, the RQ sequence of 75 is not preserved under cycle

expansion. Recall that this automaton does not have the SPP. [ |

In the rest of this chapter, we will assume that the queries in a timed automaton can

refer to an arbitrary subset of the clocks, and make implicit use of Theorem 3.2.5.

3.2.2 Previous Approaches

In this section, we describe how the SPP has been exploited in the iterative timing

verification algorithm of [LB94a]. In [LB94a] the following theorem was proven:

Theorem 3.2.7 (Lam, Brayton 1994) Let O; and Oy be effective RQ sequences such
that ©1 dominates ©y. Then the set of inequalities I, induced by my is a superset of I, .

Therefore, if I, is unsatisfiable, then so is I,.

Example 3.2.8 Let # = {gl1tot5 denote the following path in the train gate controller

example of Section 3.2.1:

Train ouT APP APP IN
Controller | = | RAISE| , | TOLOW | , | LOWER , | LOWER

Gate Up Up TODOWN TODOWN
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Consider 7" = totitotytats, the following cycle expansion of 7:

Train ouT APP ouT APP APP IN
Controller | = | RAISE | , | TOLOW | , | RAISE | , | TOLOW | , | LOWER , | LOWER
Gate UP UP UP UP TODOWN TODOWN

Recall that the RQ sequence for 7 is given by © = 6p,601,0; = {R(z1), R(22)}, {22 =
1, R(zs)}, {3 < a1 <5,25 <1}. The RQ sequence of 7" is @' = 6, 0, 01, 03. Observe that
the effective RQ sequence of 7’ is the same as that of 7. Thus, ©' is dominated by ©. This,
together with the fact that 7 is not traversable implies that 7’ is not traversable either, by

Theorem 3.2.7. [ ]

Theorems 3.2.5 and 3.2.7 imply that, given an automaton with the SPP and a path
in the automaton known to be non-traversable because of timing constraints, all cycle
expansions of that path are also not traversable. Using this fact, Obtain_Error_ Trace()
can be restricted to return a path whose projection onto A is a simple path, and Construct_-
Constraining_Automaton(U;, ) can eliminate 7 along with all of its cycle expansions from
U;.

[LB94a] and [Wu94] have implemented an iterative timing verification algorithm in
the Berkeley verification tool HSIS based on these observations. The version implemented
in HSIS allows arbitrary linear inequalities between clocks. Moreover, the exponential
dependency of verification complexity on the timing constants is eliminated?. However,

this algorithm also suffers from the following shortcomings:

e A priori knowledge that the automaton has the SPP is required. It is complex to
determine automatically whether an automaton has the SPP. The known conditions
that are sufficient for the SPP are either too restrictive or require a complicated proof
or an exponential algorithm, which must be repeated for each example [Wu94, LB93,

LB94a].

e The SPP may not be preserved under composition of automata. Further restrictions
need to be imposed on the placement of timing constraints on the automaton to ensure
the SPP upon composition [Wu94]. Although with some additional effort it is possible
to express most real-time systems in accordance to these restrictions, in practice they

are often too prohibitive and make it inconvenient to specify systems.

?Recall that the size of the region automaton is exponential in the sizes of the constants that clocks get
compared with (Section 2.6.2).
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In the next section, we present a new algorithm that addresses these difficulties.

3.2.3 A Novel Method for Exploiting the SPP

The following observation formed the basis of a method that overcomes the problems
with having to check for the SPP. Suppose that we would like to perform iterative verification
on a timed automaton that does not necessarily have the SPP and we have an error trace =
that admits no consistent timing, which we would therefore like to eliminate. Let © be the
effective RQ sequence of 7. Assume that we have a way of eliminating all paths 7’ whose
effective RQ sequences are dominated by ©. By Theorem 3.2.7, regardless of whether the
automaton has the SPP, all such 7’ are untraversable, therefore can be eliminated. If the
automaton does have the SPP, this will include all cycle expansions of # by Theorem 3.2.5.
Therefore, eliminating all such 7" will make full use of the SPP.

Note that this method may enable the elimination of more than one path even if the
automaton does not have the SPP. For example, it could be the case that some cycle
expansions of a certain path 7 are dominated by 7’s effective RQ sequence although the
automaton in general does not have the SPP. The approach described in the preceding
paragraph will eliminate all these cycle expansions.

Since an automaton has a finite number of simple paths, this approach is a complete
decision procedure for automata with the SPP. For iterative algorithms that operate by
eliminating one path a time, such as [AIKY92], replacing the elimination step by the al-
gorithm above only improves the algorithm. Note that this algorithm can be applied to
timed automata that can not be handled by existing iterative algorithms also. However,
in general, there is no termination guarantee, and the algorithm becomes a semi-decision
procedure. This is unavoidable, since the verification problem becomes undecidable unless
either the topology or the form of the timing constraints are restricted [Alu91].

The next section formalizes these ideas, and presents a construction for eliminating all

paths whose effective RQ sequences are dominated by a given O.

3.2.4 Elimination of Dominated RQ Sequences

Suppose that we are a given a finite automaton A and we would like to eliminate paths
whose effective RQ sequences are dominated by the RQ sequence © = 6y...0,,. We achieve

this by constructing a constraining finite automaton Mg which, when composed with A,
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disallows all such paths. Mg’s input variable ranges over the set of resets and queries of A
and it has one location for each 7 € {0, 1,...,n}, denoted by p;.

The intuition underlying the construction is the following. Mg observes the resets and
queries performed by A, and keeps track of the longest prefix of © that dominates the current
effective RQ sequence, O.,,.. If Mg is at location p;, this means that ©.,, is dominated by
fg...0;_1. At each transition, Mg checks whether a longer prefix of ©® dominates ©.,,, if
not, it checks if #y...6;,_1 continues to dominate O.,,., otherwise moves to an earlier location
p; corresponding to the longest prefix of © dominating Oy, .

The construction of Mg is rather technical. The following definitions will be useful in

the presentation.

Definition 3.2.9 A reset R(zy) € 0; is said to be effective on 0; iff j <1 and 6; includes

the effective reset of R(xy) for some query on 8,41 or later.

In the following, we say that a reset R(x;) is observed on an edge if z; gets reset on
that edge. A query () is said to be observed on an edge if it is the query associated with
it.

Definition 3.2.10 For each 8; in ©, let v; denote the following boolean conditions about a

given edge e in the timed automaton:

o; =qey All the resets and queries in 8; are observed on e, and

Bi =def None of the R(xy)’s effective on 8; but not in 6; are observed on e.

Note that this definition allows for some extra queries and irrelevant resets to be observed
on e.

Mg has the following five groups of edges
(I) From each location p; with ¢ > 0, there is an edge to itself on the condition ~;_;.
(IT) Mg moves from p; to p;yq if 7; is true.

(ITI) From each location p;, there is an edge to itself on the following condition, denoted

by p;

@;: Some of the resets and queries in 6; are not observed, and

B;: None of the R(xy)’s not in 0; are observed if R(xzy) is effective on 6;.
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(IV)

(V)

This edge represents the fact that v; has not been observed, and all of the previous

resets that are currently effective remain effective.

Suppose that while at location p; the symbols observed make ~;_; true for some k£ < ¢,

where v;_; includes a reset R(z;) that is still effective on ;.
Claim 3.2.11 There can be only one such k.

Proof: Assume that k) and ky are as mentioned above and %y < kg. Since vz,
and 7g,—1 are both observed, vz, _; must have all the effective resets of v,_;, but
may differ from it in the queries that it includes. But then the resets in 4, _; are not
effective, since 7,1 comes after it while the resets in v, _; are still effective. This

contradicts the fact that 4,1 includes a reset that is still effective on 6;. [ ]

This means that €g...6;,_1 no longer dominates the current effective RQ sequence and

we must go back to the earlier location px. Mg makes a transition to py in this case.

Suppose that none of the conditions in cases I - IV holds and while at location p;
some reset R(z}) is observed while some previous R(zy) € §;, is still effective on 6;.
Note that such x; does not have to be unique. Let k be such that [; is minimized,

i.e., let us consider the earliest §;, that is rendered ineffective. Mg makes a transition

to py, .

Mg has no edges out of p,, which means no run exists in 4 x Mg if the effective RQ

sequence of the path traversed in A is dominated by © = 6y...0,,, assuming the construction

above is correct. An example of the construction of Mg can be found in Figure 3.4.

The following theorem formalizes the argument above and proves the correctness of the

construction.

Theorem 3.2.12 If Mg is at location p; after the kth transition of a run of A X Mg, then

Qy, the effective RQ) sequence of the run in A so far, is dominated by 0q...0;_1, where j is

the maximum such index.

Proof: The proof is by induction on k.

k = 0. Since no transitions have been taken, Mg is in location py and the empty

sequence is the longest prefix of © that dominates Q = 0.
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(R1 A —Rg)

(“Rl A R2 A _|Q2) vV (Rl A _|R2)

Figure 3.4: Construction of Mg for © = (0g,01,02,03) = ({R1, R2},{Q1(z1)},
{Q2(z1,22), R2},{Q3(x1,22)}), where R; denotes a reset of clock z; and Q;(z;) denotes

a query depending on z;.

e Assume that Mg being at location p; after m transitions, where m < k, implies that

fp...0;_1 is the longest prefix of © that dominates €2,,.

e Let Mg be at locations p; and p, after the kth and (k4 1)st transitions respectively.
By the induction hypothesis, y...0;_; is the longest prefix of © that dominates €.

Lemma 3.2.13 If 0y...0; and 0y...0; are the longest prefizes of © that dominate
Qp and Qg1 respectively, | can be at most j + 1.

Proof: Assume towards a contradiction that [ > j+2. Since [ > j, the symbols
observed during the (k + 1)st transition must satisfy 7;. Then 6y...6;_; is also a

prefix of © that dominates 2, which contradicts the maximality of j. [ |
Armed with this lemma, let us proceed with the induction.

Case 1. p, = p;.

Then the last transition taken was a self-loop. This transition is implied by either

I or IIT above.
Case a. The (k + 1)st transition was implied by I.
Then 7;_1 held during the last transition. Thus 6y...0;_; still satisfies the
requirements of the theorem, since, the 6;,_; observed merely replaces the
previous one.
Case b.The (k + 1)st transition was implied by III.

Since some of the resets and queries on #; were not observed, €2;4; can not
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be dominated by 6y...0;. However, since none of the resets that were effective
on §; have been overridden by the ones observed on transition k 4 1, they
remain effective, and thus, 6y...0,_; continues to dominate €2;4;. Therefore,

fp...0;_1 satisfies the requirements in the theorem.

Case 2. r=75+ 1.
Then the (k+ 1)st transition was implied by II, i.e., v; held during the (k+ 1)st
transition. Since none of the resets that are effective on §; that are not on 6; were
observed, 6y...0;,_; dominates €;11. Moreover, since all the resets and queries
on §; were observed, fy...0; dominates Q7. The maximality of j follows from

Lemma 3.2.13.
Case 3. r < j.

Case a. The (k + 1)st transition was implied by IV.
This means ~,_; was observed on the (k + 1)st transition, and it includes a
reset that is still effective on ~;.
o Fact: 6y...6,_1 dominates Q1.
To see this, consider the last time the automaton was at location p,. All
the transitions taken after that point, except for the (k+1)st one, do not
change the fact that 6y...0,_; dominates the current €2, by the induction
hypothesis. Since the (k4 1)st transition merely repeats v,_1, 6g...60,_1
continues to dominate Q4.
e Fact: 6y...0,_1 is the maximum such prefiz.
Assume otherwise, i.e., let 6...0,_1 be the longest such prefix, with p > r.
Since v,_1 was true during the (k4 1)st transition, the resets observed
on the previous #,_; are no longer effective, therefore, #y...60,_; contains
ineffective resets. This is a contradiction.
Case b. The (k + 1)st transition was implied by V.
Let zj be the clock minimizing [ where R(xy) € 6, is observed on the
(k + 1)st transition while still effective. Then r = [j.
o Fact: 6y...6,_1 dominates Q1.
To see this, consider the last time the automaton was at location p,.
By the induction hypothesis, all the transitions taken after that point
until the (k4 1)st one do not alter the fact that 6y...6,_1 dominates the
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current €2, by the induction hypothesis. The (k + 1)st transition does
not include any resets that are on 6y...0,_1 that are still effective, by the

minimality of ;. Therefore, 6y...0,_1 dominates Q4.

e Fact: 6y...0,_1 is the maximum such prefiz.
Assume otherwise, i.e., let 6...0,_1 be the longest such prefix, with p > r.
Since R(zj) was observed on (k + 1)st transition, 6, = 6;, contains a
reset that is not effective. Thus, fy...0,_1 contains an ineffective reset, a

contradiction.

Cases 1,2 and 3 cover all edges of Mg. Thus, the statement of the theorem holds for k 4+ 1.
Therefore, the theorem holds for all k. [ |

Compute O, the effective RQ sequence of 7.
Compute a minimal RQ sequence O ,,;, such that
e O, dominates O, and
o Ineq(Or i) is not satisfiable.
return Mg

T,min "’

Figure 3.5: Algorithm for Construct_Constraining_Automaton(U;, 7).

The construction given, along with Theorem 3.2.12 proves that C'onstruct_Constraining -
Automaton(U;, w) can be correctly implemented as shown in Figure 3.5. A procedure for
obtaining O ., from O, was presented in [Wu94]. The iterative verification algorithm of
Figure 3.2 in conjunction with the subroutine in Figure 3.5 is a complete decision proce-
dure for automata with the SPP. This is because each time an untraversable simple path is

found, all of its cycle expansions are eliminated by Mg as well, which means it suffices

to explore the finitely many simple paths. Note that the construction presented provides an
alternative, and possibly more powerful, way to eliminate a given error trace. Therefore, for
any iterative algorithm that eliminates one path at a time, replacing the elimination step
by the algorithm described in this section will not affect correctness. Thus, the algorithm
above is a complete decision procedure for timed automata for which such iterative algo-
rithms are guaranteed to converge. As argued previously, for more general constraints, no
termination guarantee can be proven, since the problems themselves may be undecidable

[Alu91]. It may be possible, however, to prove termination for certain other special cases.

We have implemented this procedure in the verification tool HSIS. The performances
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Example [LB93] [Wu94] [BSV95] [TB95]
Time | Iter. | Time | Iter. | Time | Iter. | Time | Iter.
Railroad 2.6 3 1.7 | NJA | 14 2 1.4 2
(safety)
Railroad 1756 | 11 25.6 | N/JA | 87 11 12.3 9
(bounded liveness)
Plane 1.5 3 28 | N/A | 0.9 3 1.0 3

Table 3.1: Run times on a DECstation 5000/260 and number of iterations for four iterative
algorithms implemented in HSIS.

of the several algorithms are compared in Table 3.1 on the example systems presented in
[Wu94]. The first two examples are a safety and a bounded liveness property ® of a train
gate controller; the last example is a plane landing system, all described in detail in [Wu94].
All algorithms were implemented on the HSIS verification tool. The first algorithm (the
column marked [LB93]) is an iterative timing verification algorithm implemented in HSIS
that operates on “alternating R/Q timed automata”:a restricted class of timed automata
for which the SPP is guaranteed by construction [LB93]. All three examples are expressible
in the form of alternating R/Q timed automata, and therefore it was possible to apply this
algorithm. The second algorithm (the column marked [Wu94]) assumes a certain structural
property that guarantees the SPP. The third algorithm (marked [BSV95]) does not make use
of the SPP, but uses other heuristics to make the iterations efficient. The fourth algorithm
(marked [TB95]) is the one described in Section 3.2.3. On the basis of the examples in
Table 3.1, the performance of our implementation is better than those of [LB93] and [Wu94],
and is comparable to that of [BSV95].

3.3 Elimination of Multiple Traces in One Iteration

The iterative timing verification algorithms in the literature use an untimed reachability
computation tool to obtain an error trace, and proceed by restricting the system to eliminate

that trace if it is found to be inconsistent with the timing constraints. Typically, the

*Intuitively, a liveness property is a property that the system must eventually satisfy. Thus, any timed
event sequence can be extended to satisfy a liveness property. When a quantitative bound is placed on the
time within which the property must be satisfied, (a “bounded liveness property”) the property formally
becomes a safety property [BSV95]. This is because, after the bound is exceeded, later behavior of the
system can not satisfy the property.
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Final (Bad)
ates

Initial
states

Wavefront 1
Wavefront 2

Wavefront 3

Wavefront k

Figure 3.6: HSIS error trace computation.

reachability tool computes enough information to obtain more than one error trace each
time it is run. We propose a method that makes use of all of these traces. This offers a
new flexibility: the time spent in each iteration is increased, but, in return, the number of
iterations is decreased. Since reachability computation is usually the most time consuming
part of the verification process, fewer iterations can reduce run time significantly. In this
section, we address the problem of making use of all these traces within the iterative timing
verification algorithms in HSIS [ABB*94].

Starting from the initial locations, HSIS computes the wavefronts depicted in Fig-
ure 3.6, where the nth wavefront corresponds to the set of locations reachable by traversing
n edges. When the latest wavefront contains a “bad” location spaq € Starger, HSIS computes
a path leading to spqq by moving backwards from sp,q until an initial location is reached.
Suppose that sp.q is on wavefront k. The algorithm for computing a path 7 leading to sp.q
from an initial location is given in Figure 3.7.

Instead of choosing p € S, we propose keeping all of the information about .5, i.e.,
computing and recording the transitions that reach some location in S from wavefront
( — 1). This way, the part of the transition structure that leads to sy from the initial
locations is retained. Then, the paths in this reduced transition structure are checked for
traversability. This timed reachability analysis is simpler since the graph involves no loops
and is smaller than the original automaton.

Suppose that the paths in this reduced graph have been shown to be untraversable
because of timing constraints. Let us generalize the method of the previous section to

eliminate all paths in this graph. Note that if any path is found to admit a consistent timing,
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S 4 Spad, J &k, m=s
While s is not an initial location do
S < the set of locations on wavefront (j — 1) that can reach s
If S contains an initial location s;
7 ¢ s;om: Add s; to the beginning of 7.
else
Choose p € S
T4 pomw
s p,g+—g—1

Figure 3.7: Algorithm in HSIS for finding a path leading to s34q from an initial location

then language emptiness does not hold and a timed error trace can be returned. This is one
improvement over considering one trace at a time: if there is a timing consistent path that
leads to spqq, it is discovered at this stage without needing to eliminate timing inconsistent
paths leading to spqq and run the reachability routine after each such elimination.

As argued in the previous section, what determines the timed traversability of a path
is its effective RQ sequence. Therefore, in the above graph (henceforth referred to as G.,,),
locations that are connected by an edge with no resets or queries can be merged. Then
all resets which are not the effective resets for a query along some path are deleted. After
this, if two edges originating from the same location have the same resets and queries, these
edges (i.e., the locations that they lead to) are merged by a similar reasoning.

At this point, all RQ sequences represented by G, are known to admit no consistent
timing, therefore, they must all be eliminated. By removing these paths all at once, we
eliminate the computational cost of running the reachability algorithm after eliminating
each of them. We propose the following method to eliminate a group of RQ sequences in
one pass: For each RQ sequence ©, we find a minimal ©,,;, that dominates © and admits

no consistent timing. We then construct Mg __ for each distinct ©,,,;, and take the product

of the system with all such Mg, ., .

One possible difficulty with this approach is that there may be a large number of RQ
sequences all dominated by a few ©,,;,. To alleviate this, after calculating each ©,,;,, we
remove from G, those RQ sequences that are dominated by 0O,,;,. With this optional

step, we can guarantee that we perform no more computation than an iterative tool that
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processes one trace at a time, while, on the other hand, saving on the number of times the
language emptiness routine is called. This step need not be performed if the number of RQ

sequences in G, is not large.

3.4 Conclusions

We presented a technique for iterative verification with timed automata that does not
restrict the timing constraints used, and that exploits the SPP if the automaton has this
property. This technique eliminates the need to decide whether the automaton has the SPP,
and is a complete decision procedure for automata for which iterative algorithms already
exist. We also proposed the use of a set of error traces at each iteration of a timing verifier.
We argued that no efficiency is lost, and significant reductions in the number of iterations
are possible.

The use of the techniques presented in this chapter is not restricted to timed automata:
any finite transition structure coupled with a set of real-valued variables and constraints
and assignments to these variables on the transitions can be handled in this framework.

Our conclusion from the study reported in this chapter was that iterative abstraction
methods reduce verification complexity significantly if much of the timing information in
the system description is redundant. However, in general, this form of complexity relief
is not sufficient for handling systems with a large number of concurrent constraints for
which all of the timing information is needed at least some of the time. This provides the
motivation for the hierarchical and compositional abstraction methods to be developed in

the forthcoming chapters.
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Chapter 4

Abstraction Relations for Timed

Systems

4.1 Introduction

This chapter addresses the problem of checking the correctness of abstractions of real-
time systems. For two given representations of a system, we would like to prove that the
more refined one is a correct implementation of the more abstract one. This is referred to
as a refinement check or an abstraction check. By checking refinement, we are assured that
the properties proved using the abstract description are satisfied by the refined version.
This scenario may arise either because a design is being carried out in a top-down fashion
through a series of refinements or because a system is too complex for automatic verification
algorithms and a simpler, more abstract model of the system needs to be used. This
paradigm is also referred to as hierarchical verification: a hierarchy of descriptions at varying
levels of abstraction are given for a system, and for adjacent levels in this hierarchy, it is
required that the lower one be a correct implementation of the upper one.

Several alternatives exist for formally defining what it means for a real-time system to
“correctly implement” another. In Section 2.4.3 we defined the timed implementation rela-
tion <y, to be timed language inclusion: a real-time system modeled by the timed automaton
A implements B if A <; B. While this relation is a natural choice for an abstraction rela-
tion, it was proved in [AD94] that language containment is undecidable for non-deterministic

systems. Since abstract descriptions often involve non-determinism, abstraction relations
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that are computationally tractable are needed for hierarchical verification. Moreover, when
a refinement check is performed, often there is a tighter relation between the abstract and
the concrete descriptions: the concrete description makes explicit detail that is left out in
the abstract version. Thus, each implementation state corresponds to a state of the abstract
description. Abstraction relations that require such correspondence are stronger notions of
implementation than language inclusion and are less complex to check. In this chapter, we
investigate two such relations: timed simulations and homomorphisms for timed systems.
In Section 4.2 we propose timed simulation relations as a sufficient condition for implemen-
tation. For each state in the refined automaton, a timed simulation relation specifies states
in the abstract automaton that exhibit the same input-output behavior. In Section 4.2.2
we prove that it is decidable (in EXPTIME) to check whether such a relation exists between
two systems. Section 4.3 explores homomorphisms, which are restricted forms of simula-
tion relations, as an alternative way of specifying and verifying timed abstractions. The
homomorphism-based approach requires the user to specify a correspondence between the
locations (not states) of the abstract and refined versions of a system, but is computation-
ally more feasible, and is a generalization of the existing homomorphism checks supported
by the system CoOSPAN. In Section 4.3, we present an algorithm for checking if a given
mapping between the locations of two timed systems implies inclusion of timed languages.
This algorithm was implemented in CospAN and was used in the hierarchical verification
of two asynchronous circuits, presented in Section 5.4 and Chapter 6. Section 4.4 contrasts
the work presented in this chapter with other existing approaches to verifying abstractions.
Section 4.5 concludes the chapter and presents the motivation for compositional strategies

for hierarchical verification.

4.2 Timed Simulation Relations

Suppose we would like to prove that a timed automaton A is a correct implementation
of B. A timed simulation relation pairs states of A and B that have identical responses to
all timed events. If it is possible to match each initial state of A with some initial state of
B in this manner, then B can imitate all traces of A and thus A <; B. Below we define

timed simulation relations formally.
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4.2.1 Definitions

Suppose that A is comparable to B. A timed simulation relation from A to B is a
binary relation 2 C ¥4 X X g among the states of the two automata such that for every
(o,7) € Q, and for every timed event v in ['4, if o 2 o' then there exists 7/ € Tp such
that 7 = 7" and (o', 7) is in Q. This requirement is referred to as the simulation condition
for the pair of states (o, 7). The timed simulation relation € is said to be initialized iff for
every initial state o of A, there exists an initial state 7 of B with (o,7) € Q. If the timed
automaton A is comparable to the timed automaton B, and an initialized timed simulation

relation from A to B exists, then A is said to timed-simulate B, written A <g B.
Proposition 4.2.1 (Preorder) The <g relation is reflexive and transitive.

Two timed automata A and B are timed simulation equivalent, written A =g B, iff
both A <s B and B <g A. It follows that the relation =g is an equivalence relation. Timed

simulation implies timed language inclusion, but is a stronger requirement.
Proposition 4.2.2 (Languages and simulation) If A <g B, then A <p B.

It is known [Mil71] that the converse of Proposition 4.2.2 does not hold. Simulation
is a condition about the transition structures of two automata that involves the internal
states as well as observed behavior. Thus, it is more restrictive than language inclusion.

The properties of timed simulation formalized in Propositions 4.2.3 and 4.2.4 make it

suitable for use in a hierarchical and compositional verification framework.

Proposition 4.2.3 The composed automaton is an implementation of each component:

Al C =5 A.

Proposition 4.2.4 (Compositionality) Timed simulation is a congruence with respect

to the composition operator ||: If A <s B then A ||C <g¢ B || C.

The next section shows that timed simulation is computationally tractable.

4.2.2 Decidability of Timed Simulation

A language inclusion check between non-deterministic timed automata is undecidable

in the general case!, while [Cerans92] has proved that computing timed bisimulation is

'The halting problem for non-deterministic 2-counter machines can be reduced to the language inclu-
sion problem in a similar manner to [AD94]. There are two key differences from [AD94]: the non-halting
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decidable. The existence of a timed simulation relation is a sufficient condition for language
inclusion. In the following, we will show that the problem of checking the existence of a
timed simulation relation is decidable. It follows that simulation relations are a good choice
for the implementation preorder.

Because of the dense real time domain involved, the decidability of simulation is not
a straightforward extension of the corresponding result for untimed automata. The state
spaces of the two automata involved in the refinement check are uncountably infinite. A
simulation relation must specify for each pair of states whether they are related, which
makes the number of relations that are candidates for being a simulation also uncountably
infinite. Furthermore, for a pair of states in a given candidate relation, it must be checked
for each timed event that they behave in the required way. Because of the real-valued time
increment ¢ involved in a timed event v = (4, f, f’), there are uncountably many events that
the simulation condition needs to be checked for.

