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ABSTRACT

We study a limited-supply online auction problem, in whicheaic-
tioneer hask goods to sell and bidders arrive and depart dynami-
cally. We suppose that agent valuations are drawn indepégde
from some unknown distribution and construct an adaptigien
that is nevertheless value- and time-strategyproof. Fekth 1
problem we have a strategyproof variant on the classic tagre
problem. We present4&competitive ¢-competitive) strategyproof
online algorithm with respect to offline Vickrey for reven(effi-
ciency). We also show (in a model that slightly generaliresas-
sumption of independent valuations) that no mechanism edreb
ter than3/2-competitive @-competitive) for revenue (efficiency).
Our general approach considerdearning phase followed by an
accepting phase, and is careful to handle incentive issuegénts
that span the two phases. We extend tokthe 1 case, by deriving
strategyproof mechanisms which are constant-compefibivesv-
enue and efficiency. Finally, we present some strategyprowi-
petitive algorithms for the case in which adversary usesilu-
tion known to the mechanism.

Categories and Subject Descriptors

F.2 [Theory of Computation]: Analysis of Algorithms and Prob-
lem Complexity; J.4Computer Applications]: Social and Behav-
ioral Sciences-Economics

General Terms
Algorithms, Economics

1. INTRODUCTION

Online auctions consider a setting in which agents arriveady-
ically and require that an allocation and payment decissomade
before they depart. As a motivating example, suppose thaty®
auctioning off last-minute theater tickets fBroof at 8pm. A tra-
ditional auction might set an auction deadline of 6pm andiireq
that all bids received before that time are firm commitmemts a
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then determine the winners at 6pm. This can be suboptimahwhe
bidders have different time constraints and decision looisz In

an online auction, a bidder could arrive at 12.10pm and slate
want one seat to Proof, and | will p&y5.” The same bidder could
subsequently announce at 12.20pm that she needs to depart. T
auctioneer is required to make dynamic allocation and payhe-
cisions at or before the bidder's announced departure tiviteout

the luxury of hindsight on bids yet to arrive.

The particular setting that we consider in this paper is déid3
supply online auction in which an auctioneer laslentical goods
to sell. We assume that the number of agents is fixed, and known
to the auctioneer. Each agent demands a single unit, andsvalu
are drawn independently from a fixed distribution which tisin-
ary but unknown, i.e. the values are distributed i.i.d. Eagknt
also has an arrival and departure time, which may be arpitiidre
agent’s departure time need not be known to the agent (oreto th
mechanism) until the moment of departure. We constructi@nest
that are both value- and time-strategyproof. In other wosls
agent’s dominant strategy is truthful reporting of its \alfor the
good {alue-SP, and an agent cannot benefit by misstating its ar-
rival or departure timet{me-SB. (This solution concept will be
called simplystrategyproohenceforth.) By the Revelation Princi-
ple [5], any outcome achievable in dominant-strategy @uyitim
by any mechanism may be achieved by a strategyproof direct re
elation mechanism, so we do not lose generality in restigetiur
attention to such mechanisms.

Our auctions compute an allocation whose efficiency is @otst
competitive with the optimal allocation as determined byoam
niscient auctioneer that knows the complete sequence ef dsd
it makes its decision. We also achieve constant-competity-
enue with such an omniscient auctioneer, according to diefisi
of revenue-competitiveness adopted by other authors itogoas
works on auctions for identical goods [9, 11]. We note thathwi
out i.i.d., Lavi and Nisan [11] show that no constant-coritjet
auction is possible.

In the k = 1 case, our model generalizes offline auctions (the
special case where everyone arrives at the beginning of dinde
departs at the end of time) and secretary problems (the apeci
case where agents’ arrival-departure intervals are digjoin both
special cases, it is trivial to design a time-SP mechanisriciwh
is constant-competitive on efficiency. Vickrey’s [14] sadeprice
sealed-bid auction solves the offline case. The secretgoyitim
[4] solves the disjoint interval online case. Our mecharisoonst-
ant-competitive and strategyproof in the general-caseaatuhlly
reduces to the Vickrey and secretary algorithm in the speaises.
Achieving time-strategyproofness in the secretary atbariis non-
trivial; the algorithm as ordinarily stated is manifestlgtriime-SP,
because candidates with early arrival times always have@ni
tive to delay their participation.

We have an auction that achieves a competitive ratie ef
o(1) for efficiency — thus matching the efficiency guarantee of



the original, non-strategyproof secretary algorithm — &n@? +
o(1))-competitive for revenue. A modified version of this mech-
anism is(4 + o(1))-competitive for both efficiency and revenue.
All of the aforementioned competitive ratios are in relatio the
second-price sealed-bid auction, i.e. the offline Vickregten for

a single item. These competitive ratio upper bounds aracgipe

in a somewhat stronger adversarial model than the indepénde
sampling hypothesis specified above (namely, an advelrsatiaf
bids arriving in random order), and they are accompaniecei
bounds on the competitive ratios of any strategyproof meisha

in this stronger model. The lower bounds are 2 for efficienogt a

3/2 for revenue; it is an open problem to close the gaps betwee

these lower bounds and the upper bounds ahd 4. As an inter-
esting counterpoint to these lower bounds, we provide a ar@sm
which is 1.724-competitive with respect to efficiency, inadierna-
tive model where the bids are sampled from a distributionciviis

knownto the seller. The mechanism is an adaptation of a secretary

algorithm due to Gilbert and Mosteller [7].
There is a nice generalization of our method to the case lifigel

k > 1items. We provide a strategyproof online auction whose effi-

ciency is constant-competitive with respect to the offlificiency-
max-imizing allocation, and whose revenue is constantpsiitive

with F*) je. the best revenue one could achieve in an offline

auction with a fixed price and selling at least two items anu@st
k items.

We believe this is the first discussion of adaptive onlingians
that make no assumptions about the distribution from whgdma
valuations are drawn but provides both constant-competigiss
and time-SP. Our approach constructs two-phase onlingéoasct

theory techniques to construct an online auction thatlis- ¢)-
competitive mechanism, for arbitrarily small positive under a
mild hypothesis. Their model is an unlimited supply, urérthnd
setting, with bidders’ valuations constrained to the iwééf1, i)
and modeled adversarially. Kleinberg and Leighton [10]rsba
the Blumet al. results by determining the additive regret: it is
O(n?/®log(n)*/?), with a lower bound of2(n?/?), givenn bid-
ders. A revised lower bound ¢?(n'/?) is stated for a model in
which bids are distributed according to some fixed but unkmow
distribution, along with an upper bound 6f((nlogn)'/?) with
an additional technical hypothesis about the profit curve.

Friedman and Parkes [5] consider a more general model inhwhic
a mechanism makes a sequence of decisions over time. Agents
dynamically arrive and depart, with types drawn from a distr
tion known to the mechanism. VCG-based online mechanisms
are proved value- and time-SP if the problem allows a pdyfect
competitive online decision policy. Parkes and Singh [22¢ed
this model and implement optimal MDP-policies within a VCG-
based mechanism that supports immediate and truthfulimddia
Bayesian-Nash equilibrium. Gallien [6] considers a lirdigupply
model with a known distribution over agent values and alsigad
unit-demand, and constructs value- and time-SP mecharitshs
maximize the expected time-discounted revenue.

