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t. For many intra
table optimization problems eÆ
ient approx-imation algorithms have been developed that return near-optimal solu-tions. We show how su
h algorithms and worst-
ase bounds for the qual-ity of their results 
an be developed and veri�ed as stru
tured programs.The proposed method has two key steps. First, auxiliary variables areintrodu
ed that allow a formal analysis of the worst-
ase behavior. In ase
ond step these variables are eliminated from the program and existen-tial quanti�ers are introdu
ed in assertions. We show that the eliminationpro
edure preserves validity of proofs and illustrate the approa
h by twoexamples.1 Introdu
tionAlgorithm design and formal program development and veri�
ation are two wellestablished domains in 
omputer s
ien
e and applied mathemati
s. Formerlythey mostly have been 
oexisting. But in re
ent years many 
omputer s
ien-tists noti
ed that the design and veri�
ation of eÆ
ient algorithms whi
h arenot only 
orre
t \in prin
iple" but in all details 
an bene�t from te
hniques offormal program development and veri�
ation. Therefore, there is an in
reasing
ooperation between the two �elds.In this paper te
hniques of formal program development and veri�
ation areapplied to approximation algorithms. Su
h algorithms (see [11℄ for an overview)have been developed be
ause a great variety of important optimization problems
annot be solved eÆ
iently. Approximation algorithms are usually very fast butreturn only near-optimal solutions (unless P = NP). Hen
e, besides feasibilityof their results, estimates for the 
loseness to the optimal solutions are of inter-est. We show how approximation algorithms and, in parti
ular, their worst-
asebounds 
an formally be derived and veri�ed as stru
tured programs using thewell-known assertion method pioneered by Floyd and Hoare [7, 10, 5, 1℄.



The proposed method for proving worst-
ase bounds has two key steps. Inthe �rst step, auxiliary variables are added to the program. They are used to
olle
t information that is referred to in the informal proofs but is not present inthe algorithm itself. The worst-
ase behaviour 
an then be analysed formally bystrengthening the assertions used in the feasibility proof. In the se
ond step, theauxiliary variables are removed from the program and existential quanti�ers areintrodu
ed in assertions. This avoids the ineÆ
ient 
al
ulation of auxiliary vari-ables at run-time. It also allows to use non-
onstru
tive or expensive operationsin assignments to auxiliary variables. We show that this elimination pro
edurepreserves validity of partial 
orre
tness proofs.The paper is organized as follows: Se
tion 2 illustrates that auxiliary variablesare useful for a formal veri�
ation of worst-
ase behaviour. For this purpose,we re
all a well-known approximation algorithm for the minimum vertex 
overproblem and its proof in the usual semi-formal mathemati
al way. Afterwards,we show how this proof 
an be formalized. Proof outlines, whi
h are de
isivefor our reasoning, are 
onsidered in Se
tion 3 and three simple 
onditions fortheir validity are presented. In Se
tion 4 we show how auxiliary variables 
an beeliminated from proof outlines and prove that the resulting proof outline showsthe same partial 
orre
tness property as the original proof outline. Se
tion 5applies our method to a se
ond example, an approximation algorithm for theproblem of 
omputing an independent set of maximum size. We also dis
usssome variants of this algorithm. We 
on
lude in Se
tion 6 with some furtherappli
ations and ideas for future resear
h.2 An Illustrative ExampleLet g = (V;E) be an undire
ted and loop-free graph with �nite (and non-empty)set V of verti
es and set E of edges, where ea
h edge is a set fx; yg with x; y 2 Vand x 6= y. A vertex 
over of g is a subset C of V su
h that every edge in g isin
ident to some vertex in C, i.e., e \ C 6= ; for all e 2 E. To 
ompute a vertex
over of minimum size is an NP-hard problem; see [3℄. There is a simple greedyapproximation algorithm for that problem attributed to Gavril and Yannakakisin [3℄. Expressed as a while-programs it reads as given below, where we assumethat the non-deterministi
 assignment e :2 F assigns an arbitrary element ofF 6= ; to e and the 
all in
(e) yields the set ff 2 E j e \ f 6= ;g of all edgesin
ident to edge e: C := ;;F := E;while F 6= ; doe :2 F ;C := C [ e;F := F n in
(e) od : (VC1)In [3℄ it is also shown that this program always returns a vertex 
over C of gwhose size jCj is guaranteed to be no greater than twi
e the minimum size 
optof a vertex 
over of g. The idea underlying this proof is to 
onsider the set M