It may appear at first that this can be achieved by checking whether the untimed
automaton Region(A) is simulated by Region(B). This condition does not imply timed
simulation. Instead, it gives rise to time-abstract simulation [CGL93, TY96]. We cannot
infer from time-abstract simulation that the timed language of A is contained in that of
B, thus, timed properties of B do not carry over to A. However, properties not involving
time are preserved: for each timed sequence vB = vB 4B, .. € £(B) there exists v4 =
{93, ... € L(A) where, for each i, if ¥P = (6P i, f), v4 = (64, f;

£ /) for a possibly
different time increment 6. The sequence of input-output transitions is preserved, but time

? e

durations are not. For hierarchical verification of timed properties, this is not sufficient.
We check timed simulation by reducing the problem to a finite check on the (finitely

many) equivalence classes of a relation defined on ¥4 x ¥pg. This relation extends region

equivalence to the product state space in the same manner as [Cerans92]. Our proof gener-

alizes to timed simulations the result of [Cerans92] on the decidability of bisimulations.

Uniform functions and region equivalence

Uniform functions help us relate clock valuations that belong to the same region. We
will use them for showing that two region equivalent valuations can imitate each other’s

transitions. In the following, A is a timed automaton and = is interpreted on A.

computations of the 2-counter machine are encoded as finite strings and accepting states of automata are
mimicked by using output variables.
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Definition 4.2.5 A function p: IR — R is said to be uniform iff
® p is conlinuous,
oz <y=p(z) < py): p is strictly increasing, and,

e p(0) =0, and, for every k € N and z € R, p(z + k) = p(z) + k.

Observe that a uniform function is uniquely defined by specifying its value on the interval
(0,1). For X-valuations ® and ©, we write ® = p(©) to denote the fact that for each 2 € X
either ®(z),0(z) > K,, or ®(z) = p(O(x)).

Lemma 4.2.6 Let p(z) be a uniform function. Then the following functions are also uni-

Jorm:
e p~ (), the inverse of p,
o —p(=2),
o pal(e) =dey p(x — A) = p(=A).

Lemma 4.2.7 (Region equivalence and uniform functions) (o, ®) = (7,0) if and

only if there is a uniform mapping p such that © = p(P).

Proof:

(=) Let ® and O be region equivalent. Let uy < ug < ... < y—q and wf <wfh < ... <wul_,4
be the non-zero fractional parts of the clock values in ®(z) and O(z), respectively, for
values of 2 € X such that ®(z),0(z) < K,. Define up = uj, = 0 and u,, = u/, = 1.
Let p(w;) = u} and for any z € (0,1) such that u; < 2 < ujqq, let

ple) = pluj) + (p(ujrr) = p(ug)) (@ = uj) /(w1 = uj)
p as defined is uniform, and © = p(®).

(<) Follows from the facts that p(k) = k for k € IN, pis strictly increasing, and Fr(p(z)) =
Fr(p(z)) iff Fr(z) = Fr(z') or z, 2’ > K,.



CHAPTER 4. ABSTRACTION RELATIONS FOR TIMED SYSTEMS 47

Corollary 4.2.8 For an integer k < maz,.cx K, a uniform function p and ¢ denoting one
of <, > and =, x ok if and only if p(x) o k. Therefore, a clock predicate on an edge of A
s satisfied by ® iff it is satisfied by O.

Lemma 4.2.9 Suppose that (s, ®) L (t, ®) for some timed event (5, f, ') and (s, ®) =
(s,0) such that @ = p(®) for a uniform function p. Then (s, O) (5'£$f'> (t,0), where

5" = —p(=6) and (t,®) = (t,0) such that © = ps(®) for the uniform function ps.

Proof: We will first argue that wait((s,©), ). Let us pick arbitrary A’ < §’. We must
show that @+ A’ = a(s). Since wait((s, ®), ), we have (P+A) = a(s) for all A < §. Recall
(from Lemma 4.2.6) that —p(—=2) is a uniform function. By the continuity of —p(—z), we
know that there exists A < ¢ satisfying A’ = —p(—=A). Then © + A" = p(®) — p(—A) =
pa(® + A). By Corollary 4.2.8 and the fact that pa is uniform, we infer (0@ + A’) = a(s).
Thus, wait((s, ©),d").

After waiting for ¢’ starting at (s,0), we reach 7 = (5,0 + ¢') = (s, ps(® + 0)). Let
e = (s,t, ¢, x, R) be the edge associated with the transition (s, ®) <5’f4f/> (t,®). Again by
Corollary 4.2.8, the clock values at the state 7 satisfy ¢, since (® 4+ §) = ¢. Thus, we can

take the edge e at state 7. The final values of the clocks after taking e starting at 7 are

given by (ps(® + 8))[R := 0] = ps((® + 5)[R := 0]), which proves that © = ps(®). |

Simulation relations and region equivalence

As argued earlier, checking whether a timed automaton A timed simulates B requires us
to define an equivalence relation that is finer than the region equivalence of each automaton.
We will use a region equivalence defined on pairs of clock valuations, i.e., in the product
state-space of A and B. Let ®4 and ®F denote clock valuations for A and B respectively.
We denote by @415 = &4 U &P the following clock valuation:

oA (z),if v € X4
d(z) =
OB (2),if v € XP

Region equivalence on pairs of clock valuations is defined as follows: (&4, %) = (64, ©)
iff for all # € X4 U XPB, either both ®415(z) and @418 (z) are larger than K, or the

following hold

° L(I>A||B(x)J = L@A”B(ac)J, and
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o For all 2/ € X such that ®41B(2") < K., Fr(®41B(z)) > Fr(®41B () iff
Fr(@41B(z)) > Fr(©41B(2")), and

o Ir(®4B(2))=0 < Fr@4lB ) =0.

Note that this equivalence relation requires the ordering of fractional parts of all of X AU X P
be the same in the two pairs of valuations. This is a stronger requirement than the product
of the region equivalences defined on each automaton alone. In the rest of this chapter, we
will use this version of region equivalence.

Let 04 = (s4,04) 0B = (B ®B) 4 = (¢4, 04), and 7P = (tP,08). We write
(04,0B) = (14, 7B iff s4 =14, 5B =P, and (@4, ®P) is region equivalent with (04, 0F).
For a state o0 = (s, ®) we write p(o) to denote the state (s, p(®)).

The following theorem stipulates that any simulation relation can be extended to one
consisting of equivalence classes of =. With the aid of this theorem, it will be sufficient to

consider a finite number of candidates for timed simulation relations.
Theorem 4.2.10 Let Q be a timed simulation from A to B. Define
Q= {<UA,UB> ‘ (02, 0B) = (14,78 for some (4, 78) € Q }

Then, Q' is also a timed simulation relation from A to B. Furthermore, if Q is initialized,

then so is .

Proof: Let (04, 6P) € O and 64 5 54 for a timed event v = (5, f, ). We need to prove
that there exists &7 such that o 5 55 and (64, P) € Q.

Since (o4, aB) € ) there exists (14, 78) € Q such that (¢4,08) = (+4,75). By
Lemma 4.2.7, there exists a uniform function p satisfying (r4,78) = p((c?,0P)). By
Lemma 4.2.9, 74 5 74 for 74 = ps(64), where § = (§',f,f') and &' = —p(—35). The fact
that (4, 7P) € Q implies that 78 4 #B for some 7B such that (74, 78y € Q. Since 0P =
B) B

1

'
, and since p~! is a uniform function, from Lemma 4.2.9 we infer that o? 56

pH(r
for v = (5", £, ), 6" = —p~(=d") = 6, and 6% = (p™!)5(#B). But then 4/ = v, and
P = (p™YHs/(#B) implies 78 = ps(6P). Thus we have (74,78) = ps((64,5P)), which
means, by Lemma 4.2.9, (74, 78) = (64,5P) which in turn implies (54,58) € . [

Theorem 4.2.10 implies that the maximal timed simulation relation consists of a union

of equivalence classes of =. In the following, we will develop machinery to show that given

A and B, the problem of deciding if a timed simulation from A to B exists can be converted



CHAPTER 4. ABSTRACTION RELATIONS FOR TIMED SYSTEMS 49

to a condition on the equivalence classes of = which can be checked in finitely many steps.

From this we will infer that the problem is decidable.

Symbolic simulations.

For timed automata A and B, let £Q 4 be the set of equivalence classes of = on
Y4B as defined above. With £Q(c4,P), denote the equivalence class that the state
(o4, 0B ¢ Y4B belongs to. Let ot = (s4,04) and 0P = (5B, ®P) Let up < uy < ... <y,
be the fractional parts of clock values specified by the clock valuation ®4I15 = ¢4 U @5,

Let k4 be such that uy, is the largest fractional part of a clock value of oA, Define
Times((a4,0P)) = {(1 —w;) | ka <P <k} U {(1 =0.5(w; +uip1)) | ka <i <k}

with the convention that ury; = 1. If we imagine the fractional parts of clocks ordered
on the real line and if we also include the mid-points between each two adjacent fractional

parts, T'vmes consists of the distances between these points and the next integer point.

Lemma 4.2.11 Suppose that (t4,78) = (¢4, B) and let
Times((c?,0P)) = {ay, ..., a,}
with a1 < as < ... < a, and
Times((r?, 7)) = {by, ..., b,}

where the b;’s are similarly ordered.
Then there exists a uniform function p such that (4, 78) = p({c4, oP)) and for each
i, pla;) = b;.
Proof: Let 0 =45 up < u1 < up < ... < uyp < upy1 =4e 1 be the fractional parts of the
clock values in <TA, TB>. We construct 0 = pg < p1 < p2 < ... < pog < pory1 = 1 such that
for each 1 <4 <k, pa; = u; and pai—1 = 0.5(u; + w—1). Let = g0 <1 < g2 < ... <o <
G2r+1 = 1 the corresponding list for <UA, O'B>. A uniform function mapping the ¢;’s to the
p;’s in the same manner as in the proof of Lemma 4.2.7 satisfies the requirements of this
lemma. [
We say that a subset of equivalence classes X' C £Q 4 g is a symbolic simulation from
A to B iff for each £Q(c#,0%) € X the following condition is satisfied: for every timed

event v = (t,f,f) where t € Times((a?,0P)), if o4 5 74, then
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(1) B 2 7B for some 77 such that £Q(r4,7F) € X', and

(2) If A can wait in o for time ¢, then so can B in state oB.

Note that, by Lemmas 4.2.9 and 4.2.11, the conditions above are independent of what

representative is chosen for each equivalence class.

Theorem 4.2.12 Given X' C £Q 4 let Ry = {<UA,UB> ‘ QoA 0P) ¢ X}. Ry is a

timed simulation relation from A to B iff X is a symbolic simulation from A to B.
Proof:

(=) Assume that Ry is a timed simulation relation from A to B. Note that every timed
simulation relation is included in such an Ry by Theorem 4.2.10. Let £Q(0?,08) € X
and v = (¢, f, ') be such that t € Times((c4,0P)) and 04 & 4. That 7P satisfying
conditions (1) and (2) of a symbolic simulation exists immediately follows from the

fact that Ry is a timed simulation relation.

(<) Suppose that X" is a symbolic simulation from A to B. Let (¢, ¢%) € Ry and let
o 2 74 for some timed event v = (¢, f, f’). We need to show that there exists a 77
such that o 5 75 and (7B rB) € Ry. If t € Times((o*,aP)), the claim holds by
the definition of a symbolic simulation. Otherwise, let ¢,,,, be the largest element of
Times((c4, aP)). We will denote the latter with Times in the rest of the proof. The

proof splits into two cases.

(I) t < tpaw. Then, p <t < ¢ for some p and ¢ in Times. One of p and ¢ has the
form 1 — 0.5(u; + u;41) (call this one r) and the other has the form 1 — u;, for
some i and j. Let o = (s, ®4) and 0P = (s, ®P). Define 0 = (r,f ), ie.,
the time increment in v replaced with r. o4 EA 74, since r and ¢ are both less
than 1 — uy,, which means that the same timing predicates are satisfied by oA,
&4+t and &4 +r. By the fact that X is a symbolic simulation, and r € Times,
oB % 7B for some 7B such that (t4,7B) € Ry. We claim that o 2 78 which
will imply the desired result. This claim follows from the fact that ®F 4+t satisfies
the same clock predicates as ® 4 r, since no clock value crosses an integer value

between these two clock valuations.

(I1) ¢ > tpqs- Let us consider all points in time when a clock of A takes on an integer

value as A waits for time ¢ starting from state 0. Clearly there must be a finite
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number of such points since t is finite and there are a finite number of clocks.
More precisely, let oi*, 04!, ..., Uﬁ be the maximal sequence of states such that
(1) o is reached from o by waiting for time &;, and has some clock with an
integer value, and (2) O'? <5’f—’>f/> 74, where § =t — §;,. We will prove the original
claim in (<) by induction on k. The case where k£ = 0 follows from (I). Let us
assume that the claim holds for £. We will show that the claim holds for k& 4+ 1.
Consider o{', 04, ..., 01}, 0}, ;. Observe that &; € Times({c#,P)). Since X is a
symbolic simulation, and since A can wait for §; at ¢ to reach of', B can wait
at o for §; to reach of such that £Q(of',oP) € X. Applying the induction

. L. t—6, f.f .
assumption to the transition of ( LIt ) 74, we conclude that there exists 77

(t—(&_,}f,f’)

such that of 8. Thus, at state o?, B can wait for a total of ¢ and take

a transition to 77, such that £Q(74,78) € X, i.e., (4, 78) € Ry as desired.

|

Given a timed automaton A that is comparable with B, we can construct the finite

set of equivalence classes £Q g, and then for each subset A’ of £Q 4B, we can check
whether X’ is a symbolic simulation from A to B. This check is finite, since for each
member of X', we need to check a finite number of conditions. If A" is indeed a symbolic
simulation, then we can obtain a simulation relation Ry from A" by Theorem 4.2.12. If
Ry is initial for some A C EQAHB, then A <g¢ B. The converses of these statements are
also true by Theorem 4.2.12. It follows that determining whether A <g B is decidable: this
problem can be reduced to computing the maximal symbolic simulation relation over the
equivalence classes £Q 4 5. For this purpose, any of the existing algorithms for computing
simulation (e.g. see [KS90, HHK95]) can be adopted to obtain an algorithm with complexity
polynomial in the size of £Q 5. The size of £Q4p is polynomial in the number of
locations and exponential in the number of clocks and the size of binary encodings of the

clock constraints. This gives an exponential-time algorithm for checking timed simulation:

Theorem 4.2.13 Gliven two timed automata A and B, the problem of checking whether A

timed-simulates B is solvable in EXPTIME.
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4.3 Verification Using Homomorphisms

In this section, we propose homomorphisms as an alternative way of proving timed
refinement. Homomorphisms are mappings from the locations of one process to those of
the other which conserve the transition structure. There are several reasons for exploring
this alternative approach. First, the algorithm of the previous section is computationally
expensive, and we do not know of good heuristics to proceed with an implementation. Sec-
ond, the tool CospPAN already supports the use of homomorphisms for proving refinements
for untimed systems, which can naturally be generalized to timed systems. Third, homo-
morphisms capture the user’s intuition of the correspondence between the two levels, and
it is desirable to make use of this knowledge to reduce the computational cost of checking

refinement?.

4.3.1 Definitions

A mapping h : S4 — SB is said to preserve untimed behavior iff for each run sq L\
s1 S gt sy of Untime(A) with sq € Sgt, h(so) & h(s1) LN h(sg) is a run of
Untime(B) with h(sg) € SP. The mapping h preserves untimed behavior iff & is a state
homomorphism from the reachable locations of Untime(A) to Untime(B) (see [Kur94] for
the definition of homomorphisms for untimed systems). h is a mapping to be supplied
by the user capturing the intuition regarding the correspondence of locations at different
levels. The syntax of S/R [Gla95], the input language of CospPaN, allows specifications of
such maps. The verifier CosPAN checks, using either an on-the-fly depth-first-search or
a BDD-based symbolic search of the product of the two state-spaces, whether the user-
supplied mapping h preserves untimed behavior. In the following, we generalize this to
timed behavior.

A mapping h : S4 — SP is said to preserve timed behavior iff for each run (sq, ®o) _l
(s1,P1) HE (sg, Pr) of A starting at an initial state, there exist O, ..., O such
that (h(so), Qo) 23 (h(s1),01) B ... 5" (h(sy),Ok) is a run of B that starts at an initial
state. Note that, since there is at most one edge between two locations (see Section 2.3),
if such Qg, ..., 0} exist, then they are uniquely determined. It is straightforward to prove

the following proposition:

Proposition 4.3.1 If h: S* — SB preserves timed behavior, then A <p, B.

2A user-given simulation relation has this property as well, but is harder to specify.
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Observe that for a mapping to preserve timed or untimed behavior, it must map initial

locations to initial locations. We restrict our attention to such mappings.

4.3.2 Checking Preservation of Timed Behavior

The remaining part of this section describes a method for checking if a given mapping
h preserves timed behavior. This is achieved by converting the problem to an untimed
homomorphism check, which can then be performed by a tool such as CospaN [Kur94].
The basic idea is to construct an untimed transition structure R in the fashion of the
region automaton of Section 4.2.2. This approach has the added advantage that we use
the homomorphism checking in COSPAN as a black-box, and thus, we can use either an
on-the-fly depth-first search or a BDD-based symbolic search.

The untimed process R has no outputs and the same inputs as A, with an additional
input specifying the location of B. For notational convenience, an input event of R will
be given as an input event of A together with the old and new locations of B, s? and t?,
denoted as (f + sB,f’ + tB>. The location of R keeps track of the location of A and the
equivalence class of the clock valuations of A and B. Let [®] denote the equivalence class

of = that ® belongs to. The locations S™ of R are given by
{(s*,[@4,®P)]) | s* € §4 and ®* and ®F are X* and X P valuations } U {Bad}

The initial locations of R are all locations of the form (s{,[0,0]) where s5 € Sg.

Consider a sequence of (untimed) observation events v/ = 74,71, ..., 74_,; Where 7! =
(f;,f/). Note that there are many timed event sequences ¥ = 7o, v1, ..., Yk—1 such that for
all 7, v; = (8;,£;, £]) for some §; > 0. Imagine a run of timed processes A and B on 7, where
5= s, sP, ..., sP is such that sP is the location of B after timed event 7;. Each location
that R can reach on 7/ and 3 corresponds to some such 7 and carries the information about
the location that A reaches and the equivalence classes that the clock values of A and B
are in.

R has an edge from (s?,[®@4 ®B]) to (t4,[04,05]) on observation event 7' = (f +
sB £+ tB) iff for some timed event v = (5, f, ") we have (1) (s4, ®4) 5 (#4,04) and (2)
(sB,®B) & (tB OF) for some [04,0F] = [04,0F]. R has a transition to location Bad
from (s4, [®4 ®B]) on ~' if for some 5 as above (1) holds for some 64 and (2) does not

hold for any ©F. Bad has a self-loop on all observation events.
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By Lemma 4.2.9, the choice of the representatives from equivalence classes is immate-
rial, therefore the construction of R outlined above is well-defined. Observe that, since clock
predicates on edges cannot distinguish clock valuations that belong to the same equivalence
class, for the choice of the time increment of the timed event, one need only consider values
of § that lead to distinct equivalence classes, i.e., different [®4 4 &, ®P 4 §]. Given one clock
valuation, the least time increment that will lead to a new equivalence class is 1 — U424,

where ;.. is the largest fractional part of the clocks.

4.3.3 Soundness of the Algorithm

Theorem 4.3.2 Let h be a mapping from A to B and let b’ : (ST*\ {Bad}) — S? given by
R (s, [@4, @B))) = h(s?). h preserves timed behavior iff, assuming that whenever R is at

s B is at the location h'(s), (1) h' preserves untimed behavior and (2) Bad is unreachable
in k.

Proof:

(=) Assume that h preserves timed behavior. Let v/ = 4{,1,...,7._, be a sequence of
observation events for A. We show by induction on the length of 4/ that conditions
(1) and (2) of the theorem are not violated by any run on 4’. If & = 0, then both
claims hold trivially. Assume that we have the desired properties for k. Consider
k + 1. By the induction assumptions on (1) and (2), observe that all runs of R on
s V15 s Yy Where the location of B is given by h’ must have the form to, ..., ¢4
where t; = (s;, [®;,0;]). Let us take one such run. By the construction of R, we can
find runs (sg, ®o) = (s1,P1) B ... T {5k, ®r) of A, and (h(s0),00) 3 (h(s1),0,) B
e (h(sk),Ok) of B such that [®;,0;] = [(f“ (:)Z] for 1 < i <k where v; = (6;,fi, £/
for all 2. Now consider ;. If R has a transition on +;, then there must exist v =
0k, £i, ) such that (sg, @) LY (Skt+1, Pr41). Let us pick any such transition. Since
h preserves timed behavior and since h and 7y, ..., vx—1 uniquely determine B’s run
up to (h(sy), Or), we must have (h(sy),01) 5 (h(sp11), Ory1). Thus, conditions (1)

and (2) are satisfied for k as well.

(<) Assume (1) and (2). Let vo,71,...,7k—1 be a timed event sequence, where v; =
(0;,F;, ) for all i. We will proceed by induction on k. For k& = 0, (<) holds by
the fact that initial locations are mapped to initial locations by h. Assume that (<)
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holds for k. Consider k+ 1. Let (sq, ®o) n (s1,P1) o (sk, Pr) LY (Skt1, Pry1) be a
run of A. By the induction assumption, there exist Oy, ..., O such that (h(so), Og) _l
(h(s1),01) B ... 53" (h(s}),©4) is a run of B. Then, by (2) and the construction
of R, tg ﬁ t l %—31 tr is in R, where v/ = (f;,£) and t; = (s;, [®;, 0;]) for all 1,
and the location of B is specified by h'. Since (si, ®) LS (Skt1, Pry1) in A, by the
construction of R, g E tr+1 for some ty41, while the location of B changes to h(sy1)
from h(sg). By (2), Bad is unreachable from ¢ in this case. Then, by the construction
of R and (1), there must exist @y, such that (h(sy),0r) 5 (h(sps1), Ort1), which

is what was required.

|
The size of R is exponential in the number of clocks in A and B and the constants
used in the timing predicates, and linear in |54 X Sg|. The complexity of checking (1) and

(2) in the theorem is then linear in the reachable part of R.

4.3.4 Implementation

We have implemented an algorithm within the Cospan [Kur94] system to construct
R from A and B. CoOsPAN supports timing verification and homomorphism checks (see
[AK96] for an overview). Our implementation integrates these two capabilities. Given R
and B, conditions (1) and (2) of Theorem 4.3.2 can be checked simultaneously by CospaN
by an on-the-fly search. If (1) fails, this points to the fact that h does not preserve untimed
behavior in the reachable parts of A and B. If (2) fails, on the other hand, then B can not
follow A due to timing constraints. In the coming chapters, we will use this algorithm to

check whether one timed automaton is a correct refinement of another.

4.4 Related Research

In recent years, many tools have been developed to support verification of real-time
systems (for instance, ORBITS [Rok93], KroNos [DOY94], timed Cospan [AK96] and Up-
PAAL [LPY95]). These tools consider the problem of model checking, that is, verifying that
a mathematical model of a system satisfies its specification. The problem of proving refine-
ments of timed systems has been considered only in the context of manual proofs (see, for

instance, [AL91, Sha92, LA92]).
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For timed systems, a variety of implementation relations can be considered. Timed
language containment is undecidable [AD94]. Timed bisimulation is decidable [Cerans92],
but is not appropriate for refinements. Time-abstract simulation is considered in [HHK95],
but does not preserve timed properties. Timed simulations can be viewed as a special case
of the timed modal specifications of [CGLQS]7 but this study neither provides an algorithm
nor a proof of decidability for timed simulation.

The use of simulation mappings or homomorphisms to prove refinements is common
in the literature (for instance, [LT87, AL91, Sha92, Kur94]). Among automated tools,
CospPAN provides support to check whether the user-supplied mappings actually define a
homomorphism. The algorithm presented in Section 4.3 generalizes this to checking the

preservation of timed behaviors.

4.5 Conclusions

In this chapter, we proved that the problem of checking the existence of timed sim-
ulation relations is decidable, generalized the notion of state homomorphisms to timed
automata, and gave an algorithm to check if a given map between the locations of two
automata preserves timed behavior. The proposed algorithm was implemented in COSPAN,
and used in the verification of two asynchronous circuits, to be described in Section 5.4 and
Chapter 6.

Unless one has a good understanding of the two systems involved in the implementation
check, it can be difficult to specify a correct homomorphism and usually several iterations
of specification and verification are required. Therefore, it is valuable to have the capability
to check for timed simulation relations without the user needing to provide the relation.
However, such an algorithm is likely to be too complex in practice. It may be possible to
devise heuristics for certain application domains.

The verification method described in Section 4.3 combines the region automaton ap-
proach for timing verification and homomorphism checking for the verification of abstrac-
tions. In principle, other methods for performing these tasks could be combined in a similar
fashion, and may yield more efficient algorithms.

We believe the results reported in this chapter will be useful in applications such as
circuit timing verification and hardware software co-design, where the capability of having

abstract descriptions that include timing information is valuable.
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The bottleneck in hierarchical verification of real-time systems is most often the size
of the representation for the refined system model, as the case studies in Chapters 5 and 6
will demonstrate. A monolithic representation for practical systems is often too large for
non-hierarchical and hierarchical verification algorithms. The main purpose of performing
verification hierarchically, in fact, is to avoid constructing such a representation. This is
achieved by the use of a compositional strategy. The hierarchical verification problem is
divided into sub-problems, each corresponding to a well-defined sub-module of the system.
These “lemmas” are then put together to form a proof of correct implementation for the en-
tire system. The next chapter explores a compositional verification paradigm for alleviating

verification complexity of real-time systems.
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Chapter 5

Modular Verification of

Abstractions

5.1 Introduction

A typical electronic system consists of coordinating components, each of which imple-
ments a certain aspect of the system’s function. The size of the system’s state space grows
roughly proportionately to the product of the sizes of the components’ state spaces. This
fact, referred to as the “state space explosion problem” limits the size of systems that can
be handled by state space traversal-based automatic verification algorithms. In fact, almost
all practical designs today!, when modeled in their entirety, are beyond the reach of the
state-of-the-art verification tools. For real-time systems, this complexity is compounded
by the component of the state-space that represents the timing information. The hierar-
chical verification algorithms presented in the previous chapter operate by traversing the
state-spaces of region automata, and therefore suffer from state space explosion.

The aim of compositional verification is to decompose the problem of verifying refine-
ment for a system into subproblems so that a monolithic representation for the system does
not have to be built. The decomposition is typically inferred from the physical or logical
structure of the system. Refined and abstract models are described as compositions of
modules, where each module corresponds to one component in the system. To prove that

a refined system with two components A and B implements an abstraction consisting of

With the exception of a few circuits that are well suited for a particular data structure or verification
technique, such as the bus protocol of [CGH193]
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two components C' and D, the compositionality principle asserts that it suffices to prove A
implements C' and B implements D separately, thereby avoiding computation on A || B.