Goldberg et al. [9] considezompetitive auctiong offline set-
tings (thus without any timing) which are truthful and yigicbfits
that are within a constant factor of the profit of optimal fixait-
ing. In addition, they show why optimal fixed pricing is a good
measure for evaluating competitive auctions. They alscgre
several randomized auctions and justify the use of randemime

with a learning phase followed by a selling phase. We achieve gieaq of determinism for competitive auctions. We adopt DSOT

strategyproofness even for agents with arrival-depariutervals

that span both phases, by allowing allocations to thosetagéthe
transition point with a decision criterion that is prefdelo that
available in the selling phase. We are also careful to makd-tr
ful reporting a strongly dominant strategy, even for earigvals,

through ensuring a small probability that the transitiotl wtcur

at any time.

The outline of the paper is as follows. Section 2 formulates t
problem we are discussing and enumerates the relevanhtaria
Section 3, we discuss the relation of our problem to the sagre
problem. Section 4 presents a general theorem to estallaie-s
gyproofness. Section 5 considers the single-item auctiohSec-
tion 6 thek > 1 auction. Finally, we end with some open problems
in Section 7.

1.1 Prior work

Lavi and Nisan [11] construct a value- and time-SP online auc
tion for a multi-unit setting in which bidders can demand entiran
one copy of the good but have marginal-decreasing valustithe
bidder valuations are known to lie in an interyal ¢] and the seller
derives valuep for each unit of good unsold. The auction is re-
stricted to make an immediate decision for each arriving bittl
faces an adversary that can choose agents’ values as wakias t
arrival order. Lavi and Nisan give an exact formula for thestbe
possible competitive ratio (versus Vickrey); asymptdticaheir
ratio grows liked(log(q/p)).

Awerbuch et al. [2] retain the adversarial model of Lavi and
Nisan and provide a method to convert any competitive ordine
gorithm A into a value-SP online auction with a competitive ratio
of O(p+log 1) of the optimum offline profit obtained by an omni-
scient algorithm (that knows the true valuations of the slsdtlere
p is the competitive ratio ofA andy is the ratio of the maximum
to minimum valuation for a request. The auctions are timee€sP
technical conditions on the optimization algorithm thad\pde in-
creasing prices.

Prior work on learning in online auctions has not retaindalis-
ness against temporal manipulation. Blum et al. [3] adogtieg

auction to provide the basis for our analysis of the muéivitex-
tension of our online auction problem.

2. MODELANDPROBLEMFORMULATION

We are considering on-line auctions fbridentical goods, in
which each bidder wants at most one copy of the good, and the
seller derives no utility from retaining copies of the gootdlhe
only information available to the mechanism is the total bem
of agentsn and the time-horizof0, T']. Agents have an arrival
time, a departure time and a value for the good. We assume that
agents haveo value for receiving an item outside of their arrival-
departure interval. This information is all private to areag and
constitutes itsype 6; = (vi, a:, d;), which consists of:

e v;, a positive real number representing the agent’s value for
one item.

e a;, a real number if0, 7] representing the agent’s arrival
time.

e d;, areal number ifa;, 7] representing the agent'’s departure
time.

and © denotes the set of agent types. We consider that the agent
learns about the auction, or its value, at timend needs a decision
by timed;.

We consider a setting in which the agents valugesre sam-
pled i.i.d. from some stationary distribution that is notessar-
ily known to the seller, and consider an adversary that ch®os
arrival-departure intervals arbitrarily. We are inteegbtin mech-
anisms which learn this distributional information (eitheplic-
itly or explicitly) over the course of interacting with thadadlers.
Although motivated by this i.i.d. world, we find it conventeto
work in the following adversarial model. Formally, we assim
the agents’ types are generated as follows: an adversacyfispe
a (potentially random) sefvs,...,v,} of valuations, and a set
{la1,d1], [az,d2], ... , [an, d,]} Of arrival-departure intervals, and



the valuations are matched to the arrival-departure iatsenrsing a
random permutation. We call this th@ndom orderinchypothesis.

We note that we have such a random ordering in the case that all

valuations are distributed i.i.d., and our constant-catitipe upper
bounds therefore hold for the i.i.d. setting. However, wienagvl-
edge that it may be possible to strengthen our upper-bouritis w
a full i.i.d. analysis. We will generally assume that theuadions
are all different, an assumption that is generic in the chaethe
distribution has a density function. In fact, most of our ime&gisms
work without this assumption, however we make this asswmpti
mainly for the ease of presentation.

In the online auction setting we consider agents that areegam
theoretic and seek to place bids to maximize their indiviidititity
in equilibrium. Although our auctions do not require an agerte-
clare its departure time until the moment of its departure,find
it convenient to analyze our auctions as direct-revelatiwtha-
nisms (DRMs). The strategyspace in an online DRM allows an
agent to declare some possibly untruthful tyfe = (0, as, d}),

subject toa; > a; and d; > @;. Note that we assume that an
agentcannotannounce an earlier arrival time than its true arrival.
Given the reported type$ = (61,...,6,), the mechanism com-
putes an allocation; (¢, §) and paymenp; (6), fori = 1,2,...,n,
and0 <t < T. We interpretqi(ué) as the number of items allo-
cated to agentat timet (hencey; (¢, é) is always either 0 or 1), and

pi() as the total payment by agenat its departurel;. We place
the following natural condidtions on the allocation and payts:

1. Allocations cannot be revoked, gdt, é) is a non-decreasing
function oft.

2. The allocation and payment to agénnust be determined
before it departs.

3. The allocation and payments must be online computable, in
that they can only depend on information available at time

We make the standard assumption that agdwats a quasilinear
utility function u; = v; — p for an item allocated betwean <
t < d; at pricep, and that agents seek to maximize their expected
utility. We consider mechanisms that satisfy:
participation p;(0) = 0if ¢:(T,0) = 0, andp; (§) < ©;.
no-deficit p;(6) > 0
We are interested in mechanisms witbminant-strategyequilib-
rium, such that every agefithas a single optimal strategy what-
ever the strategies and types of other agents. This is aplartiy
robust solution concept. In particular, and without losggeher-
ality given our goal of dominant-strategy equilibrium [S8}e con-
sider strategyproof mechanisms. A mechanism is value- iarelt t
strategyproof (or simplgtrategyproofif an agent’s dominant strat-
egy is to report its true valuevglue-SB and true arrival-departure
interval {ime-Sh.

DEFINITION1 (STRATEGYPROOW. MechanismV/ = (O;q, p)
is strategyproof if for any agentwith typed; = (v;, as, d;), and for
any vectord_; of types for the remaining agents, the utility of agent
¢ when playing strategy; againstd_; is at least as great as the
expected utility when playing any other stratéyy= (4;, a:, d;)
satisfyinga; < a; < d;. (If M is randomized, the utility is de-
fined as the expected utility with respect to the mechanisemtiom
choices.)

We define the allocative-efficiency of an outcome of an online
auction as

Eff (0) = (Z a: (T, 9>w> / Eff,

and the revenue as

Rev(0) = Zpl(ﬂ)

The benchmark offline mechanisms that we adopt for the perpos
of competitive analysis are:

Vickrey efficiency Eff, = >, , v, wherev!™ is them-th
highest value. This is the total value achieved in an offline
Vickrey auction, allocating to thie highest bidders and break-
ing ties arbitrarily.

F 2 revenue is defined, following Goldberg et al. [9], as

FER — max 1-0®
2<I<k
where again™ is them-th highest bid. This is the maxi-
mal revenue achievable by a fixed-price mechanism in which
the number of items sold is betwe2randk.