of all edges that were pi
ked by the statement e :2 F and to show that M is amat
hing of g with jCj � 2�jM j. (A set of edges is a mat
hing if no two di�erentedges are in
ident.) The estimation jCj � 2�
opt then follows from the fa
t thata vertex 
over C� of g of minimum size must in
lude at least one vertex of anyedge of M , i.e., jM j � jC�j = 
opt.As prevalent in algorithmi
s, the 
orre
tness proof of Gavril and Yannakakis'algorithm in [3℄ is done in a \free-style" mathemati
al way without formal prob-lem spe
i�
ation and program veri�
ation. But it 
an also be formalized in theassertion approa
h if the program (VC1) is re�ned as follows:f true gC := ;;F := E;M := ;;f inv(C;F;M) gwhile F 6= ; doe :2 F ;C := C [ e;F := F n in
(e);M :=M � e odf post(C) g : (VC2)
In this annotated program a 
all of the operation � is assumed to insert anelement into a set, i.e., M � e yields M [ feg; the loop invariant inv (C;F;M)is de�ned as the 
onjun
tion ofC vertex 
over of gF = (V;E n F ) ; (1)M mat
hing of g = (V;E) ; (2)jCj � 2 � jM j ; (3)8 e 2M; f 2 F : e \ f = ; ; (4)and the post-
ondition post(C) as the 
onjun
tion ofC vertex 
over of g = (V;E) ; (5)jCj � 2 � 
opt : (6)Termination of the annotated program (VC2) is obvious sin
e e :2 F is de�nedbe
ause of the 
ondition of the while-loop and, due to e 2 in
(e), the value of F isstri
tly de
reased in every run throuh the while-loop. To show partial 
orre
tnessof (VC2) wrt. the pre-
ondition true and the post-
ondition post(C), three proofobligations have to be dis
harged (see Se
tion 3 or [6, 9℄ for details). First of all,the initialization must establish the loop invariant if the pre-
ondition holds, i.e.,true =) inv(;; E; ;) :Se
ondly, ea
h exe
ution of the loop's body must maintain the loop invariant,i.e., the impli
ationF 6= ; ^ inv(C;F;M) =) inv (C [ e; F n in
(e);M � e)



must be shown for all C;F , and M and for any e in F . The proofs of bothimpli
ations are easy exer
ises and, therefore, left out. Note, however, that inthe se
ond 
ase assertion (4) is ne
essary to obtain the mat
hing property ofM � e from e 2 F and the mat
hing property of M . The third and �nal task isto show that upon termination of the loop the post-
ondition follows from theloop's exit 
ondition and the loop invariant, whi
h leads toF = ; ^ inv(C;F;M) =) post(C)for any F as last proof obligation. Here (5) follows from (1) and F = ; and (6)is a 
onsequen
e of (2) and (3), as already shown.3 Proof OutlinesProof methods for 
orre
tness of programs have been the topi
 of intense resear
hfor more than three de
ades (see [5℄ for an overview). Floyd's method [7℄ ofindu
tive assertions and Hoare logi
 [10℄ are parti
ularly well known. In thispaper we use proof outlines for proof presentation whi
h 
ombine the strengthof both methods. They allow a proof presentation on the level of stru
turedprograms but lead to a more 
ompa
t proof representation as full proof trees. Aproof outline is a program annotated with assertions as the example (VC2) inSe
tion 2.An assertion is a predi
ate on the values of the variables used in a program.In pra
ti
e, assertions are given by predi
ate-logi
 formulas. Suppose we havetwo assertions pre and post . Then, program � is 
alled partially 
orre
t with re-spe
t to pre-
ondition pre and post-
ondition post if any terminating exe
utionof � from an initial state that satis�es pre ends in a state that satis�es post ; if,in addition � terminates from any state in pre , it is 
alled totally 
orre
t withrespe
t to pre and post . While we are ultimately interested in total 
orre
tness,it is in most 
ases easier in formal program development and veri�
ation to �rst
on
entrate on partial 
orre
tness and prove termination separately afterwards.Be
ause there is nothing spe
ial about termination proofs of approximation al-gorithms, we fo
us on partial 
orre
tness reasoning in this paper.A program element is a Boolean expression (
ondition) or an atomi
 state-ment. We will dis
uss the following types of atomi
 statements in this paper:the \do-nothing" statement skip, (deterministi
) assignments x := t, and non-deterministi
 assignments x :2 S. For simpli
ity, we assume that t and S aretotal expressions. The exposition 
an straightforwardly be extended to otherkinds of atomi
 statements.Now, let p and q be two assertions in a proof outline. Then a segment from pto q is a sequen
e of program elements that may be traversed su