For practical applicability of hierarchical verification, it is essential for the implementa-
tion relation to be compositional. However, the compositionality principle by itself is often
not powerful enough to support a modular refinement proof. In the stronger, and often
more useful assumption-guarantee rule one proves that (1) the composition of A and D
implements C', and (2) the composition of B and C' implements D from which one infers
that A || B implements C' || D. Three observations about this rule are important. First, the
rule addresses the issue that the environment of A has to be suitably constrained in order
to implement C', and similarly for B. Second, the rule still avoids operating on the com-
pound implementation A || B, which typically has the largest of the involved state spaces.
Third, unlike the compositionality principle, the assume-guarantee principle is circular and,
as such, not propositionally valid. Its proof requires induction on the lengths of traces and
a non-blocking restriction on module descriptions; each module must be able to react to
any input and not block the progress of time. This chapter investigates assume-guarantee
style proof rules for real-time systems.

In Section 5.2 we introduce the non-blocking property and prove the soundness of
assume-guarantee style verification for non-blocking systems, taking timed language inclu-
sion as the most general notion for implementation. In Section 5.3 we explore assume-
guarantee style verification with simulation as the implementation preorder. Section 5.4 is
dedicated to a case study on compositional and hierarchical techniques: the asynchronous
Seitz queue element [Rok93] is verified. Section 5.5 discusses related work and Section 5.6

concludes the chapter.

5.2 Modularity in Hierarchical Verification

Let < denote one of <g or <y, an implementation relation for real-time systems. Then

the following compositionality principle holds for hierarchical proofs:

Proposition 5.2.1 (Hierarchy and Compositionality) If A < C and B < D, then
AllB < C|D.

While Proposition 5.2.1 is required for modular refinement checks to be sound, it alone

is of little use in practice. This is because, for a system consisting of several modules,
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the abstract description for each module is correct only in the environment that the mod-
ule is intended to operate in. In an arbitrary, possibly hostile environment, the refined
module may exhibit behavior that is not consistent with the abstract specification, or it
may not function at all. To be able to decompose a hierarchical verification problem into
sub-problems involving one module each, we need a formal mechanism to incorporate in-
formation about the environment of each module into the refinement check. Furthermore,
this environment representation must be compact, otherwise, the technique will defeat its
purpose.

Toward this end, we investigate assumption-guarantee style reasoning principles for
timed abstraction relations. With a certain restriction on system descriptions, we obtain a
simple and powerful modularity principle. In the rest of section, timed language inclusion
is taken as the notion of timed implementation, and the soundness of the assume-guarantee
rule is proven. Section 5.3 achieves the same for timed simulation. First, we define the
non-blocking property, aimed at ruling out problematic behavior that a properly modeled

system should not exhibit.

5.2.1 The Non-Blocking Property

Definition 5.2.2 (Non-Blocking Property) A timed automaton A = (S,S5y,0,1,X,-
a, i, F) is said to be non-blocking iff for all states o in ¥ 4,

(1) 0 2 for some timed event v, and

57 1 !
( 88

(2) if o 2 for some timed event v = (6,£,1) then o ) for all g and g’ with g(0) =

£(0) and g'(0) = £'(0).

The intuition behind this definition is that (1) a non-blocking automaton should be
able to generate a trace no matter what sequence input events is applied to it, and (2) the
output of a non-blocking timed automaton can not change instantaneously in reaction to
an input-event — some non-zero time must elapse.

The execution of a non-blocking timed automaton can be viewed operationally as fol-
lows. Consider the timed automaton in state o = (s, ®) with output £ = pu(s). The
automaton chooses a time delay ¢’ such that wait(o,d’), and simultaneously, the environ-
ment chooses a time delay 6”. Let § be the minimum of 4’ and §”. The next observable

event happens after a delay of 4. The timed automaton decides to update its output from f
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to f/. The environment decides to update the input from g to g’ independently. The timed
automaton updates its state to o’ = (s, ®’) with p(s’) = £’ by choosing an appropriate edge.
Such an update always exists due to the non-blocking requirement. Thus, while the update
of outputs is independent of the update of inputs, the update of internal variables (i.e., the
location and the clocks) depends on it. The non-blocking property requires that if there
is a cycle in input-output variable dependencies, then there is a non-zero delay involved in
this cycle. All properly modeled physical systems should satisfy the non-blocking property,
as all interaction takes some non-zero time and an actual system always has some way of
reacting to an input event.

The assume-guarantee rule to be proven in Section 5.2.2 requires that a system consist
of non-blocking modules. For compositional proofs, it is important for the non-blocking

property to be preserved upon composition.

Proposition 5.2.3 (Closure under composition) If A and B are non-blocking, then so

is Al B.

Proof: Let A= (54, 55,04, 14, X4, 0%, uA, E4) and B = (S8, 8P, 0B, 1P, XB P, 1P -
EB) be non-blocking. We will show that requirements (1) and (2) of the non-blocking
property hold for A || B. The input and output variables of A and B are partitioned as

given in Figure 5.1 to simplify the presentation.

.Z‘A ZA yB

e —
A A B

Yy ZB .Z‘B

| S

Figure 5.1: The partitioning of the input and output variables of A and B. 24 =04 n1I5,
yA = O\ 24, Similarly for B.

(1) Let o = (6, 0P) be a state of A || B. Since A and B are both non-blocking, there
A
exist timed events y4 = (§4,f4,g4) and % = (68 £5 gP) such that ¢4 = and
B
oB L5, Without loss of generality, let 64 < 5. We consider the following two cases

separately.

64 < 6P The fact that A is non-blocking implies that there exists a transition out of o
on the timed event 7 = (64, h4 k4) where h* = f4(a4uy? Uz4) UFB(2P) and
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k4 = gA (x4 Uyt U 24) UFB(2P). Also, since §4 < 6% and B is non-blocking,
there is a transition out of ¢® on the timed event n? = (64, hP® kP) where
h? = f4(24) U B (2B uyP uzP) and kP = g (z4) U FB (2B uyPuzP). nt and
n® are consistent on the variables that are common to their support. Therefore,
there exists a transition out of the composed state (¢, o®) on the timed event
n= (64 hAUhP k4 UKP).

64 = 6P A is non-blocking, therefore there exists a transition out of ¢ on the timed
event 4 = (§4,h4 k4) where h* = fA(x4A Uyt U 24) UFP(2P) and k4 =
gtz Uyt Uuzt) UgP(2P). By the same reasoning, there is a transition out of
o on the timed event 7 = (64, hP? kB) where h? = f4(24) U £8P (2P uyPuzP)
and kP = g4(z4) U gP(2P uyP U zB). As in the previous case, n? and P
are consistent on their common support variables, which implies that there is a

transition out of o = (¢, oP) on the timed event 5 = (64, h* UhP kA UKP).

(2) Let 0 = (0%, 05) be astate of A || B and let o0 > for some timed event 5 = (6, h, k).
Let 57 = (8, h,k) such that h(O4I1B) = h(OAlIF) and k(O41F) = k(O4I1B). Since A
and B are both non-blocking, and since 1 and 7 differ only in z# and 27, there is a
transition out of ¢4 on 74 = (5, h(I*UO4), k(14 UO™)) and there is a transition out
of 7B on 7P = (5, h(IP UOPB), k(1P UOP)). Thus, there is a transition out of & on 7,

which is what was required.

5.2.2 Assume-Guarantee Style Verification

The following theorem provides the formal justification for assume-guarantee style ver-

ification.

Theorem 5.2.4 (Assumption-Guarantee) For non-blocking timed automata, if A ||

D=y, CandC || B =< D then A|| B < C| D.

Observe the apparent circularity in the rule: to prove that A || B is a refinement of
C'|| D, it suffices to prove that (1) A is a refinement of C' assuming that the environment
behaves like D, and (2) B is a refinement of D assuming that the environment behaves

like C'. The proof relies on the fact that all automata are non-blocking. Let us make a
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few observations before we give a detailed proof. First, the rule is incorrect if we remove
the requirement of non-blocking. Second, recall that we have required in Section 2.3 all
X-predicates to be closed, (i.e. all invariants labeling the locations are conjunctions of non-
strict inequalities). If we allow predicates that define open sets (e.g. invariants of the form
x < 5), the rule fails again. In the proof below, we show that a timed automaton cannot force
infinitely many transitions within a finite interval (the so-called condition of non-Zenoness).
This does not hold automatically with open invariants. In this case, the non-blocking
requirement needs to be strengthened by replacing requirement (1) in the definition of non-
blocking using games. In [GSSAL94], such a framework is developed for (asynchronous)
timed 1/0 automata. However, this complicates the development considerably Indeed, the
proof that the non-blocking requirement is preserved under composition runs many pages
in [GSSAL94].

Proof: The proof is by contradiction. Assume that there exists a timed event sequence
¥ =Y0: Y15 -y Yn—1 10 L(A || B) and not in £(C' || D). Let 7% = Y0, 71, ..., Yk—1, where k < n

Yk—1

be the longest prefix of 7 that is a trace of C' || D. Let 70 23 7 2 ... "5' 7 be'in C' || D.
k—1 Yn—1

Since 7 € L(A || B), we have a run in A || B of the form oo % ... 55" ¢, B .. 23" 5, Let

o; = (o, 0P) and 7; = (7, 7P) for all i. From the above, we have

(00, 76) B (o', ) S (o 7) in A D

and

(76 08) S (i of) B (7 o) in O B

The partitioning of the input and output variables of the automata in Figure 5.2 will be

$A ZA yB $C ZC yD

= e
A A B c C D

Y B 2P Y D P

- <

Figure 5.2: The partitioning of the input and output variables.

used in the rest of the proof. For I U O valuations f and g, we say that f and g agree
(or are consistent) on P C [ UO iff f(P) = g(P). For ease of notation, let o}, o2, 7¢
and 7 be denoted by a, b, ¢ and d respectively. Also let v, = v = (5, f,f"). We have

(a,b) % (a’, b') for some (a’,b) € Y4B since ¥ is in the language. Consider (a,d) € ¥4 p
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and (e, b) € Y¢p. From the above, A and B can select an increment of § at states a and

b respectively. The rest of the proof splits into two cases.

Case 1.

Case 2.

C" and D can both select time increments of § or greater in states ¢ and d. In this
case, letting the environment choose the input events z* and z? according to vz, we

have

5 t
(I) (a,d “eg) (@”,d') for some a@” and d’ such that g and g’ agree with f and f’
on z4, y* and z4 respectively. Thus 70,71, ..., Ye—1, (3,8, &) is a trace of A || D,

and since A || D <, C'|| D, it is a trace of C' || D.

1) {(¢,b <5’h4h/> ¢ by for some ¢’ and b” such that h and h’ agree with £ and £/
( ) ; g

on zP, yP and 2P respectively. We conclude that vo, 1, ..., Ye-1, (6, h,h') is a

trace of C' || D by a similar reasoning.

(I) and (II), together with the fact that C' and D are non-blocking imply that vo, v1,-
vy Yh—1, Yk 18 a trace of C' || D, which contradicts our assumption that vo, y1, ..., Yk—1

is maximal.

Either C' or D can not select a time increment of & or greater in states ¢ and d. Let §¢
and 67 be the largest increments that €' and D can select and let Ag be the minimum
of 69 and §P. Since Ag < §, for 8y = (Ao, f, f), we have (a,b) & (ay, by) for some
(ag, bg). Then,

Ag,Z0,81 .
(I) (a,d) ( "8 &) (ap,dp) for some ag and dy such that gy and g{, agree with f
on 4, y* and z4. With a similar reasoning to (I) in Case 1, we have that

Y0y Y1y -5 V-1, (Do, 8o, 8h) I8 a trace of C' || D.

ho,h!
I {ec,b <A07—0>7 o) co, by) for some ¢g and by such that hg and h{, agree with f on
( ) 9 0 g

2B, yP and 2B. From this, we obtain yo,71, ..., Y—1, (Ao, ho, h}) as a trace of
C'|| D.

From (I) and (1), we derive that vg, 1, ..., Yk—1, 6o is a trace of C' || D.

(0)

Note that 7% is equivalent modulo stuttering to o, v1, ---, Yk—1, fo, 'yko 0 _

, where v, =
(6 — Ag, £, 1), It suffices to show that the latter is a trace of C' || D to obtain a

contradiction.
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Consider ¢g = Y0, 71, ---, Vk—1, o and some run of C' || D on this trace. Let (¢, d) be
the state reached at the end of this run. We can replace 7% by ¢g, and a, b, ¢ and d with
aj, by, ¢ and df and repeat the argument in the proof so far. If it is the case that it is
possible to select a time increment of § — Ag at states ¢f and df;, we conclude similarly
that vo, Y1, vy Yo—1, 00,7,g0) is a trace of C' || D, which contradicts the maximality of
Y0y V15 -y Vi—1, Bo. Otherwise, we can obtain #; = (Ay,f,f) such that Ay < § — Ay
and Yo,7Y1, .-, V-1, 00,01 is a trace of C' || D. Then, the whole argument can be
repeated again. If the automaton terminates after finitely many repetitions, we obtain
YOy Y1y vy Vie1s 00y 01, ovy Oy 7,gm), where 7,gm) = (60— Ay, £, £, which is equivalent
modulo stuttering to 7%, the contradiction we sought. Otherwise, we must have an
infinite sequence o, v1, ..., Yk—1, 00, 01, 02, 05, ... where 6; = (A, f,f) and 372, A; < 4.
We will now show that this can not be the case. Since the sum of the A;’s converges,
there must exist [ such that >7;2; A; < 1. Let » > [ be such that no clock value
assumes a non-zero integer value after the edge corresponding to 8,.. Such an r must
exist for the following reason: The non-zero integer crossing points corresponding to
a clock must be separated by 1 time unit, so there can not be more than one such
crossing per clock after .. But there are a finite number of clocks, therefore only
finitely many such points, which means there is a last one. We argue that after 8, the
same set of clock predicates of the form z ¢ k are satisfied. This is because no clocks
cross integer boundaries other than 0, and the clocks that get reset after 6, satisfy
0 <z <1on all edges after 8,. Let us choose any ¢ > r. By the preceding argument,

A, could have been increased to 3772 A;, which contradicts the maximality of A,.
|

Corollary 5.2.5 For non-blocking timed automata, if A|| D <s C' || D and C' || B <5 C'||
D then A|| B <1, C'|| D.

5.3 An Assume-Guarantee Rule For Checking Simulation

The simulation preorder is useful both as a sufficient condition for language inclusion
that can be checked efficiently and in its own right as a notion of refinement that draws a
correspondence between transition structures. As argued earlier, for composite systems, due

to the exponential explosion of the state space, there is a need for decomposing a simulation
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check of the form P <, @) into simpler simulation checks on the components of P and . In
this section, we present an assume-guarantee rule that enables such a decomposition. To
the best of our knowledge, this is the first assume-guarantee rule for real-time systems that
applies to a refinement relation different from language inclusion. We provide a constructive
proof: given simulation relations that witness the simulation preorder between components,
we provide a procedure for constructing a witness relation for P <; @. In [HQRT98], we
proved the correctness of the assume-guarantee rule in conjunction with the simulation
preorder for untimed systems and extended the rule to account for fairness assumptions.

This section generalizes this to timed systems.

5.3.1 Motivation

As argued in Section 4.1, the natural choice for the implementation pre-order < is trace
containment. In this case, P < () asserts that every sequence of inputs and outputs that
is possible for P is also possible for (). While trace containment is simple and intuitive, it
has several shortcomings. First, it is too costly to check trace containment automatically
in most cases even for untimed systems, because the check is exponential in the number of
states of @ if ) is non-deterministic [Tas95]. Second, in a top-down design methodology,
the system description P fleshes out detail that is left open in system description ¢, and
there is a much tighter relation between P and () than trace containment would indicate;
namely, each implementation state of P corresponds to a specification state of (). In fact,
[Kur94] argues that language containment without simulation is more often than not due
to coincidence rather than systematically correct design.

Trace containment is defined globally, for input-output sequences of arbitrary length,
whereas simulation is defined locally, by considering the behavior of pairs of states on obser-
vation events. As we observed in Chapter 4, it is this locality in the definition of simulation
that leads to the significant computational advantages: if @) is claimed to simulate P, then
a witness to this claim can be produced in the form of a relation between states of P and
states of (), and the witness can be efficiently represented as a symbolic simulation and
checked for correctness as described in Section 4.2. Witness relations have been widely used
in verification tools for untimed systems, under various names like homomorphisms [Kur94]
and refinement mappings [AL88, Lyn96]. Even if no witness is available, the existence of a

simulation can be checked using the algorithm developed in Chapter 4. However the number
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S’ R

Figure 5.3: Specifications of sender and receiver

of states, as discussed earlier, depends exponentially on the size of the system description
and thus, even algorithms that are linear in the number of states are often infeasible in prac-
tice. This motivates techniques for dividing a given simulation check into simpler, smaller
checks.

Compositional techniques for dividing the verification task P < () into simpler subtasks
are guided by the structures of P and . Under certain modeling assumptions (namely, non-
blocking and finite nondeterminism), the compositional principle can be strengthened to an
assume-guarantee principle [Sta85, CLM89, GL94, AL95, AH96, TAKB96, McM97]. In the
previous section, we extended the applicability of this rule to non-blocking timed systems
with language inclusion as the implementation preorder. By contrast, if the refinement
relation < is interpreted as “is simulated by,” then little is known about compositional
techniques, even for untimed systems. For the reasons outlined above, it is useful to have
an assume-guarantee principle for simulation, which, given witnesses for the two subtasks
Pi||Q2 = Q1 and Q1]|P =< @2, lets us construct a witness for P < (). In this section,
we show that under the same modeling assumptions under which the assume-guarantee
principle is sound for trace containment, it is also sound for simulation. We achieve this
by describing how the compound witness can be constructed from the witnesses for the
subtasks.

Let us first illustrate the assume-guarantee rule for simulation using an example.
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rr=1
—ack msg =T
(ack=TN | a0
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rs +— 0
rr 2> 1
zr +— 0
51 ack =
msg =T
ack =FV m
r
ack! =T 6

Figure 5.4: Implementations of sender and receiver

Example 5.3.1 The automata in Figure 5.3 are the specifications for a sender (S’) and
a receiver (R') in a communication protocol. zy and z,s are the clock variables of S” and
R’ respectively. The initial states s{, of the sender and r{ of the receiver are marked with
arrows. The sender has one output variable, msg, which becomes true (denoted by T)
whenever a message is produced, and one input proposition, namely ack, which, when it
takes the value T, acknowledges the receipt of a message by the receiver. The sender starts
at s{, and stays there for an arbitrary period. It nondeterministically produces a message
by moving to sj. Once in s, it is forced to move to s} after one time unit. Then, the
sender waits in s}, until it receives an ack. On receiving the ack it goes back to s, when ack
becomes F again. The receiver starts at rj and moves to r| when its input msg becomes T.
It stays in ] between 1 to 3 time units and then moves to 5. An ack is output at r}, and
after one time unit the receiver moves back to r{.

Figure 5.4 depicts the implementations of the sender () and the receiver (R). If S
receives an ack while at sg, it goes to an “error-location” s., from which it keeps sending

messages continuously. Such behavior is not allowed by the specification S’. Thus, S alone
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is not simulated by S’. However, after composing with the specification of the receiver, it
is seen that S || R’ <, .9’, since the acknowledgments can never be received by S while at
sg. The relation ©g = {((so, (), 0), ((s1,70), 51)s ((S2,71), 85), ({52, 75), s5) } is the witness
to this simulation, with the interpretation that ((s,r’),s’) is shorthand for the following

pairs of states

{{{s,®), (r",©), Y(s', W)) such that ®(z,) = ¥(z,)

Similarly, R’ does not simulate R, but S’ || R <, R’ with the relation ©r = {((s{, ro), 70)
(s, r0), 70), ((shy 1), 1), ((sh,r2), 1)} as the witness, using a similar shorthand which re-
quires that z, and z,, be assigned to the same value. In Section 5.3.2, we prove that the
existence of simulation relations from S || R’ to S” and from S’ || R to R’ is sufficient to con-
clude the existence of a simulation relation © from S || R to S” | R’, and give a procedure
to construct O, given ©g and Op. For our example, the witness simulation relation is given
by © = {((s0s 7o), (b T40), ({51, 7o) 51, 00), ({524 1), (55, 700)s (2,72, (s, v2))} Here also
it is required that the corresponding clocks in the specification and the implementation be

equal. [ |

In the next section, we prove the validity of the assume-guarantee rule for the simulation
preorder and describe how the compound witness simulation relation is constructed from the
witnesses for the components. The results developed apply to other non-blocking, finitely

non-deterministic models such as reactive modules [AH96] also.

5.3.2 Soundness

Before proving the result formally, let us provide some intuition into the construction.
Suppose we are given a specification P’ || ' and an implementation P || @, where P ||
Q' <s P and P || Q <, Q. Consider a specific state (p,¢') of P || Q'. Suppose that this
state is simulated by state p’ of P’. Further, suppose that there exists ¢ such that state
(p',q) of P'|| @ is simulated by state ¢’ of P’. Then, it seems plausible (and indeed it is
true, as we show below) that state (p,q) of P || @ is simulated by state (p/,¢') of P’ || Q.
Difficulty arises when state (p', ¢) of P’ || @ is simulated by state ¢” of @' that is different
from ¢'. We then examine the state (p, ¢”) of P || Q' and find a state p” of P’ that simulates
it. We continue by finding a state of @' that simulates state (p”,q) of P || Q. In this
process, if we reach a cycle that includes p’ and ¢', we will still be able to show that state

(p,q) of P || Q is simulated by state (p',¢’) of P' || Q.
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Theorem 5.3.2 Let P,Q, P', Q' be timed automata such that P || Q and P’ || Q' exist where
P is comparable to P' and Q is comparable to Q'. Suppose P || Q' <s P' and P’ || Q <5 Q'
with witnessing simulation relations Op and Og respectively. Then, we can construct a
simulation relation Q from P || Q to P' || Q'. Moreover, if Op and ©¢q are initialized, then

so is Q.

Figure 5.5: Figure demonstrating the definition of .

Proof: Let Q C (Xp X Xg) x (Xpr X X¢r) be defined as as follows. ((p,q), (p',¢)) € Qiff
there exist pg, pi, ..., p}, € X¥pr and ¢, ¢1, ..., ¢,_1 € X such that (See Figure 5.5)

e p,=p, =p and ¢, = ¢, and
o for all i < n, we have (1) ((p}, q), 4) € Oq, and (2) ((p, i), piy1) € OF.

We will first show that the simulation condition of Section 4.2 is satisfied by every pair
of states in Q. Suppose that ((p,q), (p',¢)) € Q, i.e., there exist p),p|,...,p,, € Xpr and
40+ 445 -y @h_q € Y satisfying the conditions given above. In the following, for a timed
event v, when 2 is used in conjunction with a timed automaton whose input and output
variables are a subset of those of P || @, the projection of v to the appropriate set of
variables is to be inferred.

Let (p,q) LN (p, G) for some (p, §) and an observation event £ of P || ). Suppose that
&= (4,f,g). Definey = (6,fUpn(p), gUn(q)). Observe that v includes all inputs and outputs
of the machines P, @, P' and )'. We want to show that there exists ((p, ), (9, ¢")) € Q
such that (p/, ¢y, = (5, ¢). We arrive at the desired chain of states through the following
steps:
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e Since all automata are non-blocking, we have pj = p, for some pj. Hence, (ph,q) =

(P6: @)

e The fact that ((p),q),¢,) € Og implies that there exists some ¢, such that ¢, = ¢,
and ((py, 4), Go) € Oq-

/

* 46 = qy implies that (p,g5) = (7, Gb)-

o ((p,qh),p}) € Op, therefore, there exists 7| such that pj = 7| and ((p, ), 7,) € Op
Repeating this process, we obtain pf, p, p, ..., and ¢3, 41, G5, ... such that

o for all k € IN, we have pj, > P, and g SN q,,» and

e for all i, we have ((p}, q), /) € O¢g and ((p,G}), Piy1) € Op.

Since there are only finitely many edges out of each location in P’ each of which update
the clocks deterministically, there exist a,b € IN with b > a such that p},, = p},. Consider
the states pl,,., Pupgis -2 Ppn € Bpr and Gopy Qo1 - -5 Ghpeq € 2. We know that for all
an <1 < bn, ((p, ), G) € Og and ((p,q’),piy,) € Op. It follows from the definition of Q
that ((p,q), (Plns Gon)) € 2. We also have that (p/, ¢’) uN (Plins o). Thus, the simulation
condition is satisfied.

Let us now suppose that ©p and ©¢ are initialized simulation relations. To simplify
the presentation, let us assume that P, ), P’ and @’ each have a unique initial state. We
do not lose any generality with this assumption for the following reason. Suppose a timed
automaton A has more than one initial location. Recall that all timers are initialized to 0.
We will create a new timed automaton A that will essentially have the same behavior as A
but only one initial location, so. Formally, $4 = §4 U {sg} where 5o ¢ S#, and Sgi ={so}.
A has the same inputs, outputs, and clocks as A. The location invariants and outgoing
edges for all locations in S# are left intact. We only need to describe the invariants and
outgoing edges associated with sg in A. Let 2 be a clock of A. The invariant in sq is given
by a(sg) = {z < 1} and there is an outgoing edge from sq to each location in ¢y € Sg‘ of the
form (so, to, ¢, X, R) where ¢ is the clock predicate # = 1, y always evaluates to True, and
R= XA7 i.e., all clocks are reset to 0. Now observe that the behavior of A starting at time

1 is identical to the behavior of A starting at time 0. Moreover A < B for <€ {<g, <p} if
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and only if A < B 2. Thus, we can restrict our attention to timed automata with a single
initial location.

We now let 0§ denote the unique initial state of A. Since ©p and Og are initialized,
we have (<O'(1)370'82/> ) € Op and ((af 70'82> Q/) €0g Let n =1, pj =p, = ol and

qb = O'O Then, we have ((6f, &), (ot o& >) €, thus Q is also initialized.

5.4 Modular Verification Example

This section demonstrates the assumption-guarantee reasoning paradigm developed in
this chapter and the timed refinement checking algorithm of the previous chapter on a small

asynchronous circuit, the Seitz queue element.

5.4.1 The Seitz Queue Element

The Seitz queue element (Figure 5.6) is a self-timed circuit that constitutes one stage of
a first-in first-out (FIFO) queue. It was studied in detail in [Rok93]. The correct functioning
of this circuit depends critically on the ranges of gate delays: if the deviation of the gate
delays from the specified values exceeds 20%, the circuit does not function correctly [Rok93].
We would like to verify that this circuit functions as a queue element and show that it
responds to requests within certain time bounds.