In the special-case of single-item auctions, where= 1 and
FZF) is consequently undefined, we adopt the Vickrey revenue
(i.e. v® in the notation above) as our benchmark. For both ef-
ficiency and revenue competitive ratios, we considerekygected
value, averaged over both the mechanism’s random choicasyl)
and the probability distribution on agent types (i.e. thed@m val-
uations, and the random matching between these valuatiohtha
arrival-departure intervals).

3. RELATIONTO SECRETARY PROBLEM

The auction mechanisms considered in this paper are closely
lated to the classicalecretary problenfrom the theory of optimal
stopping. In the secretary problem, an interviewer interadth a
pool ofn job applicants in random order. The applicants are ranked
in terms of quality, but the interviewer only knows the relator-
dering of the applicants whom she has already intervieweterA
meeting each applicant, the interviewer has a choice bethieeg
the current applicant or sending him away; either decismrce
made, is irrevocable. The problem is to design a strategghvhi
maximizes the probability of hiring the most qualified catate.

It is well-known [4] that the optimal policy is to intervievi¢ first
t — 1 applicants, then hire the next one whose quality exceeds tha
of the firstt — 1 applicants, whereis defined by

- 1 "1
Z jj§1<jz:;jj7

j=t+1
Asn — oo, the probability of hiring the best applicant approaches
1/e, as does the ratityn.

The secretary problem and its solution suggest the follgwin
mechanism for an online single-item auction: do nothingl it
leastt = |n/e| agents have arrived and announced their bids; then,
set a reservation prigeequal to the highest bid seen so far, and sell
to the first agent whose bid is greater than or equal tAlthough
this mechanism is not time-SP in general — the earliestiagi
agents have an incentive to delay announcing their arrivat is-
clear that the mechanism is both value- and time-strategjpn
the special case where the arrival-departure intervals @isgoint,
because each agent faces a price which is determined béfidre t
agent’s arrival and does not vary during the time when thetige
in the market. The analysis of the secretary problem ind#tat
the mechanism’s competitive ratio (with respect to efficigrap-
proaches asn — oo. Although our model provides the seller with
a richer information set than the secretary problem — thentsge
reveal the numerical values of their bids, not just theiatige or-
dering — it seems plausible that there is no way to capitadize
this numerical information, since we are making no assuongtat



all about the distribution of bids. Thus we suspect that thepet- robustness ta; andd;, first observe that pricmin ; is (weakly)

itive ratio of e + o(1) is best-possible, though the best lower bound  increasing for later arrivalg; and earlier departure. Our model

we have been able to prove is 2. rules out earlieti;. Finally, although a later announced departure
Several natural questions now present themselves: can reducemin,i, the effect is to leave prices before the previous

m; unchanged and (weakly) increase the price in periods betwee

m; andd; because this can only occur when the new minimal price

occurs in some periotl > d;. [

1. If the arrival-departure intervals are allowed to ovprlaan

we maintain strategyproofness while preserving the samme co

petitive ratio?

The characterization allows for randomized price schexjuds
long as the randomness is independent of an agent’s reggped
Furthermore, the price schedules for different agents eahepen-
dent on correlated random variables. This is helpful whemusi
lating an auction in which two bids arrive at the exact sameeti

The following sections will answer all three questions. Aeks- and with the same bid price and the auction needs to break a tie
ing the first and second guestions, we will show that the mecha We will use this technique to handle ties when establishirajes
nism specified above may be modified so that it becomes strate-gyproofness in this paper.

2. What can be said about the competitive ratio with respect t
revenue, rather than efficiency?

3. What can be said if the supply is finite but greater than 1?

gyproof in the case of overlapping arrival-departure in¢s, and The current axioms are sufficient fareaktruthfulness, but not
that a similar mechanism is 4-competitive in terms of rewenthe strongtruthfulness. We have not ruled out the possibility thatéhe
third question appears to invite an examination of so-ddieulti- are some types of agents that cannot receive positiveytiiin the
ple secretary problems,” in which the interviewer is allale hire mechanism. We care about this because we are interesteatin le
k > 1 applicants. Although many such problems have been pro- ing information about the distribution on agent types frogerat
posed and analyzed in the optimal stopping literature [138,15], reports and without strong truthfulness we cannot be swueat
we found that none of these results is directly relevant éopttob- types will report information.

lem of designing a constant-competitive online mechanimmséll- ) ) .

ing k identical items. Instead, we present a constant-comyetiti REMARK 3. We achieve strong truthfulness with one additional
strategyproof mechanism based on the DSOT auction of [9¢ Th axiom:

analysis of this mechanism’s competitive ratio closelydiak that d) for any typed;, there are some types of other agents, such
of [9]; our contribution lies in specifying an online implemtation that there is some non-zero probability that agésiprice schedule
of this mechanism which maintains temporal strategypressn provides pricemin,i < vi.

This additional property is sufficient to provide strongthruil-
4. ESTABLISHING STRATEGYPROOFNESS ness, whatever the type of an agent (and assuming that ah agen
The following provides a useful constructive approach tb va cannot observe the types of other agents), because it settaén
idate the incentive properties of an online auction, bothtfe possibility that an agent might receive (strictly) posgtivtility from
single-item and multiple item auction problem. truthful participation.

LEMMA 2. An online auction is value- and time-strategyproof 5 SINGLE-ITEM AUCTION
if the allocation and payment rules satisfy the followingperties: In this section. we present simple strateavoroof online aec
a) The auction constructs a price schedplgt) to agent: in . ; lon, we pre impie 9yp : -
N nisms for thek = 1 special case which are constant-competitive

period? that is independent of the agent's reported tgpe for revenue and efficiency with respect to the offline Vickeaic-
b) Let pmin,i = min, o, 4. pi(t), andm; denote the period tion.

in which this price first occurs. The auction should allocate ) .
item to agent Whenpmin; < 0, at price pmin ¢, and in a period 5.1 No-information case

m; < t < d;. In the no-information case we consider our adversarial hade
c¢) The auction never allocates an item to agemhenpmin,; > which an adversary specifies a set of valuations that areoralyd
Dy matched with arrival-departure intervals. Our competitiatios

PROOF First, consider a simpler auction with an agent-indeptsldenaISO hold in the relaxed model in which an adversary specifies

rice schedule in which the rules are to sell the agent thel goo distribution on valuations.
price schedule in which the rules 9 9o Let M () denote the following mechanism, which depends on a
any period in which the minimal price occurs wheneygr, ; < 0;

and not otherwise. An agent's bid determines the purchass parameter; taking integer values betwednandn. In the special

sion, but not the price, and the agent's dominant strategyle case when all bidders arrive at once then this auction rechacthe
’ : price, gen ! standard Vickrey auction. Lét ,,, denote the firsin bids to arrive,
to report its true type. We relax this rule, and allow the iteam

b i iod bet dd, (but still at pri ) andbg,\; denote the firsin bids without the bid from agerit(if
e sold in any period between, andd; (but still at pricepmin 7). _ . — . .