essively in anexe
ution of the underlying program on the way from p to q; a segment is notallowed to extend over an assertion. We refrain from a more formal de�nitionbut provide an illustrative example. Consider the following simple generi
 proofoutline, where S1, S2, S3, and S4 are atomi
 statements, b is a 
ondition, and



pre , inv , and post are assertions: f pre gS1;S2;f inv gwhile b doS3;S4 odf post g :In it, we have the three segments hS1; S2i from pre to inv , hb; S3; S4i from invto inv , and h:bi from inv to post .As demonstrated in Se
tion 2, ea
h segment in a proof outline gives rise toa proof obligation: it must be partially 
orre
t with respe
t to the surroundingassertions. This proof obligations is best 
aptured in terms of the weakest liberalpre-
ondition of the segment, whi
h is indu
tively de�ned bywlp("; q) :() q ;wlp(e�s; q) :() wlp(e;wlp(s; q)) :Here " is the empty sequen
e (empty segment) and e�s is the 
on
atenation ofthe program element e and the segment s. This de�nition refers to the weakestliberal pre-
ondition of program elements, whi
h is given bywlp(b; q) :() b! q ;wlp(skip; q) :() q ;wlp(x :=e; q) :() q[e=x℄ ;wlp(x :2S; q) :() S 6= ; ^ (8 s 2 S : q[s=x℄) :It is understood that s is a fresh variable in the 
lause for x :2 S, i.e. a variableq is independent of, and q[s=x℄ is obtained by substituting s for x in q.Note that the 
onjun
t S 6= ; in the 
lause for x :2 S puts the obligationon the algorithm designer to prove that S is non-empty. Omitting this 
onjun
tresults in an alternative de�nition in whi
h wlp(x :2 S; q) holds trivially forall states, in whi
h S evaluates to the empty set. One 
ould argue that thisalternative de�nition would be in a

ordan
e with the philosophy of partial
orre
tness: to 
hoose a value from an empty set should result in a run-timeerror and, like divergent paths, exe
ution paths leading to run-time errors 
ouldbe ignored in partial 
orre
tness. However, without the 
onjun
t S 6= ; we
annot allow non-deterministi
 assignments to auxiliary variables as otherwisethe elimination pro
edure des
ribed in Se
tion 4 would be
ome unsound. Hereis a minimal example for the problem: Without the 
onjun
t S 6= ;, the proofoutline ftrueg a :2 ; ffalseg is valid in the sense de�ned below. Step (i) of theelimination pro
edure of Se
tion 4, however, results in ftrueg skip ffalseg whi
his 
ertainly wrong.Now, a proof outline is valid for assertions pre and post if it satis�es thefollowing three 
onditions:



(a) Assertion pre is pla
ed at the beginning and assertion post at the end of theproof outline.(b) Any loop in the underlying program is broken by an assertion; typi
ally thisis a
hieved by pla
ing a loop invariant right in front of every loop.(
) For every segment s from an assertion p to another assertion q in the proofoutline, p implies wlp(s; q).Intuitively, the se
ond 
ondition guarantees that a proof outline indu
es onlya �nite number of segments and the last 
ondition says that all segments arepartially 
orre
t wrt. the surrounding assertions. As every exe
ution of the pro-gram is 
omposed of exe
utions of segments, a valid proof outline proves partial
orre
tness of the underlying program � wrt. pre and post .4 Auxiliary Variables and Their EliminationThe example in Se
tion 2 illustrates that the enri
hment of programs and proofoutlines by auxiliary variables often allows a 
learer statement of the underlyingargument in a formal veri�
ation. However if the auxiliary variables are leftin the exe
uted version of the program they may lead to ineÆ
ien
ies 
ausedby additional 
omputations, whi
h in 
ertain 
ases even forbids the use of themodi�ed programs in pra
ti
e.In order to over
ome this disadvantage, we show in this se
tion that aux-iliary variables 
an always be eliminated from proof outlines without a�e
tingtheir validity. From a theoreti
al point of view, this result proves that auxiliaryvariables are unne
essary in order to perform a 
orre
tness proof. Nevertheless,we re
ommend their pra
ti
al use be
ause of the above reason. Note that our re-sult even allows the use of pre-algorithmi
 