We model each gate by a timed automaton. We use the inertial delay model: each gate
is modeled by an ideal, delayless gate followed by a buffer with inertial delay (see Figure 2.1)
where d,,;,, is the nominal delay of the gate shown in Figure 5.6 and dyq0 = (1 4+ &)dpin,
« denoting the variation in gate delay. Each transistor was modeled as a pass gate with
its gate terminal as the control input. As can be seen in Figure 2.1, each such automaton
requires one clock variable. The modeling of the gates marked “H” (for “hazard”) is more
involved. These gates can have several transitions at their inputs while an output change is
still pending, and requires two clocks each. For a detailed description of hazard gates refer
to [Rok93].

The circuit consists of four blocks. Data is fed into the queue element through the

“Note that we have not specified the output in location so. For this claim to hold, the outputs in locations
564 and sf must match. This can be achieved easily by selecting a random output valuation for 53t and

requiring that 50 have a consistent output.



CHAPTER 5. MODULAR VERIFICATION OF ABSTRACTIONS 73

data
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Figure 5.6: The Seitz queue element. The delay for each circuit component is indicated
next to it.

block marked “input stage”. A request to store new data in the queue element is expressed
by toggling the “reqin” signal. The input stage is then responsible for passing on to the rest
of the circuit the request for new data to be read in, and signaling an acknowledge to the
requester when the queue element is ready to receive the data. Similarly, “output stage”
signals a request for passing on the data to the circuit connected to “reqout” by toggling
this signal, and when this request is acknowledged and data passed on, signals to the rest of
the Seitz circuit that new data can be read in. The FIFO stage stores the data at the node
marked “data”. The “center left” and “center right” stages control the gates of the two
transistors on each side of the data node, thereby controlling when data is read, passed to
the output, and isolated from the data that is at “din”. The timed automaton representing

each block is the composition of the timed automata for its gates and transistors.

5.4.2 Verification Steps

Let A;np, Ac, Ao and A,y be the timed automata describing the input, center left,
center right and output stages respectively. The verification of the FIFO stage consisted
of two phases. In the first phase, an abstraction for each circuit block was constructed

by hand. We denote these by A% A% A% and A2%. These abstractions describe the

np? c out*

function of each block qualitatively by hiding information about nodes that are internal

to the block. In other words, the abstract automata encapsulate the “interface timing
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behavior” of each block and do not describe how this behavior is internally realized by
the circuit elements. For each block, we verified the correctness of the abstract model by
specifying an untimed homomorphism from the circuit level model to the abstract model,
in the fashion of Section 4.33. We made extensive use of the assumption-guarantee rule in
verifying the abstractions. For each block B, we showed that Agp <r, A%bs in the context

given by the abstractions of the rest of the circuit blocks. For instance, for the input stage

we showed

Ainp || A" | A (1A <1 Ay (| ADS || AL | AL (5.1)

P

ab

The state space associated with the composition of the abstractions A% || A2 || A2

S
? was

abs

inp 18 @ correct

too large and not all of the detail in this model was needed for showing that A
abstraction for A;,,. Because of this, instead of checking (5.1) directly, we employed an

abstraction of the environment of the input stage, Af}. We first showed that

AT AR ITASE =0 ATy (5.2)
and then we replaced the check in (5.1) with

Aip | ATy 2 Al (AT (5.3)

mp P

(5.1) can be inferred from (5.3) and (5.2) using the compositionality of <r. The same steps
were followed for each of the circuit blocks. In some cases, when checking the equivalent of
(5.2) it was possible to “free” some of the automata on the left hand side, i.e., disregard
their transition structures and consider them as automata that pose no restriction on their
inputs and outputs. This was useful in reducing the computation involved in checking (5.2).

The conclusion from the first phase was that

Ainp | At [ Aer | Ao =1 Al [LAZ (] AZ || AZ:

np

Observe that assume-guarantee style reasoning is essential for being able to verify the ab-
stract models. None of the abstraction checks would have passed without certain environ-
ment assumptions.

In the second phase of the verification, a high level abstraction A% of the whole circuit

was constructed, and it was shown that A2 || A%0s || A%s || A%0s < A% by constructin
9 cr out y g

np cl

®The S/R descriptions that were input to COSPAN have not been provided here as they do not provide
insight into the proof process. For an example of COSPAN code for timed refinement checking, see the next
chapter.
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and verifying a homomorphism as before. A closely resembles a specification for a FIFO
stage with bounds placed on its response time. We will refer to this as the “overall”
abstraction. Using A, it is trivial to verify properties such as no data being lost or
requests being responded to within a certain amount of time.

The data from the experiments is listed in Table 5.1. The homomorphism checks
were performed within COSPAN using a ordered binary decision diagram based algorithm.
CosPAN has the capability to return a counterexample if the desired relation does not hold.

This was instrumental in obtaining a correct abstraction by iteration.

Num. of | Largest timing |ST BDD nodes | CPU time
clocks constant (x1000) (x1000) (seconds)
Input 6 32 .24 15 39
Input (Env) 3 12 6 13 15
Center Left 11 22 18 131 403
Center Right 11 22 19 142 4879
Center (Env) 3 32 A2 7 30
Output 8 22 478 235 1029
Output (Env) 3 12 4.9 15 16
Overall 9 32 101 262 8115

Table 5.1: Tests were run on an SGI machine with 1 GB memory. (Env) denotes the
verification corresponding to (5.2) The same environment abstraction was used for both
center blocks. Since timing constants must be integers, a 20% variation in a gate delay of
k is represented by specifying the delay to be between 5k and 6k.

As a comparison, we attempted to run timed reachability analysis on the complete
circuit without using any compositional rules and abstraction. The computation did not
complete: the computer ran out of memory (1 GB) after several hours of computation. This
is partly due to the following facts: (i) our way of modeling this circuit may not be the most
efficient and (ii) our monolithic analysis algorithm did not have many of the improvements
in state-of-the-art timing verification tools. However, even if we had addressed (i) and (ii),
as long as a monolithic representation for the system in full detail has to be built, algorithms
are bound to run out of resources for any electronic system of practical size (say, several
cascaded Seitz queue elements). The modular and hierarchical approach, however, enables
us to cope with the compositional complexity of verification. With the modular approach,

verifying the correctness of an abstract model for 64 FIFO stages requires little more effort
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than verifying only one.

Note the following side benefit of the hierarchical verification approach: now that we
have an abstract model for the FIFO stage, we can use it to represent the Seitz circuit
inside a larger system. By virtue of the hierarchical approach, all properties verified in this

manner will be valid at the gate level also.

5.5 Related Research

To be able to support assume-guarantee style reasoning, it is necessary to make an
explicit distinction between which variables are updated by the system and which ones
are updated by the environment. Our timed automaton model, described in Chapter 2,
was constructed with this concern in mind. [LT87]’s timed [/O automata also make this
distinction, but this model is geared more towards software applications.

Assume-guarantee style proof rules for untimed systems have been proposed by many
researchers (for instance, [GL94, AL93, AH96]). When the rule is symmetric and involves
circularity, it is necessary to require that a process is nonblocking [LT87, AH96]. The
nonblocking property initially appeared in control theory literature [RW87, RW89]. In
the case of timed systems, these issues have been considered for timed 1/O automata in
[GSSAL94]. By contrast to [GSSAL94], our framework uses synchronous composition and

a much simpler definition of nonblocking without resorting to games.

5.6 Conclusions

In the last two chapters, we presented a framework for hierarchical reasoning about
real-time systems. Our framework supports modular and compositional verification rules,
and provides an algorithm for timed implementation checks. We have demonstrated on the
Seitz queue circuit that our techniques can alleviate verification complexity greatly.

In the next chapter, we test our methodology on a larger circuit design: the STARI
chip. This chip, designed and implemented by Greenstreet [Gre93], depends for its correct
functioning critically on certain timing properties. The experience from this case study

provides feedback on our techniques and guides our further research.
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Chapter 6

STARI: A Case Study

6.1 Introduction

This chapter describes the application of the techniques and tools presented in Chap-
ters 4 and 5 to the verification of the high-bandwidth communication chip STARI [Gre93].

The STARI circuit (by Greenstreet, [Gre93, Gre]) is a self-timed first-in first-out (FIFO)
queue that connects a transmitter and a receiver that operate at the same clock frequency
but may have some skew between their clock signals (Figure 6.1). STARI can compensate
for large, time varying skews and makes high bandwidth synchronous operation possible by
eliminating the need for handshakes between the transmitter and the receiver. However,
because the STARI scheme does not use any handshakes, certain timing properties need
to be verified to show that the interface functions correctly. In particular, it needs to be
shown that no data is duplicated or dropped by the interface.

The FIFO in STARI consists of a cascade of identical stages and thus, the size of the
state space representing the FIFO grows roughly as O(k™), where k is the size of the model
for a single stage. If the circuit is modeled at the gate level, k is rather large, and this limits
state-space traversal-based automatic verification methods to very small n. As long as the
circuit is modeled at this level of detail, improvements to verification algorithms are not
likely to have a significant effect, since adding one more stage to the FIFO multiplies the
resource requirements by k. Hence, one needs to perform verification on a more abstract
representation to be able to handle larger n.

The initial proof of correctness for STARI was performed using a theorem-prover

[Gre93, LGI95]. An automatic proof was also published [HBAB93]. Both of these stud-
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ies operated on simplified, abstract models for STARI which were not proven to be correct
and which ignored certain aspects of the circuit implementation. As such, there was no
formal assurance that the properties proved on the abstract models were satisfied by the
actual circuit implementation. For the approaches mentioned, the use of simplified models
was necessary; otherwise the techniques would have become inapplicable or unmanageably
complicated.

Instead, using a hierarchical approach, we are able to provide a formal guarantee of
correctness for the circuit itself, and model the implementation more faithfully. We proceed

as follows:

(i) We construct an abstract model for one stage of STARI, which we prove to be correct

in the environment that it operates in.

(ii) By composing n of these abstract models, we obtain an abstract model for STARI on

which we prove that the timing properties are satisfied.

The use of multiple levels of abstraction and an inductive argument together with
assume-guarantee style reasoning for (i) makes this case study an interesting combination
of model checking and theorem proving. The assume-guarantee argument, the abstract
model, and the mappings that relate abstract models with the gate level descriptions are
constructed manually, whereas the abstraction check and the verification of the timing
properties on the abstract model are performed automatically by CospaN. The automation
afforded by COSPAN eliminates the need for having oversimplified abstract models.

This chapter is organized as follows. In Section 6.2 we describe the STARI circuit. Sec-
tion 6.3 explains how the circuit was modeled using timed automatain COSPAN. Section 6.4
presents the verification of the timing properties and contrasts our method with previous
ones. Section 6.5 contrasts our approach with previous ones. Section 6.6 summarizes the

experience from this study and suggests further research.

6.2 STARI Operation and Implementation

6.2.1 Overview

Most digital electronic circuits are synchronous, i.e., the state-storing elements make

transitions simultaneously as dictated by a clock signal which defines the time step. A high
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frequency clock signal can often be safely distributed over relatively large distances, however,
it is hard to control the exact phase of the clock at different points in the distribution
network. The difference between the phases of the clock signals at two such points is
referred to as skew. For systems that are not built on a single chip, such as multi-processor
systems, ATM networks, etc., skew can be large and time-varying, which makes it a limiting
factor on the performance of purely synchronous systems. Even clock distribution across a
single chip is becoming a serious concern because of increasing levels of integration. Self-
timed systems avoid the synchronization problem by using handshake protocols. For a
self-timed system, if no assumptions are made about the delays of circuits and wires, for
each data item that is communicated between two parts of a circuit, an acknowledgment
needs to be sent back to the transmitter before another data item can be sent. This can
limit the communication bandwidth severely, since only one data item can be in transit
between these two points at a given time, i.e., two data items need to be separated by the
round-trip time between the transmitter and receiver in addition to the response time of
the receiver.

STARI (Self-Timed At Receiver’s Input) is a hybrid-scheme: it is a self-timed first-in
first-out queue (FIFO) that connects a transmitter and receiver. The two communicate as
though they were part of a perfectly synchronous system (Figure 6.1 from [Gre93]) despite

a possibly time-varying skew.

data_in data_out|——=
(I'ransmatte FIFO Receiver

= | ack_out ack in|e— |

Global Clock
Time varying delay Time varying delay

Figure 6.1: The STARI interface

The FIFO is initialized to be roughly half-full, and during each period of the clock, one
value is inserted to the FIFO by the transmitter and one value is removed by the receiver.
Because data is inserted and removed at the same rate, no control signals are required to
prevent underflow and overflow. However, because of variations in clock skew, there can be
short term fluctuations in the clock rate at the receiver or transmitter and it can appear

that one of them is working faster than the other. STARI responds to these fluctuations by
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building up more data in the FIFO when the transmitter is working faster and by supplying
data from the FIFO when the receiver is working faster.
For correct operation of the STARI interface, among others, the following two proper-

ties need to be proven:

(i) Each data value output by the transmitter must be inserted into the FIFO before the

next one is output.

(i) A new value must be output by the FIFO before each acknowledgment from the

receiver.

Intuitively, the longer and faster the FIFQO, the more skew it can tolerate. The cor-
rectness of the properties above depend on the length of the FIFO, the clock speed, the
magnitude of the skew and the speed of operation of FIFO stages. Therefore, it is appro-
priate to model STARI as a real-time system and perform formal verification. The original
correctness proof by [Gre93, LG95] verifies on an abstract real-time model of the FIFO that
if a certain relationship holds between these parameters, then properties (i) and (ii) are
satisfied.

In the rest of this section we present the operation of the STARI interface and the

circuit implementation.

6.2.2 Dual-rail Coding

In the STARI circuit, each Boolean signal x that carries data is represented by two
Boolean signals x.t and x.f. x.t and x.f correspond to wires in the circuit and their
values are given by the dual-rail code depicted in Figure 6.2. The “empty” value is needed
to distinguish between two consecutive data items of the same value and one data value

asserted for a long time.

6.2.3 A High-Level View of STARI

According to the STARI scheme, the transmitter outputs a data stream, updating the
value of data_in in Figure 6.1 at each rising edge of its clock input. After each time the
transmitter outputs a T or F, it outputs an E to separate the current data item from the
next one. The receiver samples its input (data_out in Figure 6.1) each time its clock signal

goes high, and updates its acknowledge signal after some delay (ack_in in Figure 6.1).
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X.t x.f ‘ X
0 0 E (empty)
0 1 F (false)
1 0 T (true)
1 1 illegal

Figure 6.2: Dual rail encoding

The FIFO consists of n identical stages, each of which holds a single data value (See
Figure 6.3 for an example). Suppose that stage k of the FIFO holds data value d,;4 and
that a new data value d,,.,, is applied to its inputs by stage £ — 1. Stage k is “enabled” to
read and hold the value d,,,, if stage k + 1 has copied the value d ;g and has notified stage
k. After some delay, stage k takes on the value d,.,, and sends an acknowledgment of this
fact to stage k — 1. Stage k holds this value until a different value is applied to its input
by stage k — 1 and stage k4 1 has acknowledged reading d,.,,. The same data value in the
input sequence can be held by many adjacent stages simultaneously. This is referred to as
a bubble. For instance, in Figure 6.3, stage 5 initially has a bubble, which gets filled by the
data value F. When this happens, the bubble at stage 5 moves back to stage 4. Bubbles
enable the FIFO to hold fewer than n data values (Figure 6.3). The FIFO operates by

moving data items forward and bubbles backward.

OO0 =E=E=E=E=E=0*
X0 x(@) x@ x@® x@ x® x© x(0) x8
O =O=EO=E=E=E=E=E=0*

Figure 6.3: The FIFO holds the sequence “E,T,E,F,E,T”. Stage 5 is enabled and copies the
data value “F”.

6.2.4 One Stage of the FIFO

Each stage of the FIFO consists of two Muller C-elements that hold the value of the
.t and .f components of a data item, and a NOR gate that computes the acknowledge
output signal of the stage (Figure 6.2.4). A Muller C-element works as follows: when the

two inputs are the same, the output takes on this value, when the inputs are different,
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the output retains its previous value (Figure 6.4). To understand how data flows down

Input 1 Input 2 ‘ Output
0] 0] 0
0 1 unchanged
1 0 unchanged
1 1 1

Figure 6.4: Muller C-element functionality.

the FIFO, first note that stage k is said to have “acknowledged” the data it holds if its
ack_out output is equal to the NOR of x(k) .t and x(k) .£. Thus, the copying of data value
E is acknowledged by asserting ack_out = 1 and data values T and F are acknowledged by
ack out = 0. Let us consider a situation where stages k and k41 hold the value E and stage
k — 1 has the value T. Stage k is enabled to copy the new data from stage k — 1. We have
ack out(k+1) = ack_in(k) = 1 and x(k-1).t = 1 and x(k-1).f = 0. Therefore, both
inputs to the C-element that computes x(k) .t are 1, while the output of the C-element,
x(k).t = 0. After some delay, x(k) .t becomes 1 while x(k) .f remains unchanged, and,
in this way, the value T gets copied to stage k. Transitions from a T or F to E happen

similarly.

x(k—l).E x(k) .t

(o
’
ack _out (k)<.t < ack in(k) .t
——( ie
X(k-l).{ g )— x(k).f

Figure 6.5: Stage k of the FIFO.

Using this circuit description for STARI, we now proceed to verify the two timing

properties mentioned earlier.
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6.3 Modeling STARI

6.3.1 Specifying Timed Systems in S/R

In the verification of STARI, we use the timed homomorphism checking and state-
space exploration algorithms that we implemented in CosPAN. The input language of
CospaN S/R is sufficiently expressive to emulate timed automata. Timing constraints on
transitions are specified by using “pause” states. (For a description of the S/R language
and pause states, refer to [Gla95] and [Kur94]). Consider the following fragment from S/R
code specifying the buffer of Figure 6.6.

one_pending {% { dmin, Omaz } go-one}

—> one: (outp=go_one)  (_inp = 1)
> §: else  (dinp = 1)

The interpretation of this code fragment is follows: When the automaton is at location
one_pending, the output variable # (referred to as a “selection variable” in S/R) must
take on the value “%” for at least &,,;, time units. “%” is referred to as the “pausing
selection”. After d,,;, time units, the value of # is selected non-deterministically from the
set {%, goone}. After 0,,,, time units, # has the value “go_one”. By making outgoing
transitions conditional on the value of #, one is able to pose timing constraints in the same

manner as timed automata.

6.3.2 Modeling Clock Skew

The global clock source has period 7 and remains low for the initial half of the period
and is high during the second half. The delays of the paths that the clock signal travels from
the source to the clock inputs of the transmitter and the receiver are modeled using buffers
with delays (see Figure 6.6) in the ranges [0t min, Otrmax] a0d [8r2 min, Orz max), respectively.
Thus, the rising edge of the transmitter’s clock input can be as much as 6,5 oz — Otzmin
ahead of or ¢z ;maz — 0rz,min behind the rising edge of the receiver’s clock input. By choosing
these parameters properly, any amount of skew between the clock inputs can be modeled.

The S/R code describing the buffer in Figure 6.6 can be found in Section A.1. In the
shaded locations, the input of the buffer is different from its output, and a change in the
output value is pending. The buffer moves to location “Bad” if the input of the buffer
switches back to its starting value while the buffer is in one of the shaded locations. This

represents a hazard, and no hazards are expected in the STARI design. However, if one
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Delay € [dypin, dmaz]

l

Figure 6.6: A delay buffer with delay in the range [d,in, dpnasz]. The locations where an
output change is pending are shaded.

does occur, we will be aware of this fact, as the homomorphisms of Sections 6.4.3 and 6.4.2
will not map this location to any location in the abstract model. If the location “Bad” is

reached, the homomorphism checks will not pass.

6.3.3 The Transmitter and the Receiver

The S/R descriptions of the transmitter and the receiver are presented in Section A.4.
The transmitter has two locations: WAIT and SEND. When the clock input is low, the trans-
mitter remains in the WAIT location, and moves to SEND when the clock rises. The data_in
signal of Figure 6.1 is updated as the transmitter moves from SEND to WAIT, i.e., on the
falling clock edge. This ensures that data_in has a fresh and stable value at each rising
clock edge. As described in Section 6.2.3, the transmitter has to output an E as a spacer
after each T and F. This is achieved by the use of the variables out_data and old_out_data
in the S/R description of Section A.4. For convenience in stating the desired properties, the
variable acked is used. This variable takes on the value 1 if the data currently being output
by the receiver has been acknowledged by the FIFO; it is not part of the actual transmitter.
The transmitter is allowed to modify out_data only when acked is 1. Later on, to prove
the correctness property (i) of Section 6.2.1, we prove the equivalent statement that it is
never the case that the transmitter wants to modify the data output and acked = 0, i.e.,
the FIFO is not ready to receive new data.

As far as the STARI interface is concerned, the only function of the receiver is to
set the signal ack_in to the appropriate value after sampling the data_out signal at the
falling edge of its clock input. This value is the NOR of the .t and .f signals representing
data_out, as described in Section 6.2.4). The S/R description of Section A.4 performs
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exactly this function. At each falling edge of the receiver’s clock input, the .t and .f
signals corresponding to data_tn are sampled and stored in the variables sampled_t and
sampled f until the next falling edge of the clock input. A NOR gate with a delay in the
range [0z mins Orz,mar| €mulates the delay the receiver incurs while it processes the sampled

data and computes ack_in.

6.3.4 Gate-Level Modeling of the FIFO

A timed automaton model for STARI at the gate level is obtained by composing the
timed automata representing each C-element and NOR gate. We model the C-elements and
the NOR gates used as ideal delayless elements followed by delay buffers, in a fashion similar
to [MP95]. The S/R code describing an ideal C-element can be found in Section A.2. The
timed process modeling an delay buffer is given in Figure 6.6. The S/R code for the FIFO

stage describing it as the composition of gates is given in Section A.3.

6.4 Verification of STARI

The verification of STARI consisted of the following two steps:

(I) Constructing an abstraction for a FIFO stage and verifying its correctness within the

environment that it operates.

(I1) Verifying properties (i) and (ii) of Section 6.2 using the abstract model for the entire

circuit.

The latter of these steps was performed using the existing timing verification capabilities
of COSPAN [AK96]. The S/R specifications for properties (i) and (ii) are provided in
Section A.9'. Verifying (I) is the novel part of our approach and is explained in detail in

the rest of this section.

6.4.1 The Abstract Model for a Stage.

The abstract model for the FIFO stage describes its behavior at a high level, as in

Section 6.2.3, and expresses bounds on certain response times. The S/R description for

!Note that the properties are stated in terms of the variables in the abstract model for the STARI
interface. These variables will be defined in the rest of this section



CHAPTER 6. STARI: A CASE STUDY 86

the abstract model A is given in Section A.5. Figure 6.7 presents the essential features of
the abstract model. A makes use of only one clock variable. Let us focus on stage k. At
location stable, the FIFO stage has read and acknowledged its current input. If new data
arrives at the inputs of stage k, A moves to location wait _for_ack, waiting for stage k+ 1
to acknowledge having copied the current data. If stage k£ 4 1 sends an acknowledgment
before the new data arrives at stage k, stage k£ moves to location wait _for_data from
location stable instead. After new data and an acknowledgment for the old data from
stage k 4+ 1 has been received, A moves to location out_pend from where, after some delay,
it moves to ack_out_pend and copies the new data to its output. Again after some delay,

an acknowledgment is sent to stage k — 1 and A moves to location stable.

wait _for_ack

Nc «0
m 5c7mm <z < 5c7mm (ack_out_pendw
- w v <0 Lw < 5nor,maxj

x+ 0

(wait_for_data

)

5nor,min << 5nor,max

Figure 6.7: The timed process A describing the abstract model for a FIFO stage. The
minimum and maximum response times of the C-element and the NOR gate are given by
Oc,miny Ocmaz Onor,min and Opor mas respectively. Input predicates labeling the edges and
output labels on the locations have been omitted to simplify the figure.

Note that it has been possible to capture the timing information about the stage using
one clock only, since only one of the three circuit elements forming the stage can have a
pending output change at any given time. Intuitively, this is guaranteed by the fact that
the inputs to a stage will not change unless the stage has acknowledged the previous inputs.
This assumption about the environment of a stage is crucial for the correctness of the
abstraction, and is taken into account in our verification by the use of assume-guarantee

reasoning.
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6.4.2 Assume-Guarantee Reasoning for One Stage

Let F denote the timed process describing one stage of the FIFO at the gate level.
F is the composition of processes representing two Muller C-elements and a NOR-gate as
described by Figure 6.5 and Section 6.3.4. Let F; and A; denote the detailed and abstract
models for the ¢th FIFO stage. F; and A; have structures identical to those of F' and A.
Also let Tz and Rx be the timed processes describing the transmitter and the receiver. We

would like to prove that
Te || Fyl| Fol|l o || Fo || Re =p Tz || Av | A2 || ... || An || Rz (6.1)

which will enable us to prove properties using the abstract description for the circuit given
by the right-hand side. We would like to achieve this by showing that for all ¢, A; is a
correct abstraction for F;. As noted above, this is true only within the environment that
F; and A; operate in. For an arbitrary environment F; <j A; does not hold: if the inputs
to F are unconstrained, then F; does not behave like a FIFO element. Therefore, we need
to employ assume-guarantee reasoning to carry out the proof. We must prove, for all ¢,

1 <1 < n, that

Ta || A [l | Aica (FE ] Aiga [ [ A || B2 2
Ta || A [l ool Aica [T A ] Aigr [ oo [ An || R
Since the environment of each FIFO stage is different, for each ¢, the condition to be
checked is different. To avoid performing a separate check for each ¢, we would like to have
one set of environment assumptions that is sufficient for showing F; < A; and show that

this set of assumptions is true for the environment of each module 7. Towards this end, we

define timed processes Fj.ys and ;55 and show the following:
(I) Forall ¢, Tz || Ay || A2 || ... || Aict = Elege
(I1) For all ¢, Ajpq || Aigz || - || An || Bz = Erighe

(I) and (1I) guarantee that Ej sy and E,4p¢ are correct abstractions for the left and right
sides of the environment of stage ¢. By the assume-guarantee rule, showing that F7 < A in

the environment defined by Ei.p; and E,jgp, iee.,

Eiert || F || Evight < Eiege || A || Erighe (6.2)
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suffices to prove the containment in Equation 6.1.

6.4.3 Proving the Correctness of Environment Abstractions.

Ejcyi encapsulates the restrictions on the behavior of the left side of F for it to function
correctly and for A to be a correct abstraction. The S/R description for Ej g is provided
in Section A.6. The essential features of Ej. s, are that it always outputs a valid data value,
and that it does not change this value until the next stage acknowledges having copied this
value. Also, a time period of d, ,,,;,, must elapse before the data output is modified.