This delay is critical, because otherwise the online auctiould it occured during the first: bids). Letb(g,)n denote thes-th highest
need to correctly anticipate whether or not prices were gagn ~ id during the firstn.

fall again in the future. The delayed purchasing decisiautildy- 1. First Phase: Let T be the arrival time of thg-th bidder, and
maximizing with respect to gerturbedprice schedule;(t), de- let ' be the number of bidders seen up to and including time
fined with price equal tg;(t) for ¢ < m; but defaulting tQmin,i 7. (In case of simultaneous arrivals it is possifle> j.)

for all t > m;. Notice that agent is indifferent across all allo-

cations in periodsn; < t < d;, and so all that is left to prove
is that the new dependence betwgeft) and the agent’s reported

Letp; = bg])., andps = bg,. If any agent biddingz p; is
still present then sell to that agent (breaking ties arbiya

type has no incentive effect. The perturbed price schedasetie at priceps.

following two important properties: a) an agent reportitg true 2. Second PhaseOtherwise, set a reserve pricesaf, and sell
type is indifferent betweefi; (¢) andp;(t); b) the perturbed sched- to the first agent who submits a bjel p, , at pricep:, break-

ule is independent af;, and an agent cannot improve the price in ing ties between agents that arrive at the same time at ran-

pi(t) between its true; andd; by misstatingi; or d;. To see this dom.



LEMMA 4. The online mechanisi/ () is strategyproof. The item sells at timer: In this case, the highest-bidding agent

. . . among the firs{n/2] is still in the market at time-. (Be-
PROOF First, assume that there are no ties, either at the end of cause the mechanism is defined so that it only sells the item

the first phase or during the second phase. In this case raotiste at time if the highest-bidding agent among the first2 is
following price schedule for agent We refer to a bid from an agent still present.) With probabilityl /2 — O(1/n), this agent is
# 1 as an ‘fout5|de bid.” The price schedule changes whenever a the highest-bidding among the entire population. (In fi,
new bid arrives, as follows: probability is exactlyl /2 unlessn is an odd number.) Con-
00 for < j — 1 outside bids ditional on this event, the probability that the secondrbigf

(1) C . . bidder is also among the first half i¥2 — O(1/n). (Here
b(sly)‘fl\z‘ forj—1 out.5|de 'b|ds . ) we have termO(1/n), since there are onlyn /2| — 1 agents
pi(t) =9 bej, , for > j outside bids, until some bid remaining in the first half, anfin/2] in the second half.) So
with o5 > b(<1])'\i is present the probal?ility of selling to the highest bidder at the seton
o _otherwise. highest price is at least/4 — O(1/n).

The item does not sell at timer: In this case, the probability that
the highest-bidding agent is among the second half of the
population is at least /2 — O(1/n) (again the probability
is exactlyl/2 unlessn is an odd number.) Conditional on
this event, the probability that the second-highest bid was
received at or before time is at leastl/2 — O(1/n). If
both these events occur (as happens with probability at leas

Bid (3 represents a bid from an age#ti that arrives as, or after,
the j-th bidder and bids at least ask pripe. This bid will win,
unless agentbids above its scheduled price before this event.

Let pmini = min, ., 4 pi(t), andm; denote the period in
which this price first occurs. Consider three cases.

o ) . . 1
Case 1. Agenti is present aftef — 1 outside bids and’) ., = 1/4 — O(1/n)) the item will be sold to the highest bidder at
Pmin,i < U;. SO, agent is present at the end of the first the second-highest price.
phase and the highest bidder and receives the item at price
po=bL . We note that in both cases we use the fact that the etientem
Si—IN sells at timer is independent of the pair of everite highest bid-
. ' o i der arrives at or before- andthe second highest bidder arrives at
Case 2. Agenti is present aftej — 1 outside bids bub_;_,,; > or beforer. This is because the first event is entirely determined
0;. We havepmin,i > 0, andd; < p; and the agent receives by the relative ordering of the bidders in the first half of thep-
no allocation. ulation, while the other two events do not depend on thisramnde

but only on how the population is partitioned into the firsif lzaad
Case 3.Agent i arrives afterj outside bids and before another second half. Therefore in expectation, our revenue (effayigis at

agentj’ # i with 0, > b<<1)_\_ arrives. Agenti bids9; > leastl/4 — O(1/n) fraction of that of the offline Vickrey mecha-
ST nism. O
b(gl])'\i' So, agent is the first to bid> p; in the second phase
and receives the item at prige = pD Deninte We need our assumption of unique valuations, generic fareval
AL ’ distributions with a density, for efficiency-competitive=ss. With-
In all other cases itis clear that ageéistbid valued; < pumin.:, and out this assumption, there are examples (e.g. one highesiril
that the agent receives no allocation in the auction. n — 1 second-highest bids) in which the item, if sold in the second
Ties at the end of phase one present no problem, begause phase, is very likely to be sold to a second-highest biddirera

p1 = 9 = pmm,: for all tied agents and agents are indiffer- than to the highest bidder.

ent between winning or losing. We construct a randomizedepri

schedule to handle ties in the second phase. Assume that each REMARK 6. Introducing ties in arrival times, the analysis in

the second phase remains valid because the case in whictiheoth

agent has a priorityt; € {1,...,n}, with priorities randomly per- ; o . '
mguted in ea(?h peryirod. i\ssument}hat tie-F;)reakinngﬁj) resyr/)gcts eye.nt.that the second-highest bid is in the first phasg gnﬂlghpst
7 = (m1,...,7), such that the winning bidder is the one with the bid is in the second phase already precludes the abilitydmtjar-

rivals with bids> p,. A simple argument shows that the efficiency
and revenue for the case of multiple simultaneous arrivalthe
end of phase one is at least that&f(|n/2]) for unique arrivals
and any arbitrary ordering of the arrivals. If the auctionlisao the
highest bid in these simultaneous arrivals then given afjtiary
ordering the same bid or some earlier bid wins, and for a price
that is dominated by the second-price in the simultaneoss.cA
similar argument shows that if no sale is made at the end o$@ha
one with simultaneous arrivals, then no sale is made at tlieaén
phase one or to any of these bids for any arbitary reordering.

greatest priority in that period.

We can construct a corresponding price schedule for agast
follows. In periodt’ in which one or more outside bids arrive with
value > p1, then if 7r; is greater than all priorities of these outside
bids therp; (¢') remains at pricep; and ticks up tao at timet’ + ¢
for some smalk > 0 (smaller than the minimal interarrival time
between agents). Otherwise, if an outside bid with vatug; has
higher priority, agent’s price is immediately set too. The effect
is that (a) if only one bid arrives (no ties) with valge p; then its
price remains ap; in its arrival period and it gets the good; (b) if
multiple bids arrive with value= p; then the price stays low for the

agent with the highest priority, and this agent gets the god It is worth mentioning that the current mechanidi(|n/2]) is

not strongly truthful, e.g., the people who leave beforeetimare
guaranteed not to win the auction, and thus being truthfobvhas

Theorem 5 shows the competitiveness of the mechanism. Wethe same outcome. We can make the mechanism strongly truthfu
assume for now that all arrivals are unique and can ignose Tibis as follows.

case is handled after the main proof.
_ _ - COROLLARY 7. There is a mechanism which isda+ o(1)-
THEOREM 5. The mechanism¥/ (|n/2]) isa4+o(1)-competitive competitive strongly strategyproof online algorithm wiglspect to

strategyproof online algorithm with respect to offline Vegk for offline Vickrey for both revenue and efficiency.

both revenue and efficiency. . . . . . .
4 PROOF Consider the following mechanisi/’ in which with

PROOF We consider two cases as follows. probability 1 — 1/n we run the mechanism/ (|n/2]) and with



uniform probability1/n? we run mechanisn (5), 1 < j < n.