onstru
ts (like set 
omprehension orquanti�
ation) in assignments to auxiliary variables. This often simpli�es formalreasoning 
onsiderably.In view of our appli
ations, a �nite set of variablesA is 
alled a set of auxiliaryvariables in a program � if variables a 2 A are used only in assignments of theform x := t or x :2S where x 2 A. That is: auxiliary variables must not be used inassignments to non-auxiliary variables and in guards of loops or 
onditionals.1Therefore, they 
an neither in
uen
e the 
ontrol 
ow nor the values held bynon-auxiliary variables Auxiliary variables may be used freely in the assertionsof a proof outline. In order to ensure that the spe
i�
ation proved by a proofoutline is independent of auxiliary variables, we require, however, that auxiliaryvariables do not appear freely in the pre- and the post-
ondition. In the proofoutline (VC2) in Se
tion 2, for instan
e, M is an auxiliary variable.In order to eliminate the auxiliary variables a 2 A from �, we perform thefollowing simple step; the resulting program is 
alled ~� in the following.(i) Remove any assignment of the form a := t or a :2S with a 2 A from �.1 Some authors, e.g., [12℄, use the notion \auxiliary variables" for variables whoseappearan
e is restri
ted to assertions and whose values may not be 
hanged byprograms. Usually, in the literature su
h variables are 
alled logi
al variables.



We 
an think of this step as a repla
ement of all these assignments in � by theneutral statement skip. Of 
ourse, a valid proof outline for � will in generalno longer be valid if � is repla
ed by the modi�ed program ~�, as the assertionsmay use auxiliary variables in an essential way. As we will prove in a moment,however, we 
an regain a valid proof outline for ~� by the following se
ond step:(ii) Repla
e in addition any assertion p in the old proof outline in whi
h auxiliaryvariables o

ur freely by the assertion (9 a1; : : : ; ak : p), where a1; : : : ; ak 2 Aare the auxiliary variables o

urring free in p.Note that this transformation of the proof outline leaves both pre- and post-
ondition un
hanged, as they do not 
ontain free o

urren
es of auxiliary vari-ables. Hen
e, the modi�ed proof outline proves, if indeed valid, the same partial
orre
tness property as the original one, but for the modi�ed program ~�.If we apply (i) and (ii) to the valid proof outline (VC2) of Se
tion 2 we get thefollowing valid proof outline (VC3) showing the partial 
orre
tness of the originalprogram (VC1) wrt. the pre-
ondition true and the post-
ondition post(C):f true gC := ;;F := E;f 9 M : inv (C;F;M) gwhile F 6= ; doe :2 F ;C := C [ e;F := F n in
(e) odf post(C) g : (VC3)
Let �a be a list of variables that 
ontains ea
h variable of A exa
tly on
e. Wenow show that the appli
ation of steps (i) and (ii) to a valid proof outline leadsalways again to a valid proof outline. As the �rst two 
onditions (a) and (b) ofSe
tion 3 for validity of proof outlines are not a�e
ted by the transformationvia (i) and (ii), we only have to show that the third 
ondition (
) remains true.Without loss of generality, we 
an assume that step (ii) repla
es all assertions pin the proof outline by (9 �a : p). This assumption whi
h smoothes the proof isjusti�ed by the fa
t that existential quanti�
ation over variables a predi
ate q isindependent of results in an equivalent predi
ate.As a preparation for the 
orre
tness proof, we show an interesting relationshipbetween a program element e in the original program and the program element~e whi
h repla
es it in the modi�ed program when step (i) is applied:Lemma 4.1. Let q be an assertion. Then(9 �a : wlp(e; q)) =) wlp(~e; (9 �a : q)) :Proof. The assertions (9 �a : wlp(e; q)) and wlp(~e; (9 �a : q)) are even equivalentif the program element e is skip, a deterministi
 assignment x := t to a non-auxiliary variable x, or a guard b. For e being skip this is obvious: both assertions