We use induction on ¢ to prove that Ej.s; is a correct abstraction for Tz || Ay || Az ||

.. || Ai—1. More precisely, we show the following
1. Tz j Eleft

2. Assuming Tz || Ay || Az || ... || Aic1 =1 Eiept we show Tx || Ay || ... || Ai < Elege. By

the induction assumption, it suffices to prove Ejcps || Ai < Eieyy.

For both steps we specify mappings from the locations of the left-hand side process to
those of the right-hand side process, and show that this mapping preserves timed behavior
using the CosPAN implementation described in Section 4.3. COSPAN code describing the
mappings is provided in Section A.8.

The essential feature of E,;4p is that it samples the data at its inputs periodically and
after a certain delay, acknowledges having read the data. The S/R description for £,y
can be found in Section A.7. We proved that ;) is a correct abstraction in exactly the

same manner as £ r;. We showed that
1. Rz = Eright
2. Ay || Eright < Erighe.

in order to prove that E,; 4 is a correct abstraction for A;4q... || Ay—q || An || Rz The
CosPAN code for the untimed mappings can be found in Section A.8.

Given Ejcpr and Epjgpy, it is straightforward to prove that Ejeps || F || Eright < Eieyse ||
A || Erignt (Equation 6.2) as required in Section 6.4.2. CosPAN code for the untimed

homomorphism witnessing this equation is given in Section A.8.4.
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6.4.4 Time and Memory Consumption.

We report the resource usage for the following checks in Table 6.1:
(I) Te < Elcp
(I1) Eiepe || A < Eiepy
(I11) Rz < Eright
(IV) Al Eright = Eright
(V) Erept || || Eright = Eiege || ANl Erigne

(VI) Tz || Ay || ... || As || Ra satisfies timing properties (i) and (ii) of Section 6.2 2.

For all of these checks the following parameters were used: ¢ ;min = 1, dc.maz = 25 Onormin =
1, dnormaz = 2, and the clock period m = 12. The delays from the clock to the transmitter
and the receiver (see Figure 6.1) were allowed to be time varying and bounded by 1 time

unit, i.e., 57’x,min = 07 57’1’,max = 17 5tx,min = 07 5tx,maac =1

Num. of Memory CPU time
clocks (MB) (seconds)
I 3 0.02 1.3
IT 3 0.02 4.9
I11 3 0.02 13.4
v 6 3.18 92.7
\Y 7 6.33 158.6
VI 12 92.4 6014.1

Table 6.1: Run times and memory consumption for the verification of STARI

To serve as a comparison, we tried to verify properties (i) and (ii) of Section 6.2 using
the gate level model for STARI, i.e., using F as the model for a FIFO stage. At this level of
detail, we ran out of space using 1 GB of memory for a three stage FIFO. Improvements to
our timing verification algorithm could enable us to verify larger FIFOs at the gate level,
however, any method working on a monolithic description at the circuit level is bound to

run out of resources for a FIFO with a large enough number of stages. Using abstractions

2See Section A.9 for the statement of these properties in S/R



CHAPTER 6. STARI: A CASE STUDY 90

as we demonstrated above, one is able to handle larger FIFOs, although not an unbounded

number of them, since the number of FIFO elements still enters into the computation (VI).

6.5 Related Work

The most important benefit of our approach is the correctness guarantee that it provides
for the actual circuit, whereas [LG95] and [HBAB93] based their proofs on oversimplified
abstractions of the circuit. Their tools do not provide a mechanism for checking the correct-
ness of abstractions, therefore there is no formal guarantee that the properties they proved
at a high level are satisfied by the circuit.

[LG95] and [HBABI3] neglect the time taken by the NOR gate (see Figure 6.5) to com-
pute the acknowledgment output and, furthermore, use a delay model that is less realistic
than the inertial delay model that we employ. Since verification of properties on the ab-
stract model is performed automatically in our approach, we did not need to resort to such
simplifications.

The proof of [LGI5] is for all FIFO lengths n, and makes it easier to see the trade-off
between circuit parameters, whereas our approach is still limited by n. However, the proof
of [LG95] is rather involved, and one needs to have an in-depth understanding of why the
properties are satisfied. The abstraction proofs and environment abstractions that we used
were rather straightforward and intuitive.

[BMO98] is able to verify a 10 stage STARI circuit at the gate level using partial order
reductions. The complexity relief offered by traversal methods based on partial order reduc-
tions are orthogonal to methods based on abstractions. These reductions can make abstrac-
tion checks, as well as the timing verification on abstract models more efficient. However,
in general, partial order reductions alone are not sufficient to cope with the combinatorial
dependency of the state-space size on the number of components in a system. Moreover,
existing reduction methods can not handle certain aspects of asynchronous circuits, such as

“true OR dependencies” [BM9S§].

6.6 Conclusions

We demonstrated the use of compositionality and hierarchy on the verification of the

STARI communication circuit. By using the timed refinement checking algorithm that we
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had implemented as part of COSPAN in a compositional framework, we were able to divide
the verification problem into smaller pieces, which enabled us to automatically verify a
larger circuit than was previously possible.

This case study demonstrated once more that abstractions are indispensable for veri-
fying large systems, and that compositional and assume-guarantee style reasoning are not
only useful techniques for verifying the correctness of abstractions, but are almost always
necessary.

The size of our abstract model for STARL, Tz || Ay || ... || A, || Rz still has an
exponential dependency on n, although less severe than the gate level model. One problem
that remains is the construction of an abstract model for STARI that is parametrized with
respect to n. One would then prove the correctness of this abstraction using induction.
Parametrized real-time systems have been studied before [RA93] and there is indication
that verification with parametrized timed automata is rather complex: for more than two

parameters, the reachability problem is undecidable.
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Chapter 7

Circuit Delay Computation with

Timed Automata

While verification of real-time behavior has been an intensely studied topic in recent
years, common practice continues to be to design systems so that the logical functionality is
correct regardless of timing. For high-speed combinational circuits, however, over-designing
for all worst-case circuit effects is not feasible. As feature sizes of circuits shrink, electrical
effects such as cross-talk and coupling become more pronounced, and new circuit design
styles have made the timing and the logical behavior of a circuit very tightly related.

In this chapter, we present a timed automaton-based method for accurate computation
of the delays of combinational circuits. In our method, circuits are represented as networks
of timed automata, one per circuit element. The state space of the network represents the
evolution of the circuit over time and delay is computed by performing a symbolic traversal
of this state space.

Based on the topological structure of the circuit, a partitioning of the network and a
corresponding conjunctively decomposed OBDD representation of the state space is derived.
The delay computation algorithm operates on this decomposed representation and, on a
class of circuits, obtains performance orders of magnitude better than a non-specialized
traversal algorithm.

We demonstrate the use of timed automata for accurate modeling of gate delay and
cross-talk. We introduce a gate delay model which accurately represents the timing char-

acteristics as derived from a transistor-level model. We also construct a timed automaton
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that models delay variations due to cross-talk for two capacitively coupled wires.

On a benchmark circuit, our algorithms achieve accuracy very close to that of a tran-
sistor level circuit simulator. We show that our algorithm is a powerful and accurate timing
analyzer, with a cost significantly lower than transistor level circuit simulators, and an

accuracy much higher than that of traditional timing analysis methods.

7.1 Background and Motivation

The computation of delay for combinational circuits is a well-studied problem which,
until recently, was considered solved. Efficient exact methods were devised for computing
the delays of acyclic combinational circuits ([DKM93], [LB94b], [MSBSV93], [YH95] among
others). However, with the feature sizes of integrated circuits shrinking to sub-micron levels,
some of the underlying assumptions of existing delay analysis methods are no longer valid.
First, higher clock speeds require more accurate modeling of circuit delay, therefore, more
sophisticated gate delay models are needed. For instance, for complex dynamic logic gates,
gate delays depend on the relative timing of the input signals, as well as their values. Second,
circuit level effects such as capacitive coupling between wires (also referred to as cross-talk)
need to be taken into account. As a result, it is now commonly accepted that existing
methods for modeling and computing delays are inadequate for deep sub-micron circuits
(See, for instance, [CWS97, TKB97] and other related papers in the TAU "97 Workshop).
Existing timing analysis schemes do not use sufficiently accurate gate delay models, and do
not account for cross-talk.

Timed automata have been used to model the delay characteristics of gates and cir-
cuits ([FK94], [FK95], [MP95], [TAKB96], [TB97]). Previously, timed automaton-based
techniques have been restricted to the analysis of asynchronous circuits because they are
generally smaller than synchronous circuits and require a more detailed temporal analysis
than delay computation. Today’s synchronous circuits with sub-micron feature sizes place
stronger demands on timing analysis tools, and this new setting makes the expressiveness of
timed automata desirable. Timed automata allow the use of very general gate delay models,
including those in which a unique delay can be specified for every pair of input vectors. As
a result, effects of cross-talk on delay can be incorporated. One contribution reported in
this chapter is the introduction of a new and accurate gate delay model, which efficiently

accounts for input sequence dependent delays.
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For large portions of a typical design, a less powerful modeling framework suffices. For
instance, the topological delay of the circuit has traditionally been used as a conservative
but often rough estimate of the true delay of the circuit. However, simple topological delay
is not conservative for circuits where electrical coupling is a significant factor. A “worst-case
topological analysis” assuming worst-case cross-talk on all wires at all times is likely to be
too conservative and not suitable for high-performance circuits . The analysis of certain
critical portions of such a design must be performed with great accuracy, which is currently
provided only by transistor level simulators. Exhaustive simulation of these sections of
the circuit, on the other hand, is not computationally feasible because of the exponential
number of possible input patterns. In this study, we present a timed automaton-based
delay computation method. We represent input waveforms and circuits by networks of
timed automata, with each automaton modeling a circuit element or input waveform. The
state space of this network describes the possible behaviors of the circuit over time. Delay
computation is then posed as a variant of the state-space traversal problem. Because all
input patterns are covered, unlike simulation, the circuit delay computed by this algorithm
is guaranteed to be correct.

State-space traversal of timed automata is a PSPACE-complete problem, and, like
other traversal-based methods, it suffers from the state-space explosion problem for systems
with large numbers of components. However, by exploiting certain topological properties of
combinational circuits and the state spaces of the corresponding timed automata, we devise
heuristics which enable us to handle systems that are much larger than could be handled
with non-specialized traversal methods (cf. Section 7.4.2).

This chapter is organized as follows. Section 7.2 discusses how circuits and waveforms
are represented using timed automata. Section 7.3 describes our algorithm for comput-
ing maximum delays. Section 7.4 presents experimental results and contrasts our method
with other approaches for delay computation. Section 7.6 presents the conclusions from
our experience with the methods developed in this chapter, and discusses future research

directions.
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7.2 Modeling Circuits and Waveforms

7.2.1 Modeling Sets of Waveforms

The maximum delays of combinational circuits are typically computed for the following

two cases:

o Floating-mode delay: The primary inputs are allowed to change their values arbitrarily

until time ty. After time ¢g all inputs remain stable.

e Two vector delay: The primary inputs (and all intermediate nodes of the circuit) are
stable until time to. At time ¢y the inputs switch to new values and must remain

stable thereafter.

The sets of input waveforms for both cases can be represented concisely by timed
automata. Figure 7.1 shows the timed automaton for the two-vector delay model. 7is the
vector of primary input variables, which are the outputs of this automaton. 7,;y and ey
represent the primary inputs before and after time ty (¢ = tg) respectively. g and Z,e.
are selected non-deterministically, which enables the automaton in the figure to represent

all input vector pairs.

SN Tt 51 = to T= T

Figure 7.1: The timed automaton producing the primary inputs for the two-vector delay

model. All inputs arrive synchronously at time tg.

It is also straightforward to model different arrival times at different primary inputs,
asynchronous inputs, etc., with timed automata using extra clocks. Some examples are

shown in Figure 7.2.

7.2.2 Modeling Combinational Gates

Timed automata offer a great deal of expressive power for representing gate delay
models. In the past, they have been used to model gates ([MP95],[TAKB96], [TB97], [F'K94],
[FK95]) in the verification of asynchronous circuits and library elements. For instance, in

[TB97] and Chapter 2, timed automaton representations for the inertial delay model were

described.
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\ﬁ 11 = 1,0ld r1 =to P = tne
True

\ﬁ 12 = 12 old T2 =lo + 52,(17"7" 12 = 12 ne

True
\ﬁ i3 = 13,01d z3 > to 13 = 13,ne
True

Figure 7.2: Automata generating various primary inputs. ¢; arrives synchronously with the
clock at time ty. @3 has an arrival time of 0 4,r. 73 is an asynchronous input that can arrive
anytime after the clock signal.

The gate delay models employed by conventional timing analysis methods, on the
other hand, have been somewhat rudimentary. In the following, we briefly review them
in increasing order of sophistication with which they model the dependency of delay on
different factors. The most simplistic one is the unit delay model, where each gate is
assumed to have a delay of one time unit. The fized delay model, allows gates to have
different but constant delays. Both of these models are too coarse as they do not allow for
variations in gate delay. The min-maz delay model addresses this problem to some degree
by allowing variations in the delay of a gate: transitions at a gate’s input are reflected at
its output with a delay in the range [diin; dimae). In the pin-delay model, different input-to-
output delay ranges can be specified for different input pins of a gate. Neither the min-max
model nor the pin-delay model are powerful enough for an accurate analysis because they

can not express the dependency of gate delay on specific input values.
vdd vdd
A T% S Q/ﬁs
a—|
b out a—[ T3 \ Lﬁ T6

out b
b—{[ T4

gnd

out

Figure 7.3: AND gate: Transistor Level Description
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In practice, gate delays depend strongly on the input vectors applied. This is illustrated
by means of the static CMOS AND gate shown in Figure 7.3. For this gate, let us denote
the delay under the input sequence a =b=1—a=1,b=0 by t{1—>10- The superscript f
(alternatively, r) indicates that the output is falling (alternatively, rising), and the subscript
represents the applied input vector sequence. Similar notation is used for the input sequence:
for the sequence a =b=1— a = 0,b =0, the gate delay is t{1—>00- In the second case, the
delay of the gate is smaller. This is because, in the latter case, after the inputs transition,
both transistors T1 and T2 are on, effectively doubling the current to charge the capacitance
of node out_b. This results in a faster falling transition. In the first case, only transistor
T2 is on after input b has switched, hence the falling transition is slower. The pin and min-
max delay models do not distinguish between these two input sequences. High performance
combinational circuits make extensive use of complex gates with many inputs, and for these
gates, the effect of input vectors on delay is more pronounced. For such circuits the pin
and min-max delay models are not accurate enough. Some other conventional delay models
[MSBSV93, YH95, Yal97] allow the specification of separate rising and falling delays for
the gate output. This is a useful property to model, but in the absence of input sequence
dependence of the output delay, this capability alone is not very useful. State-dependent
delay models (see [Yal97] for a classification of delay models) enable different delays to be
specified for different final values of the gate inputs, but do not model the effect of the
initial input values on gate delay.

Timed automata provide a powerful and uniform framework in which gate delay models
of varying sophistication can be specified. One has the flexibility to assign a distinct delay
for every possible sequence of input vectors (for an n input gate, there are 2" - (2" — 1) of
these). However, in practice, there are only a few sequences of input vectors that result
in distinct delays. Many sequences of input vector transitions result in approximately the
same gate delay, and we make use of this property to simplify the timed automata for
gates. For example, in Figure 7.3, the delays t{1—>01 and t{1—>10 have the same value, and
so do the delays {11, tho_11, and gy ;. We group together these delays in our timed
automaton model for the AND gate, resulting in a simpler delay model. In this way, our
model incorporates input sequence dependent delays without becoming prohibitively large.
A delay model in which different vector pairs are assigned distinct delays was previously
introduced by [FK94, FK95]. However, this model requires a significantly larger number
of transitions to model delays. For a 3-input NAND gate, the authors of [FK94] state that
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109 transitions would be required in their gate model. In our model, only four distinct
transitions are required.

Tobolnbn + Tobotnbn+
lo obattrbn + aobodbn +
——0 Tobotnbn + Tobolnbn

Tobolnbn + Aobotinbn+

Qobotnbn

Aobotnby

+aobombn

{
1 s

aobombn +

aobotnby
aobolnbn z+ 0

z+ 0

out =1

Figure 7.4: Timed automaton for the AND gate.

The timed automaton representing an AND gate is shown in Figure 7.4. The initial
location is ly or 4 depending on the initial values of the inputs to the gate. The inputs
to the AND gate are @ and b. a, and a, represent the old and new values of the input «
respectively. Similarly for input b. We use the following shorthand: if the input e = b =1
is followed by @ = 1,b = 0, then this condition is represented by a,b,a,b,. “Transient”
locations are shaded. These are locations representing a pending output change where the
automaton can remain only for a limited time. At any location, if there is an input change
that does not require the output of the automaton to change, the automaton remains in
the same location. The location [y has such a self-loop. Some self-loops are not depicted
in order to keep the figure readable. Similarly, if inputs change and then return to their

original value while the automaton is still in a transient location (referred to as a glitch),

the automaton returns to the location that led to the transient location. If, at location



CHAPTER 7. CIRCUIT DELAY COMPUTATION WITH TIMED AUTOMATA 99

lp, the condition @,b,a,b, occurs, then clock z is set to 0, and a transition is made to the
temporary location /3. After a delay of ¢!, a final transition is made to a location where
out = 1. This corresponds to the gate output changing from 0 to 1 after a delay of ¢}, when
inputs change from ¢« = 0,0 = 1 to e = 1,b = 1. However, if ¢« = 1,b = 1 is followed by
a=1,b=0,1ie., a glitch occurs while z < t!, the automaton returns to the location with
out = 0. Again, some edges corresponding to glitches are not drawn in the figure for ease
of readability.

When inputs change from ¢ = 1,5 = 1, depending on whether one or both of the inputs
change to 0, the gate can have two distinct delays. If only one of the inputs changes to
a 0, then the delay of the gate is t}. If both inputs change to a 0, then the delay of the
gate is t?f. As discussed earlier in this section, t} > t2, because t?c corresponds to the case
where the current charging node out_b of Figure 7.3 is doubled. In either case, the timed
automaton makes a transition to the transient location [y after setting clock x to 0. From
this temporary location, it makes the final transition to [y after the appropriate delay. In
case the two inputs do not change simultaneously change to 0, the timed automaton makes
a transition to l9, from which it makes a transition to [ if the second input arrives before
tf.

Timed automata for other gates are constructed similarly. For the transistor level
representation of a gate, suppose there are n paths from the output node (In Figure 7.3,
out_b is the output node) to the power supply, and m paths from the output node to the
ground. Assuming that all paths to the supply and ground have the same effective size
of transistors, the timed automaton for the gate will have n distinct rising delays, and
m distinct falling delays. In general, for a k input gate, each of the 2 . (2’“ — 1) input
sequences give rise to distinct delays at the output. However, in practice, the delays are
tightly clustered around the n + m distinct values we use.

The process of obtaining a timed automaton delay model for a given CMOS gate
proceeds as follows. We first determine the values of m and n. After this, we compute
each distinct rise and fall delay using the transistor-level simulator SPICE [Nag95]. All
SPICE simulations reported in this chapter use 0.1 gm transistor models. Interconnections
are assumed to be made of copper, and are assumed to correspond to a 0.1 pm fabrication
process. For complicated gates where it may be difficult to determine the distinct rise and
fall times by inspection, the gate can be SPICE simulated for all possible input patterns.

This procedure would be impractical for a large circuit, but for gates and other library
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elements, it is feasible and, in fact, common practice.

7.2.3 Modeling Cross-Talk between Wires

As the minimum feature sizes of VLSI fabrication processes decrease, certain electrical
effects become more pronounced. Figure 7.5 shows a graphical view of two wires on an
integrated circuit. In most VLSI processes, W = S. W (and 9) decrease linearly with
minimum feature size, but 7', the distance between wires on different metal layers decreases
sub-linearly. As a result, the ratio of the capacitance between a wire and its neighboring
wire to the capacitance between a wire and wires on other metal layers increases with

diminishing feature sizes [NTR97].

Figure 7.5: Two wires on a VLSI circuit

One of the effects of increased capacitance to neighboring wires is a large variation in the
delay of the wire. If the neighboring wires switch in the same direction as the wire of interest,
the delay of the wire is decreased, and if they switch in the opposite direction, its delay
increases. The effect of the transition activity of a wire on its neighboring wires is referred to
as cross-talk. A SPICE simulation of three neighboring wires of length 150 gm in a 0.1 gm
process shows a 2:1 variation in the delay of the center wire due to cross-talk. In the set-up
for this experiment, the wires were driven by static CMOS inverters, whose P devices were

4.5 times larger than a minimum P device, and whose N devices were 3 times larger than a
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minimum N device. The parasitics for this configuration of wires were determined using the
three-dimensional parasitic extractor SPACE [Pro]. VLSI processes with a 0.1 um feature
size are still a few years away from production, but the above simulation indicates that
delay variation due to cross-talk will be a major problem in the future. For this reason, it
is becoming increasingly important for circuit timing analyzers to incorporate the effect of

cross-talk.

change,

Tobotnbn + Tobonby+
%bombn + %boanbn
z 0

changeq

Tobotnbn + aub,anby,

z < PP
Tobon by +
JE— J— aobombn
aobombn + %boanbn
0
change3'™
T < t;am@

Figure 7.6: Timed automaton model representing the delay of a pair of wires

We model cross-talk between two wires by the timed automaton shown in Figure 7.6.
In this figure, the location changeg represents the condition when both wires have a stable
value. From this location, if one of the wires switches, a transition is made to one of the
temporary locations change; or changell. While in these temporary locations, if the other

wire switches, a transition is made to a location which models both wires switching. There
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are two such locations, change3®™®, which models the two wires switching in the same

direction, and changey”” which models the two wires switching in opposite directions. In a
manner similar to the AND gate model, the automaton returns to changeg whenever a glitch
occurs. These edges have not been shown in order to keep the figure simple. The delay
associated with change; and changell is 1. The delays associated with change3*™° and

changes™ are t5%™¢ and 5" respectively. These delays are determined by running SPICE

on the circuit model derived from the layout using SPACE. Clearly, 54 < < 5F".

7.2.4 Additional Constructs For Circuit Modeling

In this section we introduce two new additions to timed automata: initial state rela-
tions and reset functions. These constructs make it more convenient to model combinational
circuit, and, as will be shown, do not affect the complexity of, or require significant modi-

fications to verification and delay computation algorithms.

Initial State Relations

When modeling circuit components with timed automata, it is useful to be able to
relate the initial location to the initial values of the inputs. For instance, the buffer in
Figure 2.1 will start at location [y if its input is initially 1, and at location 5 if its input
is initially 0, assuming that it starts at a stable state. To provide this capability, in this

chapter we allow the initial location of a timed automaton A to be specified as a relation
Init* C {f| f is an I* valuation } x S

(f,50) € Init (equivalently Inith(f, sq) = True) if s is one of the possible initial locations
when the initial inputs are given by the I4 valuation f. Init* is called the initial state

relation of A and is required to be total, i.e.,
Vf so Init (£, 50)

The semantics of timed automata remain unchanged with the understanding that a location
is considered initial if and only if it is in Init for some initial input f.
A minor change needs to be made to the definition of composition for timed automata.

For timed automata A and B with initial state relations Init* and Init®, the initial state



CHAPTER 7. CIRCUIT DELAY COMPUTATION WITH TIMED AUTOMATA 103

relation of A || B is given by

Initg 1% = {(£, (g sB0)| (EAN) U P (), s) € it and

(E(IP) U p?(s)), s8) € Init® }

and A and B are said to be composable iff O4 and OF are disjoint and InitllB as defined

above is total.

o = 0, cp = rising

T S drise,max

¢ = rising T < drisemar

c; = stable

Inltl%m 1 =0, =1 x < drise,max or =1, ¢, = stable
 Jeer @S dhems Jdenn<e

c; = falling

cj = stable z < drise,max

T < g(l‘) or =0, cp = M'Singw drise,min <z
z S drise,max

Figure 7.7: Delay model for wire k incorporating cross-talk from wire j. ¢ is the signal that
drives wire k.

drise,min S L

o = 0, cp = rising

Reset Functions

For a more precise modeling of cross-talk, we augment timed automata with reset
functions in the way depicted in Figure 7.7. This enables us to incorporate simulation
results into the delay model without having to devise new analysis algorithms. In this
version of timed automata, which will be used in the rest of this chapter, edges e are tuples

of the form (s, ¢, ¢, x, R) where a reset function R specifies for each clock z its value after

the edge is taken, R(z):
(I) R(z)=0: z is reset to 0.
(II) R(z) =y, where y € X: 2 takes on the value of y right before the transition. The
capability to assign the value of one timer to another enables the reuse of timer

variables and facilitates minimization of timer variables [DY96]. If y = 2, z is left

unchanged.
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(1) R(x) = f(x), where, for each € RT U {0}, f(z) is a closed interval of the form
[Momins Mmaz] With M, My € IN. 2 can be assigned any value in the interval
[Momin, Mmas] after the edge is taken. f is referred to as a “reset function” and has to

have the following properties:

(i) For any n € IN and z,y € IR such that z,y € (n,n+ 1), f(z) = f(y).
(ii) Forany n € IN, f(n) C f(n—e)U f(n+¢) for 0 <e < 1.

iii) There exists some k¢ € IN such that, for all z > k¢, f(x) = f(ky).
! ! !

In words, the value of f(z) depends on the integer part of z for values less than ky,
and whether the fractional part of z is 0. Because of properties (i)-(iii), f can be
represented as a look-up table. The purpose of this type of reset is to enable the
specification of a new value of z as a function of its current value without affecting
the correctness of the constructions presented in Chapter 2. The reasons for this

particular set of requirements on f will become clear below.

Region equivalence for this variant of timed automata is defined in the same way as in
Section 2.6.2 with the following modification. For each clock z, K, denotes the maximum
among (i) constants that = gets compared within the X-predicates on the edges of A and
invariants on the locations of A, (ii) constants ks such that the reset = < f(z) occurs on
some edge of A.

Lemma 7.2.1 helps us prove the counterpart of Theorem 2.6.4 on this variant of timed

automata.

Lemma 7.2.1 Let (s,®) = (5,0). If, for a timed event v = (5,f,f), (s,®) 5 (s, d"),
then there exist v' = (§',£,£") and (s',©') such that (s, ©) 7, (s',0") and (s, ®") = (s, 0").