We note that since with positive probability every agentrissgnt

at timer (and thus participates in the Vickrey auction at that time),
which confirms the additional axiom specified in Remark 3 and
establishes that the mechanism is strongly truthflll

In fact, we can improve the competitive ratio for efficiengy b
increasing the competitive ratio for revenue.

THEOREM 8. The mechanism/(|n/e]) is a strategyproof on-
line algorithm which ise + o(1)-competitive for efficiency and
e? + o(1)-competitive for revenue with respect to offline Vickrey.

PROOF The proof is the same as the proof of Theorem 5. For
the competitiveness again we consider two cases. If thesedisat
time 7, then with probability|n/e] /n = 1/e — o(1) the agent that
buys the item is the highest-bidding among the entire pajoualf
the item does not sell at timg according to the secretary problem,
with probability 1/e — o(1), we sell in the second phase to the
highest-bidding agent. Hence, our expected efficiency Isast
1/e — O(1/n) of the efficiency of the offline Vickrey mechanism.
For revenue, with probabilityl /e)? — O(1/n), we sell the item to
the highest bidder at the second-highest price in the fist.ci/e
probability (1/e)(1—1/e)—O(1/n), we sell the item to the highest
bidder at the second-highest price in the second case. Hrmce
expected revenue is at ledsye)® — O(1/n) of the offline Vickrey
revenue. [

The mechanism specified in Theorem 8 is not strongly truthful
but we can make it strongly truthful using the same idea aseabo
in Corollary 7.

5.2 Lowerboundsinthe random-ordering model

In the secretary problem, it is well-known that no stoppiotgr
achieves asymptotic success probability greater than How-
ever, this does not immediately translate into a lower boohd
for the competitive ratio of online single-item auction rhanisms,
because:

1. The mechanism has richer feedback — it sees the numerical

values of the bids, not just their relative ordering.

2. Allocations in which the item is awarded to a bidder who
is not the highest, but still has a positive valuation for the
item, contribute positively to the expected efficiency of th
mechanism.

It turns out that the second problem is easy to fix — one corside

Our proof of Theorem 9 hinges on constructing a probabilisy d
tribution on bid sets, such that no online stopping rule habg-
bility better thanl/2 — ¢ of stopping on the highest bid. (The
stopping rule is allowed to base its decisions on the nurakeved-
ues of the bids it has seen, not just on their relative ranki@gven
an arbitrary positive integet and a real number > 0, put N =
[(10/e)n], and letD denote the uniform distribution on sets of
n + 1 consecutiveintegers in{0,1,..., N}. In other words, a
random samples from D is generated by picking an element
of the set{n,n + 1,..., N} uniformly at random, and putting
S={u—nu—n+1,...,u}.

PrRoOPOSITION 11. Let R be any online stopping rule. If a bid
setS is sampled according td@ and the elements & are pre-
sented tak in random order, then
<lyc

2 10°

PROOF LetS = {u —n,u —n+1,...,u}. Atany pointin
time as the bids irb are being presented 1, define thestateof
the system to be the triplez., z*, 3), wherex.. is the lowest bid
presented so far;* is the highest bid presented so far, ahe= 1
if x* was presented more recently than, O otherwise. The pair
(z«, ™) captures all the information influencing the distributidn o
S, in other words, ifz1, ..., x; are the firstj bids and(z., z*, 5)
is the state at the end of stg¢pthen foranyy € {n,n+1,..., N},

@)

We can think of the stategr.,z*,3) as states of a Markov
chain. States in which™ — z, = n are absorbing states, i.e. there
are no state transitions out of such a state. An absorbing sta
which g = 1 is called a winning state, and an absorbing state in
which 8 = 0 is called a losing state.

Pr(R stops onmax(.S))

Prlu=vy|z1,...,x;) =Pr(u=vy | zs,2").

LEMMA 12. If z, > 0,2 < N, andz™ — z. < n, then
Pr(u=z" | z.,x") <1/2.

PROOF If 2" < nthenPr(u=z" | z.,2") =0.1fn <z* <
N, then the events = =™ andu = «* + 1 are both possible, and
are therefore equiprobable. ThBs(u = z* | z.,2") < 1/2. O

LEMMA 13. If ¥ > n, z. < N —n,andz” — z. < n, then

Pr(next state is a winning stater., z*) =
Pr(next state is a losing stater., z*).

PROOF The next state is a winning state if and onlyuif=

a bid set in which the highest bid exceeds the others by such az~ + n and the next sample outsidte., z*] is u. The next state

large factor that the expected efficiency ratio of the aflimcais
determined, to first order, by the probability of awarding ftem
to the highest bidder. However, addressing the first isspeas
technically challenging, and the best lower bound we knovg:of

THEOREM 9. For any constant > 0, there is no online single-
item auction mechanism which(i2 — ¢)-competitive for efficiency,
in the random-ordering model.

The foregoing discussion implies nothing about lower beuol
competitive ratios for revenue. (The trouble is that reveecompet-
itive ratio is determined by comparing with the second-bigjtbid
rather than the highest.) We can modify the proof of Theoreim 9
obtain:

THEOREM 10. For any constant: > 0, there is no strate-
gyproof online single-item auction mechanism whicf8i& — ¢)-
competitive for revenue, in the random-ordering model.

It is interesting to note that the hypothesis of strateggpress
is required in the lower bound for revenue (Theorem 10) btforo
efficiency (Theorem 9).

is a losing state if and only if. = z* and the next sample out-
side[z., z*] isu — n. The hypotheses of the lemma guarantee that
both events are possible; by symmetry, they have the sani@pro
bility. [

LEMMA 14. If 2 > n,x. < N —n,andz™ — z. < n, then
Pr(R stops oru | z.,z*) < 1/2.

PROOF The proof is by downward induction on* — z.. If
x* — x. = n then the statement is vacuously true. Otherwise,
if R stops in the current state, then Lemma 12 ensures that the
probability of stopping on: is at most 1/2. IfR does not stop in the
current state but stops before the next state change, tiseasiured
of not stopping on:. (Because: > =™, and all the bids seen before
the next state change arex™.) So assume that there is at least one
more state change aftér., z*, 3). If itis an absorbing state, then
the probability that it is a winning state is only 1/2. (Lemii&)
If it is not an absorbing state, then it is another staie, £, B)
satisfying the criteria of Lemma 14, but with — 2. > ™ — z..
By the induction hypothesi®r(R stops onu | z.,z*) < 1/21in
this case. [



The proof of Proposition 11 is now easy. Let denote the first
bid. Then

Prin<zi1 < N—-n)>1-2n/N>1-¢/5,

and conditional om < 1 < N —n, Lemma 14 tells us thak has
at best a 1/2 chance of stopping wrax(S). Even if R is assured
of stopping onmax(.S) in the other cases, its overall probability of
success is at besy2(1 — e/5) +¢/5 = 1/2 + £/10.

PROOF OFTHEOREM9. LetS = {z1,...,z,} be sampled
according to the distributio® specified in Proposition 11. Trans-
form this into a bid seb = (v1, ..., v,) by putting

v; = (10/e)™".

Assume, as usual, that > v2... > v,; in this particular case,
it implies that all bids besides; are < (¢/10)v;. Pick disjoint
arrival-departure intervals for the agents, so that eamh the mech-
anism encounters a new agent, it must decide whether or bt to
locate the item to this agent without the benefit of seeingfaiye
bids. In other words, the mechanism must determine theatltmt
according to an online stopping rule.