redu
e to (9 �a : q). For deterministi
 assignments equivalen
e is proved by(9 �a : wlp(x :=t; q))() (9 �a : q[t=x℄) de�nition wlp() (9 �a : q)[t=x℄ predi
ate logi
() wlp(x :=t; (9 �a : q)) de�nition wlp.The se
ond equivalen
e exploits that x is a non-auxiliary variable and that tdoes not depend on auxiliary variables.The 
ase of guards is shown by(9 �a : wlp(b; q))() (9 �a : b! q) de�nition wlp() b! (9 �a : q) predi
ate logi
() wlp(b; (9 �a : q)) de�nition wlp.Note that the se
ond equivalen
e depends on b being independent of auxiliaryvariables and the fa
t that the variables of �a have a non-empty type, a standardassumption for program variables.In the 
ase of a non-deterministi
 assignment x :2S to a non-auxiliary vari-able x we 
al
ulate as follows, where the se
ond step exploits that S is indepen-dent of all the variables in �a be
ause �a 
onsists of auxiliary variables and thethird step that for the fresh variable s the property s =2 A 
an be assumed:(9 �a : wlp(x :2S; q))() (9 �a : S 6= ; ^ (8 s 2 S : q[s=x℄)) de�nition wlp=) S 6= ; ^ (8 s 2 S : (9 �a : q[s=x℄)) predi
ate logi
() S 6= ; ^ (8 s 2 S : (9 �a : q)[s=x℄) sin
e x; s =2 A() wlp(x :2S; (9 �a : q)) : de�nition wlp.For deterministi
 assignments to an auxiliary variable a 2 A the proof looks asfollows, where in the fourth step of the derivation s is repla
ed by a and the twoquanti�ers are 
ombined.(9 �a : wlp(a := t; q))() (9 �a : q[t=a℄) de�nition wlp() (9 �a : (9s : s = t ^ q[s=a℄)) one-point rule=) (9 �a : (9s : q[s=a℄)) weakening() (9 �a : q) see above() wlp(skip; (9 �a : q)) de�nition wlp.Finally, for a non-deterministi
 assignment a :2S to an auxiliary variable we 
al-
ulate as follows, where in the se
ond step the 
onjun
t S 6= ; ensures that therange of the universal quanti�
ation is non-empty su
h that it 
an be strength-ened to an existential quanti�
ation:(9 �a : wlp(a :2S; q))() (9 �a : S 6= ; ^ (8 s 2 S : q[s=a℄)) de�nition wlp=) (9 �a : S 6= ; ^ (9 s 2 S : q[s=a℄)) see above=) (9 �a : (9 s : q[s=a℄)) weakening.



The last formula is equivalent to wlp(skip; (9�a : q)) as we have seen in the prooffor deterministi
 assignments to auxiliary variables. utA simple indu
tive argument shows that the impli
ation in Lemma 4.1 transfersfrom program elements to segments:Lemma 4.2. Suppose s is a segment in the original proof outline, ~s is the 
or-responding segment in the modi�ed proof outline, and q is an assertion. Then(9 �a : wlp(s; q)) =) wlp(~s; (9 �a : q)) :Proof. The indu
tion base of s being empty is trivial: sin
e ~s is empty, too, bothsides of the impli
ation redu
e to (9 �a : q).For the indu
tion step of s being of the form e�r we get the derivation(9 �a : wlp(e�r; q))() (9 �a : wlp(e;wlp(r; q))) de�nition wlp for segments=) wlp(~e; (9 �a : wlp(r; q))) Lemma 4.1=) wlp(~e;wlp(~r; (9 �a : q))) indu
tion hypothesis, monotoni
ity() wlp(~e�~r; (9 �a : q)) de�nition wlp for segmentswhi
h 
on
ludes the proof sin
e the 
on
atenation e�r is modi�ed to ~e�~r. utAfter these preparations, it is now easy to show 
orre
tness of the eliminationpro
edure.Theorem 4.1. The appli
ation of steps (i) and (ii) to a valid proof outline leadsagain to a valid proof outline.Proof. As 
onditions (a) and (b) of Se
tion 3 for validity of proof outlines arenot a�e
ted by the transformation via (i) and (ii), we only have to show that
ondition (
) remains true.For the purpose of proving (
), assume that the original proof outline sat-is�es 
ondition (
) and suppose we are given a segment t from some assertion(9 �a : p) to some assertion (9 �a : q) in the transformed proof outline. As thetransformation a�e
ts only the form of single statements and assertions but notthe global stru
ture of the proof outline, there is a 
orresponding segment s fromp to q in the original proof outline su
h that the modi�
ation ~s of s equals t.By assumption, the original proof outline satis�es 
ondition (
); thus, p implieswlp(s; q). We 
an now show the desired impli
ation by(9 �a : p)=) (9 �a : wlp(s; q)) p ) wlp(s; q), monotoni
ity=) wlp(~s; (9 �a : q)) Lemma 4.2() wlp(t; (9 �a : q)) t = ~s: �



5 A Further ExampleLet g = (V;E) be an undire
ted and loop-free graph and assume that the 
allngb(x) 
omputes the set fy 2 V j fx; yg 2 Eg of all neighbour verti
es of vertexx. A set of verti
es of g is 
alled independent if no two verti
es in it are 
onne
tedvia an edge from E. To derive a program for 
omputing su
h a set S, we startwith the assertion S independent set of g = (V;E) (7)as post-
ondition post(S). Using a new variable X , then we generalize (7) toX � V and S independent set of gX = (X;EX) ; (8)where EX = fe 2 E j e � Xg, i.e., gX is the subgraph of g generated by X .Choosing the 
onjun
tion of (8) and the assertion8 x 2 V nX; y 2 S : fx; yg =2 E (9)as loop invariant inv(S;X), it is straightforward to derive the program for 
om-puting S shown in the following valid proof outline:f true gS := ;;X := ;;f inv (S;X) gwhile X 6= V dox :2 V nX ;S := S � x;X := X [ (ngb(x)� x) odf post(S) g : (IS1)The de�nedness of the non-deterministi
 assignment x :2 V n X in this proofoutline follows from the assumption V 6= ;, the partX � V of the loop invariant,and the 
ondition of the while-loop. Termination of the while-loop is obvious.Like the minimum vertex 
over problem of Se
tion 2, the problem of 
om-puting an independent set of maximum size is NP-hard and the program of theproof outline (IS1) implements a well-known approximation algorithm proposedand studied by Wei [16℄.Now, we formally analyze the worst-
ase behaviour of Wei's algorithm usingour method. To this end, we enri
h the program of (IS1) by an auxiliary variableU , whi
h 
onsists of all the sets ngb(x)�x whi
h are added to X on all iterationsof the while loop. This step leads to a �rst strengthening of the original loopinvariant inv(S;X): we add the 
onjun
tX = Su2U u : (10)Let �(g) = maxx2V jngb(x)j be the so-
alled degree of the graph g. It is ob-vious that ea
h set in U has at most �(g) + 1 elements and we add also the
orresponding assertion 8 u 2 U : juj � �(g) + 1 (11)



to the original loop invariant. Finally, we noti
e that whenever some set ngb(x)�x is added to U , the vertex x is added to S. Due to its 
hoi
e via the assignmentx :2 V n X and assertion (8), x is not yet a member of S. Thus, S 
annot besmaller than U . The 
orresponding estimationjU j � jSj (12)is the third addition to the original loop invariant. Altogether, we obtain the fol-lowing proof outline with auxiliary variable U and a loop invariant inv(S;X;U)given as 
onjun
tion of the assertions (8) to (12); its validity proof is rathersimple sin
e it 
ontains all ne
essary information:f true gS := ;;X := ;;U := ;;f inv(S;X;U) gwhile X 6= V dox :2 V nX ;S := S � x;X := X [ (ngb(x)� x);U := U � (ngb(x) � x) odf post(S) g : (IS2)
Now, we are able to estimate the worst-
ase behaviour of Wei's algorithmformally. Assume inv(S;X;U) and X = V and let sopt be the size of a maximumindependent set of g. Then, we obtainsopt � jV j = j [u2U uj �Xu2U juj � jU j � (�(g) + 1) � jSj � (�(g) + 1) :Here the se
ond step follows from assertion (10) and the loop's exit 
onditionX = V and the fourth and �fth step use assertions (11) and (12), respe
-tively. Hen
e, the proof outline (IS2) remains valid if its post-
ondition post(S)is strengthened to post 0(S) by adding the 
onjun
tsopt � jSj � (�(g) + 1) : (13)Now the auxiliary variable U 
an be eliminated using steps (i) and (ii) of Se
tion4 and this, �nally, yields the following valid proof outline for Wei's algorithmwhi
h in
ludes a worst-
ase estimation in its post-
ondition as desired:f true gS := ;;X := ;;f 9U : inv(S;X;U) gwhile X 6= V dox :2 V nX ;S := S � x;X := X [ (ngb(x)� x) odf post 0(S) g : (IS3)