Proof: Let e = (5,5, ¢, X, R) be the edge of the automaton associated with the transition
(5,®) 5 (s/,®"). From the region automaton construction, it is known that there exists
8" such that wait((s,©),0") and (5,0 + ') = (s,® + ). © + ¢ |= ¢, therefore, the edge
e can be taken on the timed event ' = (&', f,f'). We argue that the resets in R can be
applied to © + ¢’ in such a way that the final result is region equivalent to ®'. Type (I)
and (II) resets pose no difficulty: given two equivalent X-valuations, applying resets of
these types leaves them in the same equivalence class. Suppose that on e, a type (III)

reset is applied to clock z, which assigns to it non-deterministically a value in the range
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[Mmin, Mmaz)- By the definition of region equivalence, we have [(®+6)(z)] = [(©+ &) (z)],
and Fr((®+9d)(z)) > 0if and only if Fr((©+ d')(z)) > 0. Therefore, for the v transition
as well as the 4/ transition, the new value of x is selected from [nin, Nmaz]. ©'(2) must be
picked to have the same integer part as ®'(z), and its fractional part must be picked such
that the ordering of timers according to their fractional parts is the same for ® and ©'.
This is possible, since we have complete freedom in choosing the fractional part of ©’(x).

With this, it is guaranteed that (s', &) = (s/,0'). [

Theorem 7.2.2 Suppose that starting from (so, ®o), the following sequence of transitions
are possible in a timed automaton: (sg, Po) n (s1,P1) noEs (sk, Pr) Let Og be such

that (sg, ®g) = (s0,O0). Then there exists a sequence of timed events 7, ..., v}._, such that

!

(s0, Oo) X (s1,01) oo ks (Sk, Ok) and for each i, ! differs from ~; only in the time

increment, and not in the assignments to the input and output variables.

Proof: Follows by induction on &k from Lemma 7.2.1. [ |

Theorem 7.2.2 provides the formal basis for region-automaton-based delay computation
algorithms operating on augmented timed automata.

Having developed the required formal machinery, let us now examine Figure 7.7 in more
closely. Let Ay denote the timed automaton representing wire k. Ay has two outputs o and
ck. ox takes on values from the set {0, 1} and represents the digital value of the signal at
the output end of wire k, while ¢ takes on values from the set {rising, falling, stable} and
indicates whether wire k is making a transition or has a stable signal on it. If the signal on
wire j affects wire k, ¢; is an input to the automaton representing wire k. Suppose that 7,
the signal that drives wire & makes a transition from 0 to 1 and in response to this, Ax moves
to the shaded location where, if 2 has value v(z), within [dyise min — V(2), drisemaz — V()]
time units, a transition is taken and the output oy becomes 1.

A typical scenario is where another wire j runs parallel to wire k and because of this,
if j starts rising while k is rising, this reduces the time k takes to rise. Suppose while
Ay is in the shaded location ¢; changes from stable to rising. The coupling between
the wires is modeled by the reset function f on the marked edge. f will increase the
value of x to reflect the fact that now op will take less time to rise. z can take on any
value from the interval f(v(z)) = [%min, Mmaz]- Let & be the new value of 2. Now a
transition to the location where o = 1 is possible when d,;sc pin < @ < dyise maz, i-€., within

[drise,min — &5 drise,mar — &) time units. Thus, f should be such that if the signal on wire k
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has been rising for (|v(z)], |v(z)] 4+ 1) time units, the remaining time to rise for oy with
positive coupling from j falls inside the interval [dy;se min — f(¥(2)), drise,mar — F(v(2))].
Such dyise miny drise,mar and a look-up table f can either be determined analytically or
computed by simulating the two wires as described earlier in this section. By choosing the
range [Nomin, Nmaz) for & large enough, we can ensure conservative modeling of variations in
the rise time of x due to cross-talk. Choosing the time unit to be smaller will yield a more
accurate model but to larger verification complexity. It is possible to refine the delay model
by incorporating more cases for possible interactions between wires. The purpose of the
example in Figure 7.5 is to demonstrate that timed automata have the expressiveness to
capture cross-talk effects and represent them in a way that captures all behavior obtained
from simulation.

In the next section, we describe our delay computation algorithm. The algorithm
operates on a network of timed automata representing the primary input waveforms and

circuit elements.

7.3 Delay Computation with Timed Automata

We pose the delay computation problem as follows: Given a combinational circuit,
described as an interconnection of circuit components, and a set of primary input waveforms,
we want to determine the latest time that primary outputs become stable. The set of input
waveforms is represented by a timed automaton I as described in Section 7.2.1. The circuit
is described as an interconnection of timed automata, Gy, ...,G,. The delay parameters
of these are determined by SPICE simulation of the transistor-level circuit description, as
described in the example in Figure 7.2.2. The delay computation problem is then formally
stated in the following way: Let

F= GGl 1 Gw)

represent the evolution of the circuit over time for the primary input waveforms described
by I. Let us denote by G,,,...,G,,  the circuit components whose outputs are primary
outputs of the circuit. For each j, define F,; to be the set of edges of G, for which the

primary outputs at the source and target locations are different. Formally,

Bay = {50, toy2 200 B)| (14(50,)) Oprim) # (1(t0,)) Oprio) |
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where O, denotes the set of primary output variables of the circuit. The delay of the
circuit is the latest time that an edge in some FE,, can be traversed in F'. Denote by Egien
the set of edges of F’ whose projection onto some GO] lies in Eo,, and let S, iicn € X be the
set of states of F' that have an outgoing F, ;tcn transition. The goal is then to compute the
largest time elapsed on paths from initial states of F' to Ssyiten. The most straightforward
way to obtain this information is to explore the state-space of Region(I'). However, the size
of this state-space is often very large. Automata networks describing circuits have certain
special properties, which enable significant improvements to the traversal techniques. The
rest of this section elaborates on these properties and how they are used for making state-

space exploration more efficient.

7.3.1 A Region Automaton with Integer Delays

Traversal methods based on difference bound matrices (see Section 2.6.4) are not suit-
able for delay computation purposes because they represent locations explicitly, and the
Boolean component, and therefore the number of locations, of the automaton F is often
considerably large. We will employ a region-automaton-based approach instead, as we have
done in the previous chapters.

Region equivalence for timed automata as defined in Section 2.6.2 has to distinguish
between clock valuations which have different orderings of the fractional parts of clock
values. This contributes a factor of k! to the state-space, where k is the total number of
timers used in F' [AD94]. For a subclass of timed automata, this component of the state
space can be eliminated by using Theorem 7.3.1, an equivalent statement of which was
proven in [HMP92]. Roughly stated, this theorem stipulates that given any run of a timed
automaton, it is possible to construct a run whose transitions occur at integer-valued times,

and which traverses the same sequence of locations as the original one.

Theorem 7.3.1 (Henzinger, Manna, Pnueli ’92) Let A be a timed automaton as de-
fined in Section 2.3 and let 0g,01,09,...,0; be a run of A on the timed event sequence

¥ = Y0, Y1y oes Vi1, where y; = (8;, £, £]) and oy = (s;, ;) for all i. With t; =45 Z?:o &

'Recall that for this type of timed automata, clock predicates must be positive Boolean combination of
non-strict inequalities that compare clocks with integers.
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let us denote the time that the transition on v; is taken. For arbitrary 0 < & < 1 define

Ltin if t; — LtlJ <e
{ti—‘, if t; — LtlJ > £

T =

and 0; = (A, £, £) where
To, JO =0
A; = 0 f n
T; — Ti—1, f()Ti>0

Then there exists a run pg, p1, P2, ..., pr of A on the timed event sequence 8 = 6y, 01, ...,0,_,

where p; = (s;,0;) for all i.

Note that the clock valuations ©; of the run pg, p1, ...px must all be integer-valued. It follows
from Theorem 7.3.1 that there must exist a run of this form which exhibits the largest delay
of the circuit.

While performing delay computation, timer predicates refer to the time elapsed between
two transitions in node voltages, which are analog waveforms over real-valued time. It does
not make any physical sense to specify that the time elapsed between two analog transitions
can be any value less than (or greater than) but not equal to ¢ € IN time units. The set
of possible elapsed times is simply rounded to the nearest closed interval with integer end-
points. Therefore, combinational circuits can be modeled without using strict inequalities.
This enables the clocks to be treated as integer-valued variables which increase at the same
rate. Observe that considering runs with integer transition times may result in A; = 0 in
some cases, i.e., a state or a transition may precede another although there seems to be no
separation in time between them. We have disallowed events with zero time increments up
to now, as they make it difficult to define languages and compositional proof rules. Only
in the context of delay computation will we allow such events, in order to be able to use
Theorem 7.3.1. The use of zero-time events should be regarded as an internal construct
of delay computation algorithms presented in this chapter, and not as part of the formal
semantics of timed automata.

With this interpretation, a run of a timed automaton A of the form oq 3 o7 5

Y: VYE—1 . . . . ..
oy 3 ... 5 0} can be viewed as an interleaving of time passage transitions and control

0,0, f! 0,f, f! 0,811} _
transitions as follows: og kLY (60 + do) { X o) o1 LES (014 61) { = 0 ( g u oL, Where
o; + &; is shorthand for all clocks in o; being incremented by é; € IN and —5> denotes the

stuttering timed event with a time increment of 6 € IN. Note that time passage transitions
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with §; > 1 can be a realized by a sequence of § = 1 transitions. We have found that
taking time steps of one at a time results in more efficient ordered binary decision diagram
(OBDD)-based analysis algorithms and makes the formulation of the delay problem easier
(see Section 7.3.2). Clearly, the reachability and delay properties of the automaton remain
the same.

Using these observations, given a timed automaton A, we construct a variant of the
region automaton, denoted by [A], to be used for delay computation purposes. The locations
of the finite automaton [A] have the form o = (s, ®), where s is a location of A and ® is
an integer-valued clock-valuation, where the value of each clock z is limited to the interval

[0, K,]. The output function ul#l is defined as ul4l((s, ®)) = pu?(s). The edges of [A] are
grouped into two. The time passage edges E(EA] correspond to stuttering events in A where

all variables except clocks remain constant.

E(E = {(o,046,x)| ois alocation of [A4],d = 1, wait(o,d), and
(f,f) = x for all observations f }

If a clock x has the value K, further time increments leave the value of z unchanged. As
described above, a transition of the timed automaton A on a timed event (&, f, ) for § € INT
is represented in [A] by the traversal of § time passage edges followed by one control edge
that is taken on the untimed event (f,f’). Control edges incorporate the resets of clocks

and the location changes of A into [A]. The set of control edges E£A] is defined as follows.

BN = {((s,®48),(1,0),x)| §€INT, and (s,9) = (1,0) in A
by taking some edge e = (s,t, ¢, x, R) of A }

The set of edges of [A] is then given by EMl = E(EA] U EEA]. Because a run of a product

automaton that has only integer time increments corresponds to a run of the same form in

each of its components, the following proposition holds.

Proposition 7.3.2 (Compositionality) For timed automata A and B, [A || B] = [4] ||
[B].

The delay computation algorithm presented in Section 7.3.2 is essentially a breadth-
first search of the discrete state-space of the [] construction, using OBDDs to represent sets

of locations and edges.
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7.3.2 The Algorithm

For uniformity of notation, let us rename the automata comprising I to Cq,...,C},
such that /' = (Cy || ... || Cp). We will to analyze [F], which, by Proposition 7.3.2 is
equivalent to [C4] || ... || [C'n]. In the following, the components whose outputs are inputs

to a component C; are referred to as fan-ins of C;. Cj is said to be in the transitive fan-in
of Cj if there is a sequence Cly, C,, ..., Cy, where Cyy = C;, Cy,, = Cj and C, ., is a fan-in
of C, for all 7.

In our delay computation algorithm, sets and relations will be represented using char-

acteristic functions, which are defined next.

Definition 7.3.3 (Characteristic function) Let S be a finite set, and S C S. The

characteristic function for S is the following Boolean function:

lifzels,

0 otherwise

S(z) =

An implicit representation for a set is a data structure corresponding to the set’s char-
acteristic function. Set operations such as union, complementation, membership checking,
as well as operations on relations such as composition and quantification are implemented
as logical operations on characteristic functions, each of which, in turn, is realized by an
algorithm that operates on implicit representations of Boolean functions. Multi-valued De-
cision Diagrams (MDDs) [KB91], which are built on an infrastructure based on OBDDs are
convenient and efficient implicit representations. All characteristic functions used in this
chapter are represented and manipulated using the MDD package of [KB91].

For all 7, we let o; denote a variable whose range is the set of locations SIE of [C5].
o = (01,03,...,0,) is a vector-valued variable that has as its range the set of locations of
[F]. Each assignment to o specifies an assignment to each of the o;’s.

We represent the edges of a timed automaton using characteristic functions as follows:
for automaton [C}], the functions T and T]‘g denote the characteristic functions of the control
and time increment edges, respectively. T¥ and T]‘g’s are also referred to as “transition
relations”. Recall that the outputs o; of each automaton [C;] are a (deterministic) function
of its location given by o; = p;(s;). Therefore, for the purposes of traversing the state-space
of [F1], it is possible to express all transition relations and initial state relations as functions

of the location variables o;’s. For notational ease, we will assume that this is the case in
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): k«0,t« 0,50 = Inity A Inity A ... A Init,,
2): repeat

3): repeat

4): St = OngsTEP(SK) (TF, ..., TS))

(1)

(2)

(3)

(4)

(5) ke—k+1

(6): while S(k)(a) # S(k_l)(a)

(7) §(k+1) — ONESTEP(S(k)7 (TF, .., T5))
(8)

(9)

(10

m

t—t+1
ke—k+1

Figure 7.8: Algorithm CoOMPUTEDELAY

the rest of this chapter. For component j, a transition relation 7} is a function the form
Tij(o~j, 05,0, ;,0%). Here o_; denotes the set of location variables that determine the
inputs of (7, i.e., fan-ins of C';. Primed variables refer to the value of the variable after the
transition, i.e., the “new” value, as described in Section 2.1. T}(0_;,0,7;, T) evaluates
to “True” if and only if ¢ = 7 in [C;] on an input event + generated by the fan-ins of C;
making a transition from o_,; to 7. T]‘g and T represent E(EOJ] and ELCJ] respectively.
Similarly, Init;(o_;,0;) evaluates to “True” if and only if (ul%l(a;), ;) € il

The structure of our delay computation algorithm is described in Figure 7.8. S(*)
denotes the characteristic function for the set of states of [F] that can be reached from
the initial states by traversing a certain sequence of k edges. Here Init; is the character-
istic function describing the initial location of component C’; as determined by the initial
locations of its fan-ins.

ONESTEP(S, (11, ..., 1)) (described in Figure 7.9) computes the states reached from
S(#) by traversing one edge in the transition relation given by T'= Ty ATy A ... AT),. 0 <~ o

(kk+1) represents the outgoing

is shorthand for replacing variable o’ with . The relation S
transitions from the locations S*)(a) as a function of o, where & and &’ correspond to
the present and next locations, respectively. S**+1) (g, g’) evaluates to true if o’ can be
reached from o by the traversal of one edge in the transition relation given by Ty A...AT,,.

The algorithm CoMPUTEDELAY repeats the following loop until the circuit stabilizes:

First, control transitions are explored until all states reachable through them are computed,

then a time increment of 1 is taken by traversing time passage transitions only. The delay
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OnesTEP(SW) (T4, ..., T),))
SERD) (g o' = SE) A AT
S(k_|_1)(o_/) — (HG)S(k’k-H)(O',O'/
SE) (g) = (o' + o) S+ (g)

Figure 7.9: Algorithm ONESTEP.

of the circuit is then the maximum ¢ such that the corresponding S***1) includes an edge
for which there is a change in a primary output. It is a simple OBDD operation to check
whether S(*#+1) contains such an edge. Note that minimum delay computation, as well as
checking state invariants? can easily be incorporated into this scheme.

The algorithm CoMPUTEDELAY is different from a generic breadth-first search in two
aspects: (i) a subset of the outgoing edges at the locations are considered at each step (ii)
the set of locations explored up to step k (Uf:1 S(j)) is not stored. On a general graph,
this algorithm would be inefficient and might not terminate. However, certain topological
properties of the transition structure of [F] make CoMPUTEDELAY suitable for exploring

it. This is the topic of the next section.

7.3.3 The Region Automaton is (Virtually) Acyclic

For a properly designed combinational circuit, the transition structure of [F] is acyclic,

except for the following two kinds of self-loops, which we will refer to as trivial cycles:
(i) Each location has a self-loop on the stuttering event, as described in Section 2.3.

(ii) Locations where all clocks & have reached their upper limits K, also have self-loops

on time passage events.

Let us examine the implications of a non-trivial cycle before arguing that [F] has no such
cycles. First observe that, because primary input waveforms are modeled by automata with
no inputs, F' is a closed system, that is, it has no external inputs. Therefore, any path in
[F] is traversable and any cycle in [F] is traversable an unbounded number of times. Now
consider the projections of a non-trivial cycle of [F] onto the component automata [C;]. At

least one of these projections must be non-trivial. Each component automaton is either a

2State invariants are formulas whose truth can be decided by looking at the assignments to state variables
only. State invariants are required to hold in every reachable state.
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gate or wire delay model, or outputs a primary input waveform. In each case, a non-trivial
cycle in a component is possible if only if its inputs or outputs change their values. Thus,
a non-trivial cycle in [F] points to an oscillation in some nodes of the circuit that does not
die down.

The primary input waveforms that we consider in delay analysis remain constant after a
certain point in time (see Section 7.2.1). Combinational circuits are designed to stabilize to
a certain final state if the inputs remain constant. For a correctly designed combinational
circuit, non-stabilizing oscillations in circuit nodes should not occur, and [F] should not
contain any non-trivial cycles.

If the circuit does have unstable behavior and non-trivial cycles, the algorithm described
in Section 7.3.2 will not converge. To detect this undesirable case, we observe that the delay
of a given acyclic circuit is bounded from above by the delay of the longest topological
path. Using this fact, we can place a bound on the maximum number of iterations of
CoMpPUTEDELAY and conclude that if the termination criterion has not been satisfied by
then, the circuit must have oscillatory behavior. We will now formalize this argument and,

afterwards restrict our attention to combinational circuits that stabilize properly.

Definition 7.3.4 (Topological delay of a circuit component) Let A be a timed au-
tomaton representing a circuit component, and let L<; C L(A) denote the traces of A where
all of the input variables remain stable after time t. The topological delay of A is the
largest & such that, for some t and a trace in L<y, an output of A makes a transition at

t+ 6. Formally, § is least upper bound of the following set

{A ‘ limg L (14.0)- (F;(OA)(QU)) # lim,_qpa)t (FV(OA)(w)) for some 7 € L<, t €N }
The topological delay of A is denoted by 6(A).

According to this definition, the input variables are allowed to change their values
arbitrarily up to time t. As a result, at time ¢, the timed automaton [A] can be in any of
its reachable locations. To determine A’s topological delay, we must determine the latest
time an output transition can occur, starting from any reachable location. For an arbitrary
automaton, this problem is just as complex as the delay computation problem itself and the
output of such an automaton may not stabilize at all even though all of its inputs remain
constant. However, for the automata that we use as delay models, each clock gets reset

only when there is a change in the value of an input variable and edges that correspond
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to output changes have non-trivial clock predicates on them. Therefore, maz,.cx K, is
an upper bound on the topological delay of each circuit component. This upper bound
is accurate enough for our purposes because we will use topological delay only to prove
that our algorithms are correct. To be able to guarantee termination, we require of timed

automata that will be used as delay models to have finite topological delay.

Definition 7.3.5 (Topological delays of circuit nodes) For a given circuit, let t;, de-
note the time when the latest primary input becomes stable and let n; be a circuit node which
is an output of automaton C;. The topological delay &; at node n; is defined recursively as

follows:
o [fC; is a primary input automaton, 6; = 6(C;) — tp,
o IfC; corresponds to a circuit component,

8; =48(C5) + MaT ey a fan-in of © O

Observe that for topological delays at nodes to be well-defined, the graph of input-
output dependencies between the circuit components C;’s must be acyclic. This would
trivially hold for acyclic combinational circuits if there were no cross-talk. Cross-talk may
introduce circular dependencies between circuit nodes: the transitions at a node n; may
have an effect on the transitions at ny, which in turn may lie in the transitive fan-in n;.
Our proof of termination for COMPUTEDELAY assumes that such cyclic dependencies do not
exist, in other words, if there is a cyclic dependency between two variables, then they must
belong to the same component. For automata modeling coupled elements, this requirement
is naturally satisfied. If there are cyclic dependencies that span multiple components, the
components that lie on such cycles must be grouped together to form a larger component.
The timed automaton representing this larger component is obtained by composing the
component automata and hiding the variables representing the internal nodes®. The diffi-
culty with this approach is the fact that cross-talk dependencies may require large portions
of the circuit to be grouped together and computations on such components may be costly.
Unless some of these dependencies can be ruled out by other means, however, this complex-
ity seems unavoidable. In the rest of this chapter, we assume an acyclic dependency graph

between the circuit components.

1f the circuit is designed and modeled properly, this larger component will have a finite topological delay.
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Fact 7.3.6 It follows from Definition 7.5./ that each node n; is stable after t;;, +6;. Also,
at time t;, +6;, [C}] is at a location of the form (s, ®) where ®(z) = K, for all x € X4,

i.e., each clock has reached its upper bound. [C;] does not change its location thereafter.

While exploring a large state transition graph, the bottleneck is often the size of the
representation for the set of reached states. COMPUTEDELAY avoids maintaining a repre-
sentation for this set by using the fact that [F'] has no non-trivial cycles. Because of this, the
correctness of COMPUTEDELAY is not immediate. Lemma 7.3.7 and Theorem 7.3.9 address

this issue.

Lemma 7.3.7 The inner loop of COMPUTEDELAY terminates each time it is executed, and

upon its termination, S consists of all locations of [F] reachable at time t.

Proof: First note the following: while the inner loop of COMPUTEDELAY is being iterated,
because each location has a self-loop on the stuttering event (which is contained in T for
all j), S+ contains SO for each k. Thus, the inner loop is essentially a breadth-first
search on the sub-graph of [F] consisting of the control edges. It is guaranteed to terminate
since [F] has finitely many locations.

Proposition 7.3.8, which we will prove by induction on ¢t € IN, implies the lemma. We
first define some shorthand: ¢ represents a control edge and & represents a time passage
transition. We use regular language notation (see, for example, [HU79]) to describe a
sequence of edges. For instance, ¢(d 4 ¢) represents the sequences of two edges that start

with a control edge and that may end in a control or time passage edge.

Proposition 7.3.8 After the inner loop of COMPUTEDELAY terminates S\®) consists of
the set of locations that are reachable from an initial location by traversing a sequence of

edges of the form (c*8)'c*, where ' is shorthand for concatenation exactly t times.

Proof: From the argument preceding the proposition we conclude that for ¢ = 0, when the
inner loop terminates, S(*) contains all locations reachable from initial locations without
traversing a time passage edge. Thus, the proposition holds for ¢ = 0. Suppose that
the proposition holds for all ¢ < [ and consider S®*) after the inner-loop has terminated.
After line (7) is executed, by the induction assumption SU+1) contains all locations reached

by paths of the form (¢*§)!¢*§ = (¢*8)("+D). Running the inner loop on this result until
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termination computes all locations reached by paths of the form (0*5)(1"'1)0*, which proves
the proposition and the lemma. [ |

In fact, since every non-stuttering edge is associated with either an input or an output
change in component automata, the number of iterations of the inner loop is bounded by
the longest chain of input-output dependencies, i.e., the largest number of components that

lie on the same path in the circuit.

Theorem 7.3.9 (CoMPUTEDELAY) Suppose that [F'] contain no non-trivial cycles. Then
(i) If a location o of [F] is reachable, it is explored by COMPUTEDELAY, and

(i1) COMPUTEDELAY terminates.

Proof:
(i) Straightforward from Lemma 7.3.7.

(i) Let A = maxz;0; be the largest topological delay of any node in F. Fact 7.3.6 implies
that every component automaton of [F] remains at a constant location for values of
t > A+t;,. Thus, the termination condition of line (10) is satisfied at the latest when
t> A4ty

|

CoMpPUTEDELAY allows a heuristic memory-time trade-off: Typically, memory is saved

by storing a smaller set, but a location may be visited more than once, which results in re-
computation. For an arbitrary system, the amount of re-computation could be prohibitively
large. However, the delay of a combinational circuit is bounded by the delay of the maximum
topological delay of its nodes, which places a polynomial bound on k. Provided that it is
not costly, information about the locations in @ U...uUS*=1 can be used to minimize the

(k=1) or to reduce repeated exploration of the same location.

size of the representation of .S

In practice, we found that this approach results in significant savings in memory (See
Section 7.4). Our technique, like many OBDD based methods, is memory limited, and
by representing S*) only, we were able to handle circuits that we could not have handled
otherwise. The practical limitation in applying the algorithm of Section 7.3.2 is the size of

the OBDD for S®). In the next section, we present a method for efficiently computing and

representing S*)’s.
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7.3.4 A Conjunctively Decomposed Representation

S (k) (o) typically has a large number of variables in its support. It is well-known that
in order to get compact monolithic OBDD representations, it is necessary to choose a good
order of the variables [Bry86, ATB93, ATB94]. Heuristically, variables that are strongly
related must be close to each other in the order, and the corresponding bits encoding
correlated integers must be interleaved [KB91]. For the problem at hand, it is in general
not possible to find a total order that satisfies these constraints, especially because all
variables corresponding to timers are correlated with each other [ABHT97]. To deal with
this difficulty, we employ a conjunctively decomposed representation for the sets of locations
SU). The decomposition corresponds to a “slicing” of the circuit in the following manner:
the circuit is partitioned into slices SLy, ..., SL,, where each slice SL; consists of a set of
circuit elements (C;’s). The slices cover the circuit and no C; belongs to more than one
slice. The SL’s are ordered topologically, i.e., if @ < bno C;’sin SLj can be in the transitive
fan-in of a C; in SL,. (See Figure 7.11 for an example.).

S(*) is then represented by a collection of relations, each corresponding to a slice.
We construct S{k) (o), S{k) (ap, o), Sgk) (a1, o), ...,S]()k) (ap_1, ) such that each S](k)
specifies the set of locations of SL; at step k£ of the algorithm. Here «; is a vector-valued
variable the components of which specify the locations of the automata within slice :. We

also define

/ no_ ] o /
Ti(ai—lvaivai—lvai) - /\ TJ (G—>]70]70—>j70j)
C,€8L;

and
Initi(ai_l,ai) = /\ Initj(d_ﬂ,dj)
C;€SL;
Note that each S](k) has a;_; in its support in addition to a;. Intuitively, S](k) specifies what
assignments to a; are included in S for each assignment to a;_1, that is, the correlation

between the location variables of adjacent slices is captured. Since each S](k)

(k)
J

has much
fewer variables in its support, the total size of the 5"’s is in general much smaller than a

monolithic representation for ).
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For j=1top
S](k,k+1)(aj_17a]7 o« (Ela] 2 Q S](’i’f+1)) A S](k) AT,
SE (o1, 0) = (Bayr,a) S

Figure 7.10: Algorithm ONESTEP’

To conform to this new representation, line (1) of algorithm CoMPUTEDELAY is re-

placed by

(1): k<« 0,t« 0,
S{O) = Initl(al),

1 = Imitj(ej_1,0) A (Gaj2) S\ (@5, 051) for all j > 1.

and algorithm ONESTEP is replaced by the modified algorithm described in Figure 7.10,

which performs one step of reachability computation operating on one slice at a time. For

/ )S(k k+1)‘

slice j, the transitions in slice j—1 provide the input events as expressed by (Je;—2, @} _5)5; 7

S](k) relates at step k the locations of slice j to those of j — 1, therefore, for each location of

slice j the corresponding set of possible inputs events are specified by (Ja;_o, a;_Q) S](]i’f+1).