1. Allocation Phase:In each period in which one or more new
bidders arrive, lep(t) = max(r;, b")), where; bids have
arrived in total. Continue until an agent;, bidding > p is
present. (Note, we allow multiple agents to arrive at theesam
time, but can ignore ties in value given uniform [0,1] valyes
Agent ;™ will be the winner. Initialize the price to this agent,
P =p(t).

2. Pricing Phase. Keep the auction open untjl* departs. In
each period in which one or more new bidders arrive, adjust
pricep™ down tomax (7, bg,) (if this new price is smaller
than the current price), wherg bids have arrived in total.

The auction closes when biddgt leaves, at which point this
agent is allocated the good for the adjusted ppite

The analysis of Gilbert and Mosteller [7] provides a method t
set the price scheduls, . .., r, to maximize the expected proba-
bility of selecting the winner. Optimal schedules halexreasing
prices, since the idea is to accept the current draw withevaJuf
the probability of winning with this draw is more likely thahe

Let Y be the random variable which measures the mechanism’s probability that a draw with a larger value will occur in thetdre

efficiency divided byv;; note thatd0 < Y < 1. No online mech-
anism has better thaty2 + /10 chance of allocating the item to
the highest bidder. (Otherwise such a mechanism couldyesaesil
transformed into a stopping rul® which violates the conclusion
of Proposition 11.) If the item is allocated to any other leddhen
Y < e/10. Therefore the expectation ®f, over the random choice
of bid setS as well as the random ordering of that set, is at most

(1/2 +2/10) - 1+ (1/2 — £/10) - (¢/10) < 1/2 + /5.

There must be some particular bid setsuch thatE[Y | S] <
1/2 + ¢/5. On this bid set, the competitive ratio of the mechanism
isatleasf(1/2 +¢/5)"' >2—¢. O

5.3 Full-information case

We find it interesting to take a brief detour and considerftlile
informationcase, in which an adversary picks a distribution on val-
uations that iknownto the mechanism. In this case there is a strat-
egyproof online mechanism that approaches 1.724-coriveefir
efficiency asn — oo, in contrast to the--competitive mechanism
in the no-information case. This raises an interesting tipesthat
we leave unanswered in this paper, as to whether it is pessibl
design an adaptive mechanism in the no-information casecéme
perform better than th&/(j) family of mechanisms against an ad-
versary that chooses a distribution on valuations.

We adapt the methods presented by Gilbert and Mostellepf7] f
thefull-information secretaryproblem. Our innovation is to intro-
duce a method to make their schemes value- and ti out
diminishing the probability of allocating the good to theghest
bidder. (It is proved in [7] that no online stopping rule carhizve
a higher success probability than their scheme.)

We can assume that the distribution on values$s uniform on
[0,1]. This assumption is without loss of generality for distribu
tions having a continuous cumulative distribution funotib(z),
because the largest element in a sample remains the lamygst u
all monotonic transformations, and the mapping- F(z) trans-
forms the given distribution into the uniform distribution [0, 1].

Let M(ry,...,rn) denote the following mechanism, which is
parameterized with a fixeprice schedulg(r1, ..., 7»), with 0 <
ri < 1.

Yn fact, Gilbert and Mosteller also present aelgompetitive

scheme in the limit a;is — oo for the variant of the full-

information secretary’s problem in which the goal is to nmaizie

the expected value of the choice and not the probability leCti@

the winner. We omit this scheme because it is unclear to ushehe

Lhis result holds against an adversary able to select arpitlistri-
utions.

and be chosen. This latter probability decreases with thaoeu of
remaining draws. Intuitively, in the final round we shoul&dany
bid that is the highest bid seen, while in the penultimatendowe
should take a bid if it is the highest seen so far an.5 because
that is the probability that the highest bid will be seen ia fimal
round. For instance, given = 5, the sequence of optimal prices
is, 7} = 0.825, 75 = 0.776, 5 = 0.690, 75 = 0.500, 7% = 0. ltis
these decreasing prices that make time-SP an interestewiqo.

LEMMA 15. The mechanism family/(r1, ..
gyproof.

PROOF Letbg,;(t) denote any of the firsf bids to arrive that

arestill presentat timet, andb(j]).(t) include any bid that is maxi-
mal across the bids seen in the fijsbids and still present at time
t. We'll construct the price schedule for ageniand refer to bids
from # 4 as “outside” bids. Let bid3 denote the first outside bid
(if any) for which:

.,Tn) IS strate-

. 2
U > max(rj;, b(gj)'\i)

wherej bids have arrived in total in a period while hitis present.
Call this the “trigger” bid. The price schedule to agers con-
structed as:

1 , before any bid# ¢
max (7(j\i)+1, bgj).\i) , afterj outside bids but no trigger

0g , at trigger, until periodig + ¢
00 , otherwise

pi(t) =

wherer ;)11 is the j-th price from schedule wheni is in the
first j-th arrivals, and thé; + 1)-st price otherwise. L&bmin,; =
min, o, 4. pi(t).

First, we show that ifomin,; < ©; that agent; is the winner.
Consider three case€ase (i). Schedule pricer; < v;, and agent
1 is the first to arrive. This is also the price the agent facethén
auction, and the agent is allocated the item upon arr@®ake (ii).
Supposen bids have been received, but there was no trigger bid.

If max(rm,bgfn\i) < v; while agenti is present themmin,; <

0;. Together with the lack of a trigger, this condition impliget
auction pricep; (t) = max(r,, bl2)) < 9;, and agent is allocated
the item. Case (iii). Supposen bids have been received in total,
including a trigger bid and agents present on arrival of the trigger
B, and thattg < ;. Again, pmin,; < 0; and we havep;(t) =
max(rm,bg)) < ¥, in this period since the trigger implies >
ﬁﬁ > Tm.



Second, we show that fimin,; > 0; then the item is not allo-
cated. Assume initially that agenis not the first to bid and that
the trigger occurs (if at all) after agehtleparts. Themmin,: > 0;

requireso; < maX(TJ',ng).\i) in all periodsa; < ¢ < di, wherej

denotes the number of bids that have arrived. By contraticif

agenti is a winner therd; > max(r;, bgj).) in one of these periods,

but this impliesd; > max(r;, bgj).\i). By a similar argument, we
needr; > v; if agenti is the first to bid andz > ; if the trigger
occurs while agent is present, from which agentis not a winner
in the auction.

Third, we show that if agentis allocated the item then its pay-
ment iSpmin,i. Pricep;(t) is equal to the price schedule before the
trigger, andp™ is initially set to the minimal price between its ar-
rival a; and the end of the allocation phase. Thehin the auction
tracks the minimal price in schedulg(t) because it follows the
price agent would have faced if it had delayed its arrival but still
submitted a bid early enough to beat a potentially winnimbftom
an outside bidder. (1

6. MULTI-ITEM AUCTION (kK >1)

In this section, we consider the case in which the auctionask
identical items. We will assume without loss of generalitgttc <
n, since it is impossible to sell more tharitems when each agent
demands only one. Note that it is trivial to obtain a compatit
ratio of ek for efficiency or4k for revenue: simply throw away
k — 1 of the items, and sell the remaining one using one of the
single-item mechanisms described in Section 5.

On the other hand, it is not obvious how to obtain a competitiv
ratio which is constant (independent Bf ask — oo. Mecha-
nisms which achieve this goal of constant competitive ratéopre-
sented below. Although these mechanisms generalize thgesin
item mechanisms presented above, the analysis will be djffies-
ent. While our analysis of the single-item mechanisms wagda
on the secretary problem, the basis for our analysis of riteltn
mechanisms will be the DSOT auction of [9].