We sket
h some variants of Wei's algorithm in the remainder of this se
tion.They are based on a slight modi�
ation of the above estimation, viz.sopt � jV j = j [u2U uj �Xu2U juj � jU j �maxu2U juj � jSj �maxu2U juj :From this property, we get maxu2U juj as a worst-
ase bound of Wei's algorithmwhi
h is potentially better than the previous bound �(g) + 1. This maximumis not known in advan
e, but it 
an easily be 
omputed as a further result. A
orresponding modi�
ation of the proof outline (IS2) followed by the eliminationof the auxiliary variable U leads tof true gS := ;;X := ;; s := 0;f 9 U : inv(S;X;U; s) gwhile X 6= V dox :2 V nX ;S := S � x;X := X [ (ngb(x)� x); s := max (s; jngb(x)� xj) odf post(S; s) g : (IS4)Here the maximum maxu2U juj is stored in the variable s and the post
onditionpost(S; s) 
onsists of the 
onjun
tion of the assertion (7) and the estimationsopt � jSj � s : (14)Furthermore, the assertion inv(S;X;U; s) o

urring in the loop invariant is ob-tained from the assertion inv(S;X;U) in (IS3) by repla
ing (11) withs = maxu2U juj : (15)With this information, it is rather simple to show that (IS4) is indeed a validproof outline. Of 
ourse, the program 
an slightly be improved by the use of afurther variable whi
h avoids the two-fold evaluation of the expression ngb(x)�x.By a little modi�
ation of the hitherto derivation, the 
omputed worst-
asebound 
an be improved as follows: Instead of 
olle
ting all sets ngb(x) � x inU , we only 
olle
t their \non-visited parts". I.e., we repla
e the assignmentU := U � (ngb(x)�x) by U := U � ((ngb(x)nX)�x) in the proof outline (IS2).To minimize the value of maxu2U juj further, we re�ne the non-deterministi
assignment x :2 V nX of (IS2) and pi
k now (via a simple loop) the vertex x insu
h a way from V nX that the size of the set ngb(x) nX is minimal. Obviously,both steps do not a�e
t the invarian
e property of inv (S;X;U). Hen
e, themodi�ed proof outline is also valid. Starting with this proof outline, we obtainthe desired algorithm following the above derivation of (IS4) from (IS2).To 
hoose in ea
h iteration a node of minimal degree in the non-visited part ofthe graph is a 
ommon heuristi
 in 
onne
tion with Wei's algorithm. The idea,however, to enri
h the algorithm by a variable s that 
omputes the resultingworst-
ase bound and the formal 
orre
tness proof seems not to appear in theprevious literature.



6 Con
luding RemarksWhen verifying approximation algorithms, we are parti
ularly interested in es-timates for the maximal deviation of their results from optimal solutions of thegiven problem. While the informal feasibility proofs found in the literature onalgorithmi
s 
an usually be reformulated as formal assertional proofs straight-forwardly, the informal proofs of worst-
ase bounds often refer to entities thatare not present in the program and are thus diÆ
ult to formalize. As a solution,we proposed in this paper to 
olle
t additional information in auxiliary variablesinserted into the program whi
h 
an be referred to in assertions. These auxiliaryvariables are introdu
ed solely for the purpose of the formal assertional proofand are not meant to stay in the exe
uted version of the program. Therefore,we showed how they 
an be eliminated from proof outlines without a�e
ting va-lidity. Their elimination also allows referen
es to non-
onstru
tive or expensiveoperations in assignments to auxiliary variables.Our approa
h 
an be seen as a parti
ular appli
ation of the well-known \in-vent and verify" te
hnique for program development 
ombined with transforma-tional programming. In doing so, sometimes the spe
i�
 form of the assignmentsto auxiliary variables formally 
an be 
al
ulated using, e.g., the post
onditionand/or the invariant(s). But the usual way to introdu
e auxiliary variables is byan \invent" step. In the latter 
ase only the \verify" step is a formal one. Theelimination of auxiliary variables 
orresponds to the appli
ation of a s
hemati
transformation rule.The approa
h has been applied to many other, more 
omplex approximationalgorithms besides the two examples 
onsidered in this paper, in parti
ular, toall approximation algorithms dis
ussed in [14℄. This in
ludes e.g., the formaldevelopment of a program implementing Chv�atal's well-known approximationalgorithm for set 
overing. (A des
ription of this algorithm in the 
ommon in-formal style 
an be found in [3℄.)When investigating the formal development and veri�
ation of approximationalgorithms we have also dis
overed a new result viz. an approximation algorithmfor the bin pa
king problem whi
h possesses 32 as absolute worst-
ase approxima-tion bound and runs in linear time2. It follows the Best Fit idea. In 
ontrast withthe original approa
h, however, it works with two partial solutions P1 and P2instead of one and two auxiliary bins B1 and B2 { one for ea
h partial solution.Roughly speaking, it pro
eeds as follows: First, the obje
ts are pa
ked one byone into B1 until its 
apa
ity would be ex
eeded by the insertion of some obje
tu. In this situation the 
ontents of B1 is inserted into P1, the bin B1 is 
leared,u is pa
ked into B2, and the pro
ess starts again with the remaining obje
ts.If, however, the insertion of u would lead to an over�lling of B1 as well as B2,2 As shown in [15℄, there is no approximation algorithm for the bin pa
king prob-lem with an absolute approximation fa
tor smaller than 32 , unless P = NP . But allapproximation algorithms with this { in all probability { optimal absolute approxi-mation fa
tor whi
h 
an be found in the literature are non-linear; the best runningtime is O(n � log n) with n as number of obje
ts. See the overview paper [4℄.



