
Dynamics analysis and Vibration Suppression of a Flexible Rotation 
Beam 

Fushen Ren1, a, Suli Chen1, b, Zhigang Yao2, c  
1School of Mechanical Science and Engineering, Northeast Petroleum University, Daqing, 163318 

2Beijing Industrial Technician College, Beijing 100123 

arenfushen@126.com, bslchen@163.com, cyzgmm@yahoo.com.cn 

Keywords: Flexible Rotation Beam; Nonlinear Vibration; Transverse; Vibration Suppression 

Abstract: This paper studies the complex transverse vibration behavior of drill string. The drill 

string was simplified as flexible rotation beam, and drill string of complex load was simplified for 

flexible rotation beam system. The nonlinear dynamic equations of flexible rotation beam is 

established and the complex dynamic response of flexible rotation beam in resonance case is 

analyzed by using method of nonlinear dynamics method. Research result show that the chaotic 

responses are sensitive to the revolving speed, the nonlinear oscillation of drilling string can be 

controlled by changing the rotating speed. This study has guiding significance to keep sidewall 

stability in the process of horizontal wells of sidetrack, improve the drilling rate and reduce the cost 

of the drilling. 

Introduction 

Scholars have done a lot of work and achieved many results in the drill string research [1, 2]. 

However, previous drill string of transverse vibration are based on the existing research theory of 

linear analysis, concentrated more on the bottom downhole assembly BHA section, and ignored the 

influence of nonlinear factors and flexible characteristics drill string of [4, 5]. This paper simplified 

the drill string as flexible rotation beam, set up the nonlinear differential equation for the flexible 

rotation beams . Through the dynamic response analysis of flexible rotation beam, this paper 

discusses transverse vibration behaviour, analyzes complex dynamic response.Research results 

providing theoretical guidance for well drilling process of transverse vibration problem. 

The Establishment of the Kinetic Equation 

 

For ease of analysis, the drill string is simplified to a rotating flexible beam; we define the beam 

axis before deformation as the X-axis, shown in Fig. 1: 

 

 
Fig. 1 The mechanical model of flexible rotating beam 
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Selecting the displacement field as the following equation 
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Considering the huge geometric deformation 
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Consider that the drill string is made up of single material, so the simplified flexible beam the 

have two independent stiffness 11E and 12E ,Simplify the force of the drill string at the drill as 

flexible beam axial force
xF , the power's variation at corresponding displacement ∆  of 

xF , When 

rotate with angular velocity ω , flexible beam have to withstand the centrifugal force ,the variation 

of centrifugal force's power is ( )2 2 2 2 2v w v wω δ+ + , take advantage of Hamilton's principle to 

get the kinetic equation  
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Where  
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For ease of analysis, introduce 0
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convenience of expression, the overline of dimensionless equations is removed, the following 

equation's parameters are all dimensionless parameters, and take the transverse vibration 

displacement's two-order mode as : 0 1( )sin 2w w t xπ= , 0 1( )sin 2v v t xπ= .Using the method of 

Galerkin to discretize, obtained the motion equations of transverse vibration as show Eq. (4) 
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Perturbation Analysis  

Selecting an appropriate parameter for the perturbation analysis and using the method of multiple 

scales to obtain the average equation of equation (4).Considering the main parametric resonance 

and 1:1 resonance, through the consolidation of the formula, we can get average equation in 

Cartesian coordinate, as show Eq. (5) 
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According to the average equation, the drill string vibration related the two variable parameters: 

rotation speed and axial force. The drill string axial force is difficult to forecast caused by external 

load, but the drill string speed can be changed. We also observed that the two parameters in the 

same equations, so a parameters on the effect of vibration by adjusting the other parameters to 

weaken.  
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Nonlinear Dynamics and Bifurcation Analysis  

In this section, the average Eq. (5) is simulated and analyzed by using numerical methods, and get 

the nonlinear dynamic system response. Example 1: Fig. 2 (a) and Fig. 2 (b) are bifurcation 

diagrams of the system's two modal response with the angular velocity changes, the system initial 

conditions and parameter values of the figures are 10 7.9x = − , 20 13x = − , 30 20x = − , 40 15.5x = , 

3 0.033c = , 1.36ρ = , 11 0.365A = . 

 
Fig. 2 Speed bifurcation diagram 

From Fig. 2 we can see, the response of system has gone through the process of cycle--chaos-- 

twice the cycle, response amplitude appear jumping phenomenon, the mechanism of the 

phenomenon is the energy conversion between the two modal. Only change the angular velocity 

4ω  of Fig.2, the system's initial conditions and other parameters are unchanged, when 4 2.8ω = , the 

system will appear almost periodic motion, as shown in Fig. 3. 

 
Fig. 3 When 4 2.8ω =  the cycle response of system 

 

When increase the angular velocity 4 2.896ω = , the almost periodic motion of the system will 

change into six-fold periodic motion, as shown in Fig. 4. 
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Fig. 4 When 4 2.896ω =  the chaotic response of system 

Continue to increase the angular velocity 4 3.944ω = , the system becomes twice the periodic 

motion, as shown in Fig. 5. 

 
Fig. 5 When 4 3.944ω = the cycle response of system 
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Example 2: The bifurcation diagrams of the system's two modal response with the angular 

velocity changes, as shown in Fig. 6. The system initial conditions and parameter values of the 

figures are 10 8.0x = , 20 8.8x = 30 14.3x = − 40 0.3x = 3 0.089c = 1.43ρ = 11 0.015A =  

 
Fig. 6 Speed bifurcation diagram 

 

From Fig. 6 we can see, most of the response of the system is chaotic, but there are cycle’s 

responses between chaotic responses. Only change the angular velocity 4ω  of Fig. 6, the system's 

initial conditions and other parameters are unchanged, when 4 2.872ω = , the system will appear 

chaotic motion, as shown in Fig. 7. 

 

 
Fig. 7 When 4 2.872ω = the chaotic response of system 

 

When increase the angular velocity 4 2.912ω = , the system will change chaos into six-fold 

periodic motion, as shown in Fig. 8. 
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Fig. 8 When 2.9124 =ω  the cycle response of system 

 

Through the phase diagram and the bifurcate diagram analysis, the response of the system has 

experienced the process of cycle-chaos-two times the cycle, response amplitude appear jumping 

phenomenon. The analysis results show that the flexible rotating beam's amplitude is not infinite, 

but limited, at the condition of v resonance. At the same time, the additional and axial force which 

due to the speed change work in the same item in the equation, can offset each other, when the axial 

force changes, for the sake of qualitatively and quantitatively controlling the flexible rotating beam 

vibration, can through controlling the speed's change, significantly reduce the amplitude of the 

vibration ,control system vary from almost periodic to single cycle times, maintain the stability of 

the system, control system produce period-doubling bifurcation solution ,thus prevent the system 

via the period-doubling bifurcation into chaos movement ,and give the control bifurcate figure.  

Conclusion  

The average equation of flexible rotating beam is set up considering the nonlinear dynamics; 

The complex dynamic response of flexible drill string is analysed in the case of resonance and 

control bifurcation diagrams is given.  

In the drilling process, we can adjust the rotation rate to control the transverse vibration of drill 

string under constant pressure drilling condition 
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