Ideally, for such a decomposed representation, one would like the following equalities
to hold: (i) S*) = Ny S](‘k)7 and (ii) S](k) = (37,)S"), where 7, is the set of variables not
in the support of S](k). This would be the case if, at the kth iteration of the algorithm, the
location variables of slice & were a function of those of slice k¥ — 1 only. However, for an
arbitrary slicing and arbitrary circuit components, location variables in non-adjacent slices
may be correlated. Lemmas 7.3.10 and 7.3.11 prove that ONESTEP’ is conservative, i.e., for
each slice it computes a superset of the reached locations. Let us first define p; = (a1, ag,-
iy O, 011, Qjyg, ..., Q) 1ee., the location variables that are not in the support of S](‘k)7

and

T g, ) = (30, 9) 514D
Lemma 7.3.10 For all j, S](O) is a superset of (Ip;) S,

Proof: By the fact that initial state relations must be total, (Elpl)S(O) = Inity = S{O),

thus the statement holds for 7 = 1. Assuming that it holds for all slices before j, let us
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show that it holds for slice j.

(Elpj)S(O) = Init; N

1<i<j i>]

(Elaj_g)(Elal,...,aj_g,aj+1,...,an)( /\ Init; /\Initi)

= Init; A (Jo_g) (Faq,...,05_3) /\ Inat,;
1<i<g

A (Bajtq, ... o) /\ Init;
i>j
(7.1)
Imat; has been carried outside of the quantifiers as it does not depend on p;. By the fact
that initial state relations must be total, (i1, ..., ) A;5; Init; is a tautology. By the

induction assumption,

(Jou, ...y a_3) /\ Init; C S]((i)l
1<i<j

since S;_; does not depend on «;. Putting all these together yields
(Elpj)S(O) C Init; A (Elaj_QS]((i)l) = S](O)
|

Lemma 7.3.11 If CoMPUTEDELAY is implemented using ONESTEP’, S](k’k+1) 1S a superset

of 7;(1@“1)

Proof: By induction on [ = def pk + 7, the number of times that next location (S.(k’k"'l))
computation is performed on a given circuit. The base case consists of all [ < p and is
implied by Lemma 7.3.10. For k& > 1, let us assume the lemma holds for all <[ and prove
that it holds for [ also.

T = @)W A\ T

J

M
W
=)
=
2.
wn
=
>
W
=)
=
2.
T
wn
=
A
A
=
S
~—

N
n
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>
w
)
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) (S(’“) A Ti) (7.2)
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where the last C follows from the induction assumption. We also have

(3p;.0)) (S(’“) A Ti)

1<i<p
! /
= T; N Bajg, 05 9)( By, ay, .., 03,3,
1 / k
Oy, Qs ey Oy O ) S /\ T;
1<i<p

- T] A (Haj_27aj_2)(5|a1,a/17---7(1]'—370‘;—37
k
ajya;7aj+17a;‘+17---7017170421) S() /\ T,
1<i<p
Bkl
C Tj A (Bejos,ajog)SEFHY 7:3)

where, again, the last C follows from the induction assumption. Putting together (7.2) and

(7.3) we obtain

7;(k7k+1) c S](k) INEPT (k) /\ T,
1<i<p
c S AT A Bajzajy)sitY
~ S](,k’k-"l) (7.4)
which is what we sought. )

Lemma 7.3.11 proves that CoMPUTEDELAY implemented using ONESTEP’ is an over-
approximation, however, in practice, we have not found any cases where the results of the
slicing method is different from the results of the monolithic but exact method. We offer the
following intuitive explanation for this fact: Combinational circuit elements have bounded
memory, and thus, their locations are only strongly correlated with the locations of other
elements close-by. Let us call a circuit component “active” if it is in a transient location.
Suppose that the circuit is sliced in such a way that the topological delay through each slice
is roughly equal. Then, at any given time, the active elements are contained in a portion of
the circuit consisting of two adjacent slices. Our algorithm performs traversal by sweeping
the circuit using a window consisting of two slices. If transitions at any point in time are
confined to two adjacent slices, then next-location computation as performed by ONESTEP’
is exact. An exact algorithm based on this intuition will be part of our future research. The

algorithm dynamically focuses only on the active portion of the circuit.
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7.4 Experimental Results

{ ol

Figure 7.11: Two-bit carry-skip adder block. The dashed lines indicate the boundaries
between the slices.
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We conducted two sets of experiments. The first set, described in Section 7.4.1 com-
pares the performance and accuracy of conventional delay analysis methods, a circuit simu-
lator and the algorithm described in this paper. The second set, described in Section 7.4.2
demonstrates that our algorithm for traversing the state-space scales much better than a
non-specialized OBDD based method.

As our benchmark circuits, we use n-bit adders built by cascading two-bit Carry Skip
Adder (CSA) blocks (Figure 7.11). These circuits are known to have false paths, therefore,

even in the absence of cross-talk, a topological analysis over-approximates delay.

7.4.1 Comparison with conventional methods

For this experiment, we constructed a 4-bit adder using two two-bit CSAs (Figure 7.12).

Two configurations of this circuit were used:

Ky: The ¢,y output of CSA1 and primary input A3 were neighboring wires in the circuit

layout, resulting in a possible delay variation for both due to cross-talk.

K5: No cross-talk exists between any wires.

These configurations were designed to be “proof-of-concept” circuits, meant to highlight

the difference between various algorithms. For an industrial strength tool, cross-talk infor-



CHAPTER 7. CIRCUIT DELAY COMPUTATION WITH TIMED AUTOMATA 122

mation needs to be extracted for the whole circuit from the layout. Here, we performed

this

Ay

Agl

only for the pair of wires c,; and A3.

C_in ———cn
Al — a1 sl S1
A2 —— a2 CSAl
2 2

Bl —bl

B2 b2 c_out cin

A3 al sl S3
Ad a2 CSA2

B3 bl = >
B4 b2 c_ouqi C_out

Figure 7.12: A 4-bit CSA

Four different algorithms were tested on this circuit:

: Circuit Simulation: The circuit was modeled at the transistor level and analyzed using

SPICE. The parameters of the wire cross-talk model were derived using SPACE.
Exact delays were computed by simulating the input vector pair that causes largest
delay. The run-time for exhaustive simulation of all input vector pairs was estimated
by multiplying the run-time for one vector pair by the number of possible pairs. For
this circuit, it was possible to determine by inspection the input vector pairs causing

worst-case behavior. The one we used in our simulation was

(Cn, A1, A2, B1, B2, A3, A4, B3, B4) = (0,0,0,0,0,1,0,0,0)
(Cn’, A1’, A2, BI”, B2’, A3’, A4’, B3’, B4") = (0,1,1,0,1,0,1,0,1)

This is in general not possible, and exhaustive simulation needs to be performed.

Qur Approach: We first created timed automata for each gate using the ideas described
in Section 7.2.2. This was done for each of the 4 gate types in the circuit of Figure 7.11.
Similarly, a timed automaton model for cross-talk between two wires was constructed
as discussed in Section 7.2.3. The value of different delays was determined by a
transistor level simulation, using SPICE. For the gate delay models, the numbers

obtained were rounded to the nearest multiple of 5 ps. The maximum delay of the
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circuit was computed using the algorithm described section 7.3. Our algorithms were

implemented on the verification platform MocHa [AHM™98].

As: “Fzact timing analysis”: This is the algorithm described in [MSBSV93], implemented
on the SIS platform. This algorithm does not account for cross-talk, but reports the
delay of the longest true path. Although this method is not truly exact, it is referred
to as “exact timing analysis” in the delay computation literature. The implementation
we used did not allow input-dependent delays, so worst-case delay parameters obtained

from SPICE simulation were used for gates and wires.

Ay Topological delay analysis: This algorithm computes topological delay in a way similar
to that described in Section 7.3.3. The implementation in SIS [SSLT92] was used.
This method does not model cross-talk, and does not account for false paths. Again,
worst-case delay parameters obtained from SPICE simulation were used for gates and

wires.

Observe that the input vector sequence which results in the maximum delay for the
4-bit CSA also results in the ¢,,; output of CSA1 switching in the opposite direction as
the primary input A3. However, these signals are significantly separated in time, so there
is no increase in circuit delay due to cross-talk between the wires. An algorithm which is
not cross-talk-aware will assign a worst-case delay for each of the wires, and hence estimate
a larger delay for configuration Ky than for configuration K3, whereas, in reality, the two

configurations result in the same delay.

With cross-talk (K4) Without cross-talk (K3)
Method | run-time(s) | max delay (ps) | run-time(s) | max delay (ps)
Al | 2,936 x10° 611 3.09 x10° 616
Ay 602 660 617 660
As 1.745 770 1.619 740
Ay 0.1 920 0.1 890

Table 7.1: Experimental Results

The results of these runs are described in table 7.4.1. SPICE models circuit behavior

most closely, and we take the delay that SPICE computes as our reference. Note that the
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maximum delay that SPICE computes for the two configurations is almost the same, as
expected.

The results obtained from our algorithm (A;) are promising:

e Our method correctly determines that the delay of the circuit is identical whether

configuration Ky or K5 is used.

e The computed delay is within 10% of the true circuit delay as computed by SPICE.
As and Ay deviate from SPICE by approximately 20% and 50% respectively.

e The run-time of our algorithm is three orders of magnitude less than the estimated

run-times for SPICE.

The discrepancy of our delay figures from those obtained by SPICE is partly due
to the fact that in the timed-automaton models for gates, delays are rounded up to the
nearest multiple of 5 ps. The more important reason, however, is the fact that we compute
gate delays assuming a nominal loading. In the circuit, each instance of any gate drives a
different load. This fact is naturally taken into account by SPICE. If we had incorporated
this factor into our delay models, we would have had a larger number of models, but our
results would have been closer to SPICE.

Since algorithm As cannot detect that cross-talk does not actually take place in K7,
it reports a larger delay than for K5. This is due to the fact that cross-talk in this case
was modeled using buffers whose delays are the worst-case delay under cross-talk (¢5°% in
Figure 7.6). Also, the value of delay computed by this scheme for configuration K is larger
than that computed by timed automata. This is because the delay model used by As is a
pin-delay model, and does not consider input pattern dependency of delays.

The topological timing analysis scheme (algorithm A4) has the lowest run-times, but
gives the most inaccurate results. False paths in the circuit are not detected, and further,
cross-talk is not modeled.

These results demonstrate that the method developed in this chapter is powerful, signif-
icantly faster than transistor-level simulation, and more accurate than conventional timing

analysis methods.
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7.4.2 Comparison with non-specialized traversal methods

To quantify the improvement brought about by our traversal heuristics, we compared
their performance with a non-specialized traversal algorithm. The non-specialized algo-
rithm made use of a partitioned representation of the transition relation while keeping the
representation of S(*)’s monolithic. The algorithms were run on a family of n-bit carry-skip
adders as described earlier. For this set of experiments, we used the same delay models with
a coarser time discretization (1 time unit = approx. 14 ps) in order to demonstrate how the
algorithm’s performance scales with circuit size*. The results presented in Table 7.2 show
that our algorithm scales remarkably well. In contrast, the non-specialized algorithm ran
out of space (1GB) for the 4-bit CSA and was not able to complete even with the help of
dynamic variable reordering heuristics. Observe that, with the help of our heuristics, we

were able to handle models with thousands of OBDD variables.

no. of | no. of circuit no. of BDD CPU
CSAs | timers | delay (ps.) | BDD vars | mem.(MB) time
2 30 634 526 29 2 min
3 45 767 820 58 | 8 min.
4 60 900 1114 78 | 13 min.
5 75 1034 1408 85 | 21 min.
6 90 1167 1702 102* | 30 min.
8 120 1440 1180 637 | 15 min.

Table 7.2: Performance of COMPUTEDELAY on a family of n-bit carry-skip adders. Ex-
periments were run on a DEC Alpha 8400 5/625 with 2Gb of memory. * denotes dynamic
OBDD variable reordering. T denotes a coarser time discretization (1 time unit = approx.
35 ps.). The second column gives the number of timer variables used in modeling each
circuit. The fourth and fifth column indicate the number of OBDD variables in the circuit
representation and the total memory used by OBDDs.

Table 7.3 presents the performance of COMPUTEDELAY where inertial gate delay mod-
els with non-determinism (Figure 2.1) were used instead of the delay models described in
Sections 7.2.3 and 7.2.2. The performance and the scaling behavior of the algorithm are
essentially the same, which indicates that our method does not derive its efficiency from

the particular delay models used.

*The slicing heuristic addresses the computational complexity that is due to the circuit size, but not
the exponential dependency on the timing constants used. To be able to demonstrate the former, we de-
emphasized the latter by reducing the sizes of delay parameters.
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no. of | no. of | [§,in, Omaz] | circuit no. of BDD CPU
CSAs | clocks (approx.) | delay | BDD vars | mem.(MB) time
2 30 [23, 69] 617 364 40 | 5.3 min.

3 45 [23, 69] 754 540 56 | 13 min.

1] 60 [23,69] | %91 716 72 [ 21 min.

5 75 [23, 69] 1029 892 85 | 24 min.

6 90 [23, 69] 1166 1068 85* | 75 min.

8 120 [0,69] | 1440 1180 407 | 7.7 min.

16 240 [0, 69] 2537 2362 78T | 80 min.

Table 7.3: Experimental results for n-bit CSAs. * denotes dynamic OBDD variable reorder-
ing. 1 denotes a coarser time discretization (1 time unit = approx. 35 ps.). The second
column gives the number of timer variables used in modeling each circuit. The fourth and
fifth column indicate the number of OBDD variables in the circuit representation and the
total memory used by OBDDs.

While the results reported in Tables 7.2 and 7.3 are a significant improvement over
previous methods based on timed automata, they also indicate that circuits with several
thousand gates are still beyond the reach of our algorithm. As is, the algorithm Cowm-
PUTEDELAY is too complex for analyzing practical circuits in their entirety. Therefore, we
propose that it be applied to determine the delay of critical portions and circuit nodes in
their electrical neighborhoods, for which an accurate formal analysis is crucial. We further
conjecture that it is possible in many cases to decompose the delay computation problem
and make it amenable to formal analysis with timed automata. Our conjecture is based on
the following observation: to achieve higher clock speeds, there is a trend in high perfor-
mance designs to employ a larger number of pipeline stages and consequently fewer levels
of logic between latches. As a result, the transitive fan-ins of a primary output® contains
a smaller number of circuit nodes and primary inputs than earlier designs. This allows the
delay computation problem to be naturally decomposed by considering a (small) subset of
primary outputs to analyze at a time. By choosing the subsets in a way that maximizes
the overlap of their transitive fan-ins, it may be possible to focus on a manageably small
subcircuit at a time and apply COMPUTEDELAY. These subcircuits will have overlaps, but
since our method is memory limited, it is justified to reduce the memory requirements at the

expense of time for re-computation. In our future research, we intend to test this conjecture

5For the purposes of delay analysis, we consider latch inputs as primary outputs of, and latch outputs as
primary inputs to the combinational circuit.
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on recent industrial circuits.

To be able to analyze “deep and narrow” designs, which make use of a large number
of levels of logic and fewer latches, we propose a hierarchical delay computation method.
Hierarchical computation, while conservative, sacrifices some accuracy to achieve computa-
tional efficiency. For designs with many levels of logic, the design goal is more often to meet
a certain clock speed than to determine the delay of the circuit exactly. To be able to pro-
vide a formal guarantee that the clock speed is met, however, it is still essential to account
for effects such as cross-talk and to be able to model complex gates accurately. Therefore,
for such circuits the use of timed automata based hierarchical methods is justified. In the
next section, we propose such an approach. The key ingredients of this approach have been
explored in this and earlier chapters. The implementation of an efficient hierarchical delay

computation framework is a major undertaking and is beyond the scope of this dissertation.

7.5 Delay Computation on a Hierarchy

7.5.1 A Hierarchical View of Combinational Circuits

We propose the following hierarchical representation for combinational circuits: Each
leaf-level component in the hierarchy is a connected (or coupled) group of gates, transis-
tors and wires. Higher level modules consist of interconnections of modules from lower
levels. The functional and timing characteristics of each leaf level model is represented by
timed automata as described in Section 7.2. Automata representing higher level modules
are obtained from lower level ones by composition and hiding of variables corresponding to
internal nodes. To keep the automata of higher level modules small, abstraction is used, in
which case, the high level automaton over approximates the behavior of the interconnection
of lower level models. By controlling the amount of abstraction used, one can trade-off ac-
curacy and efficiency of analysis. Previous research on performing minimization of products
of timed automata [DY96, LPY95] reports encouraging results from algorithms related to
this problem.

Example 7.5.1 Figure 7.13 illustrates the hierarchical representation described above.
The circuit consists of four identical NOR gates, each of which is modeled by an ideal NOR
gate followed by an inertial delay buffer depicted in Figure 7.14.
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XNOR

Figure 7.13: A hierarchical view of a combinational circuit block.

The four NOR gates constitute the leaf-level modules in the hierarchy. Composing these
four models we obtain a timed automaton that represents the behavior of the nodes a, b, ¢,
z, y, and z. This automaton has 4* = 256 locations and uses 4 clock variables. z, y and z
are internal to the XNOR gate and are not observable from outside. Thus, if the XNOR gate is
part of a larger circuit, the representation for this gate need not include information about

x, y and z.

drise,min < Rising Delay < drise,ma=

dfatt,min < Falling Delay < dfait, mac Initial

7 o

] z < drise,mazx z < dfall,mazx
drise,min < @ dyatl,min < €

j | o=10 z < drise,max o=20
z gets reset =——— Q\
. .
12 1= 07 =1

dyall, max 13

Initial

Figure 7.14: An inertial delay buffer with rising delay in the range [d;isemin, drise,mas] and
falling delay in the range [dfqi min: fall maz)-

We smooth these variables to obtain a timed automaton model for the module XNOR.
This timed automaton specifies exactly what waveforms are possible at ¢ for each pair of
input waveforms at ¢ and b. Since no abstraction has been performed at this point, there
is no reduction in the number of locations and clocks. If we insist on an exact model at a
higher level of the hierarchy, often little or no further reduction is possible in the number
of clocks and locations. Suppose, however, that for the delay computation problem we are

interested in, modeling XNOR at this level of detail is unnecessary and that it is sufficient to
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specify the earliest possible time ¢ becomes unstable and the latest possible time it takes
on a stable value. The behavior of ¢ in the unstable intervals does not need to be specified
exactly. Then we can model XNOR by the automaton shown in Figure 7.15. The number of
locations and clocks has been reduced significantly at the expense of allowing more behavior
at ¢ than is possible in the original circuit. By picking d,,:5, dmqe and the look-up table f
properly, we can ensure that the higher level model is conservative but is accurate enough

for our application. [ |

\ﬁ o=1 a=1,a"=0 o=1 b=0,0 =1 o = arbitrary| 4min <@ < dmas o=1
x40 z + f(z) z < dmaz

Figure 7.15: Part of the automaton representing the higher level model for XNOR. The reset
function f models the dependency of delay on the relative arrival times of @ and b. The
rest of the automaton is constructed similarly using a total of two clocks.

7.5.2 Image Computation on a Hierarchy

Recall the expression for the timed automaton F' representing the evolution of the
circuit over time: F' = (Cy || ... || Cp). Observe that F' represents the waveforms at the
internal nodes and primary inputs of the circuit. To obtain a timed automaton 0 represent-
ing the waveforms at the primary outputs (and latch inputs) only, we must existentially

quantify in F' the variables representing the internal nodes (¢n) and primary inputs (pz):
0= (3pi,in) F = 3pi,in) (Cy || ... || Crn)

The computation method proposed is based on the following interpretation of the
computation of F: Each circuit component transforms the set of waveforms at its inputs
(represented by a timed automaton) to a set of waveforms at its output (again represented
as a timed automaton), that is, it computes as its output the “image” of the set of its
input waveforms. Starting with the primary input waveforms, and by propagating sets of
waveforms across the circuit in topological order, we arrive at the set of resulting primary
output waveforms, again represented by timed automata. Given a representation of this
set, the maximum delay of the circuit can be deduced, as well as other useful information
such as whether the set-up and hold times of latches are met.

The analogy with image computation across a Boolean network manifests itself in the

equation for O. As is the case in taking the image of inputs across a Boolean network,
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there is freedom in the order that the compositions (|| operations) and the smoothing (3
operations) are performed. Heuristics for ordering these operations can keep intermediate
results small. Otherwise, for instance, if the product of all the C';’s is taken first, much more
intermediate information is represented than is necessary for calculating the maximum delay.
The particular choice for the ordering of operations for computing O is formally expressed
in the form of a “hierarchy tree”® as alluded to in Section 7.5.1. We will index the nodes of
this tree by some prefix-closed set I' C IN*. Ay is the root of the tree and corresponds to 0.
If n € I''is a leaf of I', then A,, is one of the C;’s. Each C; occurs once and only once as a
leaf. The children of a node A,, are given by A9, An1, ..., Ank, and the A’s are computed

using the following recursive formulation:
kn
A = Era) [ A (7.5)

Here k,, denotes the set of all variables that are internal to A,

"Cut-sets" correspond to intermediate results
N,

Automata representing Automata representing
input waveforms of interest possible output waveforms

Figure 7.16: Waveform propagation across partitions.

The practical success of this approach depends most critically on the partitioning of
the circuit into the hierarchy tree. Hierarchical verification works well when the high level
models encapsulate just the right amount of information needed to carry out the analysis.
Without proper partitioning, high level models may have to represent information about
many intermediate signals, which would make analysis costly. We propose the following

heuristics:

e Image computation should be performed by “propagating wavefronts” across the par-

titions. This corresponds to performing the composition of the C;’s in topological

5This hierarchy need not correspond to the design hierarchy.
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(i) Take the product of automata and hide intermediate variables.

(i) Perform “untimed reachability analysis” on the product automaton.
Delete locations that are unreachable.

(iii) Apply the clock minimization algorithm of [DY96] to the reachable part of
the product.

Figure 7.17: Algorithm COMPOSE-AND-SMOOTH

order. To achieve this, whenever one child of a node in the tree lies in the transitive
fan-out of another, it should in fact be in its immediate fan-out, i.e., they should be
contiguous in the circuit topology. Also, if a partition P precedes () in the topolog-
ical order of the circuit, then P should be placed to the left of () in the hierarchy
tree. As depicted in Figure 7.16, if the set of waveforms at a given cut-set in the
topological order has been characterized, all variables to the left of the cut-set can be
smoothed. Heuristically, fewer variables in the support of an automaton result in a

smaller representation for the automaton.

e Whenever possible, partitions should have disjoint support. For such partitions, only
the set of possible waveforms at the output nodes need to be stored, the input variables

can be existentially quantified (see partitions P1 and P2 in Figure 7.16 for instance).

e Long and narrow partitions (such as P3 in Figure 7.16) are desirable, because they
can essentially be treated separately, they have few input and output variables in their

support, and the cut-sets that such partitions give rise to are small.

e The sizes of the partitions can be determined in a way similar to the selection of
intermediate points in implicit image computation. When timed automata for inter-
mediate results get too large, it is time to smooth out some variables and perform

some abstraction.

We refer to the computation on the right hand side of Equation 7.5 as the “Compose-
Smooth” operation. This operation needs to be implemented efficiently and must compute a
small representation for its output. We propose the algorithm in Figure 7.17. Note that this
algorithm avoids computation on the “timed state space” involving sets of clock valuations.
Computations involving this space often have exponential complexities, whereas algorithms
that operate on a syntactic description of the timed automaton have their complexities

expressed in terms of the number of locations. Therefore, even if the latter have high
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degree polynomial complexities, they are desirable if they can achieve reductions in the size

of the timed state space. We now elaborate on steps (ii) and (iii).

(ii) The “untimed reachability analysis” performs reachability analysis on the Untime(.)’d
(see Section 2.5.3) automaton and may declare locations reachable whereas analysis
using timing information would have concluded that they are not. Untimed reach-
ability analysis provides an overestimate of the set of reachable locations that can
be computed quickly. When analyzing combinational circuits, many locations in the
product automata encountered are unreachable because of the intended Boolean be-

havior of the circuit.

(iii) [DY96] presents an algorithm that minimizes the number of clock variables used by
a timed automaton. It operates on a textual description of a timed automaton and

outputs a timed automaton that is language equivalent to the input automaton.

Existentially quantifying the variables simplifies the input predicates on the edges of
the automaton. Since all internal variables are quantified out by COMPOSE-AND-SMOOTH,
many edges will have “True” as the edge predicate. It may be possible to further minimize
the number of locations and clocks of this automaton while leaving its language unchanged
using, for instance, bisimulation equivalence [KS90, LY92, ACH92]

However, as remarked in the previous section, if the input-output behavior of each A, is
represented exactly, the minimization algorithms referred to above may not be able to reduce
the resultant automaton to a manageable size. In general, to obtain a simpler representation
for A,, the right hand side of Equation 7.5 needs to be overapproximated. The form
of this overapproximation is technology and application dependent. The investigation of
abstraction templates for the delay analysis of deep sub-micron circuits is left as a topic for
future research.

An important feature of the hierarchical approach described in this section is the fact
that it provides many degrees of freedom for a trade-off between efficiency and accuracy.
For instance, to obtain simpler representations, waveform sets can be over-approximated.
Suppose that an automaton A represents exactly the sets of waveforms at two circuit nodes,
z and y and that A is too big. This automaton can be replaced by (3z)A || (Jy) A to obtain
a conservative analysis. This amounts to ignoring the correlation between z and y: if «

is a possible waveform at x and § is a possible waveform at y, then the latter automaton
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states that («, 3) is a possible waveform at (z,y) while this may be impossible in A. The
representation for (3z)A || (Jy)A is likely to be smaller than A. Further, it is possible to
partition such intermediate results when they become too large. The sets of waveforms at
a cut-set can be divided into separate sets represented by separate automata and image
computation can be performed on each of them individually. The underlying formalism of
timed automata ensures that while we make such modifications to our algorithms to gain

efficiency, the analysis remains conservative.