then additionally the 
ontents of B2 is inserted into P2 and u is pa
ked into the
leared B2. This \book-keeping" in 
ombination with a suitable sele
tion of thenext obje
t (based on a partition of the obje
ts into small and large ones at thebeginning of the algorithm) allows one to avoid the 
ostly sear
h of a bin thenext obje
t will �t in optimally. The de
isive idea for proving the bound 32 is touse a fun
tion f whi
h yields for a bin B of P1 the unique obje
t whose insertioninto B would lead to an over�lling.Details of the algorithm 
an be found in [2℄, where its 
orre
tness (i.e., thefeasibility of the result and the absolute approximation fa
tor 32 ) formally isveri�ed using the assertion te
hnique. In doing so, f is not used as an auxiliaryvariable but as a logi
al variable in assertions. It is, however, not hard to developthe algorithm in the style proposed in the 
urrent paper using an auxiliaryvariable that holds the fun
tion f . We believe that this development is more
lear and easier to follow than the original one.Besides their use in approximation algorithms we have investigated also someother appli
ations of auxiliary variables, for instan
e, their utility for formal ter-mination proofs and for program spe
ialization. We illustrate the latter appli
a-tion by a somewhat a
ademi
 example. Consider the following proof outline fora program 
al
ulating quotient and remainder of two positive integers x and yby iterated subtra
tion: f x > 0 ^ y > 0 gq := 0; r := x;f 0 � r ^ x = q � y + r gwhile r � y doq := q + 1; r := r � y odf x = q � y + r ^ 0 � r < y gIf we weaken the post-
ondition to r = xmod y, then q be
omes an auxiliaryvariable. Subsequently applying elimination leads to the following proof outline:f x > 0 ^ y > 0 gr := x;f (9 q : 0 � r ^ x = q � y + r) gwhile r � y dor := r � y odf r = xmod y gThe underlying program 
omputes just the remainder of integer division, i.e., isa spe
ialization of the program of the �rst proof outline.Interestingly, auxiliary variables are of 
ru
ial importan
e for the approa
h ofOwi
ki aud Gries to veri�
ation of 
on
urrent programs too: they are ne
essaryfor a
hieving 
ompleteness [8℄. Therefore, proof rules for elimination of auxiliaryvariables are found in 
onne
tion with that method. Rule 17 in [1, p. 193℄, forinstan
e, reads as follows, where S0 is the program obtained from program S by



deleting all assignments to auxiliary variables.fpg S fqgfpg S0 fqg :This rule is usually proved to be 
orre
t by referring to an underlying opera-tional semanti
s; see, e.g., the proof of Lemma 5.17 in [1, p. 196℄. We believethat our proof of the 
orre
tness of elimination on the level of predi
ate trans-formers is mu
h more elegant. Moreover, our result is stronger. We not onlyshow that partial 
orre
tness is preserved but validity of whole proof outlines, ifauxiliary variables are removed from the programs and existentially quanti�edin the assertions.Auxiliary variables 
an also be used for performing data re�nements. In do-ing so, �rstly, 
on
rete variables intended to repla
e abstra
t variables are addedto the program as auxiliary variables and updated in parallel with the abstra
tvariables su
h that a 
oupling invariant is preserved. In a se
ond step then theprogram is algorithmi
ally re�ned in su
h a way that the abstra
t variables be-
ome auxiliary variables. Finally, the abstra
t variables are eliminated. Morgan[13℄ investigates this method in the 
ontext of predi
ate transformer semanti
s.But he does not des
ribe a systemati
 transformation for eliminating auxiliaryvariables from proof outlines as we do here.To sum up: Due to the experien
es gained so far, we believe that auxiliaryvariables in 
ombination with proof outlines and our elimination pro
edure area valuable means for formal program development, veri�
ation and proof do
u-mentation.A
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