First, we present a mechanism whichdscompetitive (for a
constaniC' < 6338) with respect taF (>*) for revenue. Itis worth
mentioning that we consideF>*) instead of 72 (the optimal

We show the competitiveness of the mechanism by demonstrat-"€venue for a fixed-pricanlimited-supplymechanism which sells

ing its performance relative to the schemé&:n (77, ..., ;) de-
scribed by Gilbert and Mosteller, which assumes disjoinival-
departure intervals, defines an optimal price scheduland works
as follows:

1. Atthe arrival time of thei-th bidder, letp = max(r},b%)).
Continue until a bid> p is received, and make this agent the
winner.

THEOREM 16. [7] Algorithm Mcwm(r™) selects the item with
the highest value with an asymptotic probability 0.580%or.large
numbers of itemsa and an appropriately chosen price schedule.

COROLLARY 17. MechanismM (r7,...,r,)is a 1.724- com-
petitive strategyproof online algorithm with respect tiné-Vickrey
for efficiency.

PROOF The proof is by comparison with mechanisie (),
which is 1.724-competitive but not strategyproof. Equavily, we
show that the probability oM (r*) selecting the highest bid is at
least as good as that 87 (™). Note first thath/ (=) will never
accept a later bid than/cm (r*), because any time a bid is suc-
cessful inMgwm(r™), it is the highest bid so far and satisfies the
price schedule test i/ (r*). Next, in any period in which both
mechanisms take the same decision, the probability of ssdee
the same. Finally, consider the case in whidl{r*) selects a bid
whenMawm(r*) passes. We claim that this bid is more likely to be
the highest bid than the probability of subsequently siglgahe
highest bid by following theMan (™) strategy. To see this, let
J denote the period in which this occurs, arjddenote the GM
threshold. Letr; > r; denote the value of the bid that is ac-
cepted byM (). The threshold value;, is set so that if there are
(n — j) additional draws to make i.i.d. frofr[0, 1] and the GM
mechanism is holding a samplg of value exactly-; andz; is the
maximal value seen so far, then the probablity thawill be max-
imal across alh samples is equal to the probability thefc (r*)
will select the maximal bid in the future. Thus,4f; > r} then
monotonicity argues that the probability that will be the high-
est bid isgreater than the probability thaf/ca(r™) will select
the highest bid in the future. Notice that it does not matiw h
we come to hold the current best sample (i.e. it does not matte

whether we have been able to hold onto this sample for a number

of periods). [

Finally, we note that the optimal price schedule as defined by

Gilbert and Mosteller is set assuming the adversarialrsgtf dis-
joint arrival-departure intervals and leaves open the ipdig of
stronger upper-bounds for a more nuanced analysis of theseleg
of overlap between agents’ intervals.

at least two items), since otherwise the competitive ratiatileast
n/k, e.g., when all valuations are identical. The reason that we
useF®*) (instead ofF(**), the optimal revenue for a fixed-price
mechanism) is the same as the reason mentioned in [9] an@ henc
omitted.

The description of the mechanism requires the followinganot
tion. Supposé is any set of real-valued bids. Let > vy >
... > v, be the bids inb, arranged in descending order. For any
pricep, letn,(b) denote the number of bids thwhich are greater
than or equal tgp. For a positive integes, defineF, (b) to be the
revenue obtained by selling at masitems at pricep, i.e.

3 (b) = p- min{s, n, (b)}.
Define
opt” (b) = arg max(Fy (b)),

i.e. opt®(b) is the price which maximizes revenue subject to the
constraint that at mostitems are sold.

Let My(j) denote the following mechanism, generalizing the
one mentioned in the previous section.

1. Lets = [k/2]. Lett be the arrival time of thg-th bidder,
and letj’ be the number of bidders seen up to and including
time 7. (In case of simultaneous arrivals, it is possible that
j' > j.) Of the bidders who arrived at timg pick a random
subset ofj’ — j of them, and mark these biddersiaactive
Define every other bidder as eithativeif they arrived at or
beforer and have not yet departed, departedotherwise;
there are exactly agents who are active or departed. Set
equal to the s + 1)st price over the bids from thegeagents.
(Orp = 0if j < s.) Sell at pricep to any bidder still present.

If fewer thans items are sold at time, discard items until
the remaining supply isk/2].

2. Letd’ denote the set of active bids or departed bids that we
have seen so far. Set a reserve pyite= opt®(b’). For bid-
ders arriving after thg-th (breaking ties due to simultaneous
arrivals at random), sell at prigé if their bid is > p’, until
the mechanism runs out of items or bidders.

Let RM;, be My (j) wherej is number of heads in tosses of a
fair coin, i.e.,j is drawn from the binomial distributiof(n, 1/2).

THEOREM 18. RMj, is a strategyproof online mechanism which
is C-competitive withF(>*) for revenue, for a constardt < 6338.

PROOF To show that mechanism(j) is strategyproof for
any j we’ll again construct an agent-independent price schedule



and show utility-maximization with respect to the scheduleo
keep things simple we’ll assume that no two agents arrivénat t
same time and provide a short proof sketch. Construct thee pri
schedule to ageritas:

00 , for < j — 1 outside bids
6(5}71\2- , for j — 1 outside bids
opt®(bg;\i) , afterj outside bids,
before|k/2| additional outside bids
with value> opt®(bg ;\;) arrive
, otherwise.

pi(t) =

o0

Again, letpmin,; = min,_ ., 4. pi(t), withm; denoting the period
in which this minimal price occurs. Consider the followinases.

Case 1.Agent i is present aftej — 1 outside bids, and its bid

price v; > b(jJ T The price at the end of phase one is

(s)
<G-1\i

item. Moreover, this is the minimal price ovét;, d;] be-

s (s) (s) i s
causept® (b \i) = bC )\, > b, since opt(b) > b

for any set of bids because prit€’ sells every item, and a
lower price thanb®) can only reduce the revenue received
for every item sold, but without increasing the quantitydsol

also equal toh in this case, and the agent wins an

Case 2. Agenti is present aftej — 1 outside bids but its bid price
0; < b(;]);l\r In this case the agent neither wins at the end
of the first phase or during the second phase.

Case 3.Agenti’s bid arrives after; outside bids and before an
additional| k /2] outside bids with valuez opt* (b ;\;), and
with bid value®; > opt®(bg;\;). In this case, the price in

the auction matches the price in the schedule and the agent

wins an item. Moreover, this price is the minimal price itiwil
face because it arrived aftgoutside bids (the price can only
increase tax in future periods).

It is straightforward to show that the agent does not win amitn
the auction in the other cases, for which its bid price is thas the
price schedule.

The proof of competitiveness closely parallels the proadah-
petitiveness of DSOT in [9]. Lét” denote the set of all bids which
do not appear in’. The multisety’ (multisetd’”’) is a random sam-
ple from the uniform distribution on aft™ sub-multisets ob; this
follows from the random ordering hypothesis together wiiih fact
that j is distributed according to the binomial distribution, atni
is the distribution of the cardinality of a random sub-nséti of
b. Thusd',b” have the same distribution as a uniformly-sampled
random partition ob into two sub-multisets. We also recall a defi-
nition and a lemma from [9].