7.6 Conclusions

In this chapter we investigated timed-automaton based methods for delay computation
of combinational circuits. We addressed issues that arise due to decreasing minimum feature
sizes of VLSI circuits. The performance of our algorithms show a significant advance in
the applicability of timed automaton-based methods, and make them a more viable option
than exhaustive circuit simulation when accuracy and full coverage are desired. To be able
to handle large practical circuits we proposed the use of hierarchical modeling and analysis,
and heuristics that mimic image computation on Boolean networks.

An important benefit of the approach presented is the decoupling of modeling issues
from the algorithmic issues of analysis and verification by employing timed automata as a
clean interface between the two. In this way, the algorithms developed remain applicable
for different delay models and at different levels of the hierarchy. Moreover, more efficient
techniques developed for analyzing timed automata can be incorporated immediately. In
addition to computing delay, other timing aspects of a circuit, such as the absence of spikes
and short-circuited paths from the power supply to the ground node, can be verified.

A distinct conceptual advantage of this framework is the fact that it provides a precise
formulation for delay computation, with delay models that can be made as accurate as
desired. The exact solution can then be approximated in a formally correct way. In contrast
to other delay models and delay computation methods, our approach benefits from a uniform
representation of delay models that can be used at all levels of the hierarchy. Common
current industrial practice is to exploit hierarchy in an ad hoc way by using look-up tables
for delay simulation. Our method is distinguished by the facts that it enables coverage of
all possible inputs, and that it provides a formal guarantee that the hierarchical models are

conservative abstractions of lower level models.
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Chapter 8

Concluding Remarks

Validation of the correct timing and functionality has become the most costly and
demanding portion of the design of an electronic system. The conceptual appeal of algo-
rithmic formal verification as a means for validation is largely outweighed by its prohibitive
computational complexity, around which most formal verification research centers. For
real-time systems, there are two sources of this complexity. The first one is associated with
the component of the state-spaces that represents timing information. As a rule of thumb,
verification algorithms are exponential in the number of timing constraints as well as the
sizes of numbers used to express the timing constraints. The second source of complexity
is the exponential dependency of the state-space size in the number of state variables, or,
put differently, the textual description of the system. The goal of the techniques presented
in this dissertation has been to make formal verification a viable means for validation by
the countering two sources of exponential complexity. With the exception of Chapter 3, the
focus has been on the second, “compositional” kind.

We have built our modeling formalism around a variant of the timed automaton model
which facilitates compositional arguments. Timed automata have become the canonical
representation for real-time systems. Several verification tools for real-time systems have
been based on timed automata, including the algorithms presented in this dissertation which
have been implemented in CosPAN and MOCHA.

In Chapter 4 we studied abstraction relations for real-time systems. We proved that
it is decidable to check whether one system timed simulates another. Our algorithm was
ExpTIME, so we opted for an algorithm for checking homomorphisms that preserve timed

behavior. This algorithm, implemented in COSPAN was our workhorse for verifying abstrac-
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tions of real-time systems.

When modeled at the implementation level in their entirety, the state-spaces of all but
the smallest systems is beyond the capacities of algorithms based on state-space traversal.
With this conviction, Chapter 5 was dedicated to the study of modularity in verifying
abstractions of real-time systems.

The STARI chip, verified in Chapter 6, demonstrated that the techniques of Chapters 4
and 5 can make the verification of real designs viable. It was also our conclusion that
hierarchical techniques, particularly assume-guarantee style reasoning, are indispensable
for carrying out modular proofs.

In Chapter 7, we tailored our techniques to the problem of computing the delays of
combinational circuits accurately. This application domain is interesting not only because
it is a critical problem in the design cycle but also because here functionality and timing
are closely intertwined. This study benefited a lot from the expressiveness as well as the
formal power of the timed automaton framework.

Despite the intensive research that has taken place in the recent years, the gap between
the available formal verification technology and the requirements of designers still remains
wide. The research problems that are immediate extensions of our work have been pointed
out in the related chapters. Below we list! more general research directions which we believe

will be important for providing more convenient and powerful formal validation tools.

8.1 Making Refinement Checking More Efficient

A variety of techniques exist for making state-space traversal more efficient, partial-
order reductions [GW90, Rok93, BM98], partitioned transition relations ([HKB94] for in-
stance), over- and under-approximation techniques [DW95 HHMT96], iterative techniques
(Chapter 3, [WPJ196, Bal95b]), partitioned representations (Chapter 7, [McM96]) to name
a few. In the implementation of the refinement checking algorithm of Section 4.3, we have
made use of the implicit OBDD representations for sets and computing reachability, but
have not made an further effort to optimize the performance beyond the capabilities offered
by standard OBDD packages. In principle, all of the aforementioned optimizations can be
incorporated in some form into refinement checking algorithms. The improvement brought

about by a combination of these techniques can be significant [ABHT97] and may pro-

Yin decreasing order of direct relevance to the work presented in this dissertation
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vide sufficient complexity reduction to enable refinement checking on certain large systems.
Data structures also factor significantly into the efficiency of timing verification algorithms.
While MDDs and OBDDs provide a much needed improvement over explicit representa-
tions for representing the control component of the state space, they are not well suited
for representing sets of clock valuations. Difference bound matrices, on the other hand, are
efficient for representing sets of clock valuations but ineflicient for representing the control
component. An efficient data structure for representing Boolean and timing constraints
uniformly is a topic of active research [LB94b, Bal95a, ABK*97].

As was demonstrated in Chapter 4, the definition of the implementation preorder de-
termines the computational complexity of checking it. For certain applications, complete
preservation of timed behavior may not be required, or may not necessarily be the correct
definition of refinement. For instance, a clock cycle accurate refinement of a high-level spec-
ification for a microprocessor is often not desired. In such cases, our definition of correct
refinement is too restrictive. Depending on the application domain, it may make sense to
define timed refinement differently and, possibly, more loosely. This may make it easier to

check refinement and to specify abstraction mappings.

8.2 Reducing the User Effort in Hierarchical Verification

A top-down, modular design methodology facilitates the hierarchical approach to for-
mal verification. However, many designs are not carried out in this fashion. If this is the
case, the user must first come up with an abstract model, verify that the abstraction is
correct, and then make sure that the abstract model still contains enough information to
prove the properties of interest. This is an iterative, time-consuming process. One way to
alleviate this difficulty is to check refinement automatically without requiring an abstrac-
tion map, as was the case with the homomorphisms of Section 4.3. Chapter 4 demonstrated
that completely automatic algorithms can be very complex. Another way to reduce the
user effort is to provide computer support for the iterations by incorporating “abstraction
templates” which have been found to be useful in a particular domain. Ideally, such tem-
plates capture the designer’s high level view of the system. lterative techniques (in the
style of Chapter 3) for checking refinement can also be valuable especially in constructing
environment abstractions while checking refinement on a per module basis.

Part of the difficulty in performing hierarchical verification with timed automata stems
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from the fact that timed automata are a rather low level representation. Translations of
system descriptions and abstraction mappings from high level languages to timed automata

may make the refinement checking process easier for the user.

8.3 Multiple Abstract Views of One System

It is both natural and more efficient to use separate abstract models to represent differ-
ent aspects of a system, such as timing and logical functionality, or data-flow and control.
These abstract models necessarily make assumptions about each other. We plan to in-
vestigate assume-guarantee style verification techniques which enable the use of multiple
abstract views. Such techniques are especially needed for systems with both hardware and
software components and for design styles mixing synchronous and asynchronous circuits.
For these kinds of systems, a complete monolithic representation for the whole system may
not exist or may be impractical to build. The capability to work with several abstract rep-
resentations, which may involve different mathematical models of computation, is essential

in these cases.

8.4 Integration of Formal Verification and Simulation

Abstractions and hierarchical verification are not currently part of the design and vali-
dation process in the electronics industry. Verification tools supporting such methodologies
are fairly recent, and are not robust enough to be used on the critical path of a design.
In fact, to the best of our knowledge, no commercially available verification tool supports
refinement checks and modular verification.

Furthermore, even with proper tool support, the nature of a design may make it dif-
ficult to use the kinds of techniques investigated in this dissertation. While a designer is
implementing her portion of the design, the specifications of the neighboring portions may
not be well-defined, may change or the designer may simply not have this knowledge?. Also,
what is considered as one “component” of a large design may still be too large for verifi-
cation tools, which may require further decomposition. This may be very time consuming
and error prone. These, and many other reasons make software simulation an indispensable

part of the validation process. Simulation is also necessary as a sanity check for formal

2One promising way to address this issue is “interface-based design” [RS97]
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methodologies. However, much of the resources spent on simulation are wasted because of
the lack of a formal approach, as discussed in Chapter 1. We believe that software simu-
lation integrated with formal verification techniques (as suggested in [Dil98, FDK98]) and
implicit representations will be an important topic of research because of the pressing need

for formal but still computationally viable techniques.
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Appendix A

S/R Descriptions for STARI

A.1 A Buffer with Delay

proctype DB{( _inp, _in_st : boolean; _1b, _ub : integer )
import anp

selvar outp : (%, go-one, go_zero)
selvar # : boolean
stvar § : (zero, one, zero_pending, one_pending, bad)

init $:= zero 7 (Lin_st=0) | one

asgn # := (($ = one) + ($ = zero_pending) * (outp=%) + (outp = go-one))

trans

zero {%}
—> one_pending: (_inp = 1)
—> § . else;

one_pending {% {_lb, _ub} go_one}
—> one: (outp=go_one)  (_inp = 1)
> §: else  (dinp = 1)
—> bad: else;

one {%}
—> gero_pending: (-inp = 0)
—> § . else;

zero_pending {% {_lb, _ub} go_zero}
—> zero: (outp=go_zero) * (_inp = 0)
—> §: else * (Linp = 0)
—> bad: else;

bad {%}
—> bad: true;

end DB( )

152
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A.2 1Ideal Muller C-element

proctype DELAYLESS MULLER_C{( _inp_1, _inp_2, [in_st1l, _in_st2, _init_out: boolean)
import anp_1, _inp_2

selvar # : boolean
stvar § @ (11.042.0,11.112_1, i1.0.i2_1_00, i1-042_1 01, 111142000, i1_1i2.0_01 )

init $:=11.042.0 7 ((linstl = 0) * ([inst2 = 0)) |

i1.142.1 7 ((dnstl = 1) % (dnst2 = 1)) |

11.042.1.00 7 ((Linstl = 0) * (_in_st2 = 1) * ([init_out=0)) |
i1.042_1.01 7 ((dnstl = 0) * (dnst2 = 1) x ([init_out=1)) |
11112000 7 ((dinstl = 1) * (Linst2 = 0) * (-init_out=0)) |
i1.142.0.01 7 ((dnstl = 1) % (dnst2 = 0) * ([init_out=1)) |
11,0420

asgn # := ( ((dnp_1 = 1) * (dnp2 = 1)) +
(($=il_112.1) + ($=i1.0.i2101)

ol) + ($=i1_1.2.0.01) ) *
((dnp-1 = 1) + (dnp-2 = 1)) )

trans

110120
—>11.042_1.00: ((dnp-1=0) * (Linp-2=1))
—>11_142.0-00: ((dnp-1=1) * (Linp-2=0))
—>11_142_1 : ((dnp-1=1) * (Linp-2=1))
—> § . else;

111321
—>11.042_101: ((dnp-1=0) * (Linp-2=1))
—>11_142.0-01: ((dnp-1=1) * (Linp-2=0))
—>11.042.0 : ((dnp-1=0) * (Linp-2=0))
—> §: else;

11.0.12_1_00
—>11.042.0 : ((dnp-1=0) * (Linp-2=0))
—>11_142_1 : ((dnp-1=1) * (Linp-2=1))
—>11_142.0-00: ((dnp-1=1) * (Linp-2=0))
—> §: else;

11.1.12_0_00
—>11.042.0 : ((dnp-1=0) * (Linp-2=0))
—>11_142_1 : ((dnp-1=1) * (Linp-2=1))
—>11.042_1.00: ((dnp-1=0) * (Linp-2=1))
—> §: else;

110121 01
—>11.042.0 : ((dnp-1=0) * (Linp-2=0))
—>11_142_1 : ((dnp-1=1) * (Linp-2=1))
—>11_142.0-01: ((dnp-1=1) * (Linp-2=0))
—> §: else;

11.1.12.0_01
—>11.042.0 : ((dnp-1=0) * (Linp-2=0))
—>11_142_1 : ((dnp-1=1) * (Linp-2=1))
—>11.042_101: ((dnp-1=0) * (Linp-2=1))
—> §: else;

end DELAYLESS MULLER _C( )
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A.3 The Gate level model F

proctype FIFO_STAGE( _inp_t, -inp_f, _ack_in: boolean;
6c,mina 6c,maxa 6no7‘,mina 6no7‘,max : iﬂtegef;
-init_t, _initf, _init_ack, _nit_t_out, _init_f_out: boolean)

import anp_t, anp_f, _ack_in
selvar _ack_out, _out_t, _out_f : boolean

asgn _ack_out := NOR.#
asgn out_t := TC.#
asgn out_f:= FC.#

proc TC: MULLER_C( _inp_t, _ack_in, init_t, dnit_ack, _init_t_out, éc min, dc mac )
proc FC: MULLER_C( _inp{, _ack_in, _init_f, init_ack, _initf_out, dc min, dc,mas )
proc NOR: DB( ~(-out_t + _outf), 1, dnor min, Onormas )

end FIFO_STAGE()

A.4 The Transmitter and the Receiver

proc TRANSMITTER
import TR_.CLOCK, ACKER /+ ACKER is a dummy proc that provides the .ack signal * /

selvar out_t, out_f: boolean

stvar $: (WAIT, SEND)

selvar out_data: (zero, one, empty)
stvar prv_data: (zero, one, empty)
selvar acked: boolean

init $ := SEND@, prv_data := empty

asgn out_data := zero, one, empty 7 ($=SEND) * (TR_.CLOCK.#=0) % acked % (prv_data=empty) |
empty ? ($=SEND) x (TR_.CLOCK.#=0) * acked * ~(prv_data=empty) |
prv_data

asgn acked := 17 ((prv_data = empty)+*(ACKER.ack = 1) + (~(prv_data = empty))*(ACKER.ack = 0)) |
0?7 ((prv_data = empty) * (ACKER.ack = 0) 4+ (~(prv_data = empty))*(ACKER.ack = 1)) |
0

asgn prv_data —> out_data

asgn out_t := (out_data = one)

asgn out_f := (out_data = zero)

trans

WAIT
—> SEND: (TR_.CLOCK.#=1)
> §: (TR.CLOCK.#=0);
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SEND
~> WAIT: (TR_CLOCK.#=0)
—> §: else;

end TRANSMITTER

monitor REC

import SENDER, REC_CLOCK

selvar ack: boolean

selvar sampled_t, sampled_f: boolean

stvar old_sampled_t, old sampled_f: boolean

init old_sampled_t := 0, old sampled f := 0

asgn sampled_t := SENDER._out_t 7 (REC_.CLOCK.# = go.zero) | old sampled_t
asgn sampled f := SENDER._out_f ? (REC_CLOCK.# = go_zero) | old_sampled f

asgn old_sampled_t —> sampled_t
asgn old_sampled f —> sampled f
asgn ack := A.#

proc A: DB( ~(REC.sampled_t + REC.sampled£), 1, dnormin, Onormas)

end REC

A.5 The Abstract Model A for One FIFO Stage

monitor FIFO_STAGE_ABS
import LEFT_ENV, RIGHT_ENV

selvar 4 : (%, go)

selvar inp_t, inp_f, ack_in: boolean
selvar out_t, out_f : boolean
selvar t_switch, f_switch : boolean
selvar ack_out, acked: boolean
selvar inputs_changed : boolean

stvar old_out_t, old_out_f, prev_ack_out : boolean
stvar $: (stable, wait_for_ack, wait_for_data, wait_out_chg, wait_ack_out)

init old_out_t := 0, old_out_f := 0, prev_ack_out := 1, $:= wait_for_data

asgn inp_t := LEFT_ENV.out_t

asgn inp_f := LEFT_ENV.out_f

asgn ack_in := RIGHT_ENV.ack

asgn inputs_changed := ( ~(inp_t=old_out_t) + ~(inp_f=old_out_f) )

asgn acked := (ack.in = 0) 7 ((old-out_t = 1) + (old_out_f = 1)) |
(ackiin = 1) ? ((old_out_t = 0) * (old-out_f = 0)) |

0
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asgn t_switch := acked*($=wait_out_chg)*(#=go)
asgn fswitch := acked*($=wait_out_chg)*(#=go)

asgn ack_out := ~(old_out_t 4+ old_out_f) ? ($=wait_ack_out)*(#=go)
| prev_ack_out
asgn prev_ack_out —> ack_out

asgn out_t := inp_t 7 t_switch | old_out_t
asgn out_f := inpf 7 f_switch | old_out_f

asgn old_out_t —> out_t
asgn old_out_f —> out_f

trans

stable {%}
—> wait_for_ack: ~acked * inputs_changed
—> wait_out_chg: acked * inputs_changed
—> wait_for_data: acked * ~inputs_changed
—> §: else;

wait_for_ack {%}
—> wait_out_chg: acked
—> §: else;

wait_for_data {%}
—> wait_out_chg: inputs_changed
—> §: else;

wait_out_chg {% { dc min, 0cmaz | g0}
—> wait_for_ack: ~acked
—> wait_ack_out: #=go
—> §: else;

wait_ack_out {% { dnormin, Onormas } 80}

—> stable . (#=go) * ~acked * ~inputs_changed
—> wait_for_ack . (#=go) * ~acked * inputs_changed
—> wait_out_chg . (#=go) * acked * inputs_changed
—> wait_for_data . (#=go) * acked * ~inputs_changed

—> §: else;

end FIFO_STAGE_ABS
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A.6 The Environment Abstraction Ej .

monitor LEFT_ENV

monitor LEFT_ENV_MAIN
import TIMER, TR_CLOCK, TRANSMITTER, ACKER

selvar acked, timer_ok, out_t, out_f : boolean
selvar #£: (constant, update_both)

selvar out_data: (zero, one, empty)

stvar prev_out_data: (zero, one, empty)
stvar prev_out_t, prev_out_f: boolean

asgn # : { constant, update_both }
asgn timer_ok := ~(TIMER.$ = 1t_1b)

asgn out_data := zero, one, empty 7 (((#£=update_both) * timer_ok * acked)) # (prev_out_data= empty) |
empty ? (((##=update_both) * timer_ok x acked)) * ~(prev_out_data= empty) |
prev_out_data

asgn prev_out_data —> out_data

asgn out_t := 1 ? timerok * ((#=update_both)) * (out_data=one) |
0 7 timer-ok # ((#=update_both)) * ((out_-data=zero) + (out_data=empty)) |

prev_out_t

asgn out_f := 17 timer.ok * ((#=update_both)) % (out_data=zero) |
0 ? timer.ok  ((#=update_both)) % ((out_-data=one) + (out_data=empty)) |

prev_out_f

asgn prev_out_t —> out_t
asgn prev_out_f —> out_f

asgn acked := 1 7 ( (prev_out_data = empty) * (ACKER.ack = 1) +
( (prev_out_data = zero) + (prev_out_data = one) ) * (ACKER.ack = 0) ) |
0?7 ( (prev_out_data = empty) * (ACKER.ack = 0) +
( (prev_out_data = zero) + (prev_out_data = one) ) * (ACKER.ack = 1)) |
0

init prev_out_data := empty, prev_out_t := 0, prev_out_f := 0
end LEFT_ENV_MAIN

monitor TIMER
import LEFT_ENV

selvar #: (%, go)
selvar start: boolean

stvar $: (idle, lt_Ib, gt_lb_lt_ub )
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init $§ := idle

trans

idle { % }
—> lt_lb: ~(LEFT_ENV_MAIN.# = constant) * (LEFT_ENV_MAIN.acked)
—> §: else;

1t_1b { % { 6c,min 5 6c,min } go }
—> gt_Iblt_ub: (#=go)
—> $: else;

gt_Ibdt_ub { % }
—> lt_lb: ~(LEFT_ENV_MAIN.# = constant) * (LEFT_ENV_MAIN.acked)
—> §: else;

end TIMER
end LEFT_ENV

A.7 The Environment Abstraction E,;; ;.

monitor RIGHT _ENV
import SENDER

selvar ack: boolean

selvar § : (first, sample_even, sample_odd)
selvar sampled_t, sampled_f: boolean

stvar old_sampled_t, old sampled_f: boolean

init old_sampled_t := 0, old sampled f := 0

asgn old_sampled_t —> sampled_t

asgn old_sampled f —> sampled f

asgn sampled_t := SENDER._out_t ? (SAMPLER.#=go) — old_sampled_t
asgn sampled_f := SENDER._out_f ? (SAMPLER.#=go) — old_sampled_f
asgn ack := A.#

proc A: DB( (RIGHT_ENV .sampled_t + RIGHT_ENV .sampled_f), 1, dpormin, Onormax)

monitor SAMPLER
import REC_CLOCK

selvar #£: (stvar § : (first, sample_even, sample_odd)
init $:= first@

trans

first { % , go }
—> sample_even: (#=go)
—> $: else;

sample_even { % { dc min, ¥ } go }
—> sample_odd: (#=go)
—> $: else;

sample_odd { % { dc min, * } g0 }
—> sample_even: (#=go)
—> $: else;

end SAMPLER

end RIGHT _ENV
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A.8 The Untimed Homomorphisms

A.8.1 FE.s: Basis Step

hom $ := HOLD

hom out_data := TRANSMITTER .out_data

hom prev_out_data := TRANSMITTER.prev_out_data
hom out_t := TRANSMITTER.out_t

hom out_f := TRANSMITTER.out_f

hom acked := TRANSMITTER .acked

hom # := update_both ? (TRANSMITTER.$ = SEND) x (TR_.CLOCK.#=0) x (TRANSMITTER.acked=1) |

constant

A.8.2 [z Inductive Step

hom $ := HOLD

hom out_t := (FIFO_ABS.out_t)
hom out_f := (FIFO_ABS.out_f)
hom acked := FIFO_ABS.acked

hom out_data := one ? (FIFO_ABS.out_t=1) % (FIFO_ABS.out_f=0) |
zero? (FIFO_ABS.out_t=0) % (FIFO_ABS.out_f=1) |
empty

hom old_out_data := one ? (FIFO_ABS._old_out_t = 1) * (FIFO_ABS._old_out_f = 0) |
zero? (FIFO_ABS. old_out_t = 0) * (FIFO_ABS._old_out_f = 1) |
empty

hom # := update_both ? (FIFO_ABS.t_switch + FIFO_ABS.f_switch) |

constant

A.8.3 FE,,n: Basis Step

hom sampled_t := REC.sampled_t

hom sampled_f := REC.sampled

hom ack := REC.ack

hom SAMPLER.# := go ? (REC_.CLOCK.DEL.outp = go_zero) | %

A.8.4 FE, e Inductive Step

hom RIGHT_ENV.sampled_t := FIFO_ABS. out_t

hom RIGHT_ENV.sampled f := FIFO_ABS._out_f

hom RIGHT_ENV.ack := FIFO_ABS._ack_out

hom RIGHT_ENV.# := go 7 ((FIFO_ABS.t_switch=1) + (FIFO_ABS.fswitch=1)) | %

hom A.# := goone ? ( FIFO_ABS.§ = wait_ack_out)
( ~(FIFO_ABS.out_t + FIFO_ABS.out_f) ) =
(FIFO_ABS.#=go) * ~(FIFO_ABS.prev_ack_out=1) |
gozero 7 ( FIFO_ABS.§ = wait_ack_ out)
( (FTFO_ABS.out_t + FIFO_ABS.out_f) )
(FIFO_ABS.#=go) * ~(FIFO_ABS.prev_ack_out=0) |
%
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In the following, we use FFS as shorthand for FIFO_STAGE.

hom out_t := FFS._out_t

hom out_f := FFS._out_f

hom prev_ack_out := ( (FFS.NOR.$= one) + (FFS.NOR.$ = zero_pending) )
hom ack_out := FFS.NOR.#

hom t_switch := (FFS.TC.DL.outp = go_zero) + (FFS.TC.DL.outp = go_one) +
(FFS.FC.DL.outp = go_zero) + (FFS.FC.DL.outp = go_one)

hom f_switch := (FFS.TC.DL.outp = go_zero) + (FFS.TC.DL.outp = go_one) +
(FFS.FC.DL.outp = go_zero) + (FFS.FC.DL.outp = go_one)

macro OT := ((FFS.TC.DL.§ = one) + (FFS.TC.DL.$ = zero_pending) )

macro OF := ((FFS.FC.DL.$ = one) + (FFS.FC.DL.§ = zero_pending) )

macro RACK :=((RIGHT_ENV.A.$ = one) + (RIGHT_ENV.A.§ = zero_pending))
macro FIFO_acked := ((OT4+OF) *x ~NRACK + ~OT % ~OF % RACK)

macro tgo := ((FFS.TC.DL.outp = go_one) + (FFS.TC.DL.outp = go_zero))
macro fgo := ((FFS.FC.DL.outp = go_one) + (FFS.FC.DL.outp = go_zero))
macro tstable := ((FFS.TC.DL.$ = one) + (FFS.TC.DL.§ = zero))

macro fstable ;= ((FFS.FC.DL.$ = one) 4+ (FFS.FC.DL.§ = zero))

FFS.NOR.$ = zero_pending) + (FFS.NOR.$ = one_pending)) |

FFS. TC.DL.$ = zero_pending) + (FFS.TC.DL.§ = one_pending) +
FFS.FC.DL.§ = zero_pending) + (FFS.FC.DL.$ = one_pending) ) |
(FFS.TC.DMC.$ = i1_1i2.0000) + (FFS.TC.DMC.$ = il_04i2_101)) +
(FFS.FC.DMC.$ = i1_112.0.00) + (FFS.FC.DMC.$ = i1.0.i2_1 01)) ) |
(FFS.TC.DMC.$ = il1_142.001) + (FFS.TC.DMC.§ = i1.0.i2_1_00)) +
(FFS.FC.DMC.$ = i1_112.001) + (FFS.FC.DMC.§ = i1.0.i2_1.00)) ) *
FIFO_acked) |

hom $ := wait_ack_out 7
wait_out_change 7 (

wait_for_ack ?

wait_for.data 7 (

e e e, e, o =

stable
hom # := go ? ((FFS.NOR.outp = go_zero) + (FFS.NOR.outp = go_one)) +
tgo * fgo + tgo * fstable + fgo * tstable |
%

A.9 The Correctness Properties

monitor INPUTS_OK: STOP( ( (TRANS.$=SEND) *
(TR-CLOCK.#=0) * ( TRANS.acked)) )
monitor OUTPUTS_OK: STOP( ( (REC.samplenow) *
(FIFO.out_t=REC.old_sampled_t) * (FIFO.out_f = REC.old_sampled f) ) )