DEFINITION 19. For any1 < j < n, defineB; to be a sub-
multiset ofb containing the top bids, i.e.B; = {v1,...,v;},and
definen’(B;) to be the number of bids iR; that are inb’. Given

€ (0, 1), we say thay is c-goodif [¢j] < n'(B;) < j — [cj].

LEMMA 20 ([9]).
2exp (—(1 — 2¢)°t/4)

1 —exp(—(1—2c)2/4)"

Pr[j is notc-good for someg > t] <

COROLLARY 21.
Pr[j is not1/24-good for somg > 24] < 0.06823.

Suppose thabpt® (b) is them-th largest bid, so thaF(**) =
muv,. Let G denote the event that, € b”, vo € b'. Clearly,
Pr(G) = 1/4. Let H denote that event that gl > 1 are1/24-
good and that ever¥ occurs. If events occurs, allj € {2,3,...,

24} are1/24-good. Moreover, by the corollary above, the (un-
conditional) probability that somg > 24 is not1/24-good is<
0.06823. ThereforePr(H) > 1—Pr(—~G)—0.06823 = 0.18177.
Letp’ = opt®(b'); note that this is the price whicRM,, charges
to bidders inb”. Conditional on event, p'n,, (V') = vimne,, (b'),
sincem < s. Thus, conditional o/,

Rev(RMy) > p'np/(b”) > <ZZ/((ZZ:))> VN, (b').
Because alj > 1 are1/24-good, we have
my (V) 1 me () 1
ny (b)) T 247 m 24
HenceExp[Rev(RMy) | H] > 55 - o7 - Mom = ,76.7-'<2 ). To

relate this toF>*), we make the following simple observation.
Suppose thatpt® (b) is the/-th largest bid, so thaF**) = fu,.
> 1, ()

ThenF () = v - min{s, £} > vy - é = %.7:(2’]“), S0
Exp[Rev(RMy)] > 0.18177- Exp[Rev(RMk) | H]
181 (2.k)
> 0.18177 - 576 2.7:

O

To obtain a mechanism which is constant-competitive for effi
ciency in thek > 1 case, we introduce the following mechanism
M (j):

1. Lets = [k/3]. Atthe arrival time of thej-th bidder, letp be

the (s 4 1)-th highest bid seen so far. Sell at mestems,

at pricep, to any bidder in the market at this time whose
valuation is greater than or equal to th¢h highest bid. Ties
are broken in favor of earlier arrivals, and arbitrarily imet
case of simultaneous arrivals.

2. Sell an item to each subsequent bidder whose valuation is
greater than or equal tp (break ties due to simultaneous
arrivals at random), until the mechanism runs out of items or
bidders.

THEOREM 22. Let RMj, be the mechanism which selects aran-
domj € {1,...,n} according to the binomial distribution
B(n,1/2), and then runs the mechanisi;,(j). ThenRMj, is
a strategyproof online algorithm which i§-competitive with re-
spect to the Vickrey auction for both efficiency and revefarea
constantC' < 48.

PROOF The proof of strategyproofness is the same as that of
Theorem 18 and hence omitted. The proof of competitiveness p
ceeds as follows. Number the aget2, ..., n in order of de-
creasing valuation. As before, the transition point digidiee set
of agents into two subsets, b, and this partition has the same
distribution as a random partition sampled by placing eaggna
independently and equiprobablyéhor . Let EE denote the event

each of the sets, b” contains at leagtk/3] of the

E ' topk agents.

One proves using Chernoff bounds, as in [9], that the prdibabi
of E is at leastl — 2¢~%/36 which tends to 1 ak — oo. In fact,
for £ > 1, Pr(E) attains its minimum value df/8 atk = 4.

Conditional onE, we claim that the expected efficiency i/,
is at leastl /18 of the expected efficiency of the optimal allocation,
i.e. the allocation which assigns tketems to agents, 2, ..., k.
We will prove this by showing that for < i < [k/3], agentz has

probability at least /6 of winning an item. LelC;, D; denote the
events

C ieb’

D. Of the agents in” with the k highest bids,

1 is among the k/3] with the earliest arrival times.



EventC; is independent of?, and has probability /2. Conditional
onC; andE, the relative ordering of the agentstifi is random, so
D; holds with probability at least/3. This verifies thar(C; A
D;|E) > 1/6. Finally, it is easy to see, from the definition of
RM;,, that ageni wins an item ifC; and D; hold.

This gives an upper bound @8 = [(3/8) - (1/18)]* on the
competitive ratio for efficiency. The competitive ratio fiavenue
is bounded above by, using a similar proof. Conditional on the
event E defined aboveRM;, sells at leask/3 items at a price
which is greater than or equal to tiie 4 1)-st price, which is the
price set by thé:-item Vickrey auction. Thus, the expected revenue
of RM;, conditional onF is at leastl /3 of the Vickrey revenue.
Recalling thaPr(E) > 3/8, we obtain thaf? M, is 8-competitive
with Vickrey for revenue. [

By combining mechanism&M;, and RMj, we can obtain the
following corollary.

COROLLARY 23. There is a strategyproof online mechanism

M’ which is simultaneously constant-competitive witft-*) for
revenue and constant-competitive with Vickrey for effigjen

PROOFR We can obtain mechanisiv;’ by combining RMj
andRMj, as follows. At the outset of the auction, toss a fair coin. If
it comes up heads, use the revenue-competitive mechaRighy;
if tails, use the efficiency-competitive mechanigii/;,. The proof
of strategyproofness and competitiveness follows imnteljia [

CONCLUSIONS AND OPEN PROBLEMS

In this paper, we considered online auctions with a limiteg-s
ply. We presented value- and time-strategyproof mechanisith
constant efficiency- and revenue-competitiveness whemegabf
the bidders are drawn independently from some unknownilolistr
tion. In all of these mechanism, we had a learning phase igtwhi
we set a fixed price for the rest of the auction. Following aneas
open problems.

The main open problem is closing the gaps between the current
upper bounds and lower bounds for both efficiency and revenue
More precisely, we believe that our lower bouriifor efficiency
and 1.5 for revenue in theék = 1 case are not tight, and can be
improved using different distributions than those consden the
proofs of lower bounds. Solving this problem for the mutém
case seems even more challenging.

The next open question is: what are the lower bounds for ef-
ficiency and revenue when the valuations are independedbnan
samples from an unknown probability distribution? (Rettzdt our
lower bounds were for thendom-orderingnodel only, not for the
independent-sampling model in which it is tougher to provehs
lower bounds.)

It would be interesting to know whether for the multi-iterrsea
there is an online allocation rule whose efficiency-contpetira-
tio approachesl as k goes to infinity. (If so, is there a time—
strategyproof online mechanism implementing this allmcatule?)

Considering the random ordering hypothesis in the mulii-adex
mand model of Lavi and Nisan [11], in which we have an auction
of k identical indivisible goods to a set of bidders where thelbid
can demand more than one unit, is an interesting open prolidgm
treating thek items as a single bundle and running a single-item
auction for this bundle, we can obtain strategyproof meismas
with competitive ratios otk for efficiency or4k for revenue with
respect to the offline Vickrey mechanism. Can we obtain @orist
competitive ratios for this case? Is the Vickrey mechanikenap-
propriate benchmark for revenue in this case, or is therepanoa
priate analogue af ***) for multi-unit auctions?

Finally, it is very interesting to consider online auctionken
we have re-usable goods e.g. in pricing WiFi. Even for thelsin
item case, it appears very challenging to obtain competiiviine
mechanisms in this setting.